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Abstract. Game theory is commonly used in competitive situations because of its significance in decision-
making. Different types of fuzzy sets can handle uncertainty in matrix games. Neutrosophic set theory plays a
vital role in analyzing complexity, ambiguity, incompleteness, and inconsistency in real-world problems. This
study develops a novel approach to solve neutrosophic matrix games using linear programming problems with
single-valued triangular neutrosophic numbers as pay-offs. This paper establishes some theoretical aspects of
game theory in a neutrosophic environment. A numerical example verifies the theoretical results using the
traditional simplex approach to achieve the strategy and value of the game. The proposed work is useful to
model and solve conflict situations in decision-making problems with partial knowledge as data in a simple

manner.
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1. Introduction

Real-world conflict scenarios are often investigated using game theory. It is difficult to col-
lect the right data from decision-makers in today’s situations. Fuzzy set theory is based on
unreliable information and vagueness due to a lack of some pieces of information and accurate
data. Previous research investigated complexity in game theory using fuzzy sets, intuitionistic
fuzzy sets, and rough fuzzy sets. The concept of neutrosophic set theory in games is new at the
moment, and it is a common research subject all over the world for dealing with competitive
situations.

Neumann and Morgenstern [1] established the notion of game theory. Although, the classical
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game theory has exact data and factual information about the players. In uncertain situ-
ations, the notion of the fuzzy set theory proposed by Zadeh [2] is applied to many fields.
Campus [5] introduced a model based on a linear programming approach to interpreting fuzzy
matrix games. Sakawa and Nishizaki [6/10] investigated max-min solution methods for multi-
objective conflict resolution problems. Bector et al. [11}12] determined the matrix games with
fuzzy goals and fuzzy payoffs. The concept of dual linear programming approach employed
by Vijay et al. [13]. Several researchers |14}15}25,27,[37] developed fuzzy matrix games. To
determine the uncertainty about non-membership degrees Atanassov [4|8] inducted intuition-
istic fuzzy set theory. Further, intuitionistic fuzzy concept applied by [16-19,21-241|26|38] to
study game-theoretic models using linear programming approach. After that, Intuitionistic
fuzzy sets were extended to interval-valued intuitionistic fuzzy sets and hesitant fuzzy sets.
Kumar and Garg [28] suggested the TOPSIS method under interval-valued intuitionistic fuzzy
environment. Xue et al. [45] applied the Ambika method to determine the matrix games with
hesitant fuzzy knowledge and investigated the counter-terrorism problem. A methodology
based on the linear programming approach was applied to solve the matrix games with trian-
gular dual hesitant fuzzy numbers as payoffs by Yang and Song [39].

The intuitionistic fuzzy sets can not successfully deal in the circumstances of good, unac-
ceptable, and uncertain decision-making problems. Therefore a novel theory was necessary.
Smarandache [7,19] filled the gap and introduced the concept of neutrosophic set theory,
which deals with incomplete, inconsistent, and indeterminate situations. Single valued neu-
trosophic sets as an extension of neutrosophic sets were presented by Wang et al. [20]. A
de-neutrosophication idea for linear and non-linear generalized triangular neutrosophic num-
bers was performed by Chakraborty et al. [30]. The concept of neutrosophic set and number
has been successfully applied by Abdel-basset et al. [31-33], and developed methods for sus-
tainable supplier selection problems. [34-36] investigated decision making models based on
neutrosophic sets. A similar study of neutrosophic sets and numbers was provided by Broumi
et al. [29]. Khalil et al. [40] suggested a new idea for the single-valued neutrosophic fuzzy soft
set. Neutrosophic soft, rough topology and its applications to multicriteria decision-making
problems were proposed by Riaz et al. [41]. Based on the neutrosophic fuzzy approach, an
economical production quantity model was suggested by De et al. [42] for imperfect produc-
tion processes under game. Du et al. [44] in neutrosophic Z-numbers conditions investigated a
multicriteria decision-making approach. In contemporary situations to handle the conflicting
political circumstances, a neutrosophic model for non-cooperative games was inducted by Arias
et al. [43] using single-valued triangular neutrosophic numbers. Bhaumik et al. [46] introduced
a new ranking approach to solve bi-matrix games based on («, [3,7) -cut set of a single-valued

triangular neutrosophic number.
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Game theory is widely used in competitive scenarios due to its importance in decision-making.
In real-world problems, the concept of neutrosophic set theory is useful for analyzing com-
plexity, uncertainty, incompleteness, and inconsistency. In matrix games with single-valued
triangular neutrosophic numbers as pay-offs, we developed a novel approach focused on linear
programming using de-neutrosophication as values and ambiguities. The standard simplex
approach is used to accomplish the strategy and value of the game for the individual player
by providing a numerical representation. The proposed work is capable of quickly resolving
conflict situations in decision-making problems using partial information as data.

The main novelties of this work are pointed as:

e A new class of matrix game, namely neutrosophic matrix game, is defined under partial
informative situations.

e A mathematical model of neutrosophic matrix game is developed.

e Values and ambiguities are derived for single-valued triangular neutrosophic numbers,
and some new theorems are provided.

e The theoretical results are verified by a numerical example arising in conflict situations

in decision-making problems with partial knowledge as data.

The research paper is designed as: Section 2 contains preliminaries and definitions. Values
and ambiguities are determined in Section 3. Section 4 deals with value index and ambiguity
index. Section 5 describes a mathematical model of a matrix game. A numerical example is

demonstrated in Section 6. Section 7 concludes the results of the paper.

2. Preliminaries and definitions

In this section we recall some basic definitions and notations which are useful throughout

the paper.

Definition 2.1. Let X = {X|, X5, X3,..., X,,} be the universal set. A neutrosophic set A
in the universal set X, is characterized by its truth membership function pu jz, indeterminacy
membership function 7 ; and falsity membership function v ; which associates with X; € X to

a real number in the interval [0, 1] and defined as

A= {( X, nz(X0), m5(X0), vz(X0)) | Xi € X} (1)

Definition 2.2. A single valued triangular neutrosophic number defined on the set of real

numbers is a neutrosophic set, denoted by ATNN = ((¢,1,¢) ; 0, p, 7) whose truth membership,
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indeterminacy membership and falsity membership functions respectively are given as follows:

b=o e <z <y

(n—=¢)
o T =1
piran (T) = —xz)o (2)
. b2l ip<az<(
0 ;otherwise
( (n—%tpé()w—ﬁ) E<a<n
p T =
T ATNN (l’) = T —x (3)
! S <e <
1 ; otherwise
(et <<y
T jx =1
Virnn (33) = T— T((—x (4)
=) <z <
1 ;otherwise

where 0 <o <1,0<p<1,0<7<1and 0 <o+ p+ 7 < 3. 0 represents the maximum
degree of truth membership, p represents the minimum degree of indeterminacy membership

and 7 represents the minimum degree of falsity membership.

Definition 2.3. Let ATNN = ((&1,m1,¢1) 501, p1,11) and BTNN = ((&5, 1, () 5 09, p2, 72) be
two single valued triangular neutrosophic numbers and A be a real number, then some arith-

metical operations are stipulated as follows:

e Addition
ATNN o BTNN — (&) 4 &,m1 + 12, C1 + C2) ;min (01, 02) ,max (p1, p2) , max (71, 72)) . (5)
e Symmetric Image
—ATNN = (—¢1,—m, —&1) 501, p1,71) - (6)
e Subtraction
ATNN _ BTNN — (&) — Coym — 12, C1 — &) ;min (01, 02) ,max (p1, p2) , max (71, 72)) . (7)
e Multiplication
ATNN 5 BTNN = (€169, mma, C1¢2) s min (07, 02) , max (p1, p2) , max (11, 72)) - (8)

e Scalar Product

\ATNN _ (N1, A1, ACGr) 501, p1,11) 3 A >0
<(>\€17)‘n17)‘£1);017p1)7—1> ,)\<O
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Definition 2.4. The (a, §,7)- cut of a single valued triangular neutrosophic number ATNN —
((&,n,¢);0,p,7) is a closed crisp interval of real numbers denoted by AY;NBN and defined as

(@,87)
ATNN | srnn () > @, 75 <B,vx < 1
(o,By) —\VEIHATNN z) 2 a, 7 grvn (2) < B virvw (@) < 7} (10)

where 0 <a <o, p<pB<,7<y<land0<a++~v<3.
Definition 2.5. The a- cut of a single valued triangular neutrosophic number ATNN —

((€,m,¢);0,p,7) is a closed crisp interval of real numbers denoted by AINN

LATNN,RATNN] and defined as

jlgNN ={z|pjrvn () > a}
= [LAZ:NN’RAZ:NN} (11)
PR P |

Definition 2.6. The - cut of a single valued triangular neutrosophic number ATNN —
((&,n,¢);0,p,7) is a closed crisp interval of real numbers denoted by flgNN

ngNN,RAENN] and defined as
AENN :{$‘WATNN($) < /8}

= L~TNN R~TNN
|:AE AR

:[(1—ﬁ)n+(5—p)£ (1=B)n+@B-p¢
(1—p) ’ (1—p)

Definition 2.7. The 7- cut of a single valued triangular neutrosophic number ATNN —

(12)

((&,n,¢);0,p,7) is a closed crisp interval of real numbers denoted by A%FNN
LATNN) RATNN] and defined as
Y Y
AT oy 2w (@) <7}
= |Lagw Ragn | (13

:[(l—v)nJr('y—T)fS L=Y)n+(—71)¢
(1-7) ’ (1—-7)

Theorem 2.8. Let ATNN — ((&,n,();0,p,7) be any single valued triangular neutrosophic
number then for any a € [0,0], B € [p,1] and v € [1,1] the following equality hold

JTNN _ FTNN ~ FTNN ~ FTNN

A(a,ﬂ,v) = A7 N AT N AT

3. Values and ambiguities for the membership functions of ATVN

Let AZ;N N fljﬂw N and A?N N be the a-cut, B-cut and y-cut of a single valued triangular
neutrosophic number ATNN

ATNN

respectively, then the values and ambiguities for different mem-

bership functions of are defined as follows:
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Value of the true membership function:

vy = [ (Lagee . Bat1) oy e (19

Value of the indeterminacy membership function:

Y (8) dB. (15)

v (ATNN) _ /1 (LA%’NN + RAZ;NN)
T 2
P

Value of the falsity membership function:

Vi, (AT = / 1 (LHNN ;RA?NN) x (7) d. (16)

Ambiguity of the true membership function:

Al (ATNNY — /0” ( I AZNN) ¢ (a) dav. (17)
Ambiguity of the indeterminacy membership function:

Amby (ATNNY) — /p 1 (Razww = Larxy ) 0/(8) d8. (18)
Ambiguity of the falsity membership function:

1

Amb, (ATNNY = /T (R v — L Agw) x () d. (19)

Here ¢ («) is a nonnegative increasing function defined on [0,0] with ¢(0) = 0 and

Jy ¢ (a)da = 0. ¥ (B) is a nonnegative decreasing function defined on [p,1] with ¢ (1) = 0
and fpl Y (B)dB =1 — p and x () is a nonnegative decreasing function defined on [r, 1] with
x(1)=0and [l x(y)dy=1-7,

According to the equations (11]), and suitable nonnegative functions ¢ (), ¢ (5) and x ()

as ¢ (o) = 22, ¢ (B) = % and x (y) = 2((11:77)). Then the value of true membership function
of ATNN g

p + O‘(U_S) 4+ ¢ = O‘(C_n)
Vu(/ITNN):/ 0‘(5 ? p ‘ i >da

0

1 g
— [ o+ 0+ay—¢=Qlada ”
L]0, 2ere-0]
o2 2 3
_(E+m+Qo

G .

According to the equations , and suitable nonnegative functions ¢ («), ¥ (8) and
X (7) as ¢ (a) = 22, 4 (B) = % and y (v) = 2((11:77)). Then the value of indeterminacy
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membership function of ATVN s

_ A=B)n+(B=p)¢ | A=B)n+(B-p)¢
% (ATNN) /1 (1-5) ( (1-p) + (1-p)

(1-p)

- / 20(1=8)+ (8= p) (€ + O (1 - ) d8

) s

1
s [ [a-aren-c-0ra-perou-pla @Y
p

(1-p)° (2?7 -9 @ —p)’(E+Q)
2

:(§+4n+<)(1—p)_

According to the equations , and suitable nonnegative functions ¢ («), ¥ (8) and

x(7) as ¢ (o) = 22, 4 (B) = 2(1:ﬁ) and y (v) = = 20=%  Then the value of falsity membership
o (1-p) (1—-7) -
ATNN i

function of

) 1(1—7) (1,7)774:94)5 + (1,7)774:94)4
VV(ATNN):/ ( (1-7) (1-7) >d

(1—1) v

1
[ B+ o= € ola -k

1
~io | (e ora-nEroa-yla @
L A= en--0  0-7 (€49
(1-7)* 3 2
_Etmt+ Q-1

6
According to the equations , and suitable nonnegative functions ¢ («), ¥ () and x ()
as ¢ (a) = 22, ¢ (B) = % and x (y) = % Then the ambiguity of true membership

function of ATNVN ig

(6}

~ o 200 C _ 04(40—77) _ g _ 04(770—5)+
Amb, (A™VN) = / ( >d
0

1
— [[2- 90 - o -
500 (5-3)
-9
3

According to the equations (12] , and suitable nonnegative functions ¢ («), ¥ (8) and

x(7) as ¢ (a) =22, ¢ (8) = 2((17/))) and x (v) = 2((11_ 7)) Then the ambiguity of indeterminacy
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membership function of ATVN s

L9 (1 g) [W=BmtB-p)C _ (-Bmt(s-p
Ambﬂ(ATNN):/p 1-9] LETR—— }dﬁ
=(1_2p)2/pl(ﬁ—p)(<—£)(1—ﬁ)dﬁ
9 [a-na-n-a-pas 29
:2<<z1§z<p1)2—p>3 @ - ;)
RISIEY)

According to the equations (13, and suitable nonnegative functions ¢ («), ¥ (8) and x ()

as ¢ (a) = 22, ¢ (B) = 2((11__5) and x (y) = 2((11__:)). Then the ambiguity of falsity membership
ATNN is

function of

Amby(ATNN) :/1 2(1—7) [(1—7)(71]-1—(53—_7):“)_ (l—yz?tg_ﬂg} d
2 1
:(1—7)2/T (v=7) (=& (1 —n)dy
il 25
:(1_7)2/T [@-m) - — (-] o
2¢-9a-nt /11
- (1 —7')2 (2 3>
:w
3 :

Theorem 3.1. Let ATNN = ((&,m1,¢1);01,p1,m1) and BTVN = ((&,m2, () ; 02, p2, 72) be
two single valued triangular neutrosophic numbers with o1 = g2, p1 = p2 and 71 = T2 then the

following equalities hold
(1) V, (ATNN i BTNN) ~V, (ATNN) +V, (BTNN) ‘
2) Vi (ATNN I BTNN) — V. (ATNN) v (BTNN) ‘
3) V, (ATNN 4 BTNN) — v, (ATNN) 1V, <BTNN) .
Proof. Using Definition 2.3 and according to the given statement, we have

ATNN o BTNN — (& 4+ &,m + 12, G+ C2) 501, p1,T1) -

Thus by the definition of value of true membership function, we obtain

v <ATNN n BTNN) &G+ &) +4(m +m) + (G + &) o
f =
6
(1 +4m +G)or | (S +4n2 + (2) 02
6 + 6
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Therefore,
v, (ATNN n BTNN) =V, (ATNN) +V, (BTNN> .

In a similar manner the remaining results of the theorem can also be proved.

Theorem 3.2. Let ATNN = ((&,m1,¢1) 01, p1,m1) and BTVN = ((&,m2, () 02, p2, 72) be
two single valued triangular neutrosophic numbers with o1 = g2, p1 = p2 and 71 = To then the

following equalities hold
(1) Amb, (ATNN X BTNN) = Amb, (ATNN) + Amb,, (BTNN) .
(2) Ambs (ATNN 4 BTNN) — Amb, (ATNN) + Amb., (BTNN) '
(3) Amb, (ATNN + BTNN) — Amb, (ATNN) + Amb, ( BTNN) ,

Proof. Using Definition 2.3 and according to the given statement, we have

ATNN 4 BINN = (& + &,m +m2, G+ &) 501, p1,71) -

Thus by the definition of ambiguity of true membership function, we obtain

Amb,, <;1TNN i BTNN) _ (1 + C2) —3(§1 + &) oy
(G —&)o 4 (G2 — &) o2
3 3

Therefore,
At (TS & BIVY Zm, (A7) 4 A, (BTVY).

In a similar manner the remaining results of the theorem can also be proved.

4. Value index and ambiguity index of ATNVN

Let ATNN = ((€,1,();0,p,7) be a single valued triangular neutrosophic number then the

value index and the ambiguity index for ATV are defined as follows:

(1) Value Index:
v (ATNN, )\) W (ATNN) 4V (ATVN) 4\ [VV(ATNN) B VN(ATNN)} , (26)
(2) Ambiguity Index:
A (ATNN XY = Amb (ATNN) 4 A, (ATNN) = [ Amb, (ATVY) = Amb, (ATYN)] . (27)

which are continuous non decreasing and non increasing functions of the parameter \ respec-
tively. Here A € [0,1] represents the decision maker’s preference informations. A\ € [0, %)
represents that the decision maker prefer uncertainty or negative feeling. A\ € (%, 1] represents
that the decision maker prefer certainty or positive feeling. A = % represents that the decision

maker is indifferent between positive and negative feeling.
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Theorem 4.1. Let ATNN = ((&1,m1,¢1) 501, p1,71) and BTNYN = ((&9,12,(2) 102, pa, 7o) be
two single valued triangular neutrosophic numbers with o1 = o2, p1 = p2 and 171 = T2 then the

following equalities hold
1)V (ATNFN 4 BTNN, A) —v (ATNN,A) v (B’TNN,)\) .
(2) A (ATNN +BTNN,>\> —A (ATNN,A) +A (BTNN,)\> .
Proof. According to equation (26)), we can write
v (ATNN 4 BTNV \) v, (ATNN 4 BTNN) Ly, (ATVN 4 BTN
£ A [V (ATNN L BTNy, (ATNN 4 BTNVY ]
Using Theorem 3.2, we obtain
v (ATNN 4 BINN X <V (ATVN) 4 vy (BTYN) v, (ATNY) v, (BTY)
A [V, (ATNN) 4y, (BTNV) — v, (ATNN) — v, (BTVY)]
= Vi (A™Y) 4 v, (ATY) 40 (W, (A7) = v, (A7)
[V (B™N) v, (B™Y) o (v, (BT™VY) — v, (B7VY))]
—v (ATNN, )\) Vv (BTNN, >\> .
This completes the first part of the theorern.

Now, according to equation (27), we can write
A (ATNN 4 BTNN N} = Amb, (ATNY 4 BTNY) 4 Amb, (ATNY 4 BTNY)
— X [Amb, (ATNV 4 BTN — amb, (ATVN 4 BTNV
Using Theorem 3.3, we have
A (ATNN 4 BINN \) = Amby (ATNN ) Amby BTNV )+ Amb, (ATVN )+ Amb, (BTVY)
— X [Amb, (ATNV) 4 Amb, (BTVN) — Amb, (ATVN) — Amb, (BTVN))]
= [ Amb.. < ATNN) © Amb, ( ATNN) 1 ( Amb, ( ATNN) _ Amb, ( ATNN))}
+ [Amz;,r (BTNN) + Amb, (BTNN) _ A ( Amb, ( BTNN> _ Amb, ( BTNN))]

(A 0) 4 (BT,
This completes the second part of the theorem.

Remark 4.2. It is easily seen that the value index and the ambiguity index are nonnega-

tive for a nonnegative single valued triangular neutrosophic number, i.e., V' (ATN N A) >0
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and A <f~1TN N )\) > 0. Also the value index should be maximized and the ambiguity index
should be minimized, furthermore as a summarized result we can easily seen that the rela-
tions max V (ATNN, /\) = Vi (ATNNY 1 V,(ATNN) and min A (ATNN,A) = Amby(ATNN) +
Amb, (ATNN) holds.

Remark 4.3. If we assume that the decision maker is indifferent between the certainty and

uncertainty, i.e., A = %, then the value index and ambiguity index are given by
- 1 ~ ~ 1 ~ ~
% <ATNN’ 2) —v (ATNN) —V, (ATNNY 4 5 [VN(ATNN) n VV(ATNN)} _ (28)

A (ATNN , ;) =4 (ATN N ) = Amb, (ATNN) 4+ % [Amb#(flTN MY 1 Amb, (ATNNY )} C(29)

Theorem 4.4. Let ATNN = ((&1,m,¢1) 501, p1,71) and BTNN — ((&2,m2,C2) ; 09, p2, T2) be two
single valued triangular neutrosophic numbers and A1, A2 be any two nonnegative real numbers

then the following equalities hold
(1) v, (AlflTNN + AQBTNN) = min (01, 02) [Al Yu

(ATNN) . VM(BTNN>:| .
o1 g2

- ~ . Vﬂ_ ATNN Vﬂ_ BTNN
(2) Vi ()qATNN + )\QBTNN) =min (1 — p1,1 — p9) [)\1 ((1_p1) ) + A2 ((1_p2) )]
_ ~ ) Vv, (ATNN Vv, (BTNN
(3) V., ()qATNN + /\QBTNN> =min(l1—7,1—7) [)\1 ((1_7_1) ) + A2 ((1_7_2) )}
~ ~ m ATNN m RTNN
(4) Ambu ()\1ATNN + )\QBTNN) = min (0’1, 0'2) [/\114%&?) -+ )\QAngf)] .

(5) Amby (A ATNN 1 AQBTNN)

) Amby (ATNN Amby (BTNN
= min (1 —p1,1 — pg) |:)\1 (1(—p1) ) + Ao (1(—p2) ):| .
(

A ATNN /\QBTNN>

) [)\1 Amb, (ATNN) Ame(BTNN):|

T TR

Proof. The above results can be easily proven by using Definition 2.3 and the equations

tO.D

4.1. De-neutrosophication

Let N (R) be the set of all single valued triangular neutrosophic numbers defined on the set
of real numbers, then a linear de-neutrosophication function F': N (R) — R for single valued
triangular neutrosophic numbers in terms of value index and ambiguity index can be defined
as follows

F (ATNN) =V (ATNN> —A (ATNN) . (30)
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3

5. Mathematical model of a matrix game

A two person zero sum matrix game played by a maximizing player (as player I) and a
minimizing player (as player IT) having the pure strategy i = {1,2,...,m}and j = {1,2,...,n}

respectively is denoted by [a;;] Here a;; is the pay-off value for the player I and its opposite

mxn'

is the pay-off value for player I, when they choose the strategies i and j respectively such that

there exists the saddle point of the game. If the matrix game [a;;] has no saddle point,

mXn

i.e., max{min{a;;}} # min{max{a;;}}, then to solve such matrix games we adopt the mixed
(2 ] J (2

strategy sets S1 and So for the player I and II respectively, as S1 = {X = (z1,22,...,2m) €

R™:x; >0,Vi=1,2,...myand) " x; = 1} and Sy = {Y = (y1,42,...,yn) € R" : y; >

O)vj = 1,2,. . .n,andzg}zl y] — 1}

5.1. Mathematical model of a neutrosophic matriz game

The maximin and minimax principal for matrix games states that the player I choose such a
strategy which maximize his minimum expected gain and the player IT choose such a strategy
which minimizes his maximum expected loss, thus for the neutrosophic matrix game, we have
as

For player I

maX{mln{Zz 1 ~;[1NNCEZ'7 Zyil dnginv s 7Zm TNle}}
sty i =1 (31)
and;x; > 0,Vi=1,2,...,m

For player 11

mln{maX{Z] 1 al_] yJ’ Z;L ld%;NNyJ7 c Z] 1 m] yj}}
i I g = (32)
and; y; > (),Vj =12...,n

Now, let min{>" ", a " Na;, >0 al,V Ve, ... 30 al VN1 = 47NN be the expected mini-

mum gain for player I and max{3_7_ 1a1] y],zj 1(12] Nyiy ... Z? i %VNy]} =0

the expected maximum loss for player II. Then the problems (31)) and | can be written as

~TNN be

For player 1

max o NV

st, " TNN o= aTNN

S TNNx = gTNN

(33)
Z;’il dg;lNle - uTNN

ity i =1

and;x; > 0,Vi=1,2,...,m

V. Jangid and G. Kumar, Matrix Games with Single-Valued Triangular Neutrosophic
Numbers as Pay-offs



Neutrosophic Sets and Systems, Vol. 45, 2021 @

For player 11

( . ~
min UTNN

s.t. Z] 1ar{jNNy < pTNN
Z;z 1C~L2TJNNy < §TNN
(34)

ZTL TNN TNN

j=1%mj

Zj:lyj =1
and;y; >0,Vj =1,2,...,n

y%v

TNN ~TNN

Here @ = ((u1,ug,us);o,p,7) and v = ((v1,v9,v3);0’,p',7') are the single valued
triangular neutrosophic numbers as expected minimum gain and expected maximum loss re-
spectively. And > and =< denotes the neutrosophic versions of the order relation > and < on
the set of real numbers and has linguistic interpretation as ‘essentially greater than or equal’
and ‘essentially less than or equal’ respectively. The problems and are known as
the neutrosophic linear programming problems for the player I and II respectively and can be
written in the standard form as

For player 1

max 4! VN
st Yoy g N = aTNN Vi =1,2,0.0n (35)
Z?;lxi*1
and;x; > 0,Vi=1,2,...,m
For player 11
min o7V
TNN ~TNN \y/;
s.t. ZJ Va0 Ny 20 WVi=1,2,...,m (36)

Zj:ly] =1
and;y; > 0,Vj =1,2,...,n

Now, utilizing the de-neutrosophication function F' : N (R) — R defined by the equation ,
the above neutrosophic linear programming problems and can be transformed into
the crisp linear programming problems for the player I and II respectively as follows

For player I

maXF( TNN)

st F (S al V) > F (™) vj = 1.2,...n

D=1
and;x; > 0,Vi=1,2,...,m
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For Player 11

min F'

5.t F(Zj LaINNy )<F(~TNN) Vi=1,2,....,m

Zj:lyj =1
and;y; > 0,Vj=1,2,...,n

il

( TNN)

(38)

Using equations (28)) to . ) the above crisp linear programming problems (37]) and (| . ) for
player I and II respectlvely, can be written as

For player 1

maxV( TNNY 4 L[V, (@"NN) + V (aTNN)] — Amb,(@TNN)
—= [Amb (@"™N) + Amb, (~TNN)]
5.ty Ve (30 @M V) + 3 [VM(Z;L a " Ne) + V(00 dz;NNl"i)}

—Amb (X" aTNN ) — 1 [Amb (S aTNN 3,) + Amb, (7 aTNle)]

=1 "7 =1 ""1j (39)
>V( TNN)_i_% [V( TNN)+V< TNN)] Amb., ( TNN)
3 [Amb, (aTNN) + Amb, (aTVN)] Vi =1,2,...,n
21'11 r; =1
[ and;x; > 0,Vi=1,2,...,m
For player 11
man( TNN)+ 3 [V#( TNN)+V( TNN)] Amb ( TNN)
[Amb (@TNNY 1 Amb, (0 TNN)]
S'thw(Z? 1 ZNN?/J) +3 [VM(Z? 1 ~£NN )+VV(Z§L 1 ZNN?JJ)}
—Ambr(jy N ys) — 3 [ Ambu (SN y) + Ambu (il )| 0
<V( TNN)_+_2 [V( TNN)+V( TNN)] Amb ( TNN)
— 1 [Amb, (5TVN) + Amb, (3TVN)] Vi = 1,2, ...,
Zj:l yj =1
and;y; >0,Vj =1,2,...,n
The problems and can also be reformed as
For player 1
max Vi (6T VN) — Amb, (aTVN)
+% [V (uTNN) Amb ( TNN)+V( TNN) Amb ( TNN)]
st Ve(Dom, aZ;NN z;) — Amb (37", ag;NNa:i)
+% V(L a ngN z;) — Amb, (32 a ~Z;NN%) (41)
+g | Vo (2 af N ag) — Amby (7L 6V Vi) | 2 Va(@™N) — Ambg (a"VN)
—l—% [Vu(ﬁTNN) Amb,(u INNY 2V, (a"NNY — Amb, (1 TNN)] Vi=1,2,...,
2t =1
and;x; > 0,Vi=1,2,...,m
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For player 11

[ min Vi (67NN) — Amb, (6TNN)
+3 [Vu(@"™N) — Amb,, (67NN) 4+ V, (0TNN) — Amb, (57NN)]
st Ve (3272 aliVy;) — Ambe (307, 6" Ny;)
+% VM(Z}Ll aiTjNNZ/j) - Ambu(E?:l @%WNyj)
+3 (Vo (0 @l N ys) — Amby (327 @l Ny;)| < Va(@VY) — Ambg (87NN)
+3 [Vu(@TNN) — Amb, (8TVN) + V, (TVN) — Amb, (6TVN)] Vi =1,2,...,m
Z?:l yi =1
and;y; > 0,Vj =1,2,...,n

The problems and further can be written in the following manner by using the

expected minimum gain and expected maximum loss @
~TNN _
0T = ((

NN — <(U1,’U,2,U,3);0’,,0,T> and

) / /
U1>U2>U3)7Uap>7> as

For player 1

;

(u1tdustuz)(1—p) _ (uz—u1)(1—p)

max 6 3
_i_l [(u1+4u2+u3)a _ (uz—u1)o + (uit4ug4us)(1-7) (u3—u1)(1—7')}

2 6 3 6 3

. Vw(dzﬂvNN)xi Ambw(d?-NN)xi

8., in (1 — py;) (Z& ) T il (1_;])>

min(oy;) Vi (@aZNN)a; Amb,, (TN Nz
+ <E;ﬂll . (;ij) — 2ie1 H(gi;)

miin(l—nj) Vi (@IN N, Amb, (@INN)z; +dus+ 1— _ 1—
N D i e e R D e e R e S

1 +ua+ - (u1+4uz+us)(1— —u1)(1— .
+§ [(ul uﬁg uz)o  (ug 3u1)0 4+ (mtduy 6ur;) 7) _ (ug ua) 7')} Vi=1,2,....n
doimimi=1

\ and;z; > 0,Vi=1,2,...,m
(43)
For player 11

min (v1+4v2+6v3)(1fp') _ (Usfvlg(lfp')
+l [(1;1—1-41)2—&-1)3)0’ _ (v3—v1)o’ + (v1+4v2+1)3)(1—7—/) o (vg—vl)(l—T’)

2 6 3 6 3

. Ve (@l N )y; Amby (LN )y,

s.t., Hljln (1 —pi;") (Z?l W - Z;L:1 (1_p;/)J)

min(o;;”) Vi (@aTNN )y, Amb, (aZNN Yy,
J n i@ Yj n mopla; Yj
o (Zjl CoO NP R T >
min(1-7;;") Vi (aZNN)y; Amb, (aTNN)y; (vit4vatuz)(1—p !
vla; v (a5 —p") _ (vs—v1)(1—p)
| X (17]7”/)] =2 =) ]> <5 B
+% |:(’U1+4U(23+'U3)0'/ _ (1)3731)1)0" + (’U1+4’U2<|g)3)(177-’) _ (’Usf’l)lg(].*ﬂ'l)] ,\VI'L = 17 2’ oo,m
Z?:l yj =1

and;y; >0,Vj =1,2,...,n
(44)
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For convenience, let

(u1 +4dus +ug)o  (ug—ui)o

: e, (45)

(w ) (1 =p) _ (ws—w)(L=p) _ - (46)
6 3

(+dus+ug) A =7)  (wg—w)(1=7) (47)
6 3

(v1 + ton ¢ vs)o’ (v —3”1) “ 1, (48)

(1t dvp +o5) (L= piy) (s =) A—pi') _ 0 (49)
6 3

(or +dvat03) A=) (s —w) A =migl) _ (50)
6 3

Then the problems and reduces as
For player 1

max %Ll + My + %Nl

m Va@ Nz

s.t., miin (1— pij) (Zi_l (11_]7,;”-) - Zi:l

miin(crij) m Vu(@INN

<Zi:1 o) st

min(1—74;)
+Zf
i wi=1
and;x; > 0,Vi=1,2,...,m

_l’_

(oi5)

i=1" (1-73;) i=1

For player 11

min %Lg + Moy + %Ng

Z?:lyj =1
and;y; > 0,Vj =1,2,...,n

6. Numerical example

m Ambw(dz;NN):ci
(1—pij)

m Amb#(&z;-NN)x

Vo (@ N)ai Amby (@I )i .
(Zm Vol " i gm W)>;L1+M1+;N1,VJ:1,2,...,n

(51)

. o n Vﬁ(&ZT.NN)yj n Ambﬁ(&fNN)yj
.t min (1 = pij') (Zjl R D! S e 7
min(o;;") V(TN )y, Amb, (aZNN )y,
J n p\ay Yi n mopla; Yj
i <Z] =1 (Ujij’) B Zi:l ("ijjl) )
min(1—7;;") Vi (aTNNY,, Amby, (6TNN Yy .
T (g S, A < Mk N i = 12

(52)

Consider a two person zero sum matrix game whose pay-offS are single valued triangular

neutrosophic numbers as follows

ELTNN
ATNN _ |11

~TNN

as

~TNN

~TNN
aig
5)
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Here af{"N = ((175,180,190);0.6,0.4,0.2), al"N = ((150, 156, 158);0.6,0.35,0.1), ai NV =
((80,90,100);0.9,0.5,0.1), a2V = ((175,180,190);0.6,0.4,0.2). According to the problems

(51) and (52) as explained in the mathematical procedure for a two person zero sum neutro-

sophic matrix game, we have

For player 1

( max %Ll + M7 + %Nl

. V@V o1 | Ve@M)es | Ambe@IN ey Amba (@I )z
s.t.,mm(l ,011,1 p21)< (1— 011) (I—p21) (1— ;11) (1— ;;1) )
_l_min(ou,agl) (VH(aTNN)ml + V(@dNMza  Ambu(afN Nz Amby (a3’ N)xg)

2 (o11) (o21) (011) (o21)
+min(1—711,1—721) (Vy(&{lNN)xl Vi (@5 N)ao Ambu(d?lNN)ml Amby(a21 )xg)
2 (1—711) (1—721) (1—711) (1—721)

> 1Ly + My + 3Ny
Vﬂ'(”’lQNN) a39

min (1 — p12,1 — poo) < U=p2) T~ (-pm) (1—p12) (1—p22)
_|_min(¢7127<722) (VM(&1T2NN)551 VM(%TQNN)“ Amby (af; )z Amby (agy" N )ao
2

Vi (2NN ) o Ambr (aTNN)zy _ Ambg(a INNYzo )

(012) (022) “o1a) N (022)
+min(1—712,1—7'22) (Vu(a’{éNN)Z'l Vi (@3N Vo B Amby, (a{ N )z . Ambu(agZNN)z2>
2 (1—712) (1—722) (1—712) (1—722)
> 1Ly + M+ 1Ny
T1+x0=1

and; x1, 22, L1, M1,N1 >0

For player 11

(

min %LQ + My + %NQ

. / /
s.t.,min (1 —p1',1 = p1a) ( (1-p11’) (1—p12”) (1=p11’) B (1—p12’)
+min(‘711'7012') (Vu(an )y1 + Vu(&lTQNN)?ﬂ Ambu(al NNy _ Amb (a12 N)y22
2 (o11") (0127) (o11") (012’)
+min(1—7'11',1—7—12') (Vu(aﬂNN)yl

Vi (a{lNN) Vi (agNN)yg _ Ambg (a?lNN)y1 Amby (anNN)y >

Vo (@I Ny, Amby, (@T NNy Amby(a

)y
- T (=72 =17 ==y 2)

2

< $Lo+ My + 5Ny
. Ve (@3 NN )y, Ve (@I NN )yo Amby (a3 NN )y, Ambr (aLNN)yo
min (1 — pa1’, 1 — pa2’) ( ey T 22 =t — 2L - 22
P21 ) (1 P22 ) (1 021/) (]. p22/)
+min(o‘21/7022') (Vu(am My + V(@3 My Ambu (@M My Ambu(a2T2NN)y22
2

(o217) (o227) (o21") (o227)
+min(1—721’,1—722’) (V,,(am Nyyq + Vi (@ZNN)ya Amby (G NNy Amb, (alN )yg)
2 (1—721") (1—722") (1—721") (1—722")

<iLo+ My+ 1N,
y1t+y2=1
a‘nd;ylay27L27M27N2 Z 0

Hence, we obtain

For player 1
max 3Ly + My + 1V
s.t., 2112y + 100z > 0.5L1 + My + 0.5V
198.4667x1 + 228.5833x9 > 0.5L1 + M7 + 0.5N;
T +x9=1
and; x1, 29, L1, M1, N1 >0
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For player 11

min 3 Lo + Ms + N,

s.t.,228.5833y1 + 198.4667y2 < 0.5Loy + My + 0.5N2
100y; + 211ys < 0.5Ly + My + 0.5\,

yity2=1

and; y1,y2, L2, M2, Na > 0

Using standard simplex method we obtain that the optimal strategies for the player
I and II are X = (0.9112,0.0888)" and Y = (0.0888,0.9112)7 respectively. The min-
imum expected gain as single valued triangular neutrosophic number for player I is
((152.2200, 158.1312, 160.8416) ; 0.6, 0.4, 0.2), while the maximum expected loss as single valued
triangular neutrosophic number for player II is ((166.5640, 172.0080, 180.0080) ;0.6,0.5,0.2),
when they choose the optimal strategies as X = (0.9112, 0.0888)T and Y = (0.0888, 0.9112)T

respectively.

7. Conclusion

We have investigated a two-person zero-sum matrix game in a neutrosophic environ-
ment with single-valued triangular neutrosophic numbers as pay-offs. A ranking or de-
neutrosophication, based on value and ambiguity index using «- cut, 8- cut, and - cut is
developed. A pair of neutrosophic linear programming problems estimated by the max-min
approach of optimality of the two-person zero-sum matrix game is converted into another pair
of crisp linear programming problems. Strategies and values of the matrix game are obtained
by providing a numerical example.

The primary results of this study are pointed as:

e The relative properties and cut sets are developed for single-valued triangular neutro-
sophic numbers.

e Expressions for values and ambiguities are derived for single-valued triangular neutro-
sophic numbers.

e Related theorems for value and ambiguity indices are stated and proved.

e De-neutrosophication concept based on value and ambiguity index is derived.

e Established a mathematical model corresponding to neutrosophic matrix game.

e A numerical example is provided and verified to illustrate the theoretical establish-

ments.

In the future, we can extend the recommended method for different types of neutrosophic
numbers as an interval-valued neutrosophic number, bipolar neutrosophic number, and single-

valued trapezoidal neutrosophic numbers.
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