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Abstract: In this paper, at first we introduce the concepts of ideal-annihilator, dual ideal- annihilator,
right- ideal- annihilator, left- ideal- annihilator, right- dual ideal- annihilator, left- dual ideal-

annihilator. Then by using of these concepts, we constructed six new types of graphs in a bounded

BCK-algebra (X+0) based on ideal and dual ideal which are denoted by

&, (%), &p (X).8,(%).5,(X). 44(X), and Ep(X), respectively. Then basic properties of graph

theory such as connectivity, regularity, and planarity on the structure of these graphs are

investigated. Finally, by utilizing of binary operations » and v, we construct graphs 17 (%) and
Y (X), respectively, some their interesting properties are presented.
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1. Introduction

Algebraic combinatorics is an area of mathematics that employs methods of abstract algebra in
various combinatorial contexts and vice versa. Associating a graph to an algebraic structure is a
research subject in this area and has attracted considerable attention. In fact, the research in this
subject aims at exposing the relationship between algebra and graph theory and at advancing the

application of one to the other. The story goes back to a paper of Beck [4] in 1998, where he

introduced the idea of a zero-divisor graph of a commutative ring R with identity. He defined I'(R)
to be the graph whose vertices are elements of ® and in which two vertices ¥ and ¥ are adjacent if

and only if xy = 0. Recently, Halas and Jukl in [7] introduced the zero divisor graphs of posets. The

study of the zero-divisor graphs of posets was then continued by Xue and Liu in [23], Maimani in

[12]. More recently, a different method of associating a zero-divisor graph to a poset ¥ was

proposed by Lu and Wu in [11]. In this paper, we deal with zero-divisor graphs of BCI/BCK-algebras
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based on ideal and dual ideal. Imai and Iseki [8] in 1966 introduced the notion of BCK- algebra. In
the same year, Iseki [9] introduced BCI-algebra as a super class of the class of BCK- algebras. Jun and

Lee [10] defined the concept of associated graph of BCK- algebra and verified some properties of this

graph. Zahiri and Borzooei [24] associated a new graph to a BCl-algebra X which is denoted by

G(X), this definition is based on branches of X, Tahmasbpour in [16, 17] studied chordality of graph

defined by Zahiri and Borzooei and introduced four types of graphs of BCK- algebras which are

constructed by equivalence classes determined by ideal I and dual ideal I*. Also, Tahmasbpour in

[18, 21] introduced two new graphs of lattice implication algebras based on Ll-ideal. Further,

Tahmasbpour in [19, 20] introduced two new graphs of BCK-algebras based on fuzzy ideal #; and
fuzzy dual ideal y;v, two new graphs of lattice implication algebras based on fuzzy filter uz and

fuzzy LI- ideal u4. Futhermore, Tahmasbpour in [22] introduced twelve kinds of graphs of lattice

implication algebras based on filter and LI- ideal. This paper is divided into six parts.
In Section 2, we recall some concepts of graph theory such as connected graph, planar graph,

outerplanar graph, Eulerian graph, and chromatic number, among others.

Section 3, is an introduction to a general theory of BCK- algebras. We will first give the notions of
BCI/BCK- algebras, and investigate their elementary and fundamental properties , and then deal

with a number of basic concepts, such as ideal, and dual ideal, among others.
In Section 4, inspired by ideas from Behzadi et al. [5], we study the graphs of BCK-algebras which

are constructed from ideal-annihilator and dual ideal-annihilator, denoted by (X],‘i’;-' (X)),

respectively.
In Sction 5, inspired by ideas from Behzadi et al. [5], we study the graphs of BCK- algebras which are

constructed from right- ideal- annihilator, left- ideal- annihilator, right- dual ideal- annihilator, left-

dual ideal- annihilator, denoted by 4; (x).z 7 (X];ﬂ;-' (x), ¢ it (x), respectively.
In Section 6, inspired by ideas from Alizadeh et al. [3], we introduce the associated graphs T; (x)

and Y (X) which are constructed from binary operations ~ and v, respectively.

2. Preliminaries of graph theory

In this section, for convenience of the reader, we recall some definitions and notations concerning

graphs and posets for later use.
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Definition 2.1. ([3, 6]) For a graph &, we denote the set of vertices of G as V{5]} and the set of edges
as E(G). A graph G is said to be complete if every two distinct vertices are joined by exactly one
edge. The greatest induced complete subgraph denotes a clique. If graph & contains a clique with n
elements, and every clique has at most n elements, we say that the clique number of & is n and
write w(G) =n. Also, a graph & is said to be connected if there is a path between any given pairs of
vertices, otherwise the graph is disconnected. For distinct vertices x and y of G, let d(x,y) be the
length of the shortest path from x to ¥ and if there is no such path we define d(x,y) = o The
diameter of G is diam(G) = supld (x,y);x,y € V(G)}. Also, the girth of a graph G, is denoted by
gr(G), is the length of the shortest cycle in G if & has a cycle; otherwise, we get gr(G) = co. The
neighborhood of a vertex x is the set N;(x) = {y € V(G); xy € E(6)}. Graph H is called a subgraph
of G if V(H) €V(G) and E(H) € E(G). A graph G is called regular of degree k when every vertex
has precisely & neighbors. A cubic graph is a graph in which all vertices have degree three. In other
words, a cubic graph is a 3- regular graph. Moreover, for distinct vertices x* and ¥, we use the
notation x — ¥ to show that is x connected to ¥. Let P = (", <) be a poset. If x <y but x 2y,
then we write x << ¥. If x and ¥ are in V¥, then ¥ covers x in P if x < ¥ and there is no z € ¥,
with x <z <y. Two sets {x € Pixcovers 0} and {x € P;1coversx}, denoted by Atem(F} and
Coatom (P}, respectively. Let L £ F, we say L is a chain if for all x,¥ € L.x =y or ¥ = x. Chain L
is maximal if for all chain L".L € L' implies that L = L.

Definition 2.2. ([4]) If K is the smallest number of colors needed to color the vertices of & so thatno
two adjacent vertices share the same color, we say that the chromatic number of G is ¥ and write

¥(G) = K. Moreover, we have ¥(G) = w(G).
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Definition 2.3. ([6]) A closed walk in a graph & containing all the edges of & is called an Euler line

in &. A graph containing an Euler line is called an Euler graph. We know that a walk is always

connected. Since the Euler line (which is a walk) contains all the edges of the graph, an Euler graph is

connected. Euler’s theorem says that the connected graph & is Eulerian if and only if all vertices of

G are of even degree.

Definition 2.4. ([2]) A subdivision of a graph is any graph that can be obtained from the original

graph by replacing edges by paths. Graph & is planar if it can be drawn in a plane without the edges

having to cross. Proving that a graph is planar amounts to redrawing the edges in such a way that
no edges will cross. One may need to move the vertices around and the edges may have to be drawn

in a very indirect fashion. Kuratowski’s theorem says that a finite graph is planar if and only if it

does not contain a subdivision of K5 or Kzz. The clique number of any planar graph is less than or

equal to four.

Definition 2.5. ([15]) Let & be a plane graph. A face is a region bounded by edges. An undirected

graph is an outerplanar graph if it can be drawn in the plane without crossing in such a way that all
of the vertices belong to the unbounded face of the drawing. There is a characterization of

outerplanar graphs that says a graph is outerplanar if and only if it does not contain a subdivision of

K,y or K:_!.
Definition 2.6. ([14]) The number g is called the genus of the surface if it is homeomorphic to a
sphere with g handles or equivalently holes. Also, the genus g of a graph & is the smallest genus

of all surfaces in such a way that the graph & can be drawn on it without any edge-crossing. The

graphs of genus zero are precisely the planar graphs since the genus of a plane is zero. The graphs

that can be drawn on a torus without edge- crossing are called toroidal. They have a genus of one

since the genus of a torus is one. The notation ¥{&) stands for the genus of a graph G.

Theorem 2.7. ([1]) For the positive integers m and #, we have:

D rE) = [t - D -)]ifnz3,

(i) 1’{Km.r!} = E (m — 2)(n - 2:]-| if mon = 2.
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3. Introduction of BCI/BCK- algebras

In this section, we submit some concepts related to BCI/BCK-algebra, which are necessary for our

discussion.

Definition 3.1. ([13]) A BCI- algebra (X. 0} is an algebra of type (2.0} satisfying in the following

conditions:

(Bcr1) ((x+y) + (x=2)) = (z=v) =0,
(BCrz)x=0=0,
(BCI3)x+y=0,y=x =0 imply y = x.
If X satisfies in the following identity:
(vxe X)(0=x=0),
Therefore X is called a BCK-algebra. Any ECI/ECK- algebra X satisfies in the following conditions:
(D(x=(x=y)) =y =0
(i)x=x =0,
(iii)(x*y) +z2=(xxz) =y,
(iv)x <y implies x*z =y =z and z#y =z =x, forany z € X.
Moreover, the relation = was defined by x = y <= x =¥ =0, for any x.¥ € X, which is a partial

order on X. (X% 07 is said to be commutative if it satisfies for all x.y¥ € X,

x*{x*}.‘:]:}r*{}rax:]

Definition 3.2. ([13]) A subset ! is called an ideal of X if it satisfies the following conditions:
Doer
(ilivryeX) (x+yelyel-sxel)

Anideal F of X is primeif x = (x =y} € F implies x EF or y € P.
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Note: A BCK- algebraX is said to be bounded if there exists & € X in such a way that x = ¢ for any
x € X, and the element e is said to be the unit of X. In a bounded BCK-algebra, we denote e = x by
NCXD.

Definition 3.3. ([13]) A nonempty subset {* of a bounded BCK-algebra X is said to be a dual ideal

of X if

1er

(if) N(Nx=Ny) €I" and ¥ €I" imply x 1", forany x.y € X.

A dual ideal P* of X is prime if N{Nx = (Nx = Ny}} € P* implies x € P* or y € P".

Theorem 3.4. ([13]) Let X be a bounded BCK-algebra with the greatest element 1. Then, the

following statements hold for any x.y € X:

({JN1=0 and NO =1.

({i)Nx=Ny <y =x.

(iti)y < x implies Nx < Ny.

Theorem 3.7. ([13]) Let X be a bounded BCK-algebra. Then X is commutative if and only if
xay = x =[x = ¥), zvy = N(NxaNy).

4. Graphs of BCK-algebras based on ideal and dual ideal by the concepts of ideal- annihilator,
dual ideal- annihilator

Definition 4.1. Let A be a nonempty subset of X, I and I" be an ideal, a dual ideal of X,

respectively. Then, the set of all zero-divisors of 4 by I and [" are defined as follows:
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(dammA={reX:x«aclorasx el va e AL

(i) AmpA={xreX;NWWx =Na) eI or N(Na =Nx) e I".¥a € AL

Proposition 4.2. Let 4 and B be nonempty subsets of X, I and I" be an ideal, a dual ideal of X,

respectively. Then, the following statements hold:

@ 1ufl} c AnnA, I" U0} € AnnpA

(i) If AS B, then Ann;B € Anm; A and AnnvB € Annp A

(iii) If 0 € A, then Ann;A = Ann; (A — [0}) and AnnpA = Annp (A — {0)

(iv) If 1 € 4, then Ann, A = Ann, (4 — [1}) and dnnp A= Amnpe (4 — 11,

() Ayl = X and Annpd' = X,

(vi) If I ={0},1"= {1}, then we have

Ann; A = {yv: vis comparable to any element in A},

Annp A = {y; y is comparable to any element in A}

Proof. (i) Let x € I, then by Definition 3.1 (iii), we have x*a €l.¥a € 4. Also, x*1=0,vx € X,
So I'U {1} € Anm; A. Similarly, we can prove I" U {0} S Annp A,

(if) Suppose that x € Amn; B, then x=b el or b=x €, vbh € B, but AE B, therefore x*b e[ or
b=xelvbeA ie x € Ann;4, hence Anm;B E AnmA,

(iii} According to Definition 4.1{i), we have AnngA =N, Anma. Also, Hﬂﬂ;{ﬂ} = X. Then,
Ann A = Ann (4 —100). Similarly, we can prove AnnpA = Anngp (4 —{01).

(iv) According to Definition 4.1(i), we have Ann;d =M, Anmya. Also, Anmy {1} = X. Then,

Anmg A = A (4 —{1)). Similarly, we can prove AnnpA = Anngp (4 -{1}).
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{(v) Let xeX, we know by Definition 3.1 (i), a=xel,vael, then x € Amn;[, hence
Ann I = X, Similarly we can prove Annpl" = X,

(v} The proof is easy.

Definition 4.3. Let I and " be an ideal, a dual ideal of X, respectively. Then, we have:

(i) #,(X) is a simple graph, with vertex set X and two distinct vertices x and ¥ being adjacent if
and only if Ann,{x, v} =1 U {1},

(if) @,+(X) isasimple graph, with vertex set X and two distinct vertices x and ¥ being adjacent if
and only if Ann;v{x, v} =1I1*U {0}

Example 4.4. Let X ={0.a.b c.1} and the operation * be defined by the following table:

* | 0 & & ¢ 1
oo o o o0
a|la 0 a a 0
bl B O & O
cle e ¢ 00
1 1 1 1 1 0
TaBLE 1

Therefore, (X.=. 0} is a bounded BCK-algebra. Also, we have

E (@ () = E (€4, (0) = {ab. be.ac).

Theorem 4.5. Let I and I be an ideal, a dual ideal of X, respectively. Then the following

statements hold:

(i} N.({01) = N.({1}) = B, where G = &,(X]).

(i} N ([0 = N ({12} = B, where G = &(X].

Proof. (i} We know Amm{0} =X and Amm{1} =X 6 for all xeX.x# 0.1, we have,
TU{x, 1} € Ann,{x) Then TV {x, 1} € Ann, 00,2} and TV {x,1} € Ann,{x.1}, for all xe X, x = 0,1,

So, by Definition 4.3 (i} of graph % (Xj, for all x € X,z # 0,1,x is connected to elements 0.1 if
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and only if x €1, if x € I, then by proposition 4.2 [1?] Amn;{x} = X, So, 0.1 are not connected to
x, forall x e X.

(it} We know Amnp{l} =X and Amp{l} =X , for all zeX.x#01 , we have,
I"U{0,x} € Annp{x} . Then I'U{0,x} € Anmnpf0,x} and I'U{0,x} € dmnp{x 1}, for all
xe X x# 0.1. So, by Definition 4.3 (if} of graph % (X), for all x € X,x # 0,1,x is connected to
elements 0,1 if and only if x €Y, then by Proposition 4.2 (v). Ann Fix} =X, So, 0.1 are not
connected to x, forall x € X.

Theorem 4.6. Let X ={0,1} U Atom (X),I1 = {0} and I" = {1} be an ideal, a dual ideal of X,
respectively. Then, E {q:.; {X:l} =E {q:.; v {X:l} = {xy;x.y € Atom(X) ),

Proof. We know Hﬂﬂ[n.:{ﬂ} =X and Hﬂﬂ[m{l} =X , by proposition 4.2 (1»“:':'] , since
X =Atom(X) U {01}, we have, for all x € Atom(X), Ann g [x} = {0.2.1}. On the other hand we
know Hﬂﬂ[m{x,}-‘} = Hﬂﬂ[m{x}ﬂ Anng {¥}. Then by Definition 4.3(i) of graph %y (X), x and ¥
are adjacent if and only if x.y € Atom(X). Similarly, we have Ann, f0} =% and Ann gy fi}=x,
for all x € Atom(X]), Ann gy {x} = {0, x.1}. Then by Definition 4.3(if}) of graph %y, (X), x and v are
adjacent if and only if x.y € Atom (X}

Theorem 4.7. Let X = {0,1} U Atom (X). Then, the following statements hold:

(Do (2g X)) = |JAtom(X)].

(i) @ (@0 (X)) = |Atom ()],

Proof. (i} Straightforward by Theorem 4.6(%}.

(if) Straightforward by Theorem 4.6(if}.

Theorem 4.8. Let I = {0} and I" = {1} be an ideal, a dual ideal of X, respectively. Then the

following statements hold:
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(DN ({x)) = {y:vy is not comparable to x}, where G = &,(X),x = 0,1.

(i) N;({x}) = {y: v is not comparable to x}, where ¢ = &(¥),x = 0,1,

Proof. (i) We have, for all x € X,x = 0,1, Ann, {x} = {¥: v is comparable to x}. On the other hand
we know Ann [D:{x, y} = Ann 0y 1%} N Anngg {v} Then by Definition 4.3 (i} of graph %, (X), x and
¥ are adjacent if and only if ¥ and ¥ are not comparable to each other.

(it} We have, for all x € X,x # 0.1, Ann , {x} = [yv: yis comparable to x}. On the other hand we
know Hﬂﬂ[lz{x,}-‘} = Amn gy, {x} N Anng, [v} Then by Definition 4.3 (if) of graph @, (%), x and ¥
are adjacent if and only if ¥ and ¥ are not comparable to each other.

Theorem 4.9. Let I and " be an ideal, a dual ideal of X, respectively. Then the following

statements hold:

D al®, ) =11

(Dale ) =11

Proof. (i} We suppose that x.y €l . Then by Proposition 42 (v} , we have,
Anny{x} = X, Anm,{y} = X . Therefore, by Definition 4.3 (i) of graph ®;(¥). xye E(2,(x)).
Therefore, by Definition 2.1 of independent set, we have r:t{fl'*; 'f,k':]} = |I].

(it} We suppose that x.y € I''. Then by Proposition 4.2 (v}, we have, Amnp{x} = X, Annp [yl = X,
Therefore, by Definition 4.3 (ii} of graph @y (X:], vy E {'51:*; v {X:l}. Therefore, by Definition 2.1 of
independent set, we have ctl[cb; v {X:l} =1

Theorem 4.10. Let | Xl = 2 and I be a prime ideal, I* be a prime dual ideal of X. Then the

following statements hold:
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(i()@,(X) is an empty graph.

() @;+(X) is an empty graph.

Proof. (i) We suppose, on the contrary, that & [k'] is not an empty graph. Then there exist
x,y €X, such that xye E(2,(¥)). So, by Definition 4.3 (i} of graph % (X), we have,
Anny{x, ¥y} = I U {1} On the other hand, since lx—1| = 1, we can choose z e X,z € .z £ 1. Since [

is a prime ideal, then z=*x &l or *z €] , and z=v €[ or y *z €I, hence z € Ann;{x, ¥} that is
contradiction, complete proof.

(it} We suppose, on the contrary, that & (X) is not an empty graph. Then there exist x,¥ € X,
such that xye E {EL'*;:{X:I} . So, by Definition 4.3 (ii} of graph @ (X) , we have,
Annpfx, ¥} = I' U {0}, On the other hand, since |¥ —I"| = 1, we can choose z€ X,z € I*,z = 0.
Since I" is a prime dual ideal, then N{Nz=Nx} " or N{Nx=Nz) €I" and N(Nz=Ny)eI" or

N{Ny=Nz) eI, hence z € Ann«{x.¥} thatis contradiction, complete proof.

5. Graphs of BCK- algebras based on ideal and dual ideal by the concepts of right- ideal-

annihilator, left- ideal- annihilator, right- dual ideal- annihilator, and left- dual ideal- annihilator.

Definition 5.1. Let I and I be an ideal, a dual ideal of X , respectively. Denote

Hﬂﬂ?{x} ={yelixsvye I}Jﬂﬂ?’lj} El=bexiy«xel} ﬂﬂﬂ?’{x} =l eXxiNWx-Ny) e I'},
Ay {x} = {y e K N(Ny = Nx) e I'}

, which are called right- ideal- annihilator, left- ideal- annihilator, right- dual ideal- annihilator, left-

dual ideal- annihilator, respectively.

Definition 5.2. Let I and " be an ideal, a dual ideal of X, respectively. Then, we have:

(1) 4,(X) is a simple graph, with vertex set & and two distinct vertices x and ¥ being adjacent if
and only if Hﬂﬂ}? {x} c Hﬂﬂ? ¥} or Hﬂﬂf vt e Hﬂﬂ}? [x}, there is an edge between x and ¥ in the

graph I;(X) if and only if Annj{x} S Annj{y} or Ann;{y} € Ann}{x}.
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[:’:’] A (X] is a simple graph, with vertex set X and two distinct vertices ¥ and ¥ being adjacent if
and only if Hﬂﬂ’?‘-‘ x} £ Hﬂﬂ?: v} or Hﬂﬂ?-‘ vt E Hﬂﬂ’?’-‘ [x}, there is an edge between x and ¥ in the
graph Iy (k'] if and only if H‘J’mi:-' {x} < Hﬂﬂi:.' v} or Hﬂﬂi:: vl c ."-‘]'J’lﬂi:: {x}.
Example 5.3. Let & = {0,a.b.c.1} and the operation = is given by the following table:

ofo o o o0

ala 0 0 0 0

bbb a 0O a 0

cle ¢ e 00D
1{1 ¢ ¢ a 0O

Therefore, (X.=,0) is a bounded BCK- algebra, I = {c, 1} is a dual ideal of X. Also, in the Figure 2,

we can see the graphs A, (X, Iy (X0, 8,+(X), and I+ (X).

e e
/'/-" I".H\"'- '”-'z-"I ! H‘x
¥ 7 v /¢
' h 1.
¥4 _‘_"_}( II'. / \ v\“x\ W
T T y =y
ApX), EriX) Aggy XD, Tyl

Proposition 5.4. Let I and I" be an ideal , a dual ideal of X, respectively. Then, the following

statements hold:

[::'jm[ﬂ; [:}:':]) = max{|A|: A is a chain in X}

[::':':]m(ff (Xj) = max{|Al: A is a chain in X}

[fffjm(ﬂ;: (Xj) = max{|Al: A is a chain in X}.

[:'v]m[:l}: (X:]) = max{ |Al; A is a chain in X}.

Proof. [J According to Definition 3.1 (iv]}, if ¥ = ¥ then, x * 2 = ¥ = 2. On the other hand now we
let x = v,z € Ay} Then, by Definition 5.1, ¥ =z € I. So, by Definition 3.2 of ideal, x=z €1.So,

z € Annf {x]}. Then, Hﬂﬂf {v1c Hﬂﬂ? {xlxye E [i'-; (x) ), complete proof.
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(ii) According to Definition 3.1 (iv], if x = ¥ then, z =¥ =< z = x. On the other hand now we let
x = ¥,z € Annf{x}. Then, by Definition 5.1, z = x € I. So, by Definition 3.2 of ideal, z *y € I. So,
z € AmnF{y}. Then, Hﬂﬂj:' x} = H?‘lﬂj:' fvlxye E [Z' i [X] }, complete proof.

[f:':'] According to Definition 3.1 (iv}, Theorem 3.4 (iii}, if x = ¥ then N{Nx =Nz} = N{Ny « Nz},
On the other hand now we let x < y.z € Annf{x} then, by Definition 5.1 N{Nx = Nz} € I". So, by
Definition 3.3 of dual ideal, N(Ny =Nz} €I' .So, z € Ann%{y} then,

H'.rm’:f': fx1 A'.rm’:f': fyLxye E [ﬂ;: (X) ), complete proof.

(iv) According to Definition 3.1 (i), Theorem 3.4 (iii), if x = ¥ then N(NzsNy) £ N(Nz = Nx),
On the other hand now we let x = y.z € Annjx{y} then, by Definition 5.1 N{Nz = Ny} € I'". So, by
Definition 3.3 of dual ideal, N(Nz=Nx} € I' . So, z € Annk {x] then,

Hﬂﬂ%: v} c Ann%: {xLxy e E [E' # (X) ), complete proof.

Theorem 5.5. Let I and " be an ideal, a dual ideal of X, respectively. Then, the following

statements hold:

()4,(X) is connected, diam(4,(%)) = 2. gr(8,(x)) = 3.
(i) 5, (%) is connected, diam(L, (X)) <2, gr(5, (X)) = 3.
(i) A, (X) is connected, diam (8,(X)) = 2, gr(a,(X)) = 3.
(i) 5+ (%) is connected, diam(Z(0)) < 2, gr(Z.(0)) = 3.

Proof. (i} Forall x € X.0 = x = 1, then by Proposition 5.4 (i}, 0.1 are connected to any element in

X.So, 4,(%) is connected, diam(4,(X)) = 2, gr(4,(x)) = 3.
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(if) Forall x € X,0 = x = 1, then by Proposition 5.4 {ii}, 0.1 are connected to any element in X. So,

L,(X) is connected, d:‘u.m{Z} x) } = 2;5?{2} 'U‘;']} =3

(iii) Forall x € X,0 = x = 1 then by Proposition 5.4 (iit}, 0.1 are connected to any element in X.

So, 4;+(X) is connected, dfﬂm{ﬂ;-":k']} = 2:3’-"{&: -"i}f]} =3.

(i) Forall x € X.0 = x = 1, then by Proposition 5.4 (i}, 0.1 are connected to any element in X.

So, I;+(X} is connected, dfam{f} v 'Uf]} =2 5"-"{5: -":X]} =3.

Theorem 5.6. Let I and I be an ideal, a dual ideal of X, respectively. Then, the following

statements hold:

(114,(X) is regular if and only if it is complete.

(i) I,(X) is regular if and only if it is complete.

(i) A (X) is regular if and only if it is complete.

(iv) LX) is regular if and only if it is complete.

Proof. (i) Suppose that 4;(X) is regular. By Theorem 5.5(i), deg(0} =1X| — 1. Since 4,(X) is

regular, for all x € X, deg(x) = |X| — 1. Hence, 4;(X} is complete. Conversely, a complete graph is

regular.
(if) Suppose that I; (X} is regular. By Theorem 5.5(ii), deg(0) = |X| — 1. Since I;(X) is regular, for

all x € X,deg(x) = |X| — 1. Hence, L;(X) is complete. Conversely, a complete graph is regular.

(iii) Suppose that 4;+(X) is regular. By Theorem 5.5(iii), deg(0) = |X| — 1. Since 4;+(X) is regular,

forall x € X,deg(x) = |¥| — 1. Hence, 4;+(X) is complete. Conversely, a complete graph is regular.
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(i) Suppose that I; (X is regular. By Theorem 5.5(iv}, deg(0) = |X] — 1. Since £,+(X) is regular,
for all x € X,deg(x)} = |X| — 1. Hence, I;+(X} is complete. Conversely, a complete graph is regular.
Proposition 5.7. Let X be a chain, I and I" be an ideal, a dual of X, respectively. Then, the

following statements hold:

(£a,(x), 5, (x). ap(X), and Iy (X) are planar graphs if and only if |¥]| < 4.

'l::':'} ﬂ;(X}, r ;(X},.ﬂ;: (X:]l, and I 'I:X} are outerplanar graphs if and only if [X]| = 3.

(i) 8, (), 2,(x), 8 (X), and Iy (X) are toroidal graphs if and only if |[X] = 7.

Proof. (i} According to Proposition 5.4, A(x), 5(x). ap (X)), and Iy (X) are complete graphs,
respectively, if |X]| = 3, then .ﬂ;(X},E ;{X},.ﬂ;-‘ (¥), and I I {¥) have a subgraph isomorphic to K3,
respectively, then by Kuratowski’s theorem 4;(X),Z;(X), 4y (X), and I;(X) are not planar,
respectively. Conversely, we know&z has five vertices, hence if & ;(k'}, by ;(X}J Ay (X::', and Iy (x) are
not planar, respectively, then ﬂ;(X},E ;(X:]I,.i;: (¥), and I i (X) have at least five vertices,
respectively, which is contrary to |X]| = 4.

{if) According to Proposition 5.4, A(K), 5(X). 80 (X)), and Ip(X) are complete graphs,
respectively, if |X| = 4, then .ﬂ;(X},E ;{X},.ﬂ;-‘ (¥), and I I {¥) have a subgraph isomorphic to Ky,
respectively, then by Definition 2.5 4;(X),L;(¥).47(X), and Iy(X) are not outerplanar,
respectively. Conversely, we know#; has four vertices, hence if 8,(%), 5,(x), Ay (X), and Iy (X)
are not outerplanar, respectively, then ﬂ;(XlE ;(Xlﬂ;-‘ (k'}, and Iy (X) have at least four vertices,
respectively, which is contrary to |[X]| = 3.

(iii} According to Proposition 5.4, AX) (%), Ap (X)), and Ep(X) are complete graphs,

respectively, if |X| = 8, then 4;(X),L;(X),Ap (X), and Iy (X) have a subgraph isomorphic to Kg,
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respectively, then by Theorem 2.7 4;(X), 5;(X), Ay (X), and Iy (X) are not toroidal, respectively.
Conversely, we know Kz has eight vertices, hence if ﬂ;(X},E;(X],ﬂ;: (X}, and Iy (¥) are not
toroidal, respectively, then 4 ;(X}, by ;(X}, A (X:]l, and I (X) have at least eight vertices, respectively,

which is contrary to |X] = 7.

6. Graphs of BCK- algebras based on ideal and dual ideal by the binary operations A and V.

From now on, & is a bounded commutative BCK-algebra.

Definition 6.1. Let I and I" be an ideal, a dual ideal of X, respectively. Then, we have:

()% (X) is a simple graph, with vertex set X and two distinct vertices x and ¥ are adjacent if and
only if xay € 1.

(i) ¥+ (X) is a simple graph, with vertex set X and two distinct vertices x and ¥ are adjacent if and
only if xvy I,

Example 6.2. Let X = {0,a.b.c.d.1} and the operation # be defined by the table:

*o a b e d 1
oo 0 a0 o000
a|la 0 a a 0O 0
Bl b & 0O O OO0
cle e b 0 b 0
d|ld b a a O 0
111 ¢ d a b 0

TABLE 3
Therefore, (X, 0 is a bounded commutative BCK-algebra. It is easy to verify that I = {0.a} is an

ideal of X. Also, we let I'" = {1} be a dual ideal of X, then in the Figure 3, we can see the graphs

Y (X) and 13+ (X).

FIGURE 3
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Lemma 6.3. Let [ and I be an ideal, a dual ideal of X, respectively. Then, the following statements

hold:

(i) deg(x) =1X| — 1, in the graph (X}, where x 1.

(it) deg (x) = |X] — 1, in the graph ¥;+(X), where x € I".

Proof. (i} Let x € I.¥ be an arbitrary element in X, then ¥ =y = x) € I. Since ¥ = {y=x) =x.lisan
ideal of X. So, xy € E(¥; (X)), complete proof.

(ii) Let x € I',y be an arbitrary element in X, then N[Ny = Ny = Nx}y e I". Since

N(Ny =Ny = Nx)) = x,I" is a dual ideal of X.So, xy € E {1': (X) }, complete proof.

Theorem 6.4. Let I and I" be an ideal, a dual ideal of X, respectively. Then, the following

statements hold:

()% (X) is regular if and only if it is complete.

(ii) 17+ (X) is regular if and only if it is complete.

Proof. (i) Let ¥;(X) be a regular graph. By Lemma 6.3 (i}, we have deg(0) = |X] — 1. Now, since

Y;(X) is regular, then for any x € X,deg(x) = |¥| — 1. This means that 1;(X) is a complete graph.

Conversely, a complete graph is regular.

(it} Let ¥;+(X) be a regular graph. By Lemma 6.3 (ii), we have deg(1) = |X] — 1. Now, since 1;+(X)

is regular, then for any x € X,deg(x) = |X| — 1. This means that 13+ (X) is a complete graph.

Conversely, a complete graph is regular.

Proposition 6.5. Let I and I be anideal, a dual ideal of X, respectively. Then, the following

statements hold:

D wl(y ) = .
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(i) w (1 (X)) = 1171,
Proof. (i} Straightforward by Lemma 6.3 (i}.
(i) Straightforward by Lemma 6.3 (ii).

Theorem 6.6. Let I and I be an ideal, a dual ideal of X, respectively. Then, the following

statements hold:

(©) 1(X) is connected, diam (¥ (¥)) = 2.

(i) ¥;+(X) is connected, diam(¥;+(¥)) = 2.
Proof. (i} Straightforward by Lemma 6.3 (i}.
(if) Straightforward by Lemma 6.3 (ii).

Theorem 6.7. Let I and I be an ideal, a dual ideal of X, respectively. Then, the following

statements hold:

Dgr(nx) =3.

(i) gr(¥,»(x) ) = a.

Proof. (i} Let @ # 0 be an element in I.x be an arbitrary elementin X, then 0 —a —x—10 isa
cycle of length 3 in 1;(X), complete proof.

(if) Let @ # 1 be an elementin I".x be an arbitrary elementin X, then 1 —a —x —1 isa cycle of
length 3 in ¥;+(X), complete proof.

Proposition 6.8. Let I and /" be an ideal, a dual ideal of X, respectively. Then, the following

statements hold:

(i) If T (x) is planar, then || = 4.
(i) If 1, (X) is outerplanar, then |[| = 3.
(iii) If ¥,(X) is toroidal, then || = 7.

(i) If ¥;(X) is planar, then |I*] < 4.
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() If T; (X] is outerplanar, then |[I*| = 3.

(vi) If Y;(X) istoroidal, then |I’| = 7.

Proof. (i} According to Lemma 6.3 (i}, %X) isa complete graph on I, if |[I| =35 then ¥(X) has a
subgraph isomorphic to K5 which by Kuratowski’s theorem, 1; (X} is not planar.

(if) According to Lemma 6.3 (i}, LX) is a complete graph on I, if || =4 then K(X) has a
subgraph isomorphic to K; which by Definition 2.5, ¥;{X) is not outerplanar.

(iii}) According to Lemma 6.3 (i}, KX is a complete graph on I, if || =7 then (X) has a
subgraph isomorphic to Kz which by Theorem 2.7, };(X} is not toroidal.

(i) According to Lemma 6.3 (i}, 17+ (X)is a complete graph on I, if |[I'| = 5 then ¥ (X} has a
subgraph isomorphic to K5 which by Kuratowski’s theorem, 13+ (X} is not planar.

{v) According to Lemma 6.3 (i}, I}~ (X) is a complete graph on I, if |[IY] = 4 then I}+ (X) has a
subgraph isomorphic to K; which by Definition 2.5, ¥;+(X) is not outerplanar.

(¥} According to Lemma 6.3 (i}, 17+ (X) is a complete graph on I, if |I*| = 7 then Y (X) has a
subgraph isomorphic to Kz which by Theorem 2.7, ¥;+(X) is not toroidal.

Theorem 6.9. Let I and " be an ideal, a dual ideal of X, respectively. Then, the following

statements hold:

() If 1;(X) is an Euler graph then |X] is odd.
(if) If ¥;+(X) is an Euler graph then |X] is odd.
Proof. (i} According to Lemma 6.3 (i}, for all x €1, deg(x) = |¥] — 1. Now, if ¥,(X¥) is an Euler

graph then degree of every vertexin I is even. So, || is odd, complete proof.

Atena Tahmasbpour Meikola, Eight Kinds of Graphs of BCK-algebras Based on Ideal and Dual Ideal



Neutrosophic Sets and Systems, Vol. 33, 2020 20

(it} According to Lemma 6.3 (ii}, for all x €1, deg(x) =|¥| — 1. Now, if ¥;+(X) is an Euler graph
then degree of every vertex in I"is even. So, |X| is odd, complete proof.

Theorem 6.10. Let I and [" be an ideal, a dual ideal of X, respectively. Then, the following

statements hold:

() If I =Nys;2n B and, for each 1 = j =n.] #Mysjzni=j F;, where F; are prime ideals of X. Then

w(1 ) = n=x(100).

(it) If I" =Nygin B’ and, foreach 1 = j = n. 0" #NMygpepn i ', where B’ are prime dual ideals of X.

Then (¥ (X)) =n = y(3;- ().

Proof. (i) For each j with 1 = j=mn, consider an element x; in {ﬂigigﬂ_[ﬁ-ﬂ-} — F;. We have
A= {x;,..xy,) is a clique in (X). Hence m{l‘}{k’]} = 1. Now, we prove that }:{1‘}{}3]} = n. Define
a coloring f by putting f(x} = min{i;x € B} Let f(x) =k, x and ¥ be adjacent vertices. So,

x € F; and xay € 1. Since F; is prime, ¥ € F, and so Fly) = k. Now, since m{l':'f.k']} = }:{E{X] },

the result hold.

(if) For each j with 1=j=n, consider an element x; in {ﬂmgﬂ_[ﬁ- PL}—FJ We have
A={x;,...x;} is a clique in ¥« (X}. Hence a:"[l’;-'{}ﬂ} =n. Now, we prove that }:{E-‘Uﬂ} =1
Define a coloring f by putting f{x) = minli;x g P’} Let f(x) =k, x and ¥ be adjacent vertices.
So, x€F and =xvyel'. Since F; is prime, ¥€F , and so f {y) 2k . Now, since

w(¥; (0)) = x(1,+ (X)), the result hold.

Theorem 6.11. Let [ and [" be an ideal, a dual ideal of X, respectively. Then, the following

statements hold:
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(i) If I =nN;z; F;, where F; are prime ideals of X, | is an infinite set and, for each i €], I #M;.; K.

Then m{]? 'iX:]} == }{{1? (x) }

(it} If I =N;g; Fwhere F’ are prime dual ideals of X, | is an infinite set and, for each i €],

I =0y B Then (1 00) = 0 = (13-00),

Proof. (i} For each i €], there exists x; E {ﬁj'¢[ B - PL-}. Now, one can easily see that the set of x;

forms an infinite clique in 1; {X). Since w{lﬁ 'f,k':]} = }:{1'} x) }, the assertion holds.

{if) For each i €], there exists x; € {ﬂj-ﬂ B - F[} Now, one can easily see that the set of x; forms
an infinite clique in ¥;+(X). Since m{l’; v {X]} = }:{1’; (X) }, the assertion holds.
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