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1. Introduction

In a general sense the triple (R, +,-) is an hyperring if the hyperoperations + and - are such that
(R,+) is a hypergroup, (R, -) is semihypergroup and - is distributive with respect to +. These struc-
tures are essentially rings with approximately modified axioms. Different notions of hyperrings have
been investigated by researchers in the field of algebraic hyperstructures. For example, Krasner in |20]
introduced a type of hyperring in which “+" is an hyperoperation and ”-” is a binary operation. This
type of hyperring is referred to as a Krasner hyperring. In [24] a type of hyperring called multiplicatve
hyperring was introduced by Rota. In this hyperring ”+" is considered as an ordinary addition and "-”
as an hyperoperation. The type of hyperring in which ”+" and ”-” were hyperoperations was studied
by De Salvo in [14]. These classes of hyperrings were further studied by Barghi [12] , Asokkumar and
Velrajan [9H11] .

In 1995, Smarandache generalized fuzzy logic/set and intuitionistic fuzzy logic/set by introducing a new
branch of philosophy called Neutrosophy, which studies the origin, nature and scope of neutralities, as
well as their interactions with different ideational spectra. In neutrosophic logic, each proposition has

a degree of truth (T), a degree of indeterminancy (I) and a degree of falsity (F'), where T, I, F are
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standard or non-standard subsets of ] — 0,1+ [ as can be seen in [22//23] . Ever since the introduction of
this theory, several neutrosophic structures have been introduced, some of which includes; neutrosophic
group, neutrosophic rings, neutrosophic modules, neutrosophic hypergroups, neutrosophic hyperrings,
neutrosophic loops and many more. Smarandache in [22] introduced the concept of refined neutro-
sophic logic and neutrosophic set which is basically the splitting of the components < T, I, F > into
subcomponents of the form < 14,75, - ,Tp; 11,12, -+, Ir; F1, Fy,--- | Fy > . This concept inspired
the work of Agboola in [5] where he introduced refined neutrosophic algebraic structures. A lot of
results have been published on the refinement of some of the known neutrosophic algebraic struc-
tures/hyperstructures ever since the work of Agboola. A comprehensive review of refined neutrosophic
structures/hyperstrutures, can be found in [1,[2}8,15-H19] .

In this paper, the refinement of neutrosophic hyperring is studied and several interesting results and

examples are presented.

2. Preliminaries

In this section, we will give some definitions, examples and results that will be used in the sequel.

Definition 2.1. [13] Let H be a non-empty set and o : H x H — P*(H) be a hyperoperation. The
couple (H, o) is called a hypergroupoid. For any two non-empty subsets A and B of H and = € H, we
define

AoB = U aob, Aox=Ao{x} and zoB={z}oB.
a€A,beB

Definition 2.2. [13] Let H be a non-empty set and let + be a hyperoperation on H. The couple
(H,+) is called a canonical hypergroup if the following conditions hold:

(1) 2+y=y+x, foralz,yecH,
2) 24+ (y+z2)=(x+y)+z foral z,y,z € H,

)
(2)
(3) there exists a neutral element 0 € H such that z+ 0= {z} =0+ =z, for all z € H,
(4) for every x € H, there exists a unique element —x € H such that 0 € z + (—z) N (—z) + =z,
()

5) z€x+yimpliesy € —x+ zand x € z — y, for all x,y,z € H. A nonempty subset A of H is
called a subcanonical hypergroup if A is a canonical hypergroup under the same hyperaddition
as that of H that is, for every a,b € A,a—b € A. If in additiona+ A—a C Aforalla e H, A

is said to be normal.

Definition 2.3. A hyperring is a triple (R, +, -) satisfying the following axioms:
(1) (R,+) is a canonical hypergroup.
(2) (R,-) is a semihypergroup such that -0 = 0-z = 0 for all x € R, that is, 0 is a bilaterally
absorbing element,
(3) For all z,y,z € R,
(a) - (y+2)=z-y+x-zand
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(b) (z+y)-z = x-z+y-z. That is, the hyperoperation . is distributive over the hyperoperation
+.

Definition 2.4. Let (R,+,-) be a hyperring and let A be a nonempty subset of R. A is said to be a
subhyperring of R if (A4, +,-) is itself a hyperring.

Definition 2.5. Let A be a subhyperring of a hyperring R. Then,

(1) A is called a left hyperideal of Rif r-a C A for all r € R,a € A.
(2) A is called a right hyperideal of R if a-r C A for all r € R,a € A. A is called a hyperideal of
R if A is both left and right hyperideal of R.

Definition 2.6. Let A be a hyperideal of a hyperring R. A is said to be normal in Rifr+ A—r C A
for all r € R.

It will be assumed that I splits into two sub-indeterminacies I [contradiction (true (T') and false

(F))] and I [ignorance (true (T) or false (F'))]. With the properties that:

nn = 1§ = I,
IQIQ = 122 = IQ and
L, = L = 1.

Definition 2.7. [4] If « : X (I1,I5) x X (I1,I2) — X (I3, I5) is a binary operation defined on X (I3, I5),
then the couple (X (I, I2),*) is called a refined neutrosophic algebraic structure and it is named ac-

cording to the laws (axioms) satisfied by *.

Definition 2.8. [4] Let (X(I1,I2),+,-) be any refined neutrosophic algebraic structure where + and
. are ordinary addition and multiplication respectively.

For any two elements (a,bly,cls), (d,ely, fIs) € X(I1,I5), we define

(a,bly,cla) + (d,ely, fI2) = (a + d, (b+ e)I1, (c + f)l2),

(a,bly,cly) - (d,ely, fIs) = (ad, (ae + bd + be + bf + ce)I1, (af + cd + cf)I3).

Definition 2.9. [4] If + and . are ordinary addition and multiplication, I with k¥ = 1,2 have the

following properties:

(1) I+ Iy + - + I = nly.

(2) Iy + (1) = 0.

(3) I - Ity - - - - I, = I}} = I, for all positive integers n > 1.
(4)0-I;=0

(5) I is undefined and therefore does not exist.
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Definition 2.10. [4] Let (G, %) be any group. The couple (G (I3, I2), *) is called a refined neutrosophic
group generated by G, I and I». (G(I1,12),*) is said to be commutative if for all z,y € G(I1, I2), we

have x x y = y * 2. Otherwise, we call (G(I1, I2),*) a non -commutative refined neutrosophic group.

Definition 2.11. [4] If (X (I1,I2),*) and (Y (I1,I2),*’) are two refined neutrosophic algebraic struc-
tures, the mapping
¢ (X(I1, I2), %) — (Y(I,I2),*")

is called a neutrosophic homomorphism if the following conditions hold:

(1) ¢((a,bly, cly)  (d, ely, fI2)) = ¢((a, b1, clz)) ¥ &((d, ely, f12)).
(2) ¢(Iy) = I, for all (a,bly,cls),(d,ely, fI2) € X(I1,13) and k =1, 2.

Example 2.12. [4] Let Zo(I1,12) = {(0,0,0),(1,0,0), (0, I1,0), (0,0, I5)(0, I1, I2), (1, I, 0),
(1,0,15),(1,I1,I5)}. Then (Zo(I1,12),4+) is a commutative refined neutrosophic group of integers mod-
ulo 2. Generally for a positive integer n > 2, (Z,,(I1,1I2),+) is a finite commutative refined neutro-

sophic group of integers modulo n.

Example 2.13. [4] Let (G(I1,12),*) and and (H(I1,I3),*’) be two refined neutrosophic groups.
Let ¢ : G(I1,I3) x H(I1,Is) — G(I1,I2) be a mapping defined by ¢(z,y) = = and let ¢ :
G(L, 1) x H(I;,I;) — H(I1,I5) be a mapping defined by ¥ (x,y) = y. Then ¢ and v are refined

neutrosophic group homomorphisms.

Definition 2.14. [6] Let (H,+) be any canonical hypergroup and let I be an indeterminate.

Let H(I) =< HUI >= {(a,bl) : a,b € H} be a set generated by H and I. The hyperstructure
(H(I),+) is called a neutrosophic canonical hypergroup . For all (a,bl), (c,dI) € H(I) with b # 0
or d # 0, we define (a,bl) + (¢,dI) = {(z,yl) :x €a+c, y €a+dUb+cUb+d}. An element
I € H(I) is represented by (0,I) in H(I) and any element x € H is represented by (x,0) in H(I). For
any nonempty subset A(I) of H(I), we define —A(I) = {—(a,bl) = (—a,—bl) : a,b € H}.

Definition 2.15. [6] Let (H(I),+) be a neutrosophic canonical hypergroup .
(1) A nonempty subset A(I) of H(I) is called a neutrosophic subcanonical hypergroup of H(I) if
(A(I),+) is itself a neutrosophic canonical hypergroup . It is essential that A(I) must contain
a proper subset which is a subcanonical hypergroup of H.
If A(I) does not contain a proper subset which is a subcanonical hypergroup of H, then it is
called a pseudo neutrosophic subcanonical hypergroup of H(I).
(2) If A(I) is a neutrosophic subcanonical hypergroup (pseudo neutrosophic subcanonical hyper-

group), A(I) is said to be normal in H(I) if for all (a,bI) € H(I), (a,bl)+A(I)—(a,bI) C A(I).

Definition 2.16. [6] Let (R, +,-) be any hyperring and let I be an indeterminate. The hyperstructure
(R(I),+,-) generated by R and I, that is, R(I) =< RU I >, is called a neutrosophic hyperring. For
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all (a,bl), (¢,dI) € R(I) with b # 0 or d # 0, we define
(a,bI) - (c,dI) ={(z,yl):x €a-c,y€a-dUb-cUb-d}.

Definition 2.17. [6] Let (R(I), +, -) be a neutrosophic hyperring and let A(I) be a nonempty subset of
R(I). A(I) is called a neutrosophic subhyperring of R(I) if (A(I), +, -) is itself a neutrosophic hyperring
. It is essential that A(J) must contain a proper subset which is a hyperring. Otherwise, A(I) is called
a pseudo neutrosophic subhyperring of R([I).

Definition 2.18. [6] Let (R(I),+,-) be a neutrosophic hyperring and let A(I) be a neutrosophic
subhyperring of R(I).

(1) A(I) is called a left neutrosophic hyperideal if (r,sI) - (a,bl) C A(I) for all (r,sI) € R(I) and
(a,bI) € A(I).

(2) A(I) is called a right neutrosophic hyperideal if (a,bl) - (r,sI) C A(I) for all (r,sI) € R(I) and
(a,bI) € A(I).

(3) A(I) is called a neutrosophic hyperideal if A(T) is both a left and right neutrosophic hyperideal

A neutrosophic hyperideal A(I) of R(I) is said to be normal in R([) if for all (r,sI) € R(I)

(r,sI) + A(I) — (r, sI) C A(I).

Definition 2.19. [6] Let (Ry(I),+,-) and (Rs(I),+,-) be two neutrosophic hyperring and let ¢ :
Ri(I) — Ry(I) be a mapping from R;(I) into Ra([).
(1) ¢ is called a homomorphism if :
(a) ¢ is a hyperring homomorphism,
(b) 6((0,1)) = (0,).
(2) ¢ is called a good or strong homomorphism if:
(a) ¢ is a good or strong hyperring homomorphism,
(b) ¢((0, 1)) = (0,1).
(3) ¢ is called an isomorphism (strong isomorphism) if ¢ is a bijective homomorphism (strong

homomorphism).

3. Formulation of a refined neutrosophic hyperrings

In this section, we study and present the development of refined neutrosophic hyperring
(R(Iy,15),+,) generated by R, I; and Iy where the operations “+” and ”-” are hyperoperations.
ie.,

+,-: R(I1, I) x R(I, I) — 2RUn12),
For all (a,bly,cly),(d,ely, fI) € R(I1,I5) with a,b,¢,d, e, f € R, we define

(117 bIlv CIQ) + (d7 6117 fIQ) = {(p7 qjla TIQ) ‘peEa + da qc (b + 6)’ re (C + f)}7
M.A. Ibrahim, A.A.A. Agboola, Z.H. Ibrahim and E.O. Adeleke, On Refined Neutrosophic Hyperrings




Neutrosophic Sets and Systems, Vol. 45, 2021 p5h

(a,bly,cly) - (d,ely, fIs) = {(p,ql1,7L2) : p € ad, q € aec +bd +be +bf + ce,r € af + cd+ cf}.

Definition 3.1. A refined neutrosophic hyperring is a tripple (R(Iy, I2),+, -) satisfying the following

axioms:

(1) (R(Iy,I2),+) is a refined neutrosophic canonical hypergroup .
(2) (R(I1,I2),-) is a refined neutrosophic semihypergroup.
(3) For all (a,bly,clz),(d,ely, fI2), (g, hlI1, jI2) € R(I1,I3),
(a) (a,bly,clz)-((d,elh, fI2)+(g, hi1, jI2)) = (a,bly, cls)-(d,ely, fIs)+(a,bly, cla)-(g, hl1, j12)

and
(b) ((d7ellaf[2) + (g7hlla312)) . (aabllaCI2) = (d78117f12) : (a'abllaCI2) + (g7hllaj12) '
(a,b[l,cfg).

Definition 3.2. Let (R(I1, I2), +, -) be arefined neutrosophic hyperring. A non-empty subset M (I, I2)
of R(Iy,I5) is called a refined neutrosophic subhyperring of R(Iy,I2) if (M(I1,12),+,-) is itself a
neutrosophic hyperring. It is essential that M (I7, I2) must contain a proper subset which is a hyperring.

Otherwise, M (I, I5) is called a refined pseudo neutrosophic subhyperring of R(Iy, I3).

Definition 3.3. Let R([;,I5) be a refined neutrosophic hyperring. The refined neutrosophic subhy-
perring M (11, I5) is said to be normal in R(I1, I3) if and only if (a, by, cly) + M (11, I2) — (a,bly,cls) C
M (I, I5) for all (a,bly,clz) € R(I1,I2).

Definition 3.4. Let (R(I1,12)),+, ) be a refined neutrosophic hyperring and let M (11, I3) be a refined
neutrosophic subhyperring of R(I1, I5). (M(I1,1s),+,-) is a left(right) refined neutrosophic hyperideal
of R(I1, 1) if x-m € M(I1,I)[m -2z € M(I1,I)] for all z = (a,bl;,cly) € R(I1,I2) and m =
(p,qlh,slz) € M(I1,12). M(I1,15) is a refined neutrosophic hyperideal if M(Iy,I5) is both left and
right refined neutrosophic hyperideal.

Remark 3.5. It should be noted that a refined neutrosophic hyperideal H (11, I5) of a refined neutro-
sophic hyperring R(I1, I5) is normal in R(I, I5) only if hyperideal H is normal in hyperring R.

Proposition 3.6. Let (R(I1,I2),+,") be any refined neutrosophic hyperring. (R(I1,I3),+,+) is a hy-

perring.

Proof. (1) That (R(I1,I2),+) is a canonical hypergroup follows from Proposition 2.3 in [19].
M.A. Ibrahim, A.A.A. Agboola, Z.H. Ibrahim and E.O. Adeleke, On Refined Neutrosophic Hyperrings




Neutrosophic Sets and Systems, Vol. 45, 2021 P55

(2) We show that (R(I1,I2),-) is a semihypergroup.
x-(y-z) = (a,bly,cly)-((d,ely, fI) - (g, hlq, kls))
= (a, bIl,CIQ) ((dg, (dh + eg + eh + ek + fh)I1,(dk + fg + fk)I2)
= (a(dg), (a(dh) + a(eg) + al(eh) + a(ek) + a(fh) + b(dg) + b(dh) + b(eg) + b(eh)
+b(ek) + b(fh) + b(dk) + b(fg) + b(fk) + c(dh) + c(eg) + c(eh) + c(ek) + c¢(fh)) I,
(a(dk) +a(fg) + a(fk) + c(dg) + c(dk) + c(fg) + c(fk))I2)
= (ad)g, ((aly, ((ad)k + (af)g + (af)k + (cd)g + (cd)k + (cf)g + (cf)k)1I2)
= ((a,bl1,cly) - (d,elh, 1)) - (g, hl1, kI3)
Accordingly, (R((Il, .ZTJQ)), -) is a semihypergroup. Also, for all (a,bly,cly) € R(I1, I1),
(a,bl,cl3)-(0,0I1,00) = {(x,yl1,2zI5) :x €a-0, y €a-0+b-0+¢c-0,z € a-0+c-0} = {(0,0I1,0I3)}.

Similarly, it can be shown that (0,011,01l3) - (a,bly, cly) = {(0,011,012)}. Hence, (0,011,015) is
a bilaterally absorbing element.
(3) For the distributivity of - over +.
Let a = (z,ylh, 212),b = (u, v, slz),c = (k,mI1,nly) be arbitrary elements in R(Iy, I5) with
T,Y, 2, u, v, 8, k,m,n € R.
a-(b+c) = a-{(hi,holy,hsls):hy €u+k,ho €Ev+m,hs €s+n}
= {(x,yh,zls) - (h1,holi,hsls) : hy € u+k,ho € v+ m, hs € s+ n}
= {(p1,p21,p32) : p1 € xh1,p2 € xho + yh1 + yha + yhs + zha, p3 € xhs + zhy + zhs}
= A{(p1,p211,p3l2) : p1 € vu+ 2k, ps € vV + 2M + yu + yk + yv + ym + ys + yn+
20+ zm,ps € xs+axn + zu+ zk + zs + 2n}.
Now if we take p; = t1 + ¢}, p2 = to +th, ps = t3 + t4, then we have
a-(b+e) = {(t1+8),(E2+th), (tz3+t5) ) t1 + 1) € xu+ zk,
to +th € zv+ xm + yu + yk + yv + ym + ys + yn + zv + zm,
ts +t4 € s+ an+ zu + zk + zs + zn}
= {(t1,to1,t33) : t1 € zu, to € xv+yu+yv +ys+ 2zv, t3 € xs+ zu + zs}+
{(t, t511,t51) : ) € xk, th € am + yk +ym +yn+ zm, t € an + zk + zn}
= (z,yh,z12) - (u,vly,sl) + (x,yl1, z13) - (k,mIy,nly)
= a-b4a-c
Similarly, we can show that (b+c¢)-a =0b-a+ c-a. Therefore - is distributive over +.

Hence R(I1,I2) is a hyperring.

Example 3.7. Let R(I1,I) = {a1 = (s,s11,sl2),a2 = (s, sI1,tl), a3 = (s,tl1,s]3),

ay = (s,tly,tls), by = (t,tl1,tl3),ba = (t,tl1,sl5),bs = (t,sl1,tl2),bs = (t,sl1,sl2)} be a refined
neutrosophic set and let + be the hyperoperation on R(Iy,I5) defined as in the tables below. Let
a ={ai,as,a3,a4} and b = {by,bo, b3, bs}.

It is clear from Table 1 and 2 that (R([1,I2),+,-) is a refined neutrosophic hyperring.
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TABLE 1. Cayley table for the binary operation ” +”

+ a1 a2 as aq b1 bo bs by

ay; a1 a2 as aq by bo bg bs

a1 as b1 b3
az  ao a4 b bs
as a4 bo ba

b b
az az a4 “ “ ! 2 b1 bo
as aq bg b4
b b
a4 Qa4 s @z a b ! ! b1
a4 N b3 b2
az as
b b
b b ! ! b R(I, 1) a a @
b2 b3 bl bl bl
b3 b2
a2 ai
b b
by by by 2 1 a4 as a4 as
b4 b3 bl b2 bl bg
bs ba
as ai
b b
bs b 3 by 1 a4 a4 as a2
by ba b1 b1 b3 b3
bz b4
bi bi bs by by a“ “ = “
bl b2 b3 b4

Proposition 3.8. Let (R(I1,13),+1,1) be a refined neutrosophic hyperring and let (K, +2,2) be a
hyperring. Define for all (z1,k1), (2, ko) € R(I1,1I2) x K the hyperoperations ""+" and """ by

(w1, k1) + (v2,k2) = {(x3,k3) : w3 € 21 +1 @2, k3 € k1 +2 ka}

and
(1, k1) - (w2, ko) = {(xs,k3) : 3 € &1 -1 T2, k3 € k1 -2 ka}.

Then (R(I1, 1) x K, +,-) is a refined neutrosophic hyperring.

Proof. (1) That (R(I1,I2) x K,+) is a canonical hypergroup follows from the proof of Proposition

2.6 in [19] .
(2) We shall show that (R([;,I2) x K, -) is a refined neutrosophic semihypergroup.

Let (r1, k1), (ro, k), (r3, k3) € R(I1,Is) x K where r = (a,bly, cl).
(r1,k1) - ((r2, k2) - (73, k3)) =
((a1,b111,c112), k1) - [((az, baly, cala), ko) - ((as,b3ly, csla), ks)]
= ((a1, 0111, c1l2), k1) - {((p, q11, sI2), k) = p € az 1 as,
q€az-1b3t1ba-1az+i1ba-1bz+1ba1c3+1ca b3, s €az1csticaraz+icaics, ky € ky-aks}
={((z,yh1,212),ks) : x € a1 1 p,

M.A. Ibrahim, A.A.A. Agboola, Z.H. Ibrahim and E.O. Adeleke, On Refined Neutrosophic Hyperrings




=

Neutrosophic Sets and Systems, Vol. 45, 2021

"

TABLE 2. Cayley table for the binary operation

al az as a4 bl b2 b3 b4

ai ai al ai

_

a ai
a1 al al ai
az ai a a a
a2 as a2 a2
ai ay ai ai ai ai ai
as al
as as as as as as as
ai
as a1 a a a a a a
as
a
by a1 a { 1} a R(I1,Is) R(I1,I:) R(I,I2) R(I1,I2)
as
al ai
by a1 a “wloy RL,L) { ™\ Ru,L)
as b2 b2
b4 b4
al al
bs “ “ a R(I1,I2)  R(I,I2) “ “
as as bs bs
b by
al al
be oar 4 M “alog R(L,L) { * = “
a as b2 b3 b4
b4 b4

y€ar1q+ibiiptibiigtibiis+tic g z€aris+iciipticrs, ks €kyo ksl

={((z,yh1, 212), ks) : @ € a1 -1 (a2 1 a3),

y€ar-(az-1bz+ibyraz+iby1bz+ibeieztica1bs)+1br1(az1a3)+1b11(ag-1b3+1

bo-1ag+1ba-1b3+1by-1c3+1ca1b3) +1b11 (a2 13 +1ca1a3+1 21 63)+1 6101 (a1 b3+

by -1 a3 +1 b2 -1 b3 +1 ba -1 341 2 -1 b3),

z€ar(ag-1ezticarazgt+icaics)tier(az-1az) e (az-1c3+1ce1a3+1c21c3),

ks € k1 -2 (k2 -2 k3)}

={((z,yl1,22),ks) : ® € a1 -1 a2 1 as,

y€ar1az-1bgtiar-ibaiaz+iaribeibstiar-ibaiestiarica by tibiiazaz+

bi-1az-1bs+1b11baraz+1br-1b21b3+1b11ba 1 cgH1b11c2 b3+ b a3 101

c2-1a3+1brrc2r1ezticrraz1byticeriberaszticernbei byt be ezt e by,

Z € a1-1G2°1C3+101°1C2°1a3+1a1°1C2°1€3+1C1°102-A3+1C1°102°1C3+1C1°1C2°1a3+1C1°1C2°1C3, k5 €

k1o ko 2 k3}

={((z,yl1,2L3),ks) : x € (a1 -1 a2) 1 as,

y€ (ar-1a2)-1b3+1(ar-1ba+1b1-1a2+1b1-1ba+1b1-1 241611 b2) 1 a3 +1 (a1 -1 b2 +101 1

az+1b1-1b2+1b1-1catrcrabe)1bzti(ar-iba+tibiras+1br 1 be i biicaFier i be)
M.A. Ibrahim, A.A.A. Agboola, Z.H. Ibrahim and E.O. Adeleke, On Refined Neutrosophic Hyperrings




Neutrosophic Sets and Systems, Vol. 45, 2021 p58

c3 +1 (arcz +1 cras +1 cic2) -1 by,
z€ (a11a2)1c3+1(ar-1caticrrag+icroica)1az+i(ar-1ca+ieiiagticrce) e, ks €
(k1 -2 k) 2 b3}
={((m,nl1,hl2),k) :m€€ay-1a2, n€ay-1ba+1b1-1a2+1b1-1ba+1b11¢2+1¢11b3,h €
aicg +1 craz +1 cica, k € ky 2 ka} - ((as, b3l1, c3la), k3)
= [((a1,b111,c102), k1) - ((az, b211, c2l2), ko)) - (a3, b311, c3l2))
= ((r1,k1) - (r2,k2)) - (73, k3).
Accordingly, (R(I1,I2) x K, ) is a refined neutrosophic semihypergroup.
Also, for all ((a,bl1,cls), k) € R(I1,I2) x K,
((a,bIy,cl3), k) - ((0,0I1,015),0) = {((z,yl1,2I5),k1):x€a10,y€a-10+1b-104+1¢0,
z€a-1041¢-0, k1 € k-2 0}
= {((0,011,013),0)}.
Similarly, it can be shown that ((0,01,013),0) - ((a,bl1,cls), k) = {((0,011,0I3),0)}.
Hence, ((0,0I1,0I5),0) is a bilaterally absorbing element.
(3) For the distributivity of - over +.
Let a = ((x,ylh, 212),t1), b= ((u,vl,sls),ta), ¢ = ((k,ml;,nls),t3) be arbitrary elements in
R(I,I5) x K with z,y, z,u,v,s,k,m,n € R and t1,ts,t3 € K.
a-(b+c) = a-{((h1,halr,h3ls),ts) : h1 € u+1 k,ho € v+1m, hy € s+1n,ts € ty +2 t3}
= {((z,yl1,2I2),t1) - ((h1,holi, h3l2),ts) : hy Eu—+1 k,ha Ev 41 m,hg € s+1 1,
ty € tg +2t3}
= {((p1,p2l1,p3l2),t5) :p1 €x1hi,pe €x1ha+1y-1hi+1y-1ha+1y-1hs
+12 1 ho,p3 €1 hg 4121 hy 41 201 ha,ts €1 2 ta}
= {((p1,p2l1,p3l2),t5) :p1 €x1u+1 a1k,
ppET VT ImMmtry1uti1yrk+t1y vty imtiyastiynt
zavtizam, ps€rystizantizautizak+izastizan,
ts € t1 o to 42t 2 t3}.
Now if we take p1 = g1 +1 g1, P2 = g2 +1 93, P3 = g3 +1 g5, t5 = h1 +2 h] then we have
a-(b+c) = {((g1+191.(92 +195) 11, (93 +1 95)I2), (h1 +2h})) 1 g1 +1 91 €1 ut1 a1k,
Ggatigg€r vtz amtiyrutiyrktiyavtiyamtiyrstiyant
zav+rzam, gsti1gs€x stz antizauti 2 k1208541 210,
hi 42 by €ty ot +2t1 2ts}
= {((91,9211,9312),h1) cg1 €T 1u, g2 ET v 1y rut1y1v+tiy1s+1210,
g3 €T 15+ z1u+1218h1 €ty ata} +
{((91, 9511, 9512),h1) : gy €Ex 1k, gs €x-imt1y1k+1y1m+1ya1n+1zam,
gsE€xan+1z1k—+1z1n 0] €t12t3}
= a-b+a-c
Similarly, we can show that (b+¢)-a=b-a+c¢-a.

Therefore - is distributive over +. Hence (R(I1, I2), XK, +,-) is a refined neutrosophic Hyperring.
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Proposition 3.9. Let (R(I1,13),+1,1) and (K(I1,13),42,2) be any two refined neutrosophic hyper-
ring. Define for all (x1,k1), (z2, k) € R(I1, 1) X K(I1,I5) the hyperoperations "+" and”-" by

($1,l€1) + (JZQ,/CQ) = {(1‘3, kg) 1 X3 € X1 +1 T2, ks € k1 +o kQ}

and
(1, k1) - (w2, ko) = {(x3,k3) : 3 € 1 -1 T2, k3 € k1 -2 ka}.

Then (R(I1, ) x K(I1, I2),+,-) is a refined neutrosophic hyperring.

Proof. The proof is similar to the proof of Proposition 0

Lemma 3.10. Let R(I1,I2) be a refined neutrosophic hyperring. A non-empty subset M (I, Is) of
R(Ih, I5) is a left(right) refined neutrosophic hyperideal if and only if for my = (p1,q111,8111),ma =
(p2, @211, s21h) € M (11, I3) and « = (a,bly,cl2) € R(I1, I2)

(1) m1—ma C M(I1,I5),

(2) z-my € M(I1,15) [my -z € M(I1, I5)].

Definition 3.11. Let H(Iy,I3) and J(I3, I2) be any two nonempty subsets of a refined neutrosophic
hyperring R(I1, I3).

(1) The sum H(I1,I3) + J(I1, ) = {(z,yl1,212) : x € x1 + 22, Yy €Y1 + Y2, 2 € 21 + 22}.
For some x1,y1,21 € H, T2,Y2,22 € J.
(2) The product

n

H(I,,I3)J (11, 1) = {(z,yly, 212) : (x,yl1,213) € Z ai b1, ¢;1o) - (diy e 1h, filh), n€ ZT}
=1

Proposition 3.12. Let R(I1,12) be a refined neutrosophic hyperring. Let H(I1,I3) and J(I1,I2) be
refined neutrosophic hyperideals of R(I1, I2) then :

(1) H(I1,1I2) + J(I1,I2) is a refined neutrosophic hyperideal.
(2) H(I,I2)J(I1,I2) is a refined neutrosophic hyperideal.

Proof. (1) Let @ = (a,blh,cls),y = (d,ely, fI) € H(I1,Is) + J(I1,12) and let r = (g, hl1, kls) €
R(I1, I»).
()z—y = (a,bl,cly) — (d,ely, fI2) = (a,bl1,cly) + (—d, —ely, — fI3)

= A ai,rl2):p€a+t(=d),geb+(—¢), rec+(-[)}

= A(p1 +p2, (@1 + @2) 11, (r1 +72)12) : 1+ p2 € (a1 +az) + (—di + (—d2)),
a1 +qz2 € (b1 +b2) +(—er+(—€2)), m+r2€(crte)+(—fit+(=f2))}

= {lpu,ql1,m1l2) :p1 € ar + (—dy), 1 € by + (—e1), 11 € e + (= f1)}+
{(p2,q211,7m212) : pa € az + (—dz), q2 € b2 + (—e€2), T2 € c2 + (—f2)}

= {(p,qali,ml2) :p1 €ar —di, 1 €by —e1, 71 €1 — fi}+
{(p2,q211,7212) : p2 € az — da, q2 € by — 2,72 € c2 — fa}

= (21 —w)+ (22 —y2)

C H(1,I) + J(Ih, I3).
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(i) r-x

(¢i1) x - r

N

(g, hi1,kI5) - (a,blq,cly)

{(u,vI1,ml3) : u € ga, v € gb+ ha + hb+ hc+ kb, m € gc+ ka + kc}

{(u1 + usg, (v1 + v2)I1, (M1 + ma)2) : ug +us € g(ar + az),

v1 4+ vg € g(by +b2) + h(ar + az) + h(b1 + b2) + h(c1 + c2) + k(b1 + b2),

my +ma € gler + c2) + k(ar + az) + k(c1 + ¢2)}

{(uy,v111,m113) : uy € gay,v1 € gby + hay + hby + hey + kby,m € gey + kay + key }+
{(uz,v2I1,mal3) : us € gag, vy € ghy + has + hbs + heg + kba, ma € gea + kas + kea}
r-ry+7-T2

H(L, L) + J(I1, I).

(a,bly,cly) - (g, hl1, kl3)

{(u,vI1,mI3) : u € ag, v € ah + bg + bh + bk + ch, m € ak + cg + ck}

{(ur +ug, (vi +v2) 11, (M1 +m2)Is) t ur + us € (a1 + a2)g,

vy + v € (a1 + az)h + (b1 + b2)g + (b1 + ba)h + (b1 + b2)k + (c1 + c2)h,

my +ma € (a1 + a2)k + (c1 + c2)g + (1 + c2)k}

{(uy,v111,m113) : uy € a1g,v1 € ath+b1g+bth+bik+c1h,my € ak+ c19+ e1k}+
{(ug,v211,mal2) : us € azg,ve € agh + bag + bah + bok + coh, ma € agk + cag + cok}
Ty-T+To-T

H(I, 1) + J(Ih, I2).

(2) Let = (a,bl1,cly),y = (d,ely, fI5) € H(I,13)J (11, I2) and let r = (g, hly, kls) € R(I,I5).

Here

n

(a,bI1,cly) € Y (ai,bil,ciI) - (af, b1, ¢ I2) and (d,ely, fIo) € Y (diyeily, filz) - (d}, efIy, f1To).
=1

i=1

For (ai,bifl,cilg) (di,eifl,filg) S H(Il7.[2), (a bljl,C .[2) (d/ €I17f/.[2) c J(Il,12)7
a;, by, ciydiyei, fi € H and a}, b, i, dl el fl € J.

So we have

(2R 17 71

39 Ve Y e Vo

n

a€ Zaia;, be Z(aib; + bia; + b;b; + bic; + c;bl), c € Z(aicg + cia) + ¢;ch)

i=1

and

i=1 i=1

n

de Zdidgv ec Z(die; +eid; + eie; +eif{ + fiey), f € Z(difi/ + fidi + fif)-
i=1

(i) x—y

c

i=1 i=1

(a,bl1,cly) — (d,elh, fIs) = (a,bly,cly) + (—d, —ely, — f15)
{(u,vli,mlz):uc€a—d, veEb—e, mec— f}

{(u,vIy,mI) :u € >0 aal, — >0, did},

v e Y (ab] + bal + bb; + bicl + ;b)) — Soi  (diel + eid; + eiel + e f] + fie}),
m € 3 (aich + ciaf + cich) = 30 (dif] + fudi + fif])}

{(u,vli,mz) s € 3077, (asa; + (—didj)),

v eI (abl + bal + bib; + bic, + ¢;b; + (—die}) + (—eid;) + (—eiel) + (—eif))
+(=fie7), m € 320 (aic; + ciaf + cici + (=dif]) + (—fadi) + (= fif]))}
H(I,15)J (I, I5).
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(ii) r-x = (g,hl1,kls) - (a,bly,cls)
= {(u,vl1,ml3) :u € ga, v € gb+ ha+ hb+ hc+ kb, m € gc+ ka + kc}
= {(w,vi,ml):ueg> i aal,
v € gyoi (ab + bial 4+ bib; + bic; + ¢;b;) + h Y. azai+
R (aib + bial + bibl + by, + ¢;bl) + h > (aic; + ¢ial + ¢;c)+
k0 (abl + bial + bibl + bici + ¢;b}),
m € g3y (aici + ciaj + ¢ic) + k30 aiaq + k35 (aic + cia) + cic)) }
= {(u,vly,mb) :u €Y gaal,
v E Zyzl(gaibg + gbial + gbib; + gb;ci + ge;ib; + haal, + hab, + hb;a) + hb b+
hb;c; + hebl + ha;c; + hegal, + heich + kab; + kbsal + kbb, + kb;c; + ke;bl),
m € > (gaic, + ge;al + geic; + ka;al + kaicl + kegal + keich)}
H(I,15)J (I, I5).

N

(ii) z-r = (a,bly,cls) - (g, hl, kIs)

= {(u,vl1,mls) : u € ag, v € ah + bg + bh + bk + ch, m € ak + cg + ck}

= {(w,vl,ml):ue " aag,
ve Y aalh+ >0 (abl + bal + bib 4 bic, + ¢;b;) g+
Z?:l(aib’i + bia; + bzb; + b,cé + Czb;)h + Z?:l(azb; + bza; + bzb; + bzcg + Cibg)k‘F
>y (aich + ciap + cich)h,
m € > aiaik + 301 (aici + cia + cich)g + 301 (aic) + cial + cici)k}

= {(w,vhh,ml):ue Y aag,
ve Y (aajh + ablg + bialg + bibig + bicjg + cibig + abjh + bajh + bbjh+
bicih + c;ibh + a;bik + bialk + bblk + bictk + c; Uik + a;cth + c;ath + ¢;cth),
m € > (aalk + a;cig + cialg + ¢ichg + a;icdik + cialk + cicik)}

C H(L,IL)J(I,I5).

Hence H(Iy,15)J(I1, I2) is a refined neutrosophic hyperideal of R(I1,I2). 0

Proposition 3.13. Let R(I1,I5) be a refined neutrosophic hyperrings and J;(I1, I2);en be a family of
refined neutrosophic hyperideals of R(Iy, I2), then ;¢ Ji(I1, I2) is a refined neutrosophic hyperideal of
R(I, I»).

Proof. The proof is the same as the proof in classical case.

Proposition 3.14. Let H(Iy,I2) and J(I1,13) be a refined neutrosophic hyperideals of a refined neu-
trosophic hyperring R(I1, I2) such that J(I1,I2) is normal in R(I,I3). Then

(1) H(I1,I2) N J(I1,I2) is a normal refined neutrosophic hyperideal of H(I1,I5).
(2) J(I1,I5) is a normal refined neutrosophic hyperideal of H(Iy,I5) + J(I1, I2).

Proof. (1) That H(I,1I2) N J(I1,I2) is a refined neutrosophic hyperideal of H (I, I3) can be easily
established. So, it remains to show that H (I, I2) N J(I1,I2) is normal in H(Iy, I3).
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Let x = (a,b[l,612> S H(Il,Ig) n J(Il,fg), h = (u,’l)[l,tlz) S H(Il,fg) with a,b,c e HnJ
and u,v,t € H. Then

h+H(Il,IQ)ﬁJ(Il,IQ)7h = h+x—hforxEH(Il,Ig)ﬂJ(Il,Ig)

= (uw,vly,tly) + (a,bly,cls) — (u, v, tls)
{(p,glh,rIs):pEu+ta—u, gecv+b—v, ret+c—t}
= {p,q¢1,rL):peu+(HNJ)—u, gev+(HNJ) -,
ret+(HNJ)—t}
{(p,qh,rLx):peu+(HNJ)—uC HNJ,
gev+(HNJ)—vCHNJ, ret+(HNJ)—tC HNJ}
= {p,q1,r):pe HNJ, ge HNJ, re HN.J}
C H(L,L)NJ(4, L).

Accordingly, H(I1,I3) N J(I1,1I2) is a normal refined neutrosophic hyperideal of H (I3, I3).

(2) That J(I1,Is) is a refined neutrosophic hyperideal of H(Iy,Iz) + J(I1,I2) can be easily es-
tablished. So, it remains to show that J(Iy,Is) is normal in H(Iy,Iz) + J(I1,12). Let x =
(a,bly,cls) € J(I1,12), h = (u,vly,tls) = (u1 +uz, (vi+ve)lh, (t1+t2)lz) € H(I1, Io)+J (11, I2)

with a, b, ¢, us,vo,ts € J and uq,v1,ts € H. Then

h+ JI, L) —h =

c

h+x—nh forxze J(I,Is)

(u,vI1,tls) + (a, by, cls) — (u,vlq, tls)

((u1 + ua2), (v1 +v2) 11, (t1 + t2)I2) + (a,bly, cls)

—((u1 +u2), (v1 +v2) 11, (t1 + t2)12)

{(p,ql1,rI2) :p € (u1 + u2) +a — (u1 + u2), q € (v1 +v2) +b— (v1 + v2),
re (ty+t2) +c— (t1 +t2)

{(p,ql1,7L2) : p € (ur + uz) + J — (u1 +u2), q € (v1 +v2) +J — (v1 + va),
re(ty+ta)+J— (t1 +12)}

{(p,ql1,7L2) :pEur 4+ (ug +J —uz) —uy, g €vy + (va+J —v2) — vy,
reti+ (ta+J—1t2) —t1}

{(p,qli,rL):peur+J—u, gevi+J —vi,re€ty +J —t1}
{(p,qli,rL)ipcw+J —u1 CJ, qgevi+J—v, CJ,rety+J—t, CJ}
{(p,gli,rlx):pe J, g€ J, reJ}

J(I1,15).

Accordingly, J(I1, I2) is a normal refined neutrosophic hyperideal of H(I1,1I2) + J(I1,12). O

Let R(Iy,I2) be a refined neutrosophic hyperring, and let H(Iy,I2) be a refined neutrosophic hy-

perideal of R(I;,I5). Since H(Iy, I5) is a refined neutrosophic subcanonical hypergroup of R(Iy, I5), if

(R/H,+) is a canonical hypergroup then

R(Il,l2)/H(Il,IQ) = {(:c,y]l,zlg) : (x,y]l,zlg) S R(Il,fg)}
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is a refined neutrosophic canonical hypergroup under the hyperaddition +’ defined for

ri+ H(I, I2),r2 + H(I1, I2) € R(I1, I2)/H(I1, I2) with r1 = (21,9111, 2i12),72 = (22, Y211, 2212), by
ri4+ H(I, L)+ ro + H(I, 1) = (r1 + ro) + H(IL, I).
Define on R(Iy,15)/H (I, I5) a hypermultiplication -* by
r1+ H(I, )" ro + H(I1, I3) = (r1r2) + H(I1, I3).

It can be shown that (R(I1,I2)/H(I1,12),+',-") is a refined neutrosophic hyperring if (R/H,+,) is a
hyperring.

Definition 3.15. Let (R(Iy,I2),+1,-1) and (P(I1, I2),+2,-2) be any two refined neutrosophic hyper-
grings and let
¢: R(I, 1) — P(I4, I5)
be a mapping from R(Iy, I2) into P(I1, I2).
(1) ¢ is called a refined neutrosophic hyperring homomorphism if:
(a) ¢ is hyperring homomorphism,
(b) ¢(Iy) = Iy for k=1,2.
(2) ¢ is called a good refined neutrosophic hyperring homomorphism if:
(a) ¢ is good hyperring homomorphism,
(b) ¢(Iy) = Iy for k=1,2.
(3) ¢ is called a refined neutrosophic hyperring isomorphism if ¢ is a refined neutrosophic hyperring

homomorphism and ¢! is also a refined neutrosophic hyperring homomorphism.

Definition 3.16. Let ¢ : R(I1,12) — P(I1, I2) be a refined neutrosophic hyperring homomorphism
from a refined neutrosophic hyperring R(I;, I2) into a refined neutrosophic hyperring P(11, I3).

(1) The Ker¢ = {(u,vl,wly) € R(I1, I2) : ¢((u, v, wly)) = (0,0I1,015)}.

(2) The Im¢ = {d((u, v, wlz)) : (u,vl,wlz) € R(I1,I3)}.

Proposition 3.17. Let ¢ : R(I1,I5) — P(I1,I2) be a refined neutrosophic homomorphism.
(1) The kernel of ¢ is not a neutrosophic subhyperring of R(Iy,I5).
(2) The kernel of ¢ is not a neutrosophic hyper ideal of R(Iy,I5).
(3) The image of ¢ is a neutrosophic subhyperring of P(I1,Is).

Proof. (1) It follows easily from 1 of definition
(2) It follows from the Proof of 1.
(3) The proof is similar to the proof in classical case.

It can be shown that ker¢ is just a subhyperrings of R(I,I3). O

M.A. Ibrahim, A.A.A. Agboola, Z.H. Ibrahim and E.O. Adeleke, On Refined Neutrosophic Hyperrings



Neutrosophic Sets and Systems, Vol. 45, 2021 poh

4. Conclusions

This paper studied the refinement of a type of neutrosophic hyperrings in which ”+" and ”.” are
hyperoperations and presented their basic properties. It was established that every refined neutrosophic
hyperring is a hyperring. It was also shown that the kernel of a refined neutrosophic hyperring homo-
morphism is not a refined neutrosophic hyperideal but the image is a refined neutrosophic subhyperring.
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