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1. Introduction

The concept of neutrosophic set, as a generalization of fuzzy set |18] and intuitionistic fuzzy
set |5] was introduced by smarandache |16|17]. Since 2005, the notion of the neutrosophic set
received by attantion and have many applications |1H3]. The concept of neutrosophic normed
space is a natural generalization of fuzzy normed space and intuitionistic fuzzy normed space.
However, many different types of fuzzy normed spaces were introduced in [10,11,13]. In [6] Bag
and Samanta introduced a new concept of fuzzy norm its more natural to the usual norm, they
studied the properties of bounded sets and compact set in finite dimensional fuzzy normed
linear spaces. Also, in [7] Bag and Samanta introduced types of continuous and bounded of
linear operators. In [4] Abdulgawad et al present the notion of fuzzy strongly continuous,
sequentially continuous, and continuous mappings. As well as they discussed the bounded and

isometry of the fuzzy linear operator between fuzzy normed.
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Recently, the concept of neutrosophic normed space, as a generalization of fuzzy normed
spaces and the intuitionistic fuzzy normed space was introduced in [9], they studied the prop-
erties of convergence, completeness of such spaces.

In this paper, we extend the definitions of continuous and bounded operators in neutrosophic
normed spaces. Moreover, we establish the main properties of bounded linear operators and
continuous linear operators. We obtain a generalized version of boundedness and continuity
of intuitionistic fuzzy norms, while will play an important role in study neutrosophic analysis.
Furthermore, we introduce the notion of neutrosophic Lipsechitzian mapping and neutrosophic
Banach space.

The paper is divided into the following sections:

Section 2 includes some basic results. In section 3, we introduce and study some types
of continuous linear operators in neutrosophic normed spaces and neutrosophic Lipschitzian
mapping. In section 4, we define and study some types of bounded and isometry linear

operators in neutrosophic normed spaces. In section 5, we draw some conclusions.

2. Basic concepts

In this section, we remember the basic concepts and results that are required for the present

work.

Definition 2.1. [12] A continuous t-norm is a binary operation * : [0, 1] x [0, 1] — [0, 1] with
the following axioms:

(1) * is commutative and associative.

(7i) = is continuous.
(i) Lx1=1¢, ¥ L€0,1].
() xxy<ux*xv,y<v,z<wuand z,y,u,v € [0,1].

Definition 2.2. [14,/15] A continuous t-co-norm is a binary operation ¢ : [0, 1] x [0, 1] — [0, 1]
with the following axioms:

(1) ¢ is commutative and associative.
(7i) © is continuous.
(iii) €00 =10,V £ € [0,1].
() zoy<uov,y<v,r<wuand x,y,u,v € [0,1].

Definition 2.3. [17] Let N be the universe set. A neutrosophic set N on N (NS N) is defined

N ={<a,p(a),&(a),n(a) > |a € N}.

where p,&,n: N — [0, 1].
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Definition 2.4. [15] Let U be a linear space over R and *,¢ be a continuous t-norm, a
continuous t-co-norm, respectively, then a neutrosophic subset N :< p,&,7 > on V x R be a

neutrosophic norm on U if for a,b x U and ¢, t, s € R, if the following conditions hold.

(1) 0 < pla,t),¢(a,t),n(a,t) < 1.

(2) 0 < p(a,t) +&(a,t) +n(a,t) < 3.
(3) p(a,t) =0 with t <O0.
(4) pla,t) =1 with t > 0 iff = = 0.
(5) p(ea,t) = p(z, ‘Z|) Ve #0, t>0.
(6) p(a,s)*p(b,t) < pla+b,s+t)Vs,teR.
(7) p(a,.) is continuous non-decreasing function for ¢ > 0, lim;_,~ p(a,t) = 1.
(8) &(a,t) =1 with ¢ <0.
9) &(a, )—0w1tht>01ffx—0
(10) &(ca,t) = &(x, |)VC§£O, t>0.
(11) &(a,s) 0 &(b,t) > E(a+ b, s+ t).
(12) &(a,.) is continuous non-increasing function for ¢ > 0, lim;_, §(a,t) = 0.
(13) n(a,t) =1 with t <0.
(14) n(a,t) =0 and t > 0 if and only if z = 0.
(15) n(ca,t) =¢(a, e |) Ve #0, t>0.
(16) n(a,s)on(b,t) >n(a+b,s+t).
(17) n(a,.) is continuous non-increasing function for ¢ > 0, lim;_,~ n(a,t) = 0.

Further (V, N, %,¢) is neutrosophic normed linear space (NNVLS).

Definition 2.5. [14,[15] Let (a,) be a sequence of points in an NNLS (U, N, *,¢), then the
sequence converges to a point a € U if and only if for given 0 < e < 1, t > 0 I3 ng € N such
that,

plan, —a,t) >1—e, £(an, —a,t) <e, n(a, —a,t) <eVn>np.
nli_{rolop(an —a,t) =1, nli_)ngog(an —a,t) =0, nli_g)lon(an —a,t)=0.

Then the sequence (a,) is called a convergent sequence in the NNLS (U, N, *, ).

Definition 2.6. [15] Let (ay) be a sequence in an NN'LS (U, N, *,9), is said to be bounded
for 0 < e <1, t > 0 if the following hold,

plan,t) >1—e, &(an,t) <e, nlap,t) <eVn e N.

Definition 2.7. [15] A sequence (a;) of points in an NNLS (U, N, *,¢), is called a Cauchy
sequence if for given 0 < e <1, ¢t > 0 3 ng € N such that,

plan —am,t) > 1—e, &(ap —am,t) < e, n(an — am,t) < eV n,m > ng.
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lim p(a, —am,t) =1, lim &(ap, —am,t) =0, lim n(a, —am,t) =0.

7,M—00 7,M—00 n,Mm—00

3. Continuous mappings

In this section, we introduce the concept of continuous, sequentially continuous, and strongly
continuous mappings neutrosophic normed spaces. Also, we study the relationships between
continuous, sequentially continuous, strongly continuous mappings. Moreover, this study is

enhanced with an application

Definition 3.1. Let (U, Ny, *,0) and (V, Ny, *,¢) be two neutrosophic normed spaces. The
mapping 7 : (U, Ny, *,0) = (V, Ny, *,¢) is said to be continuous at xzg € U if for all x € U,
for each 0 < e < 1 and ¢t > 0, there exists 0 < § < 1 and s > 0, such that

pv (T (x) = T(xo),t) > (1 =€),
§v(T(x) — T(xo),t) <e
v (T () = T(x0),t) <,
whenever
pu(z — x0,5) > (1 =9),
Eu(x —xo,8) <9,
nu(x — xg, s) < 0,
respectively. In other words:
oo — 20,5) > (1-8) = py(T(x) — T(awo), 1) > (1 — o),
€0 — w0,5) < 8 = €y (T(x) — T(ao), 1) < e, (1)
nu(z — o, 5) < 8= nv(T(x) —T(z0),t) <e,

T is continuous on U if it is continuous at every point in U.

Definition 3.2. Let (U, Ny, *,0) and (V, Ny, *,¢) be two neutrosophic normed spaces. The
mapping 7 : (U,Ny,*,0) — (V,Ny,*,0) is called sequentially continuous at xo € U, any

sequence (z,,) in U satisfying x,, — x¢ leads to T (x,) — T (z¢). In other words:

lim py(x, — xo,t) = 1= lim py (T (z,) — T (x0),t) =1,

n—00 n—00
Jim &y (zn — xo,t) = 0= lim &y (T (2n) — T (20),t) = 0, (2)
Jim (25— 20,t) = 0= lim 9y (T (zs) = T(20),1) = 0,

where t > 0. We call T is sequentially continuous on U when T is sequentially continuous at

each point of U
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Definition 3.3. Let (U, Ny, *,0) and (V, Ny, *,¢) be two neutrosophic normed spaces. The
mapping T : (U,Ny, *,¢) — (V, Ny, x,0) is called strongly continuous at x¢ € U if for each
t>0.ds>0such that Vx e U,

pu(z —x0,5) < pv(T(2) = T(x0), 1),
§U($ — Zo, 5) > &/(T(SU) - T(l‘o), t)a (3)
nU(w — 20, 8) > UV(T(JU) - T(.',E()), t)a
we say T is strongly continuous on U when it is strongly continuous at every point in U.
Theorem 3.4. Let (U, Ny, *,0) and (V,Ny,*,0) be two neutrosophic normed spaces. The

mapping T : (U, Ny, *,0) = (V, Ny, *,0) be continuous at xg € U if and only if T is sequen-

tially continuous at xg € U.

Proof. Assume that T is continuous at zo € U, (z,) C U if for all z € U, for each 0 < € < 1
and ¢t >030<d<1ands >0, such that

pu(x —xo,8) > (1 —0) = py(T(x) — T(x0),t) > (1 —¢),
§u(x —x0,5) <6 = v (T(x) = T(20),1) <6,
nu (e —20,5) <8 = nv(T(x) = T(0),t) <,
Since &, — 2, then there exists ng € N such that
pu(zy — x0,8) > (1 —0),
Eu(zn — x0,8) <9,

77U(33n — Zo, 8) < 6

Hence
pv (T (zn) = T(x0),t) > (1 —e),
§v (T (zn) = T(w0),1) <
nv (T (xn) = T(x0),t) <,

as 0 < e < 1 arbitrary; so T (x,) = T (z9). Thus, T is sequentially continuous at zg € U.

Another direction, we suppose that T is sequentially continuous at xg € U and 7T is not
continuous at xg. Then there exists 0 < ¢ < 1 and ¢ > 0, such that for any 0 < § < 1 and
s > 0, there exists « € U, such that

pu(z — x0,5) > (1 —9) but py (T (x) — T(z0),t) < (1 —¢),
Ev(x —x0,5) < d but &y (T (z) — T (z0),t) > ¢, (4)

nu(x — xg,s) < 6 but ny (T (z) — T (x0),t) > €.
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So,forézl—i1 75271 , n € N3z, such that
n+1 n+1
( ! ) > ( ! ) but py (T (25,) — T (20),t) < (1 —€)
PU\Tn ann_i_l n+1 ut py Tn xo), =~ €),
1
- - _ >
0 — w0, ) < 1= —— bt & (T () = Tl 1) > e,
1
w0, ——) < 1— —— n) = T(xo),t) > e.
nu(Tn — o n—|—1)< n+1butnv(7'(a:) T(x0),t) > €

Taking s > 0, there exists ng, such that

1
1 < s for all n > ng then

n
u(Tn — xo, s ,
p " 0 n+1
éU(l‘n 55075) <1 na1’
X Xo, S
Nu(Tn 0, 1’

hence

lim pU("ETL - .’L‘O,S) = 17
n—oo

lim gU(mn — 20, 5) =0,
n—00

lim ny(z, — zo,s) =0,
n—oo

this lead to x, — zo. However by ,

pv (T (zn) — T (20),t) < (1 —¢),

3
<
—~~
\‘{
—~
8
S
~—
|
A
8
(=)
:—/
=
v
"

Thus, T (z,,) does not converges to T (zg) but x,, — xg, which gives contradiction. Therefor,

the mapping 7T is continuous at xg € U.

Theorem 3.5. Let (U,Ny,*,0), (V,Ny,*,0) be two neutrosophic normed spaces and T :
(U,Ny,x,0) = (V,Ny,*,0). If T is a strongly continuous, then T is sequentially continuous
at xg € U.

Proof. Suppose that T is strongly continuous at xg, then for each ¢ > 0, there exists s > 0
such that for all z € U sequence (z,,) in U satisfying . Suppose that (z,,) is a sequence such
that x,, — xo. If we put z = x,, in , then we have

pU(xn — Zo, 5) < pV(T(l’n) - T(l‘o), t)v
gU(xn — 2o, 3) > SV(T(xn) - T(l’o), t)?
nU(mn — X0, S) > UV(T(%) - T(IEO), t)'
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This implies that

Therefore,

lim_pu (2 — 20,5) < i pv(T(wn) = T(20), 1)

n—oo

lim &y (x, — 2o, 8) > nl;rgo Ev (T (xn) — T (x0),t),

n—oo

lim ny(x, — xo,s) > lim ny (7T (x,) — T (x0),1).

n—oo n—oo

lim py (T (xn) = T(20),t) = 1,

n—oo

lim &y (T (xn) — T (20),1) = 0,

n—o0

Jim (T () = T (o), £) = 0.

Since t > 0 is arbitrary, we obtain that 7 (zy) — T (o). Thus, 7 is sequentially continuous.

Remark 3.6. The converse of the above Theorem is not true, i.e., the sequentially conti-

nuity does not imply the strongly continuity.

Now, we give an example that illustrates the above remark.

Example 3.7. Let (U = R, || z ||) be a normed linear space, where || z ||=| z | Yz € U, and
axb=min{a,b}, aob=mazx{a,b}Va,b e [0,1]. Define p1, p2,&1,&2,m1,m2 : U x RT — [0, 1]

by

It is easy to see that (U,Ni,*,0) and (U,N3,x,¢) are NNLS. Let us now define, f :
4
(Uale*vo) - (UaN27*’<>)v f($) =

t t
z,t) = , r,t) = ——F, c> 0,
Pz, t) t+ | x| pa(a,t) t+c|x]

|z | clz|
z,t) = : ,t)= —1 >0,
&(@:1) t+ |z | S2(@.1) t4c|a

X cC|X
m.) = = e

1+ 22

quence in U such that z,, — 2o in (U, N7, *,¢), that is, for all £ > 0,

t

Jam pr(on —w0,8) = Jim oy =1
' _ . C | xn - 330 | _
A & (zn —zo,t) = lim -~ BRI
Jm (e —o.t) = Jim R =0

for all x € U. Let g € U and (x,) be a se-
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In other hand,

po(f(@n) = f(@0),t) = t+c| f(a:j) — f(zo) |
= =~ ! v
n 0

t+c -
’1+x% 1+:c3’

t(1+22)(1+ x%)
Tttt a2)(I+a2) +e|at(l+al) — 21+ a2) |
t(1+22)(1 + 23)
St a2) (14 af) + e | (02 + af) (a2 — af + adaf (22 - 2f)) |
t(1+ {L‘%)(l + 1:%)
Tt a2)(1+23) + ¢ | (xn — x0)(@n + x0) (a2 + aF + 232]) |

So

lim po(x, — xo,t) = 1.
n—oo

Sa(f(xn) = flzo), 1) = tjlcf(;&)n;;f(;&zo) |

_ ¢ | (zn — x0)(xn + xo)(z} + 2§ + zp27) |
t(1+22)(1+23) + ¢ | (zn — 20)(Tn + z0) (@2 + 22 + 2223) |

So
lim &(zp, — o, t) = 0.
n—oo

Finally,

na(f () — fao), 1) = <1 <xn>t F(wo) |

c| (@n — m0) (2 + 20) (22 + 2% + 2223) |
t] (1 +a22)(1+x3) |

9

and this lead to

lim n2(zy — zo,t) = 0.
n—0o0

Thus, we see that f is sequentially continuous on U.

Now, we will explain that f is not strongly continuous by a contradiction. Let f be strongly
continuous, then it holds that for all xy € U and for each ¢t > 0 there exist s > 0 such that for
all zg € U,

p1(z — z0,5) < p2(f(x) — f(20),1),
§1(x — w0, 8) > &a(f(x) — f(o),1),
n(x — xo,s) > m2(f(x) — f(zo),1).
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Firstly, from the calculation of example [7,8] and

c| (x—z0)(x + x0)(2? + 23 + 2223) | < | 2 — xo
t](1+22)(1+aF) | s
tl(1+23)(1+23) |

| (z + z0) (22 + 2% + 2223) |

> —s.

c
t

Then it holds that

S.

SalNe!

tl (1 +a2?)(14a3) | } S
| (z+ o) (22 +ad +2223) | | —

InfweU {

Thus, %s = 0. Since k,t > 0 then it holds that s = 0. This gives a contradiction with the fact

that s > 0. So f is not strongly continuous.

3.1. Application

Definition 3.8. A mapping 7 : (U, Ny, *,¢) = (V, Ny, x,¢) is said to be neutrosophic Lips-
chitzian on U if 9 ¢ > 0 such that

YVt >0, Vx, y € U. If ¢ < 1, we say that T is a neutrosophic contraction.

Remark 3.9. If 7 is a neutrosophic Lipschitzian mapping, then 7 is a neutrosophic contin-

uous.

Definition 3.10. A neutrosophic Banach space is a complete neutrosophic normed linear

space.

Theorem 3.11. Let (U, Ny, *,0) be a neutrosophic Banach space and T : (U, Ny, x,0) —

(U, Ny, *,0) be a neutrosophic contraction, then T has a unique fized point.

Proof. Let = be arbitary point in U, then {7"(z)} is a Cauchy sequence. In fact, for ¢ > 0
and m € N — {0}, we get

P () = T (), 1) 2 p( T ) = T (@), ) > 2 (T (a) — 2, ),
T (@) = T (), t) < LT o) = T Ha), %) <. <E(T™(2) -, Cin)’
AT () = T (), 1) < n(T ) = T a), 0) < o < (T ) )
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t
As 0 < ¢ < 1, we have that lim,, — = 00. So
c

Jm p(T™(2) —2, ) =1,
Jim €T (@) 2, ) =0,
Jim 0(T" () =2, ) =0
Thus,
Tim p(T" (@)~ T"(x),1) = 1,
Tim E(T™ (@) — T"(2).1) = 0,
Tim (T (@) = T"(x), 1) = 0.

Since U is complete, we have that {7 (z)} is a convergent sequence. So there exists u € U
such that lim, o 7" (z) = u. We find that

u=lim 7" (z) = lim 7(7T"(z)) = T (u).

n—oo n—o0

Now, we exhibit the uniqueness. Assume that Ju,v € U with u # v and u = T (u), v = T (v).
As u # v, ds > 0 such that

plu—wv,s) =a <1,
E(u—v,8)=b>0,

n(u—wv,s) =c>0,

then, for all n € N* we obtain

a=p(v—u,s) = p(T"(v) = T"(w).) 2 plv . 7)) = 1.
b= (v —u,s) = §(T"(v) = T"(u).s) < E —u, ) =0,

thus, a = 1,b = 0,c = 0, which gives contradiction, hence the claims of theorem.

4. Neutrosophic bounded

In this section, we introduce the concept of boundedness and isometry of mappings neutro-
sophic linear operators between neutrosophic normed spaces. Also, we study the relationships

between bounded and weakly bounded linear operators.
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Definition 4.1. Let (U, Ny,*,0) and (V, Ny, *,0) be two neutrosophic normed spaces. A
mapping T : U — V is called neutrosophic isometry if for each x € U, t > 0 such that for all
r €D,

pv (T (2),1) = pu(z, 1),
Ev(T(2),t) = &u(w,t), (5)
nv (T (x),t) = nu(z,t).

Definition 4.2. Let (U, Ny, *,¢) and (V,Ny,*,0) be two neutrosophic normed spaces and

T : U — V be a linear operator. The operator 7 is called neutrosophic bounded if there exist

a constant k € R — {0} such that for each z € U and ¢ > 0,
pv (T (2),t) = pu(kz, 1),
Ev(T(2),t) < &u(ka,t), (6)
nv(T(x),t) < nu(ka,t).

Definition 4.3. Let (U, Ny, *,¢) and (V, Ny, *,¢) be two neutrosophic normed spaces and

T : U — V be a linear operator. The operator T is called weakly neutrosophic bounded if for
all 0 < r < 1 there exist a constant k € R — {0} such that for each x € U and ¢t > 0,

puv(kx,t) > 1—r= py(T(x),t) >1—r,
Eu(kz,t) <r =& (T(x),t) <, (7)
nu(kz,t) < v =nv(T(z),t) <7
Theorem 4.4. Let (U,Ny,*,0) and (V,Ny,*,0) be two neutrosophic normed spaces. The

linear operator T : (U,Ny,*,0) — (V,Nvy,*,0) be neutrosophic bounded if T is weakly neu-

trosophic bounded.

Proof. Suppose that T is a neutrosophic bounded operator. Then there exist a constant
k € R — {0} such that for each € U, ¢t > 0, and satisfied (6). Using the fact that
pv(kx,t), &y(kxz,t), nu(kx,t) € [0,1], we obtain that for any 0 < r < 1 there exist a k,
depends on k such that

pu(kz,t) = py(krx,t) =1 -,
pu(kx,t) < py(kew,t) <,
pu (kx,t) < py(krz,t) <.
Since @ it holds that
pv(T(x),t) =1 -,
&v(T(x),t) <,
nv (T (x),t) <.
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Thus, T is weakly neutrosophic bounded

Theorem 4.5. Let (U,Ny,x*,0) and (V,Ny,*,0) be two neutrosophic normed spaces. The

linear operator T : (U, Ny, *,0) = (V, Ny, *,0) is continuous iff it is neutrosophic bounded.

Proof. The first direction, let 7 be continuous on (U, Ny, *,¢), then it is continuous at 0 € U.
Thus, for all x € U, for each 0 < e < 1 and t > 0, there exists 0 < § < 1 and s > 0, such that
if
pU(x - 075) > (]‘ - 6) = pV(T(:E) - T(O)at) > (1 - 6)5
£U(x -0, S) <= gV(T(w) - T(0)7t) <¢,
77U(33 -0, S) <= WV(T(QU) - T(O)at) < €.
Now, any way there exists 0 < § < 1 such that

pU(kxat) > (1 - 5)7

EU(k:a;,t) < 5,
nu(kx,t) < 0.
So
t
IOU(xa m) = pU(mvt) > (1 - 5)7
t
fU(l‘am) :fU(kx7t) 9,
t
nu(z, m) = nu(kz,t) < 4.
. 3 .
By putting s = m we obtain that

pu(z,s) > (1 =0) = pv(T(z),t) > (1 —e¢),
Eu(z,s) <d=&v(T(2),t) <e,
nu(z,s) <d=ny(T(x),t) <e.
Hence
pv (T (x),t) = pu(kx,1),
Ev (T (z),1) < Eulka,t),
) < nu(ka,t).

3
<

I
=
\.Pf-

Therefore, 7 is neutrosophic bounded.

For the other direction, suppose that 7T is neutrosophic bounded, then there exist a constant
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k € R — {0} such that for each z € U, ¢t > 0, and satisfied (6). We have

P (T(@).8) 2 pulke.t) = pu(e. 57) = pu(. ),

t
gv(T(l‘),t) < §(kaz,t) = fU(l’, ﬁ) = fU(va)v (8)
t
nv(T(z),t) < nu(kz,t) =nu(z, m) =nu(x,s).
Let xg e U, 0 < e <1, t>0,put6—eands—|li|>0. Suppose that
pu(z —z0) > (1 -9),
§u(z —x0) <6,
nu(x — x9) < 0.

Since (§) it holds that
pv (T (@) = T(w0)) > (1 —9),
&v(T(z) = T(zo)) <4,
v (T (@) = T(wo)) <0

Thus, T is continuous.

5. Conclusions

In this paper, we have extended the definitions of continuous and bounded operators in
neutrosophic normed spaces. Also, we have introduced a type of continuous and bounded
operators in neutrosophic normed spaces. Moreover, we have studied some interesting rela-
tionships. These are illustrated by examples that are appropriate.
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