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Abstract. Hypersoft set, an extension of soft set, deals with disjoint attribute-valued sets corresponding to
distinct attributes. In this study, the innovation of complex fuzzy hypersoft set (CFH-set) is conferred, which
can tackle with uncertainties and vagueness that lie in the data by taking into account the amplitude and phase
terms of the complex numbers at the same time. This model establishes a gluing framework of the fuzzy set and
hypersoft set characterized in the complex plane. This structure is more flexible and useful as it consents a broad
range of values for membership function by expanding them to the unit circle in a complex plane through the
characterization of the fuzzy hypersoft set to consider the periodic nature of the information and the attributes
can further be classified into attribute-values sets for vivid understanding. With the characterization of its
some fundamental properties and operations, aggregations of complex fuzzy hypersoft set: matrix, cardinal
set, cardinal matrix of cardinal set, aggregation operator/set and matrix of aggregation set, are conceptualized
along with application in decision-making. Moreover, complex interval-valued fuzzy hypersoft set is developed
and some of its fundamentals i.e. subset, equal sets, null set, absolute set etc. and theoretic operations i.e.

compliment, union, intersection etc. are investigated.

Keywords: Complex fuzzy sets (CF-Sets), soft set, hypersoft set and complex fuzzy hypersoft set.

1. Introduction

The concept of complex fuzzy set theory (CFS-Theory) |1] is an extension of fuzzy set
theory (F'S-Theory) [2], which uses complex-valued state for the membership of its elements.
FS-Theory and CFS-Theory have some kind of complexities which restrain them to solve

problem involving uncertainty professionally. The reason for these hurdles is, possibly, the
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inadequacy of the parametrization tool. It demands a mathematical tool free of all such
impediments to tackle such issues. This scantiness is resolved with the development of soft
set theory (SS-Theory) [7] which is a new parameterized family of subsets of the universe
of discourse. The researchers [8]- [17] studied and investigated some elementary properties,
operations, laws and hybrids of SS-Theory with applications in decision making. The gluing
concept of NS-Theory and SS-Theory, is studied in |18] to make the NS-Theory adequate with
parameterized tool. In many real life situations, distinct attributes are further partitioned
in disjoint attribute-valued sets but existing SS-Theory is insufficient for dealing with such
kind of attribute-valued sets. Hypersoft set theory (HS-Theory) [19] is developed to make
the SST in line with attribute-valued sets to tackle real life scenarios. HS-Theory is an ex-
tension of SS-Theory as it transforms the single argument function into a multi-argument
function. Certain elementary properties, aggregation operations, laws, relations and functions
of HS-Theory, are investigated by [20]- [22] for proper understanding and further utilization in
different fields. The applications of HS-Theory in decision making is studied by [23]- [27] and
the intermingling study of HS-Theory with complex sets, convex and concave sets is studied
by [28,[29]. Deli [30] characterized hybrid set structures under uncertainly parameterized hy-
persoft sets with theory and applications. Gayen et al. [31] analyzed some essential aspects of
plithogenic hypersoft algebraic structures. They also investigated the notions and basic prop-
erties of plithogenic hypersoft subgroups ie plithogenic fuzzy hypersoft subgroup, plithogenic
intuitionistic fuzzy hypersoft subgroup, plithogenic neutrosophic hypersoft subgroup. Saeed
et al. [32,]33] discussed decision making techniques for neutrosophic hypersoft mapping and
complex multi-fuzzy hypersoft set. Rahman et al. [34H36] studied decision making applica-
tions based on neutrosophic parameterized hypersoft Set, fuzzy parameterized hypersoft set
and rough hypersoft set. Thsan et al. [37] investigated hypersoft expert set with application in

decision making for the best selection of product.

1.1. Motivation

In order to address the limitation of fuzzy soft set for dealing with periodic nature of
data, Thirunavukarasu et al. [38] developed the theory of complex fuzzy soft set and dis-
cussed its some fundamentals along with applications. Kumar et al. [39] extended the work
of Thirunavukarasu et al. to complex intuitionistic fuzzy soft sets and calculated its distance
measures and entropies. Selvachandran et al. [40] investigated interval-valued complex fuzzy
soft set with application. Abd et al. [41] discussed the fundamentals, properties and appli-
cation of complex generalised fuzzy soft sets. These existing models employed single set of
attributes for dealing uncertainties under fuzzy set-like environments but there are many sit-

uations when each attribute is required to be further partitioned into its attribute-valued set.
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These existing structures has limitation regarding the consideration of such attribute-valued
sets. Inspiring from the above literature, the decision system of complex fuzzy hypersoft set is
developed with the help of the characterization of its aggregation operations and fundamental
theory of interval-valued complex fuzzy hypersoft set is investigated. The proposed structure
complex fuzzy hypersoft set (CFH-set) and interval-valued complex hypersoft set (IV-CFHS)
are more flexible and useful as they
(i) generalize the existing structures of complex fuzzy soft set.
(ii) permit a broad range of values for membership function by expanding them to the unit
circle in a complex plane.
(iii) consider the periodic nature of the information through the phase-terms.
(iv) classify distinct attributes into corresponding attribute-values sets for vivid under-

standing.

1.2. Organization of Paper

The rest of the paper is organized as: section 2 reviews the notions of fuzzy set, soft set,
complex fuzzy set and relevant definitions used in the proposed work. Section 3, presents
the decision system of complex fuzzy hypersoft set based on its some decisive aggregation
operations along with application in decision-making. Section 4, investigates the fundamental
theory of interval-valued complex fuzzy hypersoft set. Lastly, paper is summarized with future

directions.

2. Preliminaries

Here some existing fundamental concepts regarding fuzzy set, fuzzy soft set and fuzzy hy-
persoft set are presented along with their structures with complex fuzzy set from literature.
Throughout the paper, U, P(U), F(U), C(U) and Cp(U) will present universe of discourse,
power set of U, collection of fuzzy sets, collection of complex fuzzy sets on soft sets and

collection of complex fuzzy sets on hypersoft sets respectively.

Definition 2.1. [2]
Suppose a universal set U and a fuzzy set X C U. The set X will be written as X =
{(z,ax(x))|x € U} such that

ax U —[0,1]

where ax(x) describes the membership percentage of z € X.

Definition 2.2. [1]
A complex fuzzy set Cy is of the form

Cr = {(e,uc,(€)) e €U} = {(@ﬁcf(e)eiw‘cf(e)) ce€ U} .
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where fic,(€) is a membership function of Cy with rc,(e) € [0,1] and wc,(e) € (0,27] as

amplitude and phase terms respectively and i = /—1.

Buckley [3] and Zhang et al. [4] presented fuzzy complex number in different way. However,

according to [5- [6], both amplitude and phase terms are captured by fuzzy sets.

Definition 2.3. [7]
A soft set & over U, is defined as

S ={(e, fs(€)) : e € E1}

where fg : E1 — P(U). and E; C E (set of parameters).

Definition 2.4. [9]
A fuzzy soft set (FS-set) I'g, on U, is defined as

I'e = {(&m(€) - € € By, ym (6) € F(U)}

where vg, : E1 — F(U) such that yg, (¢) = () if € ¢ Fy, and for all € € Fy,

5, (€) = { g (0 ()01 0 € Uy py (9 (v) € 0,1}

is a fuzzy set over U. Also «yg, is the approximate function of I'g, and the value v4(z) is a

fuzzy set called e-element of FS-set. Note that if yg, (¢) = 0, then (e,vg, (€)) ¢ T'g, .

Definition 2.5. [3§]
A complex fuzzy soft set (CFS-set) xp, over U, is defined as

xe = {(6, Vg, (€) 1 € € Er,¢p, (e) € C(U)}.

where g, : E1 — C(U) such that ¢g, () =0 if € ¢ E; and it is complex fuzzy approximate
function of CFS-set xg, and its value 9, (€) is called e-member of CFS-set x g, for all € € Ej.
Operations of CF-sets and CFS-sets were defined in [1] and [38] respectively.

Definition 2.6. [19]

The pair (H,G) is called a hypersoft set over U, where G is the cartesian product of n dis-
joint sets Hi, Ho, Hs, ....., H, having attribute values of n distinct attributes hq, ho, hg3, ....., by,
respectively and H : G — P(U).

Definition 2.7. [19]

A hypersoft set over a fuzzy universe of discourse is called fuzzy hypersoft set.

For more definitions and operations of hypersoft set, see [20]- [22]
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2.1. Complex Fuzzy Hypersoft Set

The following subsections and are reviewed from [28].

Definition 2.8. Let Ay, Ao, As, ....., A, are disjoint sets having attribute values of n distinct
attributes a1, as, as, ....., a, respectively forn > 1,G = Ay x Ay X Ag X ..... x A, and ¥(z) be a
CF-set over U for all € = (dy,da,ds, .....,d,) € G. Then, complez fuzzy hypersoft set (CFH-set)
x¢ over U is defined as
xa ={(ev(g) : e € G,¢(e) € C(U)}
where
v :G—C(U), V() =0if e¢ G.

is a CF-approximate function of yg and its value 1 (¢) is called e-member of CFH-set Ve € G.

Example 2.9. Suppose a Department Promotion Committee (DPC) wants to ob-
serve(evaluate) the characteristics of some teachers by some defined indicators for depart-
mental promotion. For this purpose, consider a set of teachers as a universe of dis-
course U = {t1,to,t3,t4}. The attributes of the teachers under consideration are the set
E ={A;, As, A3}, where

A; = Total experience in years = {3, < 10} = {e11, €12}

Ag = Total no. of publications= {10, 10 <} = {ea1, e22}

As = Performance Evaluation Report (PER) remarks = {eligible, not eligible} = {es1,e32}

and
(e11,€21,€31), (€11, €21, €32), (e11, €22, €31),
G=A; x Ay x A3 = ¢ (e11, €22,€32), (€12, €21,€31), (€12, €21, €32), ¢ = {€1,€2,€3,...., €8}

(e12, €22, €31), (€12, €22, €32)
Complex fuzzy set ¥g(e1),Ya(e2), ....,a(es) are defined as,

0. 4620 5 0. 8610 61 0. 8610 81 1 0610 75T
7/’(?(61) - ) )
t1 t2 t3
0.6e i0.7m 0. 9610 9 0. 7610 9 O 75610 957
¢G(6’2) = s ;
H to t3
w ( ) - 0. 5610 .61 0. 8610 9m 0. 6610 9 O 65620 957
G\€3) = t ) to ) t3
¢ ( ) 0. 3610 NES 0. 7610 97 0. 5610 9 O 75620 651
(& =
G\t4 t ) to ) ts
¢ ( ) 0. 2610 b 0. 3610 8 0. 8610 e O 45620 651
e =
G\€5 t ) to 3 t3
0. 5610 9 0. 3610 97 0. 7610 8w O 85620 957
wG(%) = ) )
t t9 t3
OﬁawﬂogaMW05éMW08@wﬁﬂ
wG(ff?) = ) ) ) )
t t9 t3 t4
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and

) )

O_8ei0.97r O.8€i0'87r 0.6€i0'87r 0.65€i0'85ﬂ
tt Tt 13 21 }

Ya(es) = {

then CFH-set ¢ is written by,

0. 4620 5T ().8¢%0-6™ (. 8e?0-8T 1. 0610 75 0. 667’0 ™ 0.9¢%0-97  (.7¢%0-97 () 75i0.957
(61 ’ ’ to ’ t3 ’ ) ’ ( 2, ’ to I t3 ’ ta )
0. 5610 .67 0 867‘0 9T 0. 667’0 97 0 6567‘0 95T 0. 3610 e 0. 767‘0 9T 0. 567’0 97 0 75620 657
o (63) to ) t3 ) ( 4, ’ to ’ ts3 )7
XG - 0. 2610 57r 0 3610 8w 0. 8610 77r 0. 45610 657 0. 5610 97 0. 3610 9T 0. 7810 87r 0 85610 95T
(657 15 ) i3 ) )7 ( 6, ) 15 ’ i3 )7
0. 6620 97r 0. 9610 67 0. 5610 67 0. 85610 75T 0. 8620 9T 0. 8610 8T 0. 6610 87\' 0. 65610 857
(677 ) 1o ’ i3 ) ’ ( 85 ) 1o ) t3 ’ )

Definition 2.10. Let x¢, = (¢¥1,G1) and x¢, = (Y2, G2) be two CFH-sets over the same U.
The set xa, = (¥1,G1) is said to be the subset of xg, = (Y2, G2), if
i. G1 C Gy

ii. Vz € Gh%(&) c ¢2(£) Le. TGy (g) < TG2(£) and WGy (@) < wG2(£)7 where TG, (E)
and we, (z) are amplitude and phase terms of ¢ (z), whereas rqg,(z) and wg,(z) are

amplitude and phase terms of 1y (z).

Definition 2.11. Two CFH-sets xg, = (¥1,G1) and xg, = (¥2,G2) over the same U, are
said to be equal if

L. (wlle) C (¢27G2)
ii. (¢27G2) g (¢17G1>-

Definition 2.12. Let (¢, G) be a CFH-set over U.Then
i. (¢,G) is called a null CFH-set, denoted by (¢,G)e if for all z € G, the amplitude

and phase terms of the membership function are given by rg(z) = 0 and wg(z) = Or
respectively.

ii. (¢, Q) is called a absolute CFH-set, denoted by (¢, G)a if for all z € G, the amplitude
and phase terms of the membership function are given by r¢(z) = 1 and wg(z) = 27

respectively.

Definition 2.13. Let (¢1,G1) and (¢2, G2) are two CFH-sets over the same universe U.Then

i. A CFH-set (¢1,Gq) is called a homogeneous CFH-set, denoted by (11, G1)gom if and
only if 9;(z) is a homogeneous CF-set for all z € G;.

ii. A CFH-set (¢1,G1) is called a completely homogeneous CFH-set, denoted by
(¥1,G1)cHom if and only if ¢1(z) is a homogeneous with ¢y (y) for all z,y € G1.

iii. A CFH-set (11, G1) is said to be a completely homogeneous CFH-set with (12, Go) if
and only if ¥ (2) is a homogeneous with o (z) for all x € G1 N Ga.
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2.2. Set Theoretic Operations and Laws on CFH-Sets

Here some basic set theoretic operations (i.e.complement, union and intersection) and laws

(commutative laws, associative laws etc.) are discussed on CFH-sets.
Definition 2.14. The complement of CFH-set (¢, G), denoted by (1, G)¢ is defined as

(1, G)* ={(z,¥(2)) : z € G,¢(z) € C(U)}
such that the amplitude and phase terms of the membership function ¢(z) are given by
r&(z) =1 —rg(z) and wi(z) = 27 — wg(x) respectively.

Proposition 2.15. Let (¢, G) be a CFH-set over U.Then ((v,G)°)¢ = (¢, G).

Proof. Since 1(z) € C(U), therefore (1), G) can be written in terms of its amplitude and phase

terms as
(¥, G) = {(z, TG(&)@”G@)) S G} (1)
Now

ve(@) = { (& 16(@)es@) 2 € G}
ve() = { (2. (1 = ro(@)e! 0@} sz € G}
((,G))° = { (2, (1 = rg(@)ce®mee@?)  y € G}
((0.6))° = { (2. (1= (L = re(@)e et sy e o}

((,6)) = { (2 re(@)e“e @) sz € G} 2)
from equations and (2), we have ((¢,G))¢ = (¥, G). g

Proposition 2.16. Let (¢, G) be a CFH-set over U.Then

L (¥, G)e) = (¥,G)a
i. (0,G)a)"= (¢, G

Definition 2.17. The intersection of two CFH-sets (¢1,G1) and (¢2,G2) over the same
universe U, denoted by (¢1, G1) N (2, G2), is the CFH-set (13, G3), where G = G1 N Ge, and
3(z) = P1(z) Nha(z) for all z € Gj.

Definition 2.18. The difference between two CFH-sets (11, G1) and (¢, G2) is defined as

(¥1,G1) \ (Y2, G2) = (Y1, G1) N (2, G2)°
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Definition 2.19. The union of two CFH-sets (¢1,G1) and (¢2,G2) over the same universe
U, denoted by (¢1,G1) U (¢2,G2), is the CFH-set (13, G3), where G3 = G U G2, and for all
z € G37

1 (x) vifz e Gi\Ga
Y3(z) = ¢ Po(z) Jif z e Go\Gh
Yi(z) Uihe(z) ,ifz € GiNG

Proposition 2.20. Let (¢, G) be a CFH-set over U.Then the following results hold true:
L. (wv ) (wv )<I> = (¢7G)

i (¢, G)U(¥,G)a = (¢, G)a
iii. (¥,G)N (¢, Ge = (¥, G)a
v. (¥, G)N (¢, G)a = (¥, G)
v. (¥, G)a U (4, G)a = (4,G)a
vie (¥, G)e N (9, G)a = (¥, G)e

Proposition 2.21. Let (¢1,G1), (Y2,G2) and (13,G3) are three CFH-sets over the same

universe U. Then the following commutative and associative laws hold true:

L (11, G1) N (Yo, Ga) = (2, G2) N (Y1, Gh)
(Y1, G1) U (Y2, G2) = (2, G2) U (¢1,G1)
iif. (11, G1) N (Y2, G2) N (Y3, G3)) = ((¥1, G1) N (2, G2)) N (Y3, G3)
(Y1, G1) U ((¥2, G2) U (¥3, G3)) = ((¢1,G1) U (¢2, G2)) U (¢3, G3)

Proposition 2.22. Let (¢1,G1) and (Y2, G2) are two CFH-sets over the same universe U.
Then the following De Morganss laws hold true:

L ((¥1,G1) N (2, G2)) = (1, G1)° U (2, G2)°
ii. (¥1,G1) U (2, G2))" = (¥1,G1)° N (2, Ga)°

3. Aggregation of Complex Fuzzy Hypersoft Set

In this section, we define an aggregation operator on complex fuzzy hypersoft set that
produces an aggregate fuzzy set from a complex fuzzy hypersoft set and its cardinal set. The
approximate functions of a complex fuzzy hypersoft set are fuzzy. Here G, E, x¢ and Cg(U)
will be in accordance with definition .

Definition 3.1. Let x¢ € Cg(U). Assume that U = {uj,uz,......,un} and E =
{41, Ag, ....., Ay} with

Ay ={e11, €12, ooy e1n}, Ao = {e21, €22, ooy €20}y ooy Ay = {€n1, €02, o ooy €nn }

and G = Ay x Ay X ... X Ap = {1,292, ccoey Ty eovry Tpyn = T}, each x; is n-tuple element of G

and |G| = r = n" then the yg can be presented as
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XaG e ) Ty
uy Hope (1) (U1) Hopes (o) (U1) “e Pops () (U1)
U Hope (1) (U2) Hapes (o) (U2) oo Hapes () (U2)

Where iy, (r) is the membership function of ¢¥¢. If a;; = ch(xj)(ui)a for : = N7* and j = N}

then CFH-set x¢ is uniquely characterized by a matrix,

ail ai2 te Q1n

asy a2 e Q2n
[aij] =

aml Am2 **°  Omnp

is called an m x r CFH-set matrix..
Definition 3.2. Let x¢ € Cy(U). Then, the cardinal set of x¢ is defined as

Ixall = {txe)(@)/z: z € G},

where j1y | : G — [0,1] is a membership function of |[xg|| With pcard(ye)(@) = 7]

Note that ||Cx(U)|| is the collection of all cardinal sets of CFH-sets and ||Cy(U)|| C F(G).

Definition 3.3. Let x¢ € Cu(U) and ||x¢|| € ||Cu(U)||. Consider E as in definition (4.1

then [|xg|| can be presented as

€ I To . ,

Hlxel Hixel (®1) Hxel (2) - Hixel (r)

If a1; = ftyg | (a;), for j = Ni then the cardinal set ||x¢|| is represented by a matrix,

[aijlixn = | a1 a1z -+ aln]

and is called cardinal matriz of ||x¢a||-

Definition 3.4. Let x¢ € Cy(U) and ||x¢| € ||Cu(U)||. Then CFH-aggregation operator is
defined as

—_
xa = Acru (|Ixall; xa)

where
Acry : ”CH(U)” X CH(U) — F(U)

xc s called the aggregate fuzzy set of CFH-set .

Its membership function is given as

- U— [07 1]
XG
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with
1

M,SC/G\(U) =G xez:G HCard(xe)(Z)Hcard@pe) (W)

Definition 3.5. Let x¢ € Cy(U) and “yg be its aggregate fuzzy set.

U = {u1,u2, .....,um }, then “xg" can be presented as
XG o
XG

ur | pn(u1)
XG

ug | s (u2)
Xa

U, | frn(Um)
XG

If a;; = p~(u;) for i = NJ* then “x¢" is represented by the matrix,
XG

ail

as1
[@i1]mx1 =

which is called aggregate matriz of “xg" over U.

3.1. Applications of Complex Fuzzy Hypersoft Set

Assume that

In this section, an algorithm is presented to solve the problems in decision making by having

under consideration the concept of aggregations defined in previous section. An example is

demonstrated to explain the proposed algorithm.

It is necessary to determine an aggregate fuzzy set of CFH-set for choosing the best option

(parameter) from the given set (set of choices/alternatives). Following algorithm may help in

making appropriate decision.

Step 1: Determine a CFH-set xg over U,

Step 2: Determine || x¢ || for amplitude term and phase term separately,

Step 3: Find "¢ for amplitude term and phase term separately,
Step 4: Find the best option by max modulus of p_(u)
XG

Example 3.6. Suppose a business man wants to buy a share from share market. There are

four same kind of share which form the set , U = {s1, s2, s3, s4}. The expert committee consider

a set of attributes , E = {ej,e2,e3}. For i =1, 2, 3, 4, the attributes e; stand for current

trend of company performance, particular companys stock price for last one year, and Home
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country inflation rate, respectively. Corresponding to each attribute, the sets of attribute
values are: A; = {ej1,e12}; Ao = {ea1} and Az = {e31,e32}. Then the set G = Ay x Ay x A3 =
{€1, €2, €3, €4} where each ¢; is a 3-tuple. Complex fuzzy sets Y€1), Va(€2), Ya(es), Ya(es) are
defined as,

valer) 0.4¢705™ (.87067 (.8¢70-8T 1070757
€ =
G\ s1 0 sy sz S4 ’
ba(e2) 0.3¢707™ 0.6™057 0.5¢/027 1,078
€ =
G\€2 51 ) So ) 53 ) s y
w ( ) 0_6€i0.77r 0'9€i0.97r 0.761‘0.95# 0_75ei0.957r
€ =
A S1 ’ S9 ’ S3 ’ S4 ’
and
valed) 0.5¢"-6™ 0.7¢08™ (.6e085T 0.75¢10-857
€. =
G\ €4 51 P So ) s3 N 51 ,

Step 1: CFH-set x¢ is written as,

0461'0‘5# 08€i0'67r 0861.0‘877 1Oei0A757r> 0361077" OGGiOASﬂ' 056i0.27r 1061.0‘8577
€1, = - - . y | €2, = - - ) ;

_ s1 ’ s2 ’ s3 ’ S4 s1 ’ s2 ’ s3 ’ S4
XG - 0 66i0‘77r 0 96i0.97r 0 761'0‘957\' 0 75ei0.957r 0 5ei0A67r 0 7ei0.87r 0 6ei0.857r 0 7561'0‘857r
€3, — y T y y y | €4, = y T y y
S1 52 3 S4 S1 52 3 S4

Step 2: The cardinal is computed as,

Il xa || (Amplitude Term) = {0.75/€1,0.6/€2,0.74/€3,0.64 /€4 }

| xa || (Phase Term) = {0.66/¢1,0.64/€2,0.87/€3,0.78 /ey }

Step 3: The set "y can be determined as,

04 03 06 0.5 0.75 0.3110
A~ 108 06 09 0.7 0.6 0.5185
XG (Apmlitude Term) = — =
4108 05 0.7 06 0.74 0.4505
1.0 1.0 0.75 0.75 0.64 0.5963
05 0.7 07 0.6 0.66 0.4638
SN 1 06 08 09 0.8 0.64 0.5788
XG (Phase Term) = — =
41 0.8 02 095 0.85 0.87 0.5364
0.75 0.85 0.95 0.85 0.78 0.6321

Yo = {0.3110046357 /1 0.5185¢ 057887 /55 0.4505¢0-53047 /55, 0.5963¢ 003217 /54 )

Consider the modulus value of Maz(p ) = {0.31098/5s1,0.5185/52,0.4504/s3,0.5963 /54 } =
XG

0.5963/s4 This means that the 4th share s4 may be recommended for suitable investment.
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4. Interval-Valued Complex Fuzzy Hypersoft Set(IV-CFHS)

In this section, the basic theory of interval-valued complex fuzzy hypersoft set is developed.

Definition 4.1. Let Wy, Wy, W3, ....., W,, are disjoint sets having attribute values of n distinct
attributes wy, wo, ws, ....., wy respectively for n > 1, W = Wi x Wy x W3 X ..... x Wy, and ¥(w)
be a IV-CFS over U for all w = (by, ba, b3, .....,b,) € W. Then, interval-valued complex fuzzy
hypersoft set (IV-CFHS) Qu = (¥, W) over U is defined as

Qw = {(w, ¥(w)) : w € W, ¥(w) € Cry(U)}

where

U W — Crv(U), V(w)=0if wg W.

is a IV-CF approximate function of Qy and ¥(w) = (E(g),?(g)) <\I_f(g) = e

(_
9 and

%
U(w) = 767’9 are lower and upper bounds of the membership function of Qy respectively

and its value ¥(w) is called w-member of IV-CFHS Vw € W.

Example 4.2. Considering example with W = {ey, €9, €3, ...., es }, [V-Complex fuzzy sets
Uy (er), Uy (e), ..., Uy (eg) are defined as,

Uy (er) = {

[047 05] ¢110.5,06]7 [07’ O.S]ei[O'B’O'G]ﬂ— [06, 0'7]ei[0.7,0.8]7r [03’ 0‘4]61'[0.65,0.75]71'
t1 ’ to ’ t3 ’ tyq ’

[0.5,0.6)¢’*-6:07™ 0.8, 0.9]¢!*-809m [0.6,0.7]¢!-809™ [0.65, 075 i(0.85,0.95)
ty ’ to ’ t3 ’

[04’ 0. 5] 4[0.5,0.6]m [07’ 0.8]6i[0'8’0'9]7r [057 0.6]6i[0'870'9]7r [0 55, 0. 65 [0.85,0.95]7
t1 ’ to ’ t3 ’

[0.2’ 0. 3] 4[0.6,0.7]7 [06, 0.7]61'[0.8,0.9]# [04, 0.5]61[0.8,0.9]7r [0 65, 0. 75 [0.55,0.65]7
t1 ’ to ’ t3 ’

t : to ’ t3 :

[0.4,0.5]"08090™ .2, 0.3]e'08097 (0.6, 0.7]e'070817 [0.75, 0.85]¢!0-85.0.95)
t1 ’ to ’ t3 ’

[0.5,0.6)¢’*-8091™ 0.8, 0.9]¢!l-506m [0.4,0.5]¢!15.061m [0.75, 085 10.65.0.75]
ty ’ to ’ t3 ’

and

[077 0.8]€i[0'8’0'9]7r [07, 0.8]€i[0'7’0'8]ﬂ- [05, O.6]€i[0'7’0'8]7r [0 55, 0. 65 4[0.75,0.85]7
t1 ’ to ’ t3 ’

{[01’0 2] [0.4,0.5]m [0'2’0'3]61'[0.7,0.8]7r [0.7,0.8]6i[0'6’0'7]7r [0 35, 0. 45 i[0. 55065]7r}
T (es) =

Wy (es) = {
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then IV-CFHS Qyy is written by,

[0405 4[0.5,06]m [0708]67’.[0"06]‘" [0607161'[0708]# [0304]61'[060075] )
€1, ) ) 9 )

ty
[0506 [0607]71' [0809] [0809]71' [0607]60809]7«' [065075]6085095]

) ) ) )

[0405} [0506]71' [0708] [0809]71' [0506]60809]77 [055065]6085095]

e

[\

)

€3, )

€4 [0203} [0607]71' [0607] [0809]71' [0405]60809]7\' [065075]6055065]
) )

(
(
(
(
<e5 [0102 [0405]71' [0203] [0708]71' [0708]60607]7\' [035045]6055065]
)
(
(
(

)

Y )

66 [0405} [0809]71‘ [0203} [0809]71‘ [0607]60708]7&' [075085]6085095]
) ) )

en [0 5,0. 6 [048,0.9]71' [08,09} [O 5,0.6]m [0 4 0. 5]6 [0.5,0. 6]71' [0 75 ,0. 85]6 [0.65,0.75]7
Y Y

[0 7,0. 8} [0.8,0.9]71' [0770 8] [O 7,0. 8]71' [0 5,0. 6]6 1(0.7,0. 8]71' [0 55,0. 65]8 [0.75,0.85]7
€8, 11 ; 1o ’ i3 4
Definition 4.3. Let Qu, = (¥, W1) and Qw, = (¥, Wa) be two IV-CFHS over the same U.

The set Qu, = (¥, W7) is said to be the subset of Qu, = (Yo, Wa), if

)

i

i

\_/\_/V\_/\_/\_/\_/

7

LW C Wy
iV 2 e Wi, Wi (z) C Ua(z) implies ¥4 (z

T (@) < Fwp(@), 7w, (@) < Ty (z ),

are amplitude and phase terms of \IJ 1

);
);
), and
)-

(z
are amplitude and phase terms of \111(
are amphtude and phase terms of \IJQ(

V(e

Definition 4.4. Two IV-CFHS Qu, = (¥1, W) and Qw, = (V2, Wa) over the same U, are
said to be equal if
i (W, W1) C (g, Wa)
ii. (\IIQ,WQ) — (\Ill,Wl).

Definition 4.5. Let (¥, W) be a IV-CFHS over U.Then
i. (U, W) is called a null IV-CFHS, denoted by (¥, W)g if for all z € W, the amplitude

and phase terms of the membership function are given by % (z) = 7w (z) = 0 and
o — ,
0 w(z) = 0 w(z) = 0r respectively.
ii. (¥, W) is called a absolute IV-CFHS, denoted by (¥, W) if for all x € W, the ampli-
tude and phase terms of the membership function are given by 7w (z) = 7w (z) =1
o — ,
and 0 w(z) = 0 w(x) = 27 respectively.

Definition 4.6. Let (¥, W;) and (9, W3) are two CFH-sets over the same universe U.Then

i. A IV-CFHS (¥, W) is called a homogeneous IV-CFHS, denoted by (Y1, W1)gom if
and only if ¥y () is a homogeneous CF-set for all z € W.
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ii. A IV-CFHS (¥, W) is called a completely homogeneous IV-CFHS, denoted by
(Y1, W1)cHom if and only if () is a homogeneous with Wy (y) for all z,y € W1.

iii. A IV-CFHS (¥, W1) is said to be a completely homogeneous IV-CFHS with (g, W3)
if and only if WUy (x) is a homogeneous with Wq(z) for all z € Wy [[ Wa.

4.1. Set Theoretic Operations and Laws on IV-CFHS

Here some basic set theoretic operations (i.e.complement, union and intersection) and laws

(commutative laws, associative laws etc.) are discussed on IV-CFHS.

Definition 4.7. The complement of IV-CFHS (¥, W), denoted by (¥, W) is defined as

(W, W) = {(z, (¥(z))*) :z € W, (¥(z))° € Crv(U)}

C

such that the amplitude and phase terms of the membership function (¥(z))
(Fw(@) =1-Tw)
(Tw(z) =1~ 7w

and

are given by

Proposition 4.8. Let (¥, W) be a IV-CFHS over U.Then ((¥,W)¢)¢ = (¥, W).

Proof. Since ¥(z) € Cry(U), therefore (¥, W) can be written in terms of its amplitude and

phase terms as
(W) = { (2. (Fw@e 7@, Py @)e 7)) cx e w) (3)
Now
(U, W)°(z) = {(z ((vw@)cea‘?w@)g (7W(£))cei<?a@>c)> Lz W}
(W, W)e@) = { (2 (1= Fw (@)@ 7w, (1= Pyp(a)erTo@)) o e w}
(0.6)) = { (. (1= Fwl@)ee @ Twe@r (1 - 7y (@)eeTe@r)) iz e w}

(W) = { (2 (1= (1 = Fw (@)@ Tw), (1 - (1 = Pyp(a))elCr @ Ta@D)) e W}

(W) = { (2, (Fw@e T, Py (@) o@) ) sz e W) @)
from equations (B) and (@), we have ((¥,W))¢ = (¥, W). g

Proposition 4.9. Let (¥, W) be a IV-CFHS over U.Then
L (U, W)e) = (¥, W)a
i (U, W)a) = (¥, W)e
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Definition 4.10. The intersection of two IV-CFHS (¥, W7) and (Wq, W5) over the same
universe U, denoted by (¥, W1) [[(We, W2), is the IV-CFHS (¥3, W3), where W3 = Wy [[ Wa,
and for all x € W3,

Roe
Ty (z)et @ Jif € Wi\ Wy
«— -
\IIS(Q) = ?W2(£)610W2(£) ,’if@ & WQ\Wl
. R ol <
| min[Tw, (2), T, ()]t wi @ 0w @1 i f o e Wy T W

and .
T (z)et? @ Jif z € Wi\Way

d
Us(z) = ?WQ( Je 10w, (z) . . ifz € Wo\Wy
min[ 7w, (z), 7w, (2)]e! ™m0 wi @ Owy @1 G0 e Wiy T Wh

\

Definition 4.11. The difference between two IV-CFHS (¥, W;) and (¥9, W5) is defined as
(U1, W) \ (W2, Wa) = (W1, W) H(‘If27 Wo)*

Definition 4.12. The union of two IV-CFHS (¥, W;) and (Va, W3) over the same universe
U, denoted by (¥1, W7) [[(¥2, W2), is the IV-CFHS (¥3, W3), where W3 = Wi [ [ Wa, and for
all z € W3,

T w, (@eﬁwl @ Jifx e Wi\Wa
Us2) = { Fuy(z)el @ Jif x € Wo\Wy
| maz [, (@), Fws (@)]eimar 0w @, Twy @) 0 Wy [[Wa
and .
T () @ Jif x € Wi\ Wy
Vs(z) = { Py (@)ef @ iz e Wo\Wh
maz 7w, (2), T, (@) ™ T @ Fwa @] if o e Wy [[W,

Proposition 4.13. Let (¥, W) be a IV-CFHS over U.Then the following results hold true:

ii. ( W)L, W)a = (¥, W)a
. (U, W) (T, W)e = (¥, W)s
iv. (U, W)[(T,W)a = (¥, W)

v. (U, W) [J(T,W)a = (T,W)a
vi. (U, W)e [T(¥,W)a = (¥, W)e

Proposition 4.14. Let (¥1,W1), (Y2, W) and (Y3, W3) are three CFH-sets over the same

universe U. Then the following commutative and associative laws hold true:

(U, W) [[(Wa, Wa) = (W, W) [[(¥1, Wh)
i, (W, W) [T(Wa, Wa) = (Tg, Wo) [T(W1, Wy)
i (W, Wi) TT((Wa, W) T1(®3, W3)) = (W1, W) [T(®2, Wa)) [T(¥3, Wa)
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v (Wy, W) [T (W2, Wa) [1(¥3, W3)) = (U1, Wh) [1(P2, Wa)) [T(Vs, W3)

Proposition 4.15. Let (U1, W1) and (Vq, Wa) are two CFH-sets over the same universe U.
Then the following De Morganss laws hold true:

Lo (W, W) [T(Wa, W2))® = (Wy, Wh)° [1(W2, Wa)*

i (U, W) [T(W2, W2))© = (W1, Wh)* T(W2, Wa)*©

Conclusion

In this work, the complex fuzzy hypersoft sets (CFH-sets) are developed along with some
fundamentals, theoretic set operations and aggregations. Also a method is proposed to solve
decision making problems and demonstrated with a commerce-based application. Moreover,
the rudiments of interval-valued fuzzy hypersoft set ( IV-CFHS) are characterized with suitable
examples. CFH-sets and IV-CFHS generalize the existing structures of complex fuzzy soft set,
permit a broad range of values for membership function by expanding them to the unit circle in
a complex plane, consider the periodic nature of the information through the phase-terms and
classify distinct attributes into corresponding attribute-values sets for vivid understanding.

Further work may include:

(i) the extension of proposed work to the development of:

— complex intuitionistic fuzzy hypersoft set,

complex neutrosophic hypersoft set,

interval-valued complex intuitionistic fuzzy hypersoft set,
— interval-valued complex neutrosophic hypersoft set,
(ii) the application of proposed work in multi-criteria decision-making,
(iii) the determination of similarity measures and entropies for proposed structures,
(iv) the parameterization of proposed structures with fuzzy, intuitionistic fuzzy and neu-
trosophic settings,
(v) the characterization of proposed structures under multi-decisive environment,

(vi) the introduction of refinement in the proposed structures for sub-membership grades.
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