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Abstract. We define the relation of quasi-coincidence between a neutrosophic point and a neutrosophic set
as well as between two neutrosophic sets and investigate some properties based on that. We define the quasi-
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1. Introduction

The notion of Fuzzy set was brought to light by Zadeh [38] in 1965 and Intuitionistic fuzzy
set, a generalized version of fuzzy set, was introduced by Atanassov [1] in 1986. After a decade,
a new branch of philosophy recognised as Neutrosophy was developed and studied by Florentin
Smarandache [25-27]. Smarandache [27] proved that neutrosophic set was a generalization
of intuitionistic fuzzy set. Like intuitionistic fuzzy set, an element in a neutrosophic set
has the degree of membership and the degree of non-membership but it has another grade
of membership known as the degree of indeterminacy and one very important point about
neutrosophic set is that all the three neutrosophic components are independent of one another.

After Smarandache had brought the thought of neutrosophy, it was studied and taken
ahead by many researchers [11,31,32,35]. In the year 2002, Smarandache [26] added the
thinking of neutrosophic topology on the non-standard interval and thereafter Lupidnez |16-19]
studied and investigated many properties of neutrosophic topological space. The author [17]
also studied the relation between interval neutrosophic sets and topology. Salma et.al. [28-
30| studied neutrosophic topological space, generalised neutrosophic topological space and

neutrosophic continuous functions. In the year 2016, Karatas and Kuru |15] redefined the
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single valued neutrosophic set operations and introduced a new neutrosophic topology and
then investigated some important properties of general topology on the redefined neutrosophic
topological space. Later, various aspects of neutrosophic topology were developed by many
researchers [2}12}14,33].

Neutrosophy, due to the fact of its of flexibility and effectiveness, is attracting the researchers
throughout the world and is very useful not only in the developement of science and technology
but also in various other fields. For instance, Abdel-Basset et.al. [3-6] studied the applications
of neutrosophic theory in a number of scientific fields. Pramanik and Roy [24] in 2014 studied
on the conflict between India and Pakistan over Jammu-Kashmir through neutrosophic game
theory. Works on medical diagnosis [7,|36], decision making problem [8,37], image processing
[10,/13], social issues [20L23], educational problems [21,22] were also done under neutrosophic
environment.

In the year 1995 Coker and Demirci [9] introduced the idea of intuitionistic fuzzy points and
their quasi-coincident relation. Very recently Ray and Dey [34] introduced the idea of neutro-
sophic point on single-valued neutrosophic sets and studied various properties. But the relation
of quasi-coincidence in case of neutrosophic points or neutrosophic sets has not been studied
so far. In this article, we define the relation of quasi-coincidence between a neutrosophic point
and a neutrosophic set as well as between two neutrosophic sets and examine some properties
based on the relation of quasi-coincidence. We then define neutrosophic quasi-neighbourhood
of a neutrosophic point and investigate some properties. Lastly we study the characterization

of neutrosophic topological space in terms of neutrosophic quasi-neighbourhoods.

2. Preliminaries

In this section we discuss some concepts related with neutrosophic sets.

2.1. Definition: [35]

Let X be the universe of discourse. A single valued neutrosophic set A over X is defined as
A= {{x,Ta(x),Za(x),Fa(z)) : © € X}, where T4,Za, Fa are functions from X to [0,1] and
0 < Ta(x)+Za(x)+ Fa(z) < 3.

The set of all single valued neutrosophic sets over X is denoted by N (X).

Throughout this article, a single valued neutrosophic set will simply be called a neutrosophic
set (NS, for short).

2.2. Definition: [15]

Let A,B € N(X). Then
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(i) (Inclusion): If Ta(z) < Tp(x),Za(x) > Ip(x), Fa(z) > Fp(x) for all x € X then A is
said to be a neutrosophic subset of B and which is denoted by A C B.
(ii) (Equality): If A C B and B C A then A = B.
(iii) (Intersection): The intersection of A and B, denoted by AN B, is defined as AN B =
{z, Ta(x) NTp(x),Za(z) VIp(x), Falz)V Fp(x)) :z € X}.
(iv) (Union): The union of A and B, denoted by AU B, is defined as AU B = {(x, Ta(x) V
Te(x),Za(x) NIp(x), Fa(z) A Fp(z)) :x € X}.
(v) (Complement): The complement of the NS A, denoted by A€, is defined as A¢ =
{{z, Fa(x),1 —Zg(x), Ta(x)) : x € X}
(vi) (Universal Set): If Ta(z) =1,Za(x) = 0,Fa(z) =0 for all z € X then A is said to be
neutrosophic universal set and which is denoted by X.
(vii) (Empty Set): If Ta(z) = 0,Za(z) = 1, Fa(z) =1 for all z € X then A is said to be
neutrosophic empty set and which is denoted by 0.

2.3. Definition: [29]

Let {4; :i €A} CN(X), where A is an index set. Then

(1) UieaAi = {(x, VieaTa, (), NicaZa, (), NieaFa; (7)) 1 v € X}
(ii) Nieadi = {(z, NieaTa;(®), VieaZa,(x), VieaFa,(z)) : € X}.

2.4. Neutrosophic topological space:
2.4.1. Definition: [15]

Let 7 C M (X). Then 7 is called a neutrosophic topology on X if
(i) @ and X belong to .
(ii) The union of any number of neutrosophic sets in 7 belongs to .
(iii) The intersection of any two neutrosophic sets in 7 belongs to 7.
If 7 is a neutrosophic topology on X then the pair (X, 7) is called a neutrosophic topological
space (NTS, for short) over X. The members of 7 are called neutrosophic open sets in X. If

for a neutrosophic set A, A° € 7 then A is said to be a neutrosophic closed set in X.

2.4.2. Theorem: [15]

Let (X, 7) be a neutrosophic topological space over X. Then

(i) § and X are neutrosophic closed sets over X.
(ii) The intersection of any number of neutrosophic closed sets is a neutrosophic closed set
over X.

(iii) The union of any two neutrosophic closed sets is a neutrosophic closed set over X.
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2.5. Definition: [34]

Let NV(X) be the set of all neutrosophic sets over X. A NS P = {(x, Tp(z),Zp(z), Fp(z)) :
x € X} is called a neutrosophic point (NP, for short) iff for any element y € X, Tp(y) =
a,Zp(y) = B, Fp(y) =7 for y =z and Tp(y) =0,Zp(y) = 1, Fp(y) =1 for y # z, where
0<a<1,0<8<1,0<y< 1.

A neutrosophic point P = {(z, Tp(z),Zp(z), Fp(z)) : x € X} will be denoted by Py ;5 or
P <x,a,8,v > or simply by z45~. For the NP z, 5, x will be called its support.

The complement of the NP PJ 5 will be denoted by (Péf’g’,y)c or by xg, 5.

2.6. Definition: [34]

Let A be a neutrosophic set over X. Also let z, g~ and Yol 8/ ~/ be two neutrosophic points
in X. Then

(i) wa,p,y is said to be contained in A, denoted by zo5, C A, iff < Ta(x), 8 > Ta(x),v >

Fa(z).

(i) zq,p, is said to belong to A, denoted by xq 5~ € A, iff @ < Ta(x),8 > Za(x),y >
Fa(x).

(iii) Za,p, is said to be contained in y,, g/ ./, denoted by za,5~ C Y,/ 5//, iff =y and
a<al,f>ply>.

(iv) Za,p, is said to belong to y,/ g/ ./, denoted by Zap~ € Yo/ /., iff 2 = y and

a<al,B>p/ >~/

2.7. Proposition: [34]

Let {A; : i €A} C N(X), where A is an index set. Let z,, and Yo/ g/ o/ bE any two
neutrosophic points over X. Then the following hold good.

(i) To, By € ﬂ{Al 11 GA} — ZaBy € A;ViEAN.
(ii) If xo,8,y € A; for some i €A then x4, € [J{A;i 17 €A}
(iii) If x5 € U{Ai: i €A} then there exists a NS A(z4,5,,) such that 2 5, € A(zq8,,) C
U{Az 3 EA}.

For other definitions and results concerning neutrosophic points used in this article, please
see [34]
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3. Main Results
3.1. Definition:

A NP z,5, € N(X) is said to be quasi-coincident with a NS A € N(X) or 243~ € N(X)
quasi-coincides with a NS A € N(X), denoted by xa5,¢A, iff @ > Tac(z) or f < Zac(x) or
v < Fpe(x), ie., a > Fa(x) or B<1—Ta(x) or v < Ty(x).

A NS A is said to be quasi-coincident with a NS B at x € X or A quasi-coincides with B at
x € X, denoted by A¢B at x, iff Ta(x) > Tpe(x) or Za(z) < Ipe(z) or Fa(x) < Fpe(z). We
say A quasi-coincides with B or A is quasi-coincident with B, denoted by AgB, iff A quasi-
coincides with B at some point x € X. Thus A quasi-coincides with B or A is quasi-coincident
with B iff there exists an element x € X such that Ta(z) > Tpe(z) or Za(z) < Zpe(x) or
Fa(z) < Fpe(x), ie., Ta(x) > Fp(z) or Zy(z) <1 —Zp(z) or Fa(z) < Tp(x).

If the NP z,, 5 ~ is not quasi-coincident with a NS A, we shall denote it by z, 5.,¢A. Similarly
if the NS A is not quasi-coincident with the NS B, we shall denote it by A¢B.

The set of all the points in X, at which A¢B, will be denoted by AQB, i.e., AQB = {z €
X : A¢B at z}.

Before proceeding to the results connected to quasi-coincident relation we first prove a

simple result on neutrosophic sets.

3.2. Proposition:
Let A,B e N(X). Then AC B < B¢ C A°.
Proof:
ACB
<Ta(z) < Tp(x),Za(x) > Ip(z), Fa(x) > Fp(z) for allz € X
Fp(r) < Falz),l = Za(x) <1—-TZp(x), Tp(z) > Ta(z) for allz € X
STpe(x) < Tae(x),Zpe(x) > Lac(x), Fpe(x) > Fac(x) for all z € X

B¢ C A°

3.3. Proposition:

Let A, B,C be three neutrosophic sets and z, g, be a neutrosophic point in X. Then
(i) xaﬁﬁq@-
(i) 2a.5,9X.
(ili) za,py € A Ta~GAC.
(iv) Tap A & Tapy ¢ AC.
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(v) AC B & AGBe.
AgB & A ¢ B°

(vi)
(vii) xq,~qA and A C B then z,5,qB5.
(viii) CqA and A C B then Cq¢B.
(ix) AgB at x < BgA at z.

)

(x) AgB < BqA.

Proofs:
(i) Very obvious.
(ii) Very obvious.

(iii)

Tapy €A
sa < Ty(x), > Za(z),y > Fa(x)
Sa F Ta(z),B £ La(z),y £ Fa(r)
Sa F Tacy(r), B £ Liaey(x),y £ Faey(z)

STa,5,GA
(iv)

Ta,8,,qA
Sa > Tye(x)or B < Lye(x)ory < Fae(x)
“a £ Tac(z)or B ¥ Lac(z) ory  Fae(z)
STapy E A

ACB
&Ta(r) <Tp(x),Za(z) > Ip(z), Fa(z) > Fp(o) Vo e X
©Ta(@) # Tp(x),Za(x) £ Lp(x), Falz) £ Fp(x)Vo e X
<STa(z) # ﬁBc)c(x),IA(fL’) e I(Bc)c(x),fA(:C) < f(Bc)c(x)Vx eX
S AGB°
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(vi)
AqB
STa(x) > Tae(z) or Ta(z) < Ipe(z) or Fa(z) < Fpe(z)for somez € X
&Ta(z) £ Tie(w) or La(z) # Tpe(w)or Fa(w) # Fpe(x) for somez € X
A ¢ B°

(vii) Since xq,8~qA , 50 o> Tae(x)or B < Lae(x)ory < Fae(x). Now

ACB
= B¢ C A°
S Tie(2) < Tae (@), Tie(2) > Tac(x), Fae() > Fac(x) for all z € X
STae (@) > Tie(2), Zac () < Tpe(x), Fac(z) < Fpe(z) for allz € X
=a > Tge(z) or f < Ipe(x) or v < Fpe(x)
=Tap,9B
(viii) CgA = C L A= C ¢ B[ AC B = B°C A° |= C¢B.
(ix)

STa(x) > Tpe(x) or Zy(x) < Ipe(x) or Fa(x) < Fpe(x)

(z)
&Talx) > Fp(x) or Zy(z) < 1 —Zp(x) or Fa(z) < Tp(x)
<Tp(x) > Fa(x) or Ig(z) <1 —Za(z) or Fp(x) < Ta(x)
&Tp(x) > Tac(z) or Ip(x) < Zac(x) or Fp(z) < Fac(x)

(x) Obvious from (ix).

3.4. Proposition:

Let x4~ bea NP in X, A € N(X) and {4; : i €A} C N(X), A is an index set. Then

(i) ®a,8~q Uica Ai & xq,8~qA; for some j €A.
(ii) AgUiep A; & AgA; for some j €A.
(ili) @a,B~q Nien Ai = Ta,p,qA; for all i €A. Converse is not true.

(iv) AqNiepn A; = AqA; for all i €A. Converse is not true.
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Proofs: (i)
To,B~q Yien Aj
Sxapy ¢ (Uieadi)*
STapy & NienAf
o py ¢ Aj for some j €A
&Tq,8~qA; for some j €A
(ii)

AqUiep A;
AL (Uiendi)®
SA L NiepAf
A € AS for some j €A
&AgA; for some j €A
(iii)

To,p~q Nien Ai
=Ta,6y ¢ (Nieadi)’
=%a,By ¢ Uien AS
=Tapy ¢ Af for alli €n

=Tq,8~qA; for alli €A
Converse is not true. We establish it by the following counter example.
Let X = {z,y}. Also let A = {(2,0.3,0.6,0.2), (y,0.6,0.7,0.7)}, B = {(x,0.3,0.5,0.6),
(y,0.3,0.8,0.7)} and C = {(z,0.4,0.5,0.7), (y,0.6,0.1,0.7)} be three neutrosophic sets over
X. Then ANnBNC = {(z,0.3,0.6,0.7), (y,0.3,0.8,0.7)} Let us consider the neutrosophic

point 20304,08. Clearly 203040894 , 20.3,04,08¢8 and 203,0.4,089C but z0304,0s is not
quasi-coincident with AN BN C.

(iv)
Aq Nien A;
=A € (NieaAi)°
=>A T Uien AS
=A ¢ A for all i en

=AqA; for all i €A
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Converse is not true. We establish it by the following counter example.

Let X = {x,y}. Also let A = {(z,0.3,0.6,0.2),(y,0.6,0.7,0.7)}, B = {(x,0.3,0.5,0.6),
(y,0.3,0.8,0.7)} and C = {(2,0.4,0.5,0.7), (y,0.6,0.1,0.7)} be three neutrosophic sets over
X. Then ANBNC = {(x,0.3,0.6,0.7), (y,0.3,0.8,0.7) } Let us consider the neutrosophic set
D = {(x,0.3,0.4,0.8), (y,0.5,0.7,0.7)}. Clearly DgA , DgB and DqC but D is not quasi-
coincident with AN BN C.

3.5. Proposition:

(i) AQB = BQA.

(ii) AgB < AQB # 0.

(iii) A C B = AQC C BQC.

(iv) AQ(UienAi) = Uiea (AQ4;).

(v) A

Proofs:

(i) AQB={zr € X : AqBatz} = {x € X : BqAatz} = BQA.

(i1))AgB < AgB at some z € X & x € AQB. Therefore AgB < AQB # ().
(ili)A C B = Ta(x) < Tp(x),Za(z) > Ip(x), Fa(z) > Fp(z) for all x € X. Now

Q(Nieadi) CNiea(AQA;). Converse is not true.

x € AQC
=AqC atz € X
STa(e) > Toe(w) or Ta(z) < Toe(x) or Fa(x) < Foola)
=Tp(x) > Toe(x) or Ip(x) < Zee(x) or Fp(z) < Fee(x)
=BqC atx € X
=z € BQC
SUAQC C BQC.

x € AQ(Uien 4;)
=Aq(Ujep4;) at z € X
=3 j €A such that AgA;at v € X
=3 j €4 such that x € AQA,;
=z € Ujenr (AQA4;)
SCAQ(Uiep Ai) C Uien (AQA)).

G.C.Ray and S.Dey, Relation of Quasi-coincidence for NS



Neutrosophic Sets and Systems, Vol. 46, 2021 4

Again
= \/(Ain at z € X)

1EA
= \/(AiqA at v € X)
ien
= \/[TA,- (x) > Tac(x) or Ly, (z) < Zac(x) or Fa,(z) < Fae(x)]
i€n
:>§2£) Ta,(z) > Tac(x) or Zlgi Za,(x) < Tge(z)or 11.I€1£ Fa,(z) < Fac(z)
=T0a4,(x) > Tac(z) or Zya,(x) < Zac(z) or Fua,(x) < Fae(x)
=(Ujeadi)gA at z € X
=Aq(Uiep4;) at z € X
=z € AQ(Uijen 4;)
" Uiea (AQA;) C AQ(Uien 4i)
Hence AQ(UjepA4;i) = Uien (AQA;).
(v)
z € AQ(Nien Ai)
=Aq(Niep4;) at z € X
=AqA; at © € Xfor alli €A
=z € AQA;for alli €A
=z € Niea(ANA;)
SCAQ(NieaAi) C Nien(AQA)).
Converse is not true We establish it by the following counter example.

Let X = {z,y}. Also let A = {(z,0.3,0.6,0.2), (y,0.6,0.7,0.7)}, B = {(2,0.3,0.5,0.6),
(y,0.3,0.8,0.7)} and C = {(2,0.4,0.5,0.7), (y,0.6,0.1,0.7)} be three neutrosophic sets over
X. Then ANBNC = {(x,0.3,0.6,0.7), (y,0.3,0.8,0.7) } Let us consider the neutrosophic set
D = {(z,0.3,0.4,0.8), (y,0.5,0.7,0.7) }. Clearly DQA = {z}, DQB = {z}, DQC = {z,y} and
DQ(ANBNC) = 0. Therefore (DQA) N (DQB) N (DNC) = {z} € DQAANBNC).

3.6. Definition:

Let (X, 7) be a NTS. A neutrosophic set A is called a neutrosophic quasi-neighbourhood or
simply Q-neighbourhood (Q-nhbd, for short) of a neutrosophic point . g iff there exists a
NS B € 7 such that xz, 5,98 C A.
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The family consisting of all the Q-neighbourhoods of the NP z, g, is called the system of
Q-neighbourhoods or Q-neighbourhood system of z, g . This family is denoted by Nq(za,3,+)-

3.7. Proposition:

Every neutrosophic open set A in a NTS (X, 7) is a Q-nhbd of every NP quasi-coincident
with A.
Proofs: Obvious because for every NP z, g ,qA, we have z, 5,94 C A.

3.8. Properties of Neutrosophic Q-neighbourhoods :

Let Nq(2q,,y) be the collection of all Q-neighbourhoods of the NP z, 5. in a NTS (X, 7).
Then

N1) Nq(za,p) # 0 for every NP 2, 5., € N(X).

N2) P € Nq(%a,8,y) = Za,8,9P-

N3) P € Nq(%apq), P C Q= Q€ Nq(raps)-

N4) P € Nq(zqap,,) = there exists a Q € Nq(zqp~) such that @ C P and Q €
Nq(ya/ﬂ/ﬁ/) for every NP y,/ 5/ ./ quasi-coincident with Q.

Proofs:

N1) Obviously X is a Q-nhbd of every NP Tap~ € N(X). Thus there exists at least one
Q-nhbd for every NP z, 5., € N(X). Therefore Nq(zq,3,) # 0 for every NP z, 5., € N (X).

N2) P € Nq(®a,8,y) = P is a Q-nhbd of z,5, = 3 a S € 7 such that z, 595 C P.
Therefore x4 g ,qP.

N3) P € Nq(2a,3,y) = P is a Q-nhbd of 2,3, = 3 an open set G such that x, g ,q¢G C
P = Jan open set G such that z,3,¢G C Q = @ is a Q-nhbd of x4 5, = Q € Nq(Za,3,/)

N4) Since P € Nq(za,3,) ; so there exists a 7-open set @ such that z, 9@ C P. Since
Q is an open set, so ) € Nq(zq,8,4). Thus Q € Ng(za,5,,) and Q C P.

Again since ) is an open set, so () is a Q-nhbd of every NP quasi-coincident with Q.
Therefore Q € NqQ(y,/ g/ /) for every NPy, 5/ ./ quasi-coincident with Q .

Hence proved.

3.9. Characterization of NTS in terms of Neutrosophic Q-neighbourhoods:

Let X be a non-empty set and let z € X. Let Nq(z4,,,) be a family of all neutrosophic

sets over X satisfying the following conditions :

N1) P € NQ(%a,8,1) = Za,8~9P-

N2) P,Q € Nq(Za,8y) = PNQ € Nq(Za,s,)-

N3) P € Nq(2a,54), P C Q= Q € NQ(zap,)-
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Then there exists a neutrosophic topology 7 on X. If, in addition to that, the following
condition (N4) is also satisfied then Nq(zq,3,y) is exactly the Q-neighbourhood system of
Ta,B~ in the NTS (X, 7).

N4) P € Nq(za,,) = there exists a Q@ € Nq(xqap,y) such that Q@ C P and Q €
NQ(ya/ﬁ/’,y/) for every NP y,/ 5/ ./ quasi-coincident with Q.

Proof: We define 7 as follows :

A NS G e 7iff G € Ng(2a,8,) Whenever x,5,9G.

We claim that 7 is a neutrosophic topology on X.

T1) @ € 7 as no NP is quasi-coincident with §§ . By (N3), X € 7. Thus 0, X € 7.

T2) Suppose G1,G2 € 7 and x4~q(G1 N Ge). Since x4,5,q9(G1 N G2), 50 Tq5,9G1 and
Tq,8,,9G2. Therefore G, G2 € Nq(za,8,) and so, by (N2), G1 N G2 € Ng(za,84)-

T3) Suppose {G; : i €A} C 7 and z4,5~9(UienGi). We show that U{G; : i €A} € 7. Now
Ta,8~9(UienG;) = Jaj €A such thatz, g,qG; = Jaj €A such that G; € Nq(zagy) =
U{G; :i €A} € N(xqp,)[by (N3)] = U{G, : i €A} € T.

Therefore 7 is a neutrosophic topology on X.

Let the condition (N4) be satisfied. Suppose that Ng(za,5,), is the family of all Q-
neighbourhoods of the NP z4 5 4 in (X, 7). We show that NG (za,5,+) = Nq(2a,8,)-

Let N € Nq(2a,8,y). Then by (N4) there exists a M € Nq(xq,g,y) such that M C N and
M € NQ(Y,/ g/ /) for every NPy, 5/ ./ quasi-coincident with M. Now M € Nq(za,54) =
Ta,8~qM [by (N1)]. Therefore M € 7. Thus M is a 7-open set such that z,5~,qM C N.
Therefore N € N§(7a,5,1) and so Nq(Za,5+) € NG(Ta,p,,). Conversely let N € N§(a,5,4)
so that N is a Q-nhbd of z,5,. Then there exists a 7-open set G such that z,5,9G C N.
Therefore G € Nq(2qa,8,4). But G € Nq(za,8+) and G C N together imply by (N3) that
N € NQ(za,8,7). Therefore NG (za,5,) € NQ(Za,8,y)- Thus Nq(za,5,4) = Ng(2a,8,)-

Hence proved.

4. Conclusion

In this article we have introduced the notion of quasi-coincident relation and established
some vital properties based on that. We have also defined the quasi-neighbourhood of a neutro-
sophic point and studied some properties. At last we have thrown light on the characterization
of neutrosophic topological space through the the quasi-neighbourhoods of the neutrosophic
points. Hope that the findings in this article will assist the research fraternity to move forward

for the development of different aspects of neutrosophic topology.
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