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Abstract: Since current decision problems are becoming more and more complex, the decision
environment is becoming more and more uncertain. The simplified neutrosophic indeterminate
element (SNIE) was defined to adapt to the expression of the indeterminate and inconsistent
information in the indeterminate decision-making problems. SNIE consists of the truth,
indeterminacy, and falsity neutrosophic numbers and can express a singled value neutrosophic
element or an interval value neutrosophic element depending on the value/range of indeterminacy.
In this article, we first define some operational rules of SNIEs based on the Einstein T-norm and
T-conorm. Next, SNIE Einstein weighted averaging (SNIEEWA) and SNIE Einstein weighted
geometric (SNIEEWG) operators are proposed to aggregate SNIEs. In view of the SNIEEWA and
SNIEEWG operators, a multi-attribute decision-making (MADM) method is proposed in the case of
SNIEs. Finally, the proposed MADM method is applied to solve indeterminate MADM problems in
the case of SNIEs. Furthermore, the validity and effectiveness of the proposed method are verified

through an illustrative example and comparative analysis.

Keywords: neutrosophic number; simplified neutrosophic indeterminate element; Einstein
weighted averaging operator; Einstein weighted geometric operator

1. Introduction

The fuzzy set (FS) [1] can express a degree of truth membership, but does not express a degree
of falsity membership. Therefore, an intuitionistic fuzzy set (IFS) was defined by Atanassov [2, 3], it
can express the degrees of truth and falsity memberships simultaneously. Then, Atanassov and
Gargov [4] introduced interval-valued IFSs (IVIFS) corresponding to the truth and falsity interval
membership degrees.

Since FS, IFS, and IVIFS cannot describe inconsistent, incomplete, and indeterminate
information, Smarandache [5] proposed a neutrosophic set (NS), where the truth, indeterminacy,
and falsity membership degrees were described independently. Then, the three membership
degrees belong to the standard interval [0, 1]/nonstandard interval |0, 1*[. Further, Wang et al.
presented a single-valued NS (SVNS) [6] and an interval-valued NS (IvNS) [7]. Next, a simplified NS
(SNS) implying SvNS and IvNS introduced by Ye [8] can better apply it in real life because the truth,
indeterminacy, and falsity membership degrees in SNS are described in the real unit interval [0, 1].
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Since then, researches proposed various aggregation operators and decision-making (DM) methods
in the cases of SYNSs and IvNSs. Meanwhile, SNSs can be used in multi-attribute decision-making
(MADM) problems with SvNSs and IvNSs in the indeterminate and inconsistent situations. By
combining SNS with a hesitant fuzzy notion, Liu and Shi [9] proposed single- and interval-valued
neutrosophic hesitant fuzzy sets. Then, Ali et al. [10] introduced a neutrosophic cubic set by the
combination of both SVNS and IvNS. The neutrosophic cubic information can represent the single-
and interval-valued assessment information of decision makers, then the neutrosophic cubic
MADM method [10] solved its DM problems with neutrosophic cubic information.

As another branch of neutrosophic theory, NN was first proposed by Smarandache in 1998 [11]
and defined as 5=t + @A for indeterminacy A € [A7, A*] and {, ¢ € R, where t and @A indicate the
certain and uncertain terms of NN. Then, the NN Jis a changeable interval number 6= [t + pA~, ¢ +
@A*] when A changes in the range of A € [A~, A*]. Therefore, NNs have been widely applied to many
fields under indeterminate environment, such as optimization programming [12], mechanical fault
diagnosis [13] and various DM problems [14].

With the complexity and variability of real DM problems, there may be the indeterminacy of
truth, falsity, and indeterminacy degrees in indeterminate DM problems. Since SNS cannot express
the indeterminacy of the three membership degrees, Du et al. [15] defined a simplified neutrosophic
indeterminate set/element (SNIS/SNIE) by combining the concept of SNS with NNs, which consists
of truth, indeterminacy, and falsity NNs to flexibly express the truth, falsity, and indeterminacy
degrees. According to different values or ranges of A € [A7, A*], SNIS can express different SvNSs or
IvNSs. In [15], Du et al. proposed two weighted aggregation operators of simplified neutrosophic
elements (SNEs) and established a MADM method using the SNIE weighted averaging (SNIEWA)
and SNIE weighted geometric (SNIEWG) operators. Then, the Einstein T-norm and T-conorm
functions [16] have been widely applied to deal with various fuzzy information [17-22], but the
Einstein T-norm and T-conorm functions are not applied in the information aggregation of SNIEs.
In this study, therefore, we propose the Einstein T-norm and T-conorm aggregation operators and
their MADM method.

The main organization of this article is as the following. The concepts of SNS, NN, and SNIS
are briefly reviewed, then the score, accuracy, and certainty functions are introduced to rank SNIEs
in Section 2. The SNIE Einstein weighted averaging (SNIEEWA) and SNIE Einstein weighted
geometric (SNIEEWG) operators are proposed in Section 3. Then, we put forward a MADM
approach corresponding to the SNIEEWA and SNIEEWG operators in Section 4. In Section 5, the
proposed MADM approach is applied to an investment selection problem of metal mines, and then
its validity and flexibility are indicated by the illustrative example and comparative analysis. The
last section draws conclusions and indicates future research.

2. Concepts of SNS, NN, and SNIE

Definition 1 [5, 8]. In a universe set 7 = {11, 72, ..., Ta}, N ={<ts, T(1s), D(ts), F(1s)>| 1s € t}is defined
as SNS, where T(ts), D(ts), F(ts) € [0, 1] or T(ts), D(ts), F(ts) < [0, 1] (s =1, 2, ..., n) are the truth,
indeterminacy and falsity membership functions of 7s to N. The component <ts, T(ts), D(ts), F(ts)>
in N is called SNE and is simply denoted as Ns = <Ts, Ds, Fs>, which includes the SYNE Ns =<Ts, Ds,
Es> for Ts, Ds, Fs e [0, 1] and the IVNE Ns = <[T:, T ],[ D:, D: |,[Fs, F{1> for [T, T, [D:, D', [D", D¥]
< [0, 1]

Definition 2 [11]. NN is described as 6=t + @A for indeterminacy A € [A7, A*] and ¢, ¢ € R, where ¢
and @A describe the certain term and uncertain term of NN, respectively.

Clearly, 6=t + @A is a changeable interval number 6= [t + pA~, t + pA*] when A changes in range
of A € [A7, A*]. It indicates that NN can flexibly express a single value or an indeterminate interval
value according to the value/range of A € [A~, A*].

Definition 3 [15]. For a universe set T = {71, T2, ..., T1}, SNIS is defined as x = {<ts, T(ts, A), D(ts, A),
F(ts, A)>|ts € 1}, where T(ts, A) =ts+ asA < [0, 1], D(ts,A) =ds + psA < [0, 1], and F(ts, A) =fs + ysA < [0,
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1] (s=1,2, ..., n) for A € [A7, A*] are the truth, indeterminacy, and falsity membership functions in y.
Then, xs = <T(ts, A), D(ts, A), F(ts, A)> = <ts + asA , ds + sA, fs +ysA> is called SNIE and is simply
denoted as xs = <Ts(A), Ds(A), Fs(A)>=<ts + asA, ds + BsA, fs + ysA>for A € [A7, A*].
In order to rank different SNIEs, Du et al. [15] defined three functions to compare two SNIEs.
Let xs =<Ts(A), Ds(A), Fs(A)> = <ts + asA, ds + BsA, fs + ysA> for A € [A7, A*] be any SNIE and A*= A~
+ A*. Thus, Du et al. [15] defined its score, accuracy, and certainty functions:

S(#,,4)={4+T,(27)+T,(4")-D,(4")-D,(2")-F,(4)-F(2")}/ 6 S(x
={a+2t, -2, - 2f, +(a,— B, ~7,) A" )} 16 o

L(z2)= T ()47 (2)- R (2)-R(2)}/ 2
={2t,—2f +(a,—7,) A"}/ 2
C(4:,A)={T.(A)+T, (A7)} 1 2= (2,+4") 1 2, C(x..4)e[0.]. 3)

Suppose that y1=<T1(A), Di(A), Fi(A)>=<ti+ A, d1 + 1A, fi + y1A> and y2 = <T2(A), D2(A), F2(A)>
=<t + aA, d2 + f2A, f2+ 724> for A € [A7, A*] are two SNIEs. We can rank them by the defined three
functions. According to their priority, the ranking method is given as follows:

1) If S(x1, A) > S(x2 A), then x1> x2;

2) If S(x1, A) = S(x2 A) and L(x1, A)> L(x2, A), then x1> x2;

3) If S(x1, A) = S(x2 A), L(x1, A) = L(x2,A) and C(x1, A) > C(x2, A), then x1> x2;
4) If S(x1, A)=S(x2 A), L(x1, A) =L(x2, A) and C(x1, A) = C(x2, A), then x1= xe.

A)el0,1], )

, L, A) e[-1.1]; @)

3.The Einstein Aggregation Operations of SNIEs

3.1. Einstein T-norm and T-conorm operations of SNIEs

Definition 4 [16]. If 6 and ¢ are real numbers, the Einstein T-norm function T(6, ¢) and T-conorm

T8, ¢) for (6, ¢) € [0,1]x[0,1] are defined as the following formulae:

_ oy
c _0+¢
T-(0.9) “1100 ®)

The above functions are increasing strictly and satisfy T(6, ¢), T%(0, ¢) € [0, 1].

According to Egs. (4) and (5), some operations of SNIEs are defined as follows.
Definition 5. Suppose that x1 = <T1(A), Di(A), Fi(A)> = <ti + a1, di + B1A, fi + y1A> and x2 = <T2(7),
D2(A), F2o(A)>=<t2+ aeA, d2 + B2A, f2 + y2A> are two SNIEs for 1+ a1, di + fiA, i+ y1A, b2+ a2/, d2 + 24,
foty2Ac [0,1]and A € [A7, A*].

{ (L+ad)+L+ald) (Lral)+t+a,l) } { (d+BA)(d,+BA)
(

o L+t +op )t + o d ) 1t + o d )t +a,d”) || 14(1-(d,+ BA))(A-(d, + 5,4 ) )
LOX, =
(d,+BA°)(d, + A7) H (,+7A)(F, +7,4) (F,+ 747 )(F,+7,4") }
1+(1-(d,+ B2 DA, + B,A7) || T+, + 1A )= (F,+7,27)) 1+(L=(F,+ 7,47 ) A~ (F, +7,4))
t+ad )t +a,d) (L+ad )t +al") @d+44)+(d,+5,47)
L (1= (a2 -+ a2 ) T+ (- (G + DA+ ot ) [ 1+ @+ A2+ 52) L 7

1 ® 1, =
R d,+BA)+(d,+BA7) || (FrpAd )+ +A47) (F+pd)+(E+747)
1+(d,+ 4A7)(d,+ B,A7) , I+ + ) +747) 1+(f1+71/1+)(f2+72 M)
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L+ +ad)) ~U-(t+ad)) (1+(t1+aw»f’-(1—(t1+aw»”}{ 2Ad+BA)
o1,= (1+ (t1+a117))p +(1_(t1+a1/17))p ’(1+(t1+a1/1+))p +(1_(t1+a1}“+))p 7 (2_(d1+ﬂ1ﬂ'7))p +(d1+ﬁ1jj)%’ , ; (8)
1 2d,+ pA"Y 2t +747) 2t +70°)
(2_(d1+ﬂ1/1+))p +(d1+ﬂ1/1+)p l (2_(f1'|'71/17))/J +(f1 +71/17)p ' (2_(f1‘}'}/1ﬂ'+))/J +(f1+71l+)p
I 2t +a,4)” 2t +a,1")’ }
-G +ad) +(h+ald)” (2-(+ad) + (L +ad’)” |
P L+ (d, + BA)) — (1= (dy + BA)) A+ (d, +BA)) —(A—(dy+ BAY)) .9
' L (1+ (dl + ﬁl’l_))p + (1_ (dl + ﬂl’l_))p ' (1+ (dl + ﬂlﬂj))p + (1_ (dl + ﬂljf))" ,
1+ (f+740)) — (= (f+7A) @+ (f+7A7) - A= (F, +147)°
_(1+ ( fl + 7/1/1_))'0 + (1_ ( f1 + 712_))p ’ (1+ ( f1 + 712'+))p + (1_ ( f1 + 7/1/1+))p

3.2. Einstein Weighted Arithmetic Average Operator of SNIEs

Definition 6. Let x = {x1, x2 ..., x} be SNIS, we can define the SNIEEWA operator:
n
SNIEEWA(;{l,;(Z,...,;(n):gpk;(k, (10)

where pre [0, 1] is the weight of x« for Y.,px=1.

Theorem 1. Let xx = <Tk(A), Di(A), Fx(A)> =<tk + axA, dk + BrA, fi + yed> (k=1, 2, ..., n) for A € [A7, A*] be
a group of SNIEs with the related weights pc € [0, 1] for Y),pr = 1. Thus, the Eq. (10) can be
calculated by the following equation:

ML+t + A7) -0t —a AV T+ +a ) -t - 1)

' n ’

g(lﬂk + A7) +£Il(1—tk - A7) g(l“k +a, AT +g(1—tk —q AT

211(d, + 4,4 )" 211(d, +4,4°)" (D

SNIEEWA(z, 2 2) ={ | n - n
12-0, -4 + TG +AA) TR-d,- A2 +11(d, + 2

Zﬁ(fk-l—)/kﬂ:)pk ZIE_I(fk"’7/k/q“+)p\k

k=1 k=1

1

El(z_ fe =1 A7) +U(fk +y A )Y 2= =y A7)  +I(f + 7 A7)

k=1 k=1 k=1

Proof:
(1) Ifn=2, by Egs. (6) and (8), we can get the result:
SNIEEWA( 21,2, )= pita ® po1;
H+T,(A))" -A-T,(1 )" A+T,AN*-A-T,A")* 2D, (A)™
(L+T, (AN +A-T,A N "(L+T, (AN +@-T,(A")* ]| (2-D,(2))" +D,(27)"
2D, (A7) 2F (A7) 2F, (A7)
(2-D, (A7) +D,(A)* ['| 2-F(A N +F ()" (2-F @A) +FR(A)*
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@)

SNIEEWA(1,, 21 2) =

(+T,(A)" -(A-T,(A))* (A+T,(A")* -(A-T,(4"))" 2D,(4)”
(L+T,(27)" +(1-T,(A)* " (1+T,(A")* +(1-T,(A"))* || (2-D,(27))y* +D,(47)"

{ 2D,(1%)" } { 2F,(4)" 2F, (A")" }

(2-D, (A7) +D,(27)* || @-R(A)*+R(27)* ' (2-F,(A" ) +F (A7)

T, )" (1+T,(A))” -A-T.(A)"(1-T,(A))" 7 (H+T,AN (+T, (A7) -A-T,(A"N*(A-T,(A7)” }
(+T,(A)* I+ T, (A7) +(1-T,(A) (A-T,(2)” (T, (A7) M+ T,(27)” +(1-T,(A")* (A-T,(2"))* |
2D,(4)"D, (4 )" 2D,(2)"D,(1")" }
| (2-D,(27))*(2=D,(27))* + D, (A7) D, () ' (2-D,(A7))* (2-D,(2")) + D, (A7) D, () |’
I 2F, ()" F, (1) 2F, (A1) F, (A7) }
@2-F ) (Q-F,A)*+F(A)*F,(A7)"  2-FA)((2-F(A17)* +F (A7) F (1)

T () -TTA-T,G) T, () - [T, (1) 211D, (1)

T )+ TGN T, @) +TA-T,E) || I@-D () +11D,G )

=1 k=1

2 2 2
211D, ()" 211F,(2)" 21F,(1')"

2 2 o2 2 2 2
M@-D,(A")" +ID,(1) || @-F () +ITF () [R-F( ) +TF ()"

[ 2 2 2 2
ML+t + A7) Tt~ A7) T+t + e d) ~TIL-t - A)"

12

2 2 2
%‘711(1+tk +a, A)* + El(l_tk - A7) %‘711(1+tk +a AT)* + g(l_tk - AT

2 2
211(d, + 4,47)" 211(d, + ,A)"

2 2 ' 2 2 ’
_g(z_dk - BA +g(dk +BAY g(z_dk - BAT) +g(dk +BAT)

2 2
ZkH_l(fk +7 AT ) 2kH_1( f + 7 A

2 2 172 2
g(z_ fo—n A ) +El( fe+r A H(Z— f, =A™ +g( f + 7 A

Set n = m. Then, the following formula can hold:

M+t +a,4) -4 - 4) T+t +aa7) -T0-t -g,2')"

(-t - A7)

=

>
I
N

El(l+tk +o A7)+ kF_[l(l—tk - A7) g(l+tk +o A7)+

2014, + 4 ) 201(d, + fA') - (12)

0@-0,-fA4 )V +1(d+fA) T@-6-FA) +11(d, + A7)

2&21_[1(&"’7/1/17)/)K Zf_[l(fk "’7/k/ﬂt+)pk

E(Z— fo=rA )" +£[1( f+7 A7) g(z_ f, _7/ki+)pk "’E( f, +},k/1+)pk

(3) If n=m + 1, according to the formulae (6), (8) and (12), we can get

SNIEEWA( 41, Xo1++s Zms1) = SNIEEWA( 1, X101 ) @ P s
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ML+t +a A )~ -t —a A ) [+t +a A" —T11-t - A")"

%‘_Il(l+tk +a A7)+ %‘_Il(l—tk - A7) %‘_Il(lth|< + o A7) +}__[1(1—tk - A7)

211(d, + A4 )" 211(d, + fA7)"

M2-d, - 44" +11(@, + A2)" T12-d,~ AV +11(d, + A,2)"

2kH_1(fk +7 A7) Zg(fk +7k/1+)pk

@6, p A + TG+ A TR, =72 + 1+ 5 A7)

(l+ (tm+1 m+lﬂ‘ ))pm " - (1 (tm+1 m+1ﬂ“ ))pm . (1+ (tm+1 + am-f-lﬂf))pw1 B (1 — (tm+1 + am+1j‘+))pm+l
(1+ (tm+1 m+1/1 )),Dm "+ (1 (tm+1 m+1/1 ))pm " (l+ (tm+1 + am+1/1+)) P + (l_ (tm+1 + am+1ﬂ’+))p"Hl ,
(‘D (dm+l —'_ﬂmﬂﬂ’i)pm*1 2(dm+l + ﬂerlﬂ'Jr)pW1 :|
L (2 - (dm+1 + ﬁmﬂﬂ“_))pw1 + (dm+l + ﬂmﬂﬂ’_)pm+1 (2 - (dm+1 + ﬂmﬂﬂf))pml + (dm+l + leJrl/lJr)le
I 2( 1:m+l + 7/m+12’_)pm+1 2( 1:m+1 + 7m+12’+)pm+1 :|
L (2 - ( fm+1 + ]/m+1j’_))pm+1 + ( fm+1 + )/m-v-li_)pm+1 (2 - ( fm+1 + )/m+1ﬂ+))pm+l + ( fm+1 + 7/m+12’+)pm+1

[ m+1 m+1 m+1 m+1
L+t v ) Tt —a ) TLArt + o A7) Tt e, A7)
m+1 ’m+1

I (L+t, + @, A )Pk+n(1 to—a A T+, +akz+)pk+n(1 t, — o A7)

2T1(d, + fA)" 2T1(d, +fA4")"

m+1

1 m+1
g(z_dk —BA) + El(dk + LA g(z_dk = BAT) + El(dk + AT

m+1 m+1
ZH(f +7 A 2k1_171(1:1<"‘7/kﬂ~+)pk

m+1 ! m+1

m+1
| L@= T =nA)" +H(f +7 A7) (2= f=p AT+ T (F + 7 A7)

Thus, we have proved that the Eq. (11) can hold for any k.

The SNIEEWA operator implies the following properties.
(P1) Idempotency: Set xx = <Tk(A), Di(A), Fi(A)> = <tc + aA, di + BrA, fx + ykA> as a group of SNIEs for
Ae [A, Aland k=1, 2, ..., n. If xx=x, then SNIEEWA(x1, x2, ..., Xn) = X-
(P2) Boundedness: Set xt=<T«(A), Di(A), F(A)>= <t + axA, di + kA, fi + yrA> as a group of SNIEs for
Ae [A7, Aland k=1, 2, ..., n. Let the minimum and maximum SNIEs be

o= [ M+ ). mint 27 ][ max(d, + A0, max(d, + £,27) | max(f, 2 hmax(f 4727 )
o = ([ maX(, +, 2, max(t +2°) || min(d, + 4,2, mind, + 4,4 | [ min(f, + .2, min(f, +7,.27) )

Then, there is ymin < SNIEEWA(X1, X2, ..., Xn) £ Xmax.
(P3) Monotonicity: Set y«=<T«(A), Di(A), F(A)> and x,= <T,(A), Dy(A), F.(A)> as two groups of SNIEs
for Ae [A, A*land k=1, 2, ..., n. If xx € x:, then SNIEEWA(X1, X2, ..., Xn) CSNIEEWA(X1, Xy -1 Xo)-
Next, we give proofs of the three properties.
Proof :
(P1) Let yx =<tk + axA, dx + B, fi + yid>= y =<t + aA, d + BA, f+ yA>fork=1, 2, ..., n be SNIE with the
related weight px € [0, 1] for Y;,px = 1. Then, we can get the result:
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SNIEEWA(1,, Zpreor X2)

ML+t +a A ) ~ -t - A7) A+ + e A ) ~TIA-t, - e A7)

(14 + @ 2) + Tt~ A7) T+t + A7) + -t - A7)

211(d, + £ A7) 211(d, + £ A7)

i)

12-0,-44) + @G +BA ) 112=d, =AY +1(d, + BA')"

211(F, +747)" 211(f, + 7 A7)

g(Z— f = A ) +g( f +7 A7) E(Z— f = A +£[1( f +7 A7)

> A > A > A > o
IL+t+ad ) —-(A-t—ad?)< ([A+t+ad") —(l-t—al")<

H i)

ZPk ZPk zpk zpk
| Q+t+ad ) +(-t-ad ) (+t+ad") +(-t-ad")<

2+ pr) 24+ prry

n 1 n 1

-d-pr ) s @iy @ed-pr) r @)

n n

)y p
2(f +pa7) T 2(f + 727y

n 1 n

@t ) (P i) @ b —ga ) (f 1)
=<[t+a/r,t+a,1+],[d + A d+pAt ) [, f +y/1*]>
=X

(P2) Assume that there is SNIEEWA(x1, x2, ..., xn) = <T(A), D(A), F(A)>. According to Eq. (11), we
know that

. Pe _ . _t _ Px . Px
. krn1_1(1+tk + o, ) {_Il(l t, — o, A) D)= 211(d, +ﬂkn1) |
L+t + )™ + At - A)™ (2-d, - )™ +11(d, + S A)"

n
211(f, +y, A)™
F(1)=— k=L - for Ae [A7, A*] are increasing functions of A. So, we

g(z_ f = A" +{[(fk + 7 A

=1
can get the following inequations:

(L4t + e A7) —TT(A—t, —a, 15)>
min(t, +a, A7) <T(47) =2 S e

L+t + o A7) + T8, — o A*)"

< mfx(tk +a, A7),

(L4t + e A7) —TT(A—t, —a 2°)7
min(t, + &, A7) <T (A7) = S e b,

El(l“k + o A7)+ k1'[_1(1—tk —a A7)

< mkin(tk +a A7),
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211(d, + B A7)
k=1 K

mkin(dk +pA)<SDA) =~

: < max(d, +,0),
g(z_ d, —BA )"+ g(dk + B A

211(d, + A7)

mkin(dk +BAT)<D(AT) =~

: <max(d, + £,2"),
M(2-d, - fA7) +11(d, + BAT)

2%——[1( fe+7 A7)

mkin( fe+yA)<F(A )=~ -
2-f, -y A7) +g( fe+nA )™

k=1

< mBX( fe +7A47),

2{_[1( fi +7k/1+)pk

mkin(fk+7/k/1+)£F(/I+): - -
12— f, =1 A7) +I1(f, + 7, A7)

=1

< mElx(fk +y A7),

According to Eq. (1), we get the score values of SNIEEWA(X1, X2, ..., X1), Xmin, and Xmax:
S(SNIEEWA(Y,, X510 2, ) = (A+T(A)+T(A")-D(A)-D(A7)-F(1)-F(1)) /6,

(4+min(t, + e, A7) +min(t, +o, A") —max(d, +£4)

S . _ Vi
(Zmln) —mI:’;lX(dk +,3k/1+)_mex(fk —|—7/kﬁ,_)_mkax( fk +7/kﬂ,+))/6

(4+ mE\x(tk +o A7)+ mkax(tk +o A7) - mkin(dk +p A

S (Hmax) = :

e —min(d, + £ A7) = min(f, + A7) ~min(f, +.1))/6

We can get S(xmin) < S(SNIEEWA(X1, X2-..,X1)) < S(Xmax). Thus xmin < SNIEEWA(X1, X2, ..., Xn) <
Xmax.
(P3) If xx = <T(A), Di(A), Fi(A)> and x,=<T;(A), D,(A), F((A)> for Ae [A5, A*], k=1,2, ..., n, and xc < X,
then they satisfy the following constraints: Ti(A~) < T,(A7) , TA*) < T,(A*), D((A") > D,(A"), D{(A*) > D,
(A*), F(A7) > F, (1), and F(A*) > F,(A*). We use Eq. (11) to calculate SNIEEWA(X1, X2, ..., X») and
SNIEEWA(X:, Xor ---» X.): SNIEEWA (X1, X2, --., Xn) = <[T(A), T(A"], [D(A"), D(A")], [F(A) E(A9)]> and
SNIEEWA(X:, Xar -+ Xo) = <[T'(A), T'(A")], [D*(A7), D(A%)], [F/(A), F{(A*)]>. Obviously, we can get T(1")
< T(A), T(A*) < T(AY), D(A7) = D'(A), D(A*) 2 D(A*), F(A-) = F(A), and F(A*) 2F(A*). Hence
SNIEEWA(X1, X2, ---, Xn) < SNIEEWA (X1, Xo, -, X,) holds.

3.3. Einstein Weighted Geometric Average Operator of SNIEs
Definition 7. Let x = {x1, X2, ..., X«} be SNIS, we can define the SNIEEWG Operator of SNIEs:

SNIEEWG (1, Zre-- Zn):glkpk , (13)

where p« € [0, 1] are weights for Y ,px= 1.

Theorem 2. Let yt=<Ti(A), Di(A), F{(A)> =<t + arA, dk + B, i+ yid > fork=1,2, ..., nand A € [A7, A¥]
be SNIEs with the related weights px € [0,1] for }.,px= 1. Then according to the operational rules (7)
and (9), Eq. (11) can be calculated by
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2111+, 1) 211t +ad')
-%n}l(z_tk ek )" +lf:11(tk ta )" ’kfill(Z—tk —a A% +}n}1(tk ca ) |
SNIEEWG(1,, 51 7.) = klf-ll(“dk +BA)" ‘{:_E(l—dk -BA) Ykr:l_l(1+dk LAY _iﬂ(l‘dk g ) (14)
| D@+dc+fAT) +11A-d, - 4 A7) [Q+do+ A7) +11A-d, - fAT)"
lf:{(“ fetrd)” _é(l_ f=n A )™ ill(l+ fo+7 A7) —i{la_ f -y A)™
_i[l(1+ fo+7 A7) +£[1(1— fo—7 A7) ‘ill(1+ f o4y At +£Il(1_ Aty

In view of the same proof of Theorem 1, we can proof Theorem 2, which is omitted here.

4. MADM Method with the SNIEEWA or SNIEEWG Operator

For a MADM problem, there are an alternative set n={n1, n2, ..., 7u} and an attribute set C ={Cy,
C, ..., Cu} with the weight vector p = {p1, p2, ..., ps}. The assessment values given by the decision
makers are in the SNIE form. Thus, the evaluation value of the attribute Cjfor the alternative 7iis
specified as xij= <Ti(A), Di(A), Fij(A)> = <tij + aiiA, dij + BiiA, fij + ysA> for tii + aijd, dij + BiiA, fii + yiA € [0,
1land A € [A5, A*], (i=1,2, ..., m; j=1, 2, ..., n). Hence, all the assessed SNIEs constitute the SNIE
decision matrix x= (Xij)mxn. Then, the MADM method is shown as the following steps.

Stepl: Calculate the aggregation value of SNIEs y;j for ni and some ranges of A by the following
aggregation formula:

X = SNIEEWA(Zi, iz s Xin) = J@lpjlij

O+t +a A7) —TI(A-t; —a;47)" T+t +oA")" —TI(1-t; —a;4")"
j=1 j=1 j=1 j=1
n n 'n n !
_11':[1(1+t”. +a A7) +11':Il(1—tij —a;A7)" J1':11(1+tij +ayAT)" +£[1(1—t”. —g;A")" 5
) 211(d; + £;2)" 211(dy + 5;2)"
_El(z_dij _:Bijﬂi)pj + J1_:[1(dij "':Bij/qf)pj J1—:11(2_dij _ﬂi]'/7*+)pj + Jl—:Il(dij +lBij/1+)pj
zﬁ(fij "'7/ij/7~_)pJ Zﬂ(fij "'?/ij/lJr)ﬂJ
j=1 j=1
_}1(2_ fij _7ijﬂi)pj + }—:11( fij "'?/ij}f)pj }1(2_ fij _7/ijﬂ'+)pj + }_:ll( fij "'J/ij/rr)pj
X = SNIEEWG (i1 Zig1-s Xin) = J_(%)llifj
2]1_:[l(tij +aijﬁ‘)p’ 211_:[1(tij +aij/1+)p’
4 I —\7Pj L —\”i . _t +\Pj L +\Pj '
or _11211(2 t, - A7) +,r:[1(tii +oAn) 11_:[1(2 t, A7) +11':Il(tij +oAT) (16)

T+ d, + A7) —TT(A—dy = A,27)" TIA+d, +B,A%)" —T1(A—d, - B,27)"
j=1 j=1 j=1 j=1

T+ dy + B,A7)7 +TIA+dy + B,27)7 TIA+d, + A7) +T1(1+d, + 5,47
_J:l j=1 j=1 j=1

]1_:[1(1+ fij +}/ij/7’7)pj —JI}l(l— fij _7/ij/r)pJ Jl':ll(l+ fij +7ij/1+)pj —]1':11(1— fij _7ijﬂ’+)pj

_11'211(1+ fij +7ijﬂ’_)p1 +Jl'211(1— fij _7ijl_)pj ]1_:[1(1"' fij "‘7/ij/1+)pJ +£Il(1— fij _7/ij/1+)pJ
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Step2: Calculate the values of the score function S(xi, A) (accuracy function L(x;A) and
certainty function C(x;A)) by Eq. (1) (Egs. (2) and (3)).
Step3: Rank the alternatives and define the best one.

5. Illustrative Example, Sensitivity Analysis, and Comparison

5.1. llustrative Example

In an illustrative example, we apply the proposed MADM method to the risk assessment of the
investment selection of metallic mines. The mining projects have great uncertainty and a long cycle.
Then, there are investment projects of four candidate mines, denoted as a set of four alternatives 1 =
{m, n2, 13, na}. The key evaluation factors/attributes of the four candidate mines contain the economic
factor (C1), the safety factor (C2), and the environmental risk factor (Cs) in the investment evaluation
process. The weight vector p = (0.3, 0.36, 0.34) addresses the importance of the three attributes.
Because of evaluation information uncertainty in the four candidate mines, the decision
makers/experts are required to evaluate each candidate mine on the three attributes in the SNIE
form. Their evaluation information is provided by the SNIEs xij = <Tii(A), Di(A), Fi(A)> = <tij + aijA, dij
+ BiiA, fi+ yiA>forj=1,2,3;i=1, 2, 3, 4. Thus, the decision matrix of all SNIEs is shown below:

<0.7+0.24, 0.2+0.14, 0.2+0.24> <0.7+0.24, 0.1+0.341, 0.1+0.14> <0.6+0.24, 0.2+0.24, 0.2+0.24>
_|<0.7+0.24, 0.2+0.14, 0.3+0.11> <0.8+0.14, 0.1+0.24, 0.1+0.34> <0.7+0.14, 0.2+0.24, 0.1+0.14>

| <0.8+0.14, 0.2+0.14, 0.140.24> <0.7+0.14, 0.2+0.14, 0.1+0.24> <0.7+0.24, 0.3+0.14, 0.240.10> |"
<0.7+0.14, 0.1+0.24, 0.2+0.14> <0.8+0.14, 0.1+0.24, 0.2+0.14> <0.74+0.14, 0.2+0.14, 0.2+0.24>

According to the evaluation information and the proposed MADM method, the decision steps
are shown below.

Stepl: Aggregate SNIEs xij for ni (i=1, 2, 3, 4; j = 1,2, 3) by Eq. (15) or (16). The indeterminate A
is specified as A = [A~, A*] =[0, 0], [0, 0.5], [0, 1], [0, 1.5]. The aggregation values of Eq. (15) or (16) are
listed in Tables 1 and 2.

Table 1. The aggregation values corresponding to the SNIEEWA operator

A=[A~, A*] Aggregation value

x1 =<[0.6685, 0.6685],[0.1565, 0.1565],[0.1565, 0.1565]>,
x2 =<[0.7400, 0.7400],[0.1565, 0.1565],[0.1407, 0.1407]>,
x3=<[0.7337, 0.7337],[0.2301, 0.2301],[0.1271, 0.1271]>,
x4 = <[0.7400, 0.7400],[0.1271, 0.1271],[0.2000, 0.2000]>

A=10, 0]

X1 = <[0.6685, 0.7699],[0.1565, 0.2661],[0.1565, 0.2354]>,
X2 = <[0.7400, 0.8050],[0.1565, 0.2460],[ 0.1407, 0.2343]>,
X3 = <[0.7337, 0.8007],[0.2301, 0.2809],[ 0.1270, 0.2159]>,
x4 = <[0.7400, 0.7913],[0.1271, 0.2159],[ 0.2000, 0.2661]>

A=10, 0.5]

x1=<[0.6685, 0.8729],[0.1565, 0.3676],[ 0.1565, 0.3147]>,
x2 = <[0.7400, 0.8729],[0.1565, 0.3315],[ 0.1407, 0.3190]>,
x3 =<[0.7337, 0.8711],[0.2301, 0.3315],[ 0.1270, 0.3000]>,
x4 = <[0.7400, 0.8435],[0.1271, 0.3000],[ 0.2000, 0.3315]>

A=1[0,1]

x1 =<[0.6685, 1.0000],[0.1565, 0.4673],[ 0.1565, 0.3945]>,
x2 =<[0.7400, 1.0000],[0.1565, 0.4158],[ 0.1407, 0.4015]>,
x3 =<[0.7337, 1.0000],[0.2301, 0.3819],[ 0.1270, 0.3824]>,
x4 =<[0.7400, 0.8983],[0.1271, 0.3824],[ 0.2000, 0.3966]>

A=10, 1.5]
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Table 2. The aggregation values corresponding to the SNIEEWG operator

A =[5 A Aggregation value

x1=<[0.6651, 0.6651],[0.1645, 0.1644],[0.1644, 0.1644]>,
x2 =<[0.7354, 0.7354],[0.1645, 0.1644],[0.1617, 0.1617]>,
X3 =<[0.7294, 0.7294],[0.2346, 0.2346],[0.1343, 0.1343]>,
X4 =<[0.7354, 0.7354],[0.1343, 0.1343],[0.2000, 0.2000]>

A =10,0]

X1 =<[0.6651, 0.7654],[0.1645, 0.2672],[0.1644, 0.2473]>,
X2 =<[0.7354, 0.8006],[0.1645, 0.2495],[0.1617, 0.2477]>,
X3 =<[0.7294, 0.7967],[0.2346, 0.2847],[0.1343, 0.2171]>,
x4 =<[0.7354, 0.7855],[0.1343, 0.2171],[0.2000, 0.2672]>

A =10, 0.5]

X1 =<[0.6651, 0.8657],[0.1645, 0.3709],[0.1644, 0.3311]>,
X2 =<[0.7354, 0.8657],[0.1645, 0.3349],[0.1617, 0.3351]>,
x3 =<[0.7294, 0.8637],[0.2346, 0.3349],[0.1343, 0.3000]>,
x4 =<[0.7354, 0.8356],[0.1343, 0.3000],[0.2000, 0.3349]>

A =10,1]

x1=<[0.6651, 0.9659],[0.1645, 0.4769],[0.1644, 0.4165]>,
x2 =<[0.7354, 0.9307],[0.1645, 0.4210],[0.1617, 0.4259]>,
x3 =<[0.7294, 0.9307],[0.2346, 0.3851],[0.1343, 0.3832]>,
X4 =<[0.7354, 0.8858],[0.1343, 0.3832],[0.2000, 0.4036]>

A =10, 1.5]

Step 2: Calculate the scores of S(xi, A) by Eq. (1) and show the results in Tables 3 and 4.
Table 3. Scores and ranking orders corresponding to the SNIEEWA operator

A=[A7, A*] Score of S(x;, A) Ranking The best
A=10,0] 0.7852, 0.8143, 0.7922, 0.8043 m>m>1m>mnm m

A=10,0.5] 0.7706, 0.7946, 0.7801, 0.7870 m>m>m>m m
A=1[0,1] 0.7577,0.7775, 0.7694, 0.7708 m>m>1m>m m

A=10, 1.5] 0.7489, 0.7709, 0.7687, 0.7554 m>m>m>mnm m

Table 4. Scores and ranking orders corresponding to the SNIEEWG operator

A=[A7, A*] Score of S(x;, A) Ranking The best
A=1[0,0] 0.7788, 0.8031, 0.7868, 0.8004 m>m>1m>m m

A=10,0.5] 0.7645, 0.7854, 0.7759, 0.7837 m>m>1m>m m
A=1[0,1] 0.7500, 0.7675, 0.7649, 0.7670 m>m>1m>m m

A=1[0,1.5] 0.7348, 0.7488, 0.7538, 0.7500 ;B> m>m>m m

Step 3: The ranking orders are listed in Tables 3 and 4. There are exactly consistent ranking
results between the SNIEEWA operator and the SNIEEWG operator when the indeterminate ranges
of Aare A =10, 0], [0, 0.5], [0, 1], then n2 is the best alternative. While the indeterminate range is A= [0,
1.5], the ranking orders are very different between two aggregation operators, then the best
alternative is n2 corresponding to the SNIEEWA operator and 73 corresponding to the SNIEEWG
operator.

5.2. Sensitivity Analysis

An SNIE can represent an SVNE or an IvNE regarding the value or range of the indeterminate
A. In the above example, we have specified several indeterminate ranges of A to make decisions.
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The results show that the ranking orders are the same within certain ranges of A = [0, 0], [0, 0.5], [0,
1] corresponding to two aggregation operators, while the ranking orders are very different in the
range of A= [0, 1.5]. The above example demonstrates that more ranking orders based on the two
aggregation operators are nearly consistent. Due to the variability of the indeterminate A, the
proposed MADM approach is valid and flexible. To further analyze the change of decision results
with the indeterminate variety of A, we show the relational graphs corresponding to the
indeterminate value of A and the score of 7 in Figures 1 and 2.

0.8200

/400 .

the score of ni
[~

—9

the value of A

Figure 1. Relationship between the score of )i and the value of A corresponding to the SNIEEWA operator

e score of nl
¢

I'l'
#

——n1

Figure 2. Relationship between the score of ni and the value of A corresponding to the SNIEEWG operator

SNIE is reduced to SYNE when the indeterminate A is a single value. In Figure 1, the ranking
order is 2 > m4 > 3 > m and the best alternative is n2 when A is in the range of A € [0, 0.8]
corresponding to the SNIEEWA operator. Then, the best alternative is 3 in the range of A € [0.8, 1.5].
In Figure 2, the ranking order is 12 > na > 173 > m1 when the value of A is less than 0.6 corresponding
to the SNIEEWG operator. The ranking order is 13 > na > 12 > 1 when the value of A is greater than

0.6. Although the ranking orders are not exactly identical with different aggregation operators, they
are some sensitivities to different values/ranges of A.
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5.3. Comparison and Discussion

Du et al. [15] first put forward the concept of SNIE and a MADM approach based on the
weighted aggregation operators of SNIEs. To compare the proposed MADM approach with the
existing MADM approach [15], the ranking results of the existing MADM approach [15] in specified
ranges of A are indicated corresponding to the SNIEWA and SNIEWG operators and shown in Table 5.
The ranking results corresponding to the proposed SNIEEWA operator and the existing SNIEWA
operator [15] are identical in all ranges of A. Corresponding to the proposed SNIEEG operator and
the existing SNIEWG operator [15], the ranking results are different only in the range of A = [0, 1]. In
terms of all the results, 2 is the best investment selection, conversely 11 is the worst one.

Table 5. Decision results of different methods

Ranking order in different ranges of A

A A=10,0] A=10,0.5] A=10,1] A=10,1.5]
SNIEEWA > > B> > > B> > > 1p> 1 > > B>
SNIEEWG > > B> > 1> B> > > 1p> 1 > m>m>m
SNIEWA [15] m>m>1mp>m k> > 1p> 1 m>m>mp>1m m>m>mp>1m

SNIEWG [15] > s> B> 1 > s> B> 1 m>m>1p>m B> m>m> 1

6. Conclusions

In this article, we presented the SNIEEWA and SNIEEWG operators of SNIEs with respect to
the Einstein t-norm and t-conorm operations. On the basis of the SNIEEWA and SNIEEWG
operators, the MADM method was developed and applied to the selection problem of mine
investments. In the illustrative example, the decision results were analyzed under the single- and
interval-valued neutrosophic indeterminate situations, which indicated some sensitivities to
different values/ranges of A. Compared the existing MADM approach [15] in the situation of
interval-valued neutrosophic indeterminate information, the ranking results demonstrated that the
proposed approach is valid. Since SNIS can flexibly express neutrosophic information according to
indetermination ranges of A, the proposed MADM method reflected its efficiency and flexibility
regarding interval indeterminate ranges.

Since SNIS is a flexible form for describing indeterminate and inconsistent assessment
information, it can be used in many indeterminate problems. In future research, more aggregation
operators, similarity measures, and decision-making methods will be developed and applied to
many fields in neutrosophic indeterminate environment.
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