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1. Introduction

The classical mathematical methods may not be sufficient to answer some of the complex
problems encountered in such disciplines as usual set theory, fuzzy set theory, and probability
theory. Many fields, such as economics, engineering, and environmental science, need to model
linguistic values and uncertainties mathematically to continue their studies.

Zadeh defined the fuzzy set concept for handling uncertainty problems in 1965 [1]. A fuzzy
set is substantially a function that appoints a membership degree (truth value) from the range
[0,1] to each element in the universal set. In 1986 |2, Atanasov, as an expansion of the fuzzy
set, described the notion of intuitionistic fuzzy set, via defining a non-membership degree in
addition to the membership degree.

These theories can deal with real-world problems, but not with the indeterminate data.
Based on this, Smarandache published his work in 2005 [3], containing the concept of neu-
trosophic sets and some of its applications. In this theory, truth, falsity, and indeterminacy

are defined as independent of each other. A neutrosophic set is a triplet of the functions
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(T, I, F), each of them is from the universal set to [0,1]; T assigns truth-value, I assigns
indeterminate-value and F assigns false-value.

Lately, some researchers have been preoccupied with neutrosophic set theory [4-9].

By using the basic rule of neutrosophy, Smarandache established neutrosophic triplet set
theory as a generalization of the classical group in 2017 [10]. An neutrosophic triplet space
is dissimilar from the usual group because for all element p in a neutrosophic triplet space A
with an operation *, there is a neutral of p, indicated by n, and opposite of p, indicated by a,
such that p*n, = n, *p = p and p *xa, = a, * p = n,. The neutral of any element p is distinct
from the standard algebraic unit element, and it is not unique. A neutrosophic triplet is of
the form < p,ny, a, >.

For a neutrosophic triplet space (A, *) and a subset B C A, if B also forms a neutrosophic
triplet space under the operation x, then (B, ) is called a neutrosophic triplet subset of A.

Smarandache and Ali established a group structure on neutrosophic triplet space in 2018
[11]. Therefore, a new group form is assigned to some non-classical group structures.

Sahin, Kargin and Smarandache introduced neutrosophic triplet topology in [12]. Neutro-
sophic triplet base was defined for a neutrosophic triplet topology in |13]. Sahin and Kargin
defined neutrosophic triplet metric space in 2017 [14] and neutrosophic triplet normed ring
space in 2018 [15]. Also, in 2019 [16], they described neutrosophic triplet metric topology and
investigated some features of metric topology in neutrosophic triplet metric space. In [17-20],
researchers studied neutrosophic triplet metric spaces.

In recent years, many generalizations of classical metric spaces appeared. b-metric space is
one of these generalizations, which was introduced by Czerwik in 1993 [21]. Then some fixed
point theorems were extended to b-metric spaces. Sahin and Kargin extended b-metric to
neutrosophic triplet metric space and defined convergence sequence and Cauchy sequence in
neutrosophic triplet b-metric spaces [22]. In 2019 [23], Sahin and Kargin defined neutrosophic
triplet b-metric topology by using the open balls.

The main idea of this paper is to describe a contraction for neutrosophic triplet b-metric
space and prove a fixed point theorem for neutrosophic triplet b-metric space. Section 2 gives
some basic definitions and examples for b-metric and neutrosophic triplet space. Section 3
presents the neutrosophic triplet b-metric space. Many examples are given in this section to
illustrate the difference between neutrosophic triplet metric and neutrosophic triplet b-metric.
Also, a sufficient condition is given for a convergence sequence in a neutrosophic triplet b-
metric space to be a Cauchy sequence. Then a neutrosophic triplet topological structure is
established by using neutrosophic triplet b-metric. Section 4 defines a contraction for neutro-
sophic triplet b-metric space. It is proven that the contraction is continuous respect to the

induced topology by neutrosophic triplet b-metric. Also, a fixed point theorem is given and
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proven for neutrosophic triplet b-metric space. Finally, Section 5 and 6 present a brief of the

paper and some future works.

2. Preliminaries

A review of essential concepts of neutrosophic triplet set are presented in this section.

Definition 2.1. [21] Let A be set and d: A x A — RTU{0}. If the following statements are
satisfied, then d is called a b-metric;

bm;) uw = v if and only if d(u,v) =0

bmy) d(u,v) = d(v,u)

bmg) for all u,v, w € A, there is a real number b > 1 such that d(u,v) < b[d(u,w) + d(w,v)].

The pair (A4, d) is called a b-metric space with coefficient b.

It is clear that every metric space is a b-metric space with coefficient 1, but the converse
is not always true. For example, d : A x A — R, d(u,v) = (u — v)? is a b-metric with a
coefficient b>2, but it is not a metric. Also, the reader can realize that if d is a b-metric with

the coefficient b, then d is a b-metric with any coefficient k>b.

Definition 2.2. [11] Let A be a set and * be a binary operation on A. If for each p € A

there exists n, and a, in A such that
P * np — np * p=2p
and
D*ap = ap*D =Ny
then (A, x) is called neutrosophic triplet set. Also, n, and a, are called neutral and opposite of

p, respectively. A neutrosophic triplet p is indicated by p =< p,np,a, > . Besides, p1 = pa if

and only if n,, = n,, and ap, = ap,.

Definition 2.3. [13] Let (A, *) be a neutrosophic triplet set, P(A) be set of each subset of
Aand 7 C P(A). If

1) @, Aer

2) The intersection of a finite number of sets in 7 is also in 7

3) The union of an arbitrary number of sets in 7 is also in 7
then 7 is called as a neutrosophic triplet topology on A and, ((A,x),7) is called as a neutro-

sophic triplet topological space.
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Definition 2.4. [15] A neutrosophic triplet metric on a neutrosophic triplet space (A4, %) is a

function dp : A x A — R such that, for all u,v € A,

m) uxv € A
mg) dr(u,v) >0

=)

)
m3) If u = v then dr(u,v) =0
4) dr(u,v) = dr(v,u)

ms) If there exists at least an element w € A for each w,v € A such that dp(u,v) <

dr(u,v * ny), then
dp(u, v *ny) < dp(u,w) + dp(w,v).
((A, %),dr) is called a neutrosophic triplet metric space.

Example 2.5. [14] Let A be a set. Then (P(A),U) is a neutrosophic triplet space with
ny = ay = U for all U € P(A), where P(A) is the power set of A.

Define a map d : P(A) x P(A) — R such that d(U,V) = |m(U) — m(V)|, where m(U)
and m(V') denote the numbers of elements of U and V, respectively. Then ((P(A4),U),d) is a

neutrosophic triplet metric space.

3. Neutrosophic Triplet b-metric

This section gives some new examples and definitions for neutrosophic triplet b-metric space.

Also it defines neutrosophic triplet b-metric topology.

Definition 3.1. [22] A neutrosophic triplet b-metric is a function dj : A x A — R such that,
for all u,v € A,

b1) uxveA

b2) dy(u,v) = 0

bs) if u = v then dy(u,v) =0

by) dp(u,v) = dp(v,u)

bs) If there exists at least an element w € A for each u,v € A such that dy(u,v) <

dp(u,v * ny,), then for a real number b > 1 |
dp(u, v * nyy) < bldp(u, w) + dp(w,v)].
((A,*),dp) is called a neutrosophic triplet b-metric space.
neutrosophic triplet b-metric is distinct from the usual b-metric because of the binary op-
eration and neutral element.

It is clear that all neutrosophic triplet metric space is a neutrosophic triplet b-metric space

with coefficient 1, but the opposite is not true always like the following example indicates.
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Example 3.2. Let A = {0,2,3,4}. Then A is a neutrosophic triplet space with the multi-
plication module 6 in Z. Neutrosophic triplets are < 0,0,0 >, < 2,4,2 > < 3,3,3 > and
<4,4,4>.Let d: Ax A — R be defined such that d(u,v) = (u — v)2, for every u,v € A, .
Then it is clear that dp satisfies conditions by, bo, b3 and by.
bs) For u = 0,v = 2,
d'(0,2) < d'(0,2.n2). Also d'(0,2.n9) < d'(0,2) + d'(2,2).
d'(0,2) < d'(0,2.n4). Also d'(0,2.n4) < d'(0,4) + d'(4,2).
For u =0,v = 3,
d'(0,3) < d'(0,3.n3). Also d'(0,3.n3) < d'(0,3) + d'(3,3).
Foru=0,v=4
d'(0,4) < d'(0,4.n2). Also d'(0,4.ns) < 2[d'(0,2) + d'(2,4)].
d'(0,4) < d'(0,4.n4). Also d'(0,4.n4) < d'(0,4) + d'(4,4).
For u=2v =3,
d'(2,3) < d'(2,3.n0). Also d'(2,3.n0) < d'(2,0) + d'(0, 3).
d'(2,3) < d'(2,3.n2). Also d'(2,3.n9) <4[d'(2,2) + d'(2,3)].
d'(2,3) < d'(2,3.n4). Also d'(2,3.n4) < 21[d'(2,4) + d'(4,3)].
For u =2,v =4,
d'(2,4) < d'(2,4.n9). Also d'(2,4.n9) < d'(2,0) + d'(0,4).
< d'(2,4.n2). Also d'(2,4.n2) < d'(2,2) + d'(2,4).
2,4.n3). Also d'(2,4.n3) <2[d'(2,3) + d'(3,4)].
d'(2,4) < d'(2,4.n4). Also d'(2,4.ny4) < d'(2,4) + d'(4,4).
For u = 3,v =4,
d'(3,4) < d'(3,4.n0). Also d'(3,4.n0) < d'(3,0) + d'(0,4).

d'(3,4) < d'(3,4.n3). Also d'(3,4.n3) < d'(3,3) + d'(3,4).

Thus d is not a neutrosophic triplet metric, but a neutrosophic triplet b-metric with a coefficient

b>4.

Example 3.3. Let A # & be a finite subset of the set of natural numbers N and P(A) be the
power set of A. Then (P(A),U) is a neutrosophic triplet space. Let d : P(A) x P(A) — R be
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defined as, if U =V, d(U,V)=0and if U £V,

‘Qm(U) - 2’"(‘/)‘ , if m(U) and m(V') are even
dU, V) = 3, if m(U) and m(V) are odd

1, otherwise

where m(U) denotes the number of elements of U. Then d is not a neutrosophic triplet metric
but a neutrosophic triplet b-metric. For example let m(A) = 10 and let m(U) = 8, m(V) =
6, m(W) =3 and W C V. Then

AU, V) < d(U,V Uny) = d(U,VUW) = d(U,V).

But d(U,V) > d(U,W) + d(W,V) since d(U,V) = 192,d(U,W) =1 and d(W,V) = 1. So d is
not a neutrosophic triplet metric. But for b > 1023 | d is a neutrosophic triplet b-metric. (If
we take U = A and V = W = &, then b must be at least |210 — 20‘).

For generally d is a neutrosophic triplet b-metric with a coefficient b > ]2’”(‘4) —2|.

Example 3.4. Let A = {1,2,3,4,5,6,7,8,9,10}. Then (P(A),N) is a neutrosophic triplet
space with neutrosophic triplets in the form < U, U,U > .
Let define a map d : P(A) x P(A) — R such that

1, fUnNv =g,
d(U,V) = Hﬁm,ﬁUﬂV#QU¢K
0, ifU=V.

If we take U = {1,2,3}, V. ={4,5,6,7}, and W = {1,2,3,4,5,6,7}. Then
d(U,V)=1<dU,V Nnnw)=dU,V).

But
1 1 7
AU, VNnw) >dUW)+dW,V)=-+-=—.
3 4 12
Then d is not a neutrosophic triplet metric. But ((P(A),N),d) is a neutrosophic triplet b-
metric space for any coefficient b > %. For generally, dp, is a neutrosophic triplet b-metric with
a coefficient b > %)_1.
Now, let give the concept of convergent sequence in neutrosophic triplet b-metric space and

some properties.

Definition 3.5. [22] Let ((A,x*),dp) be a neutrosophic triplet b-metric space, {p,} be a
sequence in A. If for all € > 0, there exists an M € N such that for all n > M, dy(p,pn) < €,
then {p,} converges to p in ((4,*),dp), denoted by lim,_,o0 pp, = p or Py, — p.
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Definition 3.6. [22] Let ((A,x),dp) be a neutrosophic triplet b-metric space, {p,} be a
sequence in A. If for all £ > 0, there exists an M € N such that, for all n,m > M, dy(pp, pm) <

g, then {p,} is a Cauchy sequence.

Theorem 3.7. Let ((A,*),dp) be a neutrosophic triplet b-metric space, {pn} be a sequence in
A. If for all e > 0, there exists an M € N such that, for all n,m > M, dy(pn,p) < € and
dy(PnsPm) < dp(Pn, Pm * np), then {py} is a Cauchy sequence.

Proof. By the hypothesis, for all ¢ > 0, and for all n, m > M, dy(p, pn) < 55 and dyp(p, pm) < 5-
Since dp(pn, Pm) < dp(Pn, Pm * np), it is clear that

dp(Pry pm % 1) < b[dp(pn, p) + do(p, Pim)]

< blgto]=e

Thus {py} is a Cauchy sequence.

Definition 3.8. Let ((4,%),dp) be a neutrosophic triplet b-metric space. If every Cauchy
sequent {z,} in A is convergent in A, then ((A,x),dp) 1is called a complete neutrosophic

triplet b-metric space.

Now, let define neutrosophic triplet b-metric topology and give some properties. First, we

recall the definition of neutrosophic triplet topology.

Definition 3.9. Let (A, *) be a neutrosophic triplet space, P(A) be the power set of A and
7 C P(A). If the following conditions are satisfied, then 7 is called a neutrosophic triplet
topology on A,

T) UxVeA forallUV e A

Ty) 9,AeT
T3) If U; € 7, for all i € I, then AUUi cA
Ty) UU; er, forallie J (JC ZIE,IJ is finite), then (U; € A.
((A,*),7) is called a neutrosophic triplet topological sgeetge.

Now let recall the definition of neutrosophic triplet b-metric topology in [23].

Definition 3.10. [23] Let ((A,*),7) be a neutrosophic triplet topological space and B C
P(A). Then the family
BYf ={Y CA|Y=UZZcCY}

is called as the base of the neutrosophic topology 7.

Definition 3.11. [23] Let ((A,*),dp) be a neutrosophic triplet b-metric space, a € A and
r > 0. Then
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i) B(a,r) ={z € A|dy(a,z) <r} is called as an open ball with center a and radius r.
ii) Bla,r] ={x € A | dp(a,x) <r} is called as a closed ball with center a and radius r.

iii) S(a,r) ={z € A|dy(a,z) =r} is called as a disk with center a and radius .

Definition 3.12. [23] Let ((A,#),d;) be a neutrosophic triplet b-metric space and B =
{B(a,e) | a € A,e > 0}. Then the family B# = {Y C A|Y = UZ,Z C Y} is a neutrosophic
triplet topology on A, called as neutrosophic triplet b-metric topology.

Now, let define a neutrosophic triplet topology that arises from neutrosophic triplet b-metric.
For a neutrosophic triplet b-metric d : A x A — R, let B (p) = {q € A | ndp(p,q) <
e, for any n € N}.

Theorem 3.13. Let ((A,x*),dy) be a neutrosophic triplet b-metric space. Then
Tq, ={U CA|3Je>0,IneN, Bl(p) CU forallp e U}
1s a neutrosophic triplet topology.

Proof. T1 and Tq are clear. So let prove the other conditions.
T3) Let U; € 74, and p € U U;. Then there is j € I such that p € U;. Since U; € 74,
Je > 0 such that !
B!'(p) C U; = B'(p) € JUs.
1€l
Therefore, U U; € 1q,.
T4) Let U; € Tdf,lfor alli € J(J C I, J is finite) and p € () U;. Then p € Uj; for all i € J.
Also BZ_Z’ (p) C U; for Je; > 0,3n; € N, since U; € Tdb.ZGJ

=
Let inf{e; | i € J} = ¢ and ¢ € B:*" (p). Then for all i € J,

nidb(pa Q) < <Z nz) -db(p7 Q) <e.
e

So nidy(p,q) < & for all i € J. Thus ¢ € Bl (p) = q € U, for all i € J, since

Bli(p) € U;. That means ¢ € ()| U; and thus BZi(p) € () U, for all i € J. So

ieJ i€J
ﬂ U; €T dy -
ieJ
Consequently, 74, is an neutrosophic triplet topology.
This topology called as neutrosophic triplet topology induced by neutrosophic triplet b-

metric.
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4. Fixed Point Theorem For Neutrosophic Triplet b-Metric Space

In this section, first, a contraction is defined for neutrosophic triplet b-metric space and a

fixed point theorem for neutrosophic triplet b-metric space is given and proven.

Definition 4.1. Let ((A,*),dp) be a neutrosophic triplet b-metric space and S: A — A be a
map. If for all p,q € A,

i) there exists any element z € A such that dy(p,q) < dp(p, g * nz)
ii) there is ¢t € [0,1) such that d,(S(p), S(q)) < t.dy(p,q), where t < b%

then S is called a contraction with the bound ¢ for ((A4,x*),dp) if for all p,q € A.

Theorem 4.2. Let ((A,x*),dp) be a neutrosophic triplet b-metric space and S be a contraction

with the bound t. Then S is continuous respect to Tq, .

Proof. Let for each 7 > 0 and p € A, there be k& > 0 such that dy(p,q) < k. Let k = }, then
dy(S(p),S(q)) < t.dp(p,q) < t.k =t.% = r. Therefore, S is continuous.

Theorem 4.3. Let ((A,*),dp) be a neutrosophic triplet b-metric space with the coefficient
b>1and S: A— A be a contraction with a bound t for ((A,*),dp).
If dy(p, S™(p)) < dp(p, S™(p) * ns(p)) for allp € A and for all m € NU {0}, then,

dy(p, S™(p <§}W1%msu>
i=1

Proof. Let prove the theorem by induction on m.
For m = 0 and for all p € A, dy(p, S°(p)) = dy(p,p) = 0 < Y- d(p, S(p)).

1€
By the hypothesis and the condition b5 of neutrosophic triplet b-metric,

dy (p, 5™ () < dy (p.S™H (0) % () < b [do (p, S (p)) 4y (S (0), 5™ ()]
= bldy(p,S(p) +db (S (p),S™ (S (p))]
= b.dy (p,S(p)) + b.dy (S(p), S™(S(p))) -

By the inductive hypothesis, dy (S(p), S™(S(p))) < (>oit, b4~ 1) dy (S(p), S(S (p))).
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Since S is a contraction with the bound ¢, dy (S(p), S(S (p))) < t.dy (p, S (p)). Therefore

m

dy (p, ™ (p)) < b.dy(p,S(p))+b (Z biti‘l) t.dy (p, S (p))
i=1

m

= b.dy(p,S (p)) + (Z bi“t") dy (p, S (p))
=1

m+1

= bdy(p,S(p)+ > bt (dy (p, S (p)))
1=2
m+1 A
_ <b+ 3 bit’_1> dy (p, S (p))
=2

m+1

= > bt (p, S (p).
=1

This completes the proof.

Next, we give a fixed point theorem for neutrosophic triplet b-metric space.

Theorem 4.4. Let ((A,x),dy) be a complete neutrosophic triplet b-metric space. If S: A — A

is a contraction with a bound t, then S has a fixed point.

Proof. Let pg € A be an unique element and define a sequence {p,} such that p, = S(p,—1),
for all n € N. Then for each n € N, p,, = S™(po).
Now, let show p,, is a Cauchy sequence. For ¢ > 0, there exists M € N such that

1 1

Let m > n > M. Since S is a contraction,
dy (P, pm) = dp(S™ (po),S™ (p0)) = dp (S (S" " (p0)), S (S (p0)))

tdy (S™" (po) , S™ " (po))
t.dy (52 (po) » 5™ (po))

IN

IN

IN

t".dp (po, S™ ™ (po)) -
By Theorem

dy (o, ™" (po)) < (Z bty (P075(P0))> :
i=1
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Therefore, since t < b%’

<

dp (pmpm)

IN

IA

<

So {pn} is a Cauchy sequence.

because ((A4,
S(pn) = S(p)- 0o

5. Conclusion

)db (po,p1)

o0

t". (Z bt 'dy (po, S (po) ) <o (Z

1 1 1

o (Z = 2> dp (po, p1) = (Zb dy (po, p1)
=1 =1

b
B2 p— 1

11
PM=2h 1

b2n

dp (po,p1)

.dy, (po, p1)

E.

Then {p,} is converges a point p € A, i.e p, — p

%), dp) is a complete neutrosophic triplet b-metric space. Since S is continuous,

In this paper, some new concepts, properties, and examples were given for neutrosophic

triplet b-metric spaces as follows:

1) The neutrosophic triplet space A = {0,2, 3,4}, with the multiplication module 6 in Z,

is a neutrosophic triplet b-metric space with d : A x A — R, d(u,v) =

b>4.

v)? where

(u—

2) The neutrosophic triplet space (P(A),U) is a neutrosophic triplet b-metric space with
d: P(A) x P(A) = R defined as, if U =V, d(U,V) =0 and if U # V,

a(u,v)

‘Qm(U) —2mW) " if m(U) and m(V) are even
3, if m(U) and m(V) are odd

1, otherwise

where b > (2/(A1 — 2),

3) The neutrosophic triplet space (P(A),N) is a neutrosophic triplet b-metric space where
A C N is finite, with

where b >

m(A)—
2

1, ifUnv =g,
dU.V) = mary HUNV #8,U#V,
0, it U=V.

1
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4) A sequence {p,} in a neutrosophic triplet b-metric space ((A4,x*),ds) is a Cauchy se-
quence if for all € > 0, there exists an M € N such that, for all n,m > M, dy(pn,p) < €

and
dp(PrsPm) < db(Pry P % 1p)-

Since S is continuous. Since S(pn—1) = pp, then S(p,) = pp+1 — p. Thus S(p) = p.
5) The family 75, = {U C A | 3¢ > 0,3n € N, BZ(p) C U for all p € U} is a neutro-
sophic triplet topology on a neutrosophic triplet b-metric space ((A,x*),dp), called as
neutrosophic triplet topology induced by neutrosophic triplet b-metric d.
6) A map S: A — Ais called a contraction with the bound ¢ > 0 if,
i) there exists any element z € A such that dp(p,q) < dp(p,q * n,)
ii) there is t € [0,1) such that dy(S(p), S(q)) < t.dp(p,q), where t < 75
7) A contraction S on a neutrosophic triplet b-metric space ((A,x),dp) is continuous
respect to 7y, .
8) For contraction S on neutrosophic triplet b-metric space ((A, ), dy), if dy(p, S™(p))
dp(p, S™(p) * ng(p)) for all p € A and for all m € N U {0}, then, dy(p, S™(p)) <

S bt dy (p, S(p)).

IN

dy(p, S™(p)) <> bt dy(p, S(p)).

=1

9) A contraction S on a neutrosophic triplet b-metric space ((A, %), dp) has a fixed point.

6. Future Work

By utilizing these results, the researcher can define neutrosophic triplet partial b-metric,
neutrosophic triplet quasi-partial b-metric, neutrosophic triplet rectangular b-metric and can

investigate fixed point theorems in these spaces.
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