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1 Introduction

Fuzzy sets were established by Zadeh [1] as a tool to deal with uncertain data. The idea of neutrosophic
fuzzy sets, an extension of fuzzy sets, was introduced by Smarandache [, 3] to handle indeterminate and
uncertain situations. As another way to deal with uncertain information, Molodtsov [4] introduced the concept
of soft sets. Various researchers around the world have extended fuzzy sets and soft sets in different directions
in order to make them more appropriate to handle different types of information. However, in some cases
the description of objects by fuzzy soft sets in terms of one dimensional membership function only is not
adequate. This motivates Adam and Hassan [5—8] to define the Q-fuzzy soft sets and matrix as a way to deal
with situations with a set of parameters and two-dimensional data. Q-neutrosophic soft sets (Q-NSSs) [9]
were introduced as a new model that deals with two-dimensional uncertain data. It is a model that generalizes
neutrosophic and Q-fuzzy sets simultaneously. Q-NSSs were further investigated and their basic operations
and relations were discussed in [9, 10].

Different hybrid models of fuzzy sets and soft sets were utilized in different branches of mathematics,
including algebra [ | |—13]. Bera and Mahapatra [ 14, 1 5] introduced neutrosophic soft groups and neutrosophic
normal soft groups. This motivates Solairaju and Nagarajan [16] to introduce the new structure of Q-fuzzy
groups which combine the concepts of Q-fuzzy sets and groups. Recently, Q-fuzzy sets were utilized to
different algebraic structures, for example, Q-fuzzy normal subgroups [17], anti-Q-fuzzy normal subgroups
[18]. Furthermore, Sarala and Suganya [|9] utilized Q-fuzzy soft sets to establish Q-fuzzy soft rings.

In a particular view on the utilization of Q-NSSs to algebraic structures, Abu Qamar and Hassan [20]
applied Q-NSS to group theory by introducing Q-neutrosophic soft groups, they examined numerous properties
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and basic attributes. Additionally, they characterized the thought of Q-level soft sets of a Q-neutrosophic soft
set, which is a bridge between Q-neutrosophic soft groups and soft groups. Furthermore, rings and fields were
studied under Q-neutrosophic soft settings in [21,22].

In this paper, we provide a wider discussion on Q-NSGs, by defining the notions of Q-neutrosophic normal
soft groups (Q-NNSGs) and Q-neutrosophic soft cosets. Also, we discuss the relation between Q-neutrosophic
normal soft groups and normal soft groups. Further, we discuss several related structural characteristics and
properties.

2 Preliminaries
In this section, we recall some basic definitions related to the work in this study.

Definition 2.1 ( [9]). Let X be a universal set, () be a nonempty set and A C F be a set of parameters. Let
QN S(X) be the set of all multi Q-NSs on X with dimension [ = 1. A pair (I'g, A) is called a Q-NSS over
X, where T'g : A — p!QNS(X) is a mapping, such that Tg(e) = ¢ if e ¢ A.

Definition 2.2 ( [10]). The union of two Q-neutrosophic soft sets (I'g, A) and (U, B) is the Q-neutrosophic
soft set (Ag, C') written as (I'g, A)U (¥, B) = (Ag,C), where C = AUB and forallc € C, (z,q) € X xQ,
the truth-membership, indeterminacy-membership and falsity-membership of (Ag, C') are as follows:

Tro (o) (2, q) ifce A— B,
Tag@(:9) = { Tug(o) (@, q) ifce B— A,
max{Th, () (7, q), Tuy)(r,q)} ifce ANDB,

(I o) (2, q) ifce A— B,
Ing@(@, ) = < Tuge)(,9) ifce B— A,
(min{ I, (2,q), luye)(z,q)} ifc€e AN B,

(Fro(o(@,9) ifee A— B,
Fag@(2,9) = { Fuge(z,q) ifce B— A,
(min{Fr, ) (z,q), Fuye)(r,q9)} ifce ANB.

Definition 2.3 ([10]). The intersection of two Q-neutrosophic soft sets (I'g, A) and (¥, B) is the Q-neutrosophic
soft set (Ag,C) written as (I'g, A) N (Vg,B) = (Ag,C), where C = AN B and for all ¢ € C and
(x,q) € X x @ the truth-membership, indeterminacy-membership and falsity-membership of (Ag, C) are
as follows:

TAQ(C) (.I', q) = min{TFQ(c) (‘1'7 Q>7 T\I'Q(c) ($7 Q)}a
[AQ(C) (33, Q) = maX{IFQ(c)(x> Q), [\I/Q(c) ('Ta Q)}v
FAQ(C)($7 Q) = maX{FFQ(c)(aja q)a F\PQ(C)(J;? Q)}
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Definition 2.4. [22] Let G be a group and (I'g, A) be a Q-NSS over a group G. Then (I'g, A) is called a
Q-neutrosophic soft group over G if for all x,y € G and e € A it satisfies:

1. Troe)(zy, @) = min {Tr, ) (2, q), Trge) (¥, )} Irge) (xy, q) < max {Ir, (2, q), Irg) (y,q)} and
Fro(zy, q) < max { Fr (2, q), Fro@ (Y, ) }-

2. Troe) (271 q) 2 Trg ) (2, 9), Irg(e) (271, @) < Irg(e) (2, q) and Fry ey (27", q) < Frye)(, ).

3 Q-Neutrosophic Normal Soft Groups
In this section, we introduce the Q-NNSG and discuss several relevant structural properties.

Definition 3.1. A Q-NSG (I'g, A) over the group G is called a Q-NNSG over G if I'g(e) is a Q-neutrosophic
normal subgroup of G foreache € Aie., forz € 'g(e),y € G,q € Q

TFQ(e) (yI?/_la Q> > TFQ(e) (ZE, Q>7
IFQ(e) (yxyila q) S IFQ(e) (I, Q>7
FFQ(@) (yxyilv Q> S FFQ(e) (‘T, q)

Definition 3.2. A Q-NSG (I'g, A) over the group G is called abelian Q-NSG if Vz,y € G,q € Q,e € A the
following hold

TFQ(G) (..'L'y, q) = TFQ(e) (y'ra Q)7
IFQ(@) (flfy, Q) = ]FQ(e) (y-T, Q)7
Fro0)(7y, @) = Frye (YT, ).

Example 3.3. Let G = (Z, +) be a group and A=N be the parametric set. Define a Q-NSG (I'g, A) as follows:
Forge Q, v € Z,m N

0 ifxisodd
TFQ(m) (x7 q) = { 2 . .
2 if x is even,
L ifx is odd
Iy (x,q) =< 7
rm (7,) {O if x is even,
1—3 ifxisodd
Fr om(x,q) = "
P (7,4) {O if x is even.

It is clear that (I'g, N) is a Q-NNSG over G.

Proposition 3.4. Let (I'g, A) be a Q-NNSG over a group G. Then, Vx,y € G,q € Q and e € A,

1 1

1. Troe)(yzy™", @) = Trge) (7, @), Irg ) ¥y ™, @) = Irge) (2, 0), Froe) (yzy™", q) = Frge) (2, q).

2. (T'g, A) is an abelian Q-NSG over G.

Majdoleen Abugamar, Abd Ghafur Ahmad and Nasruddin Hassan, The Algebraic Structure of Normal
Groups Associated with Q-Neutrosophic Soft Sets.



Neutrosophic Sets and Systems, Vol. 48, 2022 331

Proof. 1.

TFQ(E) ((L’, Q) = TFQ(e) (y_ly)x(y_ly)7 q)

Now, from Definition 3.1 Tt ) (yzy ™", q) = Try () (2, q)-
In a similar manner we can show that I, ) (yzy ", q) = Ir, () (2, q) and Fr ) (yzy =", @) = Frye)(, q).

2. Troe) (@, q) = Trge)(yry . q), this implies Tr ) (xy, q) = Troe) (Wzyy ™, q) = Trge) (2, q). Simi-
larly, we can show that It ) (7Y, q) = Irg(e) (Y7, ) and Fr o) (7Y, q) = Frye) (Y7, q). Hence, (I, A) is an
abelian Q-NSG over G. [

Theorem 3.5. Let (I'g, A) and (Vq, B) be two Q-NNSG over a group G. Then, (I'q, A) N (Vq, B) is also a
O-NNSG over G.

Proof. Let (Ag,C) = (I'g, A) N (Vg, B). Then, forz,y € G,q € Q,e € C

Thge)(yzy ™", ¢) = min {TFQ(E)(y:Ey‘17 ), Tw (e (yzy ™, Q)}

> min {TFQ(e) (l‘, Q), T‘I/Q(e) (‘T’ Q)}

= TAQ(e) (LE, Q>7
Ino(e)(yzy ™', q) = max { yyxy ™t q), Tyg e (yzy ", Q)}
<m {IFQ z,q), Ly (o) (7, Q)}
— LAg(e) (I7 q).
Similarly, we can show that Fx, ) (yzy ", q) < Fa,(e)(e, q). This completes the proof. O

Remark 3.6. The union of two Q-NNSGs is not a Q-NNSG since the union is not a Q-NSG.

The next example illustrates the above remark.

Example 3.7. let G = (Z,+) and E = 2Z. Define the two Q-neutrosophic soft groups (I'g, £) and (¥, £)
over (G as the following:
Forx,m € Z,q € Q
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0.50 ifx=4tm,3t € Z,

Tr (2 175 ,q) .
Q(m) otherwise,

o O

if v = 4tm, 3t € Z,
.25 otherwise,

[FQ 2m) l’ q

FFQ2qu {

o o

if v = 4tm, 3t € Z,
0.10 otherwise,

and

o

67 ifx = 6tm,dt € Z,

Ty 2m) (T q .
Q(m) otherwise,

I\I'Q(Qm 'y q {

F\I/Q(Zm)(xa Q) = {

o O

if v = 6tm, 3t € Z,
.20 otherwise,

=)

0 if x =6tm,dt € Z,
0.17 otherwise.

Let (I'g, A) U (Yg, B) = (Ag, E). Form = 3,z = 12,y = 18 we have

Tho()(12:187, @) = Tag(e)(~6,.0) = max { Trg(6)(~6, ), Tag(e) (6, ) | = max{0,0} = 0
and
min {TAQ(G)(12, 9), Tao(6)(18, q)}
= min{max {TFQ(G)(M,Q),T@Q( (12,9 } max {TFQ (18,4), Tw,(6)(18, q)}}
= min { max {0.50, O}, max {O, 0.67}}

— min {0.50, 0.67} — 0.50,

Hence, Thy (o) (12.1871,¢) = 0 < min {TAQ(6)(12,q),TAQ(6)(18,q)} = 0.50; ie. (A, E) = (Tg, A) U
(Vq, B) is not a Q-neutrosophic soft group.

Theorem 3.8. Let (I'g, A) be a O-NSS over G. Then, (I'g, A) is a Q-NNSG over G if and only if for all
o, B,7 € [0,1], the Q-level soft set (I'g, A)(a,p,4) 7 ¢ is a normal soft group over G.

Proof. We only need to prove the normality. For x € (I'g, A) (08,4, ¥ € G and ¢ € Q, we have
Troe)(wzy ™ q) = Troe vy~ 2, q) = Troe (2, q) > a

Irge)(Way ™', q) = Irge) (yy "2, q) = Irge) (2, q) < B,
FroeWay™,a) = Froe(yy™'2.q) = Frye(z,q) < 7.
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It follows that yzy ' € (g, A)(a,5,) 1-€. (L9, A)(a,5,7) is @ Q-NNSG of G.
Conversely, assume that (I'g, A) is not a Q-NNSG over G. Then, there exists e € A such that I'p(e) is not
a Q-NN subgroup of GG. Then, there exists x1,y; € G and ¢ € @) such that

TFQ(e)(xlyla q) < Trg(e) (thx1,q) or Trg(e) (7191, 9) > TFQ(e)(yliﬁl, q) or
It (o) (711, @) < Irge) (Y171, q) Of Iry(e) (2191, @) > Trg(e) (Y121, ) or
Froe)(T191,9) < Froe) (Y171, q) of Frye)(T191,9) > Froe) (1121, q).

Incase Tt e) (2191, 4) < Tro(e) (Y171, ), there exists a € [0, 1] such that T, ) (7191, ¢) < & < Trg(e) (121, q)-
It follows that x1y; ¢ FQ(e)(a,B,w)’ but for Ity (e)(z1y1,q) < B and Fry o) (z1y1,q9) < 7, 2191 ¢ FQ(Q)(aﬂﬁ) this
contradicts with the fact that (I'g, A) (4,4, is a normal soft group over G. In the other cases the proof can be
obtained in a similar way. [

Theorem 3.9. Let (I'g, A) be a Q-NNSG over G. Let

(FQ7A)‘€’ = {l’ eG: TFQ(e)(x7Q) = TFQ(e)(éaq)all"Q(e)(xaq) = IFQ(e)(éaq)a

FFQ(e)<x7Q) = FFQ(e)(é7Q)7 e € A}7

where é is the unit element of G. Then, (I'g, A)|: is a normal soft group over G.

Proof. Foreache € Aand z,y € (I'g, A)l¢, ¢ € (), we have

TFQ(e) (xyila Q> > min {TFQ(e) ($7 Q)a TFQ(e) (ya Q)}

= min {TFQ(G) (é7 Q)a TFQ(E) <é7 q)}

- TFQ(e) (éa Q>7

]FQ(E) ('Iy_lv Q) S max {]FQ(E) (I’ Q)7 ]FQ(C) <y7 q)}

= max {[FQ(e) (éa Q)7 [FQ(E)(é7 q)}
= [FQ(e) (é7 q)

Similarly, we can show Fr, ) (zy ™", q) < Fry(e) (€, q). Always, Ti, ) (€, q) > Trge)(zy ™
(é

Irg(e)(xy~", q) and Fr e)(e Q) < K Q(e)(x ,Q) Therefore Tro @)@y, q) = Try(e
Iro(e)(€,9), Froe)(wy™, q) = Frye)(é Q) nd 2y~ € (Tg, A)le.
Next, let x € (FQ,A)|é andy € G hen

TFQ(e) (3/133/717 Q) = TFQ(e) ('1:7 Q) = TFQ(e) (éa Q)a
[FQ(e)<yxy717 Q) = IFQ(e) (':Ca Q) = [FQ(e)(éa Q)a
FI‘Q(e) (ymyilv q) = FFQ(e) (l’, Q) = FFQ(e)(éa Q)

Therefore, yzy~' € (g, A)|¢. Hence, (T, A)|s is a normal soft group over G. O
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4 Q-Neutrosophic Soft Cosets

In this section, we present the Q-neutrosophic soft cosets with some related properties.

Definition 4.1. Let (I'g, A) be a Q-NSG over G and g € G be a fixed element. Then, the set g(I'g, A) =
{ glg(e) e € A} is called a left Q-neutrosophic soft coset of (I'g, A), where

gFQ(e> = {<<I7Q)7TQFQ(6)(']:7Q)7[gFQ(e)(Iaq>7FgFQ(e)(x7Q)> NS G?Q € Q}

= {<(fv,Q)7TFQ<6)(9‘1:E,Q),IFQ(E)(Q‘ILQ), FrQ(e)(g‘lx,Q)> xeG.qe Q}.

The right Q-neutrosophic soft coset of (I'g, A) in G is (I'g, A)g = {FQ(e)g e € A}, where

Pale)g = {{(@,0), Trgw (97",0). Irg( (@9~ 0), Frgu (g™ 0)) 17 € Gig € Q.

Example 4.2. Let G be a classical group. Then, (I'g, A) = {FQ(e) re€ A}, where

FQ(e) = {<(x7Q)7TFQ(e)<:C>Q)7[FQ(e)(x7Q)7FFQ(e)(x7Q)> NS Gaq € Q}

with TFQ(e)(fL‘,q) = TFQ(e)(éaQ), IFQ(G)(ZL‘,Q) = ]FQ(e)(éaQ) and FFQ(e)( ) FFQ(e (6 (]) (é being the
identity element in GG ) is a Q-NNSG of (. In that case, we can get a neutrosophic soft coset.

Proposition 4.3. (I', A) is called a Q-NNSG over G if and only if the left and right Q-neutrosophic soft cosets
are equal.

Proof. Suppose that (I'g, A) is a Q-NNSG over G. Then,

gTale) = {{(#:9). Tyrgo(#,0), Lirg(o(#, ), Fyrge(#.9) ) : 7 € G, € Q}

(2,0), Trg) (97 7.0), Irg (97 2,0), Froe (92, Q)> x€G,q€ Q}
(2, 4), Trge) (@9~ ", @), Irge) (g™, ), Fro ) (xg~ )> reG,q€e Q}
( )
(

x,q 7TFQ(6)g(x7Q)7IFQ( )g (ZE Q) FFQ e)g(‘raq > YRS G q € Q}

Thus, g(I'g, A) = {gl'q(e) : e € A} = {T'g(e)g : e € A} = (I'g, A)g.
Next, suppose that g(I'g, A) = (I'g, A)g.
Then,

TgFQ(e) <$7 q) = TFQ(e)g(xa Q)a IgFQ(e) (I,E, Q) = [FQ(e)g(fEa Q) and FgFQ(e) <$7 q) = FFQ(e)g(xa Q)

This implies,

TFQ(e) (971:[7 Q) = TFQ(e) (nglj Q>7 IFQ(e) (gilxa Q) = [FQ(e) (wgilv Q) and FFQ(e) (gilwa Q) = FFQ(e) ('1'9717 Q)
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Thus,

Troe)(®9™ " q) = Troe) (97 2, 0), Irge) (297", @) = Irge) (97 2, q) and Fry, ) (97", @) = Fro) (9~ 'z, q),

which implies

TFQ(e) (gngly Q) = TFQ(e) (‘7:7 Q); [FQ(e) (gngl’ Q) = IFQ(e) (137 Q)a FFQ(e) (gngl’ Q) = FFQ(e) (1;7 Q)

Thus, (I'g, A) is a Q-NNSG over G.
Therefore, if (I'g, A) is a Q-NNSG over G then the left and right Q-neutrosophic soft cosets coincide. In this
case, we call it Q-neutrosophic soft cosets instead of left or right Q-neutrosophic soft cosets separately. [

Theorem 4.4. Let (I'g, A) be a Q-NNSG over the group G and the set s be the collection of all distinct
Q-neutrosophic soft cosets of (I'g, A) in G. Then, < is a group in classical sense under the operation of
composition: g1(I'g, A)y(To, A) = (1y) Lo, A), V1,92 € G.

Proof. First we show that the operation is well defined in the sense that if ¢;(I'g, A) = ¢1(I'g, A4) and
92(L'q, A) = ¢2(Tg, A), then g1 (', A)g2(I'g, A) = (g162)(L'g, A) for g1, g2, 41, g2 € G.

Now, g1(Tg, A) = ¢1(Tg, A) implies g; '¢) = T'g(e1), e1 € A and g2(Tg, A) = ¢2(Tg, A) implies g, 'go =
FQ(GQ), ey € A.

We show, (9192)(Tq, 4) = (6162) (g, A) ie., (9192) 7' (g162) € G. Now,

(9192) ' (d1g2) = 95 91 ' 192
=95 Toler)ds
= g5 g2Tq(er)
= Tg(e2)Tg(e1)
=Tg(es) € (g, A),e3 € A.

Hence, the operation is well defined. Now,

1. the closure axiom is clearly satisfied.

2. 91T, A)g2(Tq, A)gs(T'g, A)] = 91(q, A)(9293) (g, A) = 91(9293) (L', A) and

[91(Tq, A)g2(Tq, A)]gs(Lq, A) = (9192)95(T'q, A) = (9192)95(T'q, A) for g1, 92,95 € G. Now, g1(g295) =
(9192)9g3, since G is a group.

3. (T, A)gr(To, A) = (691)(Tg, A) = 1(Tg A) and g1(Tg, A)é(Tq, A) = (6:6)(Tg, A) = g1(Tg, A) for
¢ being the unity in G.

4.1 (To. A)g1(Tg. 4) = (g7 01) (T, A) = é(Tg. ) = (g, A) and

91T A)g (Tg, A) = (9197 )T, A) = é(Tg A) = (T, A).

Thus, ¢ is a group. This group is a called the quotient group of G by (I'g, A) and is denoted by G/(I'g, A). O

Theorem 4.5. Let (I'g, A) be a Q-NNSG over G. Then, there exists a natural homomorphism ¢ : G —
G/(Tq, A) defined by v(g) = g(I'g, A),Vg € G in the classical sense.

Proof. Let p : G — G/(I'g, A) be given by p(g) = gl'g(e), Ve € A. We show that ¢ is a homomorphism i.e.
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©(9192) = ©(91)p(92),V91, 92 € G, i.e., (9192)Tg(e) = g1l q(e)g2T'g(e). Now, forz € G,q € Q

(91lq(e))(z,q) =

<T91FQ(6)<:C7 Q), Igll"Q(e) (xa Q)a FglFQ(e) (.Z', q)>
- <TFQ(6) (gflxv Q)a [FQ(e) (gfl'rv Q>7 FFQ(e) (gflxu q)>7

TgQFQ(@) (l’, Q)v IQQFQ(G) (ZE, Q)a FQQFQ(e) ([I), q)>

TFQ(e) <g;1x’ Q)a [FQ(e) (951x7 Q)> FFQ(e) (951$’ Q)>>

Then,
[(glFQ(e))(QZFQ(e))](xﬂQ) - <min {TQ1FQ(€)(x7q) g2l'g (e x, }7
max {IQIFQ(E)(‘T’Q) g2Tg(e x’ }’
maX{FQIFQ(E)(x’Q) g2Tq(e (ZL‘, ) >
— (min {Tro0 (92, 4), Tr(e) (95 2,0},
maX{]FQ(C ((gl T q) IFQ 5)((92_1‘r7Q)}7
maX{FrQ(e) (91 I,Q),FFQ(G)((gglx,q)}>
Further,
TFQ(e)(<9192)_1$7Q) TFQ(e (92 91 ,q)
= Tro (92 91 295 " g2, )
= Tro(e) (91 ' 92, q)
> min {TFQ@ (912, 9), Trg ) (92, q)}~
Honce, T (510 12:0) = i (515 0. T (")}, s, () 1.0 =
max { I () (917, 9), Irg(e) (95 '@, @)} and Fry o) (9192) ', q) = I%laX'{Fr.Q (917 2,9), Fro(e (92 2. q) }-
This shows that, [(glfcz(e )(g2T ())](x,q) = [(9192)FQ(6)](Q3>Q) Whlchlmplles,<p(glgz)Iw(gl)w(gz)- O

5 Conclusion

We have introduced the notions of Q-neutrosophic normal soft groups and Q-neutrosophic soft cosets. We
have discussed several related structural characteristics and properties. For future research, we can extend
these topics to hyperalgebra. Also, these topics may be discussed using t-norm and s-norm. We intend to fur-
ther explore the applications of the algebraic structure to different extensions of fuzzy sets in order to provide
a significant addition to existing theories for handling uncertainties, especially in the area of soft sets [23-25].
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