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Abstract. We introduce the notion of neutrosophic subbisemiring(shortly NSBS), level sets of NSBS and
neutrosophic normal subbisemiring(NNSBS) of a bisemiring. The concept of neutrosophic subbisemiring is a
new generalization of fuzzy subbisemiring over bisemiring. We interact the theory for (a, 8) NSBS and NNSBS
over bisemiring. Let A be the neutrosophic subset in S, we show that @ = (wg,wi,wi) is an NSBS of S
if and only if all non empty level set @**) is a subbisemiring of S for t,s € [0,1]. Let A be the NSBS of a
bisemiring S and V' be the strongest neutrosophic relation of S, we observe that A is an NSBS of S if and only
if Vis an NSBS of S x S. Let Ay, Ag, ..., A, be the family of NSBS?® of S1,Sa, ..., S, respectively. We show
that A1 X Az X ... X A, is an NSBS of S; X S X ... X S;,. The homomorphic image of NSBS is an NSBS. The

homomorphic preimage of NSBS is an NSBS. Examples are provided to illustrate our results.

Keywords: Neutrosophic subbisemiring; Neutrosophic bisemiring; Homomorphism; Normal.

1. Introduction

The study of semirings was opened by the Dedekind in interaction with ideals of commu-
tative rings. In 1934, semiring was studied by Vandever. It was basically the generalization
of rings and distributive lattices. In 1950, However the developments of the theory in semir-
ings had been taking place. The classic article of 1965, Zadeh proposed fuzzy set theory [15].
According to this definition a fuzzy set is a function described by a membership value . It
takes degrees in real unit interval. But, later it has been seen that this definition is inadequate
by considering not only the degree of membership but also the degree of non-membership.
Neutrosophic set is a generalization of the fuzzy set and intuitionistic fuzzy set, where the
truth-membership, indeterminacy-membership, and falsity-membership are represented inde-
pendently. Atanassov [4] described a set that is called an intuitionistic fuzzy set to handle
mentioned ambiguity. Since this set has some problems in applications, Smarandache [I4] in-
troduced neutrosophy to deal with the problems that involves indeterminate and inconsistent

information. Arulmozhi interact the theory for various algebraic structures such semirings
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and ternary semirings [2,3]. A semiring (S, +,-) is a non-empty set in which (S,+) and (S, -)
are semigroups such that “-” is distributive over “+ 7 [6]. In 1993, J. Ahsan, K. Saifullah,
and F. Khan [I] introduced the notion of fuzzy semirings. In 2001, M.K Sen and S. Ghosh
were introduced in bisemirings. A bisemiring (S, 4,0, X) is an algebraic structure in which
(S,4,0) and (S, o, x) are semirings in which (S, +), (S, o) and (S, x) are semigroups such that
(i) zo(y+2) = (woy)+(xoz2), (ii) (y+2)ox = (yox)+(zox) (ili)  x (yoz) = (x xy)o(x X 2)
and (iv) (yoz)xx = (yxx)o(zxx), V z,y,z € S [13]. A non-empty subset A of a bisemiring
(S, 4+, 0, x) is a subbisemiring if and only if x+y € A, zoy € Aandxxy € Aforallz,y € A [5].

Palanikumar et al. discussed various ideal structure of subbisemiring theory [7]- [12].

2. Preliminaries

Definition 2.1. [I4] A neutrosophic set A in a universe U is an object having the form
A = {{z,@](2), @} (), @] (z)) : v € X}, where @} (z), @) (z), @] (z) : X — [0,1] repre-
sents the truth-membership function , the indeterminacy membership function and the falsity-
membership function respectively. For simplicity the symbol <w N A,w A> is used for the

neutrosophic set A = {(z, @} (z), @} (z), @} (z)) 1z € X}.

Definition 2.2. [I4] Let A = {z, @} (z), @ (z), w](2)} and B = {z,w5(z), wh(x), wh(z)}
be the two neutrosophic set of a set X. Then

(i) ANB = {(:p,mm{wz;( ), wh(x)}, min{w!,(z), wé(m)},max{wf{(w),wg(m)})‘x € X}.
(i) AUB = {(:c,mam{wg( ), wh(z)}, maz{w] (z), wg(x)},min{wg(x),wg(x)}>(x € X}.

Definition 2.3. [14] For any neutrosophic set A = {z, @} (x), @) (z), @} (z)}
(x

), @ faset X, we
defined a (a, 8)-cut of as the crisp subset {z € X|w}(z) > a, @l (z) >

)} o
wh(x) < B} of X
A ~ .
Definition 2.4. [I4] Let A and B be be two neutrosophic subsets of S.  The
Cartesian product of A and B denoted by A x B is defined as A x B =

{wsz(ac,y),ngB(x,y),wixB(ac,yﬂ for all z,y € S}, where

wz;xB<x7y) = mln{w£($)7wg(y>}
ol (2, y) = W,Q(x);wg(y)

Tl (@ y) = max{w} (z), wh(y)}
Definition 2.5. [§] A fuzzy subset A of a bisemiring (S,01,92,03) is said to be a fuzzy

subbisemiring of S if
@a(zo1y) = min{wa(z), wa(y)}

wa(z 02 y) > min{wa(r),wa(y)}

wa(z o3y) > min{wa(z), wa(y)}
for all z,y € S.

M.Palanikumar, K.Arulmozhi, («, ) Neutrosophic Subbisemiring of Bisemiring



Neutrosophic Sets and Systems, Vol. 48, 2022 370

Definition 2.6. [8] A fuzzy subset A of a bisemiring (.5, ¢1, ¢2, ¢3) is said to be a fuzzy normal
subbisemiring of .S if it satisfies the following conditions:

wa(xory) =wa(yor x)

wa(z02y) = wa(y 02 @)

wa(xogy) =wal(yos x)
for all z,y € S.
Definition 2.7. [5] Let (S,+,-, x) and (T,H, o, ®) be two bisemirings. A function ¢: S — T
is said to be a homomorphism if it satisfies the following conditions:

¢z +y) = o(x) Bo(y)

¢z - y) = (z) ° d(y)

oz x y) = o(x) @ ¢(y)
for all z,y € S.

3. Neutrosophic Subbisemiring

In what follows, let S denote a bisemiring unless otherwise stated. Here NSBS stands for

neutrosophic subbisemiring.

Definition 3.1. A neutrosophic subset A of S is said to be an NSBS of S if it satisfies the

following conditions:

wh(zory) > Zal=aW)
@} (z o1 y) > min{w(z), @) (y)} OR
@} (z 02 y) > min{w(z), @} (y)} wh(z oy y) > w
@ (x 03 y) > min{w?(z), @ (y)} OR
\ wl(zo37) > Wﬁs(x)ng;(y)

for all z,y € S.

Example 3.2. Let S = {n1,ng,ns,ng} be the bisemiring with the following Cayley table:

1 | M1 | N2 | N3 | Ny G | M1 | N2 | N3 | Ny Gz | M1 | N2 | N3 | Ny

ny|ny|jny|ny|n nyjni|nz2 | n3gjng ny|ny|ny|ny|n

N9 | Ny | Ng | N1 | No No | No [N | Ng | Ng No [Ny [ Na | N3 | Ng

ng | ny|ny|nsgj|ng ng | n3 | Ng | N3 | Ny ng | Mg | Ng | Ny | Ny

Ng | N1 | N2 | N3 | Ny Ng | Ny | Mg | Mg | Ny N4 | Mg | Ny | g | N4
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nN=ny|m=ng | N="n3|N="ny
Tn)| o7 0.6 0.3 0.5
wh(n) | 04 0.3 0.1 0.2
Ln)| 05 0.6 0.9 0.8

Clearly, A is an NSBS of S.
Theorem 3.3. The intersection of a family of NSBS® of S is an NSBS of S.

Proof. Let {V; :i € I} be a family of NSBS® of S and A = [ |Vi.
el
Let z and y in S. Then
@a(wory) = inf @y, (v o1 y)

> inf min{wf (2), =F, ()}

. . T . T
= min igf (@), fnf =F, )}
= min {5 o), w50)-

Similarly, w7 (z 02 y) > min{w? (2), @} (y)}, @ (x 03 y) > min{ew’ (2), @] (y)}. Now,

wh(z o1 y) = inf @l (201 y)

I I
> inf \4( ) vl(y)
iel 2

. f I . f I
ier “vi (@) + ier “Vi )
2
@l (x) + @l (y)
5 .

@} ()@ (v)

I I
FAZAY) and @l (z 0 y) > TALTEAL) Now,

Similarly, @/ (z o2 y) >
@l (zo1y) = sup @i (zo1y)
i€l
< sup max{w (o). =, (1))
1€

= max {sup wi (z),sup wi, (y)}
iel iel "

= max{w} (), @} (v)}.

Similarly, @ (z 02 y) < max{wl (z), @ (y)}, @i (z 03 y) < max{wl (z),wk(y)}. Hence A is

an NSBS of S.

Theorem 3.4. If A and B are any two NSBS?® of S1 and So respectively, then A x B is an
NSBS Ofgl X SQ.
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Proof. Let A and B be two NSBS? of S; and So respectively. Let x1,20 € S; and
y1,Y2 € Sg. Then (z1,y1) and (z2,y2) are in S1 X S3. Now

Thxpl(T1,51) 01 (22, y2)] = Thy p(T1 01 T2, Y1 01 Y2)
= min{w@} (21 01 22), WH (Y1 o1 ¥2)}
> min{min{ew} (z1), @i (r2)}, min{wp (y1), @ (y2) 1}
= min{min{w} (z1), wp(y1)}, min{w) (22), wp(y2) }}

= min{wh, (21, 11), @4, 5 (22, y2)}-

Also wixB[("Elﬂyl) 2 (xQ?yQ)] > min{wsz(m17y1)>w£><B(x23 y2)}>

WEXB[(xl’yl) 3 (952,?/2)} > min{wsz(fEla yl)v wsz(x%y?)}' Now,

@l sl(@1,91) 01 (T2, 92)] = @hy (21 01 T2, Y1 01 Y2)

Wﬁx(ﬂﬁl o1 X2) + Wé(yl o1 ¥2)
2

> 1 _wﬁl(m) + @l (z2) N wh(y1) + wé(y2)]

2 2

whn) + @h(y) | whiz) + wg<y2>]

2 2

N = N

@l (1) + wﬁx3($2,y2)]~

Also @y, pl(z1,11) 02 (w2, 2)] > %[wﬁxB(ﬂcl,yl) +W§;X3(az2,yz)} and

@l pl(@,y1) 03 (22,92)] > %[W{MB(JCLZA) + ngB(xz,yg)}. Now,

@l pl(@1, 1) 01 (T2, 92)] = why (21 01 T2, 91 01 Y2)

= max{wh (21 01 22), @h(y1 01 y2)}

B(
< max{max{w} (z1), @} (z2)}, max{w5 (1), w5 (y2)}}
= max{max{@} (z1), @} (y1)}, max{w} (v2), @j(y2)} }

= max{wh, g(z1, 1), @iy 5(T2,92)}.

Also @, gl(z1,11) 02 (w2, y2)] < max{wh, z(@1,11), @, g2, 12)},

wixB[(xl,yl)oze, (x2,y2)] < max{wixB(:pl,yl),wixB(xg,yQ)}. Hence A x B is an NSBS of S.

Corollary 3.5. If Ay, Ao, ..., A, are the family of NSBS® of S1,So,...,S, respectively, then
Ay X A X ... X Ay is an NSBS of S| X Sg X ... X Sp.
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Definition 3.6. Let A be a neutrosophic subset in S, the strongest neutrosophic relation on

S, that is a neutrosophic relation on A is V' given by

@i (w,y) = min{w} (z), @ (y)}

’(I/'I (:c,y) _ wz{l(z);—wi(y)
@i (z,y) = maz{w] (), @k (y)}

Theorem 3.7. Let A be the NSBS of S and V' be the strongest neutrosophic relation of S.
Then A is an NSBS of S if and only if V is an NSBS of S x S.

Proof. Let A be the NSBS of S and V' be the strongest neutrosophic relation of S. Then
for any o = (z1,22) and y = (y1,y2) are in S x S. We have

@i (x 01 y) = wyl((x1,22) 01 (Y1, 92)]
= @y (2101 Y1, T2 01 Y2)
= min{w} (1 01 Y1), @4 (T2 01 y2)}
> min{min{ewp (1), wa(y1)}, min{ew} (z2), @i (y2)}}
= min{min{w} (1), wh(z2)}, min{ew} (y1), @4 (y2)}}
= min{w{ (21, 22), @1 (41, 42) }

= min{wa(x), w@ (v)}-

Also, @i, (z o2 y) > min{w{,(z), @i, (y)}, @i, (z 03 y) > min{w{, (), @} (y)}.
Now,
@i (z01y) = @i (w1, 22) 01 (y1,92)]
= W\I/(wl 01 Y1, T2 01 Y2)

@y (x1 01 1) + @l (w2 01 y2)

51 [w m) i) L @hlea) + w£<y2>]
= :
2 2

w{/ xlv LITQ) + wV(ylv y?)
2
@i/ (z) + @i (y)
5 .

Also, @i, (x op y) > M and @i, (x o3 y) > w
Similarly, wv(x o1y) < max{w‘lj(x), w‘lj(y)}, w{j(w oY) < max{w{?(x), w‘lj(y)} and
wi(z 03 y) < max{w{ (z),w (y)}. Hence V is an NSBS of S x S.
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Conversely assume that V' is an NSBS of S x S, then for any =z = (z1,22) and y = (y1,y2)
are in S X S. We have

min{cw} (21 01 y1), @4 (22 01 Y2)} = @E (2101 Y1, T2 01 Y2)

= ’Wg[(xl, .%'2) <1 (yl; 92)]

= w%: o1 Y)
> min{wy,(z), @y (y)}
= min{wy, (1, 22)}, @1 (Y1, 42) }
= min{min{ww} (1), @} (22)}, min{w} (y1), @h(y2)} }.
If @wh(z1 01 y1) < @wh(z2 01 y2), then wh(z1) < wh(22) and @wh(y1) < @wh(y2). We get
wﬁ(azl o1 Y1) > min{wi(xl),wg(yl)} for all x1,y1 € S, and
min{ew) (x1 02 Y1), @} (22 02 y2)} > min{min{ew’ (z1), @} (x2)}, min{ew (y1), @} (y2)}}
If wg(xl o2 Y1) < wg(:m ©9 Y2), then wi(wl O Y1) > min{wﬂ(wl),wg(yl)}.
min{ew’y (103 Y1), @ (22 03 y2)} > min{min{w’ (z1), @} (x2)}, min{e’ (1), @} (v2)}}-
If @l (2103 y1) < wh(z2 03 Y2), then wh (w1 03 y1) > min{wh (z1), @k (y1)}-

Now,

—_

3 @ (2101 Y1) + @h (2201 Y2) | = @i (21 01 Y1, 72 01 Y2)

1
\4
= w{/[(xl, 33'2) <1 (yh yQ)}
1
\4

= wy (z 1Y)

_ @@ + =)

- 2
_ w{/($17$2) +W{/(y1,y2)
2
_ Lwh(e) +@h(ae) | @h(y) + @) ()
T2 2 * 2 '

If @/ (21 01 y1) < @l (22 01 y2), then @l (z1) < @ (22) and @ (1) < @, (v2).

I I
We get, wﬁ;(l’l o1 Y1) > w'

) > W,{;(wl);rm'ﬁ(yl)

I I
and wl{x(m o3 Y1) > —wA(Zl);rwA(yl).

Similarly, wi(ml 9 U1
Similarly to prove that

max{c@j (z1 01 y1), @} (22 01 y2)} < max{max{w} (1), @} (22)}, max{w] (y1), @} (y2)}}.
If wh(z1 01 y1) > @k (22 01 y2), then wh (z1) > @k (z2) and wf (y1) > @] (v2).

We get, @l (z1 01 y1) < max{w] (z1), @] (y1)}

max{awlj (21 02 y1), @} (22 02 y2)} < max{max{w} (1), @l (22)}, max{w] (y1), @} (y2)}}.
If @i (21 02 y1) > @l (22 02 o), then wl(z1 02 y1) < max{wl (1), @ (y1)}-

max{a@} (1 03 y1), @} (v2 03 y2)} < max{max{w} (1), @} (v2)}, max{w} (1), @} (y2) }}
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If wh (21 03 y1) > @k (22 03 y2), then wh (v1 03 y1) < max{w] (v1), @k (y1)}.
Hence A is an NSBS of S.

Theorem 3.8. Let A be a neutrosophic subset in'S. Then @ = (wi,wﬁ,wi) is an NSBS of

S if and only if all non empty level set ©4%) is a subbisemiring of S for t,s € [0, 1].

Proof. Assume that & is an NSBS of S. For each t,s € [0,1] and a1, as € ©**). We have

wh(ar) > t,wh(as) > t and wl(ay) > t,wl(az) > t and wl(a1) < s,@](a2) < s. Now,
I I

wA(al);wA(aZ) 2 % — t and

wi(al o1 az) < max{wg(al),wi(ag)} < s. This implies that aj o1 as € @®%). Similarly,

wg(al o1 ag) > min{wz;(al),wg(ag)} >t and Wﬁx(al o1 ag) >

aj o9 ay € @) and oy o3 ay € @65 Therefore &%) is a subbisemiring of S for each
t,s €[0,1].
Conversely, assume that c®%) is a subbisemiring of S for each ¢, s € [0, 1]. Suppose if there
I I
exist a1, as € S such that wg(al o1 a3) < min{wg(al),wg(ag)}, wﬁl(al o1 ag) < w
and @l (a; o1 az) > max{w](a1), @} (as)}. Select t,s € [0,1] such that w?(a; o1 az) <

I I
)<t§wandw§(alolag)>sz

t < min{w](a1), @} (az)} and @l (a1 o1 as
max{wi(al),wi(ag)}. Then ai,as € @), but a; o1 as ¢ @t5) . This contradicts to that
&(5%) is a subbisemiring of S. Hence @’ (a1 01 as) > min{w’(a1), =’ (a2)}, @l (a1 o1 az) >
w and @l (a1 01 as) < max{wl(a;1), @] (az2)}. Similarly, o3 and o3 cases. Hence

@ = (@}, @, @) is an NSBS of S.

Definition 3.9. Let A be any NSBS of S and a € S. Then the pseudo neutrosophic coset
(aA)P is defined by

for every x € S and for some p € P.

Theorem 3.10. Let A be any NSBS of S, then the pseudo neutrosophic coset (aA)P is an
NSBS of S, for every a € S.

Proof. Let A be any NSBS of S and for every z,y € S. Now, ((aw})?)(z o

—_

y) = pla) @h@ o1 y) > pla) min{wh(@),whw)} = min{p(a) wh(@),p(a) ()} =
min{((aw})?)(@), ((a§)") ()} Ths, (@=})?)(z 01 y) > min{((a=h)?) (@), ((ah)?) ()}
Now, ((awh)?)(x o1 y) = pla) wh(z o1 y) > pla)| TAEZAW | _ PO =il =hn)

((awﬂ)p)(x);((awﬁ)p)(y). Thus, ((awi)p)(«f o1 y) > ((awﬁl)p)(ac);((aw,{;)p)(y)' Now, (( F)p)(

y) = pla) @i(x o1 y) < pla) max{w)(z) @i(y)} = max{p(a) @j(z),p(a) wi(y)} =
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max{((aw}i)?)(x), ((aw})?)(y)}. Thus, ((aw})?)(z o1 y) < max{((aww})")(@), ((aw})?)(y)}-
Similarly, ¢2 and ©3 cases. Hence (aA)P is an NSBS of S.

Definition 3.11. Let (S;,H;,Hs,Hs3) and (S, H;, He, [H3) be any two bisemirings. Let A :
S1 — Sg be any function and A be any NSBS in S;, V' be any NSBS in A(S;) = Sy. If

wa = [wg, wﬁ,wi] is a neutrosophic set in Sq, then wwy is a neutrosophic set in So, defined
by

supwh(z) if v € Aly I supwh(z) if z€ Ay

0 otherwise 0 otherwise

. F . 71
o) = inf !y (z) if €A™y
1 otherwise

for all x € S; and y € S, is called the image of w4 under A.

Similarly, If wwy = [wg, w{,, w{;] is a neutrosophic set in Sy, then neutrosophic set wy = Aowy
in S; [ie, the neutrosophic set defined by wa(x) = wy (A(z))] is called the preimage of wy
under A.

Theorem 3.12. Let (S1,H;, By, H3) and (Se, 1, He, [H3) be any two bisemirings. The homo-
morphic image of NSBS of S1 is an NSBS of Ss.

Proof. Let A :S; — S2 be any homomorphism. Then A(z H; y) = A(z) B A(y), Az Be
y) = A(z) By A(y) and A(x Bz y) = A(z) B3 A(y) for all z,y € S1. Let V= A(A), A is
any NSBS of S;. Let A(x),A(y) € Sz. Let x € A~Y(A(z)) and y € A~} (A(y)) be such that

wh(z)= sup @h(z) and @wh(y) = sup  w@}(2). Now,
z€A1(A(z)) ze A1 (A(y))
@i (Ar) B Aly) = sup wh(z)
Z €ATH(A(2)E1 A(y))
= sup wh(z)
2 eA-1(A(zBy)

= w£($ B y)
> min{w} (z), @} (y)}

= min{w‘T/A(aj), w‘:C—A(y)}

Thus, @ (A(z) Dy A(y)) > min{wLA(z), wLA(y)}
Similarly, @i, (A(z) e A(y)) > min{wl A(z), wl A(y)} and
oT(A() B Ady)) > min{wTA), wTA)}-

Let z € A7Y(A(z)) and y € A~} (A(y)) be such that wl(z) =  sup  w@l(z) and
zeA—1(A(z))
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wh(y)= sup  @|(z). Now,
z€ATHA(®Y)

i (A(z) D1 Ay)) = sup wh(2)

2 €A (A(x)H1A(y))

= sup wh(2)
2 eA-1(A(zB1y)

=wh(z B y)

_ @h(@) + @h(y)

- 2

o Alx) + o Ay)

— 5 .

Thus, @l (A(z) ) Aly)) > w_
Similarly, sl (A(r) B A(y) > PAZAD and o (A(r) By Ay) > AT,
Let A(x), A(y) € Sy. Let z € A7 (A(z)) and y € A~'(A(y)) be such that

@ale) = (B ma@ and wal) = inf @i (z). Now,

N

@y (Alz) D1 Ay) = inf w4 ()
A A@MAW)

= inf wh(2)
2 €ATL(A(zB1y)

= wi(:ﬂ B y)
< max{w! (z), @} (y)}

— max{w{A(r), ZHA®W)}.

Thus, wi; (A(z) D1 Ay)) < max{wiAz), @l Ay)}.
Similarly, @i (A(x) e A(y)) < max{wf A(z), @l A(y)} and
wi (A(z) D3 A(y)) < max{wi A(z), @l A(y)}. Hence V is an NSBS of Sy.

Theorem 3.13. Let (S1,H;,Ha,H3) and (Se,H1, 2, [3) be any two bisemirings. The homo-
morphic preimage of NSBS of So is an NSBS of Sy.

Proof. Let A :S; — Sg be any homomorphism. Then A(z H; y) = A(z) B A(y), Az Be
y) = A(x) By A(y) and A(z Hs y) = A(z) s A(y) for all z,y € S;. Let V= A(A), where V
is any NSBS of Sy. Let z,y € S1. Now, wh(z B y) = ol (A(x By y) = ol (A(z) D1 Ay)) >
min{wyA(z), wyAy)} = min{w)(z), @j(y)}. Thus, wh(z B y) > min{w)(z), wj(y)}-
Now, wA(x Biy) = wV(A(ac B y) = w{/(A(:U) t A(y)) > w{/A(w);rw{/A(y) = wA(x);rwA(y)
Thus, (e 81 y) > ZAOTAY. Now, (08 y) = = (Al Br y) = =H(A@) F1 Ay)) <
max{wi;A(z), @w{;A(y)} = max{w} (), =} (y)}. Thus, @} (z B y) < max{w}(z), =} (y)}

Similarly to prove two other operations, hence A is an NSBS of S;.

M.Palanikumar, K.Arulmozhi, («, ) Neutrosophic Subbisemiring of Bisemiring



Neutrosophic Sets and Systems, Vol. 48, 2022 378 [

Theorem 3.14. Let (S1,H1,Be,H3) and (Se, [y, e, Hs) be any two bisemirings. If A : Sy —
So is a homomorphism, then A(A(t’s)) s a level subbisemiring of NSBS 'V of Ss.

Proof. Let A :S; — Sg be any homomorphism. Then A(z H; y) = A(z) ) A(y), Az BHs
y) = A(x) 2 A(y) and A(x Bz y) = A(z) B3 A(y) for all z,y € S;. Let V.= A(A), A is an
NSBS of §;. By Theorem [3.12] V' is an NSBS of Sp. Let A ) be any level subbisemiring
of A. Suppose that z,y € Ay ). Then A(x By y), A(x B2 y) and A(z B3 y) € A). Now,
SU(AW@) = (@) 2 6oL (AW) = =h(y) = ¢ Thus, wE(A) B Aly) = =0 By y) > ¢
Now, @ (A@)) = wh(x) > t. @b (A(y)) = @h(y) > t. Thus, wl(A2) By Aly) > @4 (@B,
y) > t. Now, wi(A(2)) = @l (z) < s, @i (A(y)) = @l (y) < s. Thus, wh(A(z) D1 A(y)) <
@l (x By y) < s, for all A(x),A(y) € Sp. Similarly to prove other operations, hence A(A )
is a level subbisemiring of NSBS V' of Ss.

Theorem 3.15. Let (Sq,H,Hs, Hs) and (Se, 1, e, [3) be any two bisemirings. If A :S1 —
Sy is any homomorphism, then A ) is a level subbisemiring of NSBS A of S.

Proof. Let A :S; — Sy be any homomorphism. Then A(x H; y) = A(x) B A(y), Az B
y) = A(z) Ha A(y) and A(x B3 y) = A(x) 3 A(y) for all x,y € S;. Let V.= A(A), V is an
NSBS of S;. By Theorem [B.13] A is an NSBS of S;. Let A(A( ) be a level subbisemiring
of V. Suppose that A(z), A(y) € A(Ay)). Then A(x B y), A(r By y) and Az B3 y) €
A(Aqs)). Now, wh(z) = wL(A(z)) > t,@wh(y) = wL(Ay)) > t. Thus, wh(z B y) >
min{w?(2), (y)} > £ Now, @h(2) = wh(A) > t,wh(y) = wh(Ay) > t. Thus,
wh (2B y) > M > t. Now, @l (z) = wl(A(z)) < s, @l (y) = w{(A(y)) < s. Thus,
wh(z B y) = w{;(A( ) 1 A(y)) < max{w](z), @] (y)} < s, for all z,y € S;. Similarly to

prove other two operations, hence A ,) is a level subbisemiring of NSBS A of S;.

4. («, B)- neutrosophic Subbisemiring

In this section, we discuss about («, 3)- neutrosophic subbisemiring. In what follows that,

(o, B) € [0,1] be such that 0 < o < 8 < 1.

Definition 4.1. Let A be any neutrosophic subset of S is called a («, 3)- NSBS of S if it

satisfies the following conditions:

(] (.01 y), a} = min{(2), = (1), 5)
max{w?;(m o2 y),a} > min{wi(x), WZ(y)a B}
)

max{w} (z 03 y), o} > min{w}(2), @} (y), 8}
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,

I
max{wl (01 y),a} > min {%
OR
I . wl (x y
max{wy (z o2 y),a} > min {f

OR

max{w (z 03 y),a} > min {w,ﬁ}

min{wi(m o1 y), a} < maX{wi(l‘)a wi(y), 5}
min{wi(m o2 y),a} < max{wgi(a?), Wi(@/% B}
F
A

min{w} (z 03 y), o} < max{wl(z), @} (y), B}
for all x,y € S.

Example 4.2. By the Example 321
n=n;|n=ny|n=ng|n=ny
(n)| 080 | 0.75 | 055 | 0.70
n) | 0.75 0.70 0.62 0.65
wh(n)| 035 | 065 | 0.80 | 0.70
Clearly, A is a (0.45,0.60) NSBS of S.

@
wh(

Theorem 4.3. The intersection of a family of («, f) NSBS® of S is a (o, ) NSBS of S.

Proof. Let {V; :i € I} be a family of (a,3) NSBS® of S and A = Vi
el
Let x and y in S. Now,

max{w}(z 01 y),a} = in§ max{w{, (z 01 y),a}
i€ ‘

> inf min{wy, (), @y, (y), 5}
. . T . T
= min iaf =8 @), 1 =),
= min{w}(«), wh(y), 4}
Similarly, max{w@? (z o3 y), a} > min{w}(z), @} (y), B} and
max{wh (x 03 y),a} > min{w’(z), @] (y), B}. Now,

max{wh (z 01 y),a} = in? max{wi, (z 01 y),a}
i€ ‘

I I
> inf min{wvi(x) +wvi(y),/3}

el 2
. f I . f I
. {?ell @, (z) + ier Vi () }
= min 5 , B

_Jwh(e) + ()
—mln{ A 5 A ,ﬁ}

M.Palanikumar, K.Arulmozhi, («, ) Neutrosophic Subbisemiring of Bisemiring



Neutrosophic Sets and Systems, Vol. 48, 2022 380 [

Similarly, max{w)(z o2 y),a} > min{w,ﬁ} and max{w)(z o3 y),a} >

min {Mj 5} Now,

min{w? (z o, y),a} = sup min{w‘l}z_ (xo1y),al
iel

< sup max{w‘l};( ), wm( ), B}
el

= =H @) <05}
— max(wh (2). (1), 3.

Similarly, min{e (.02 y), a} < max{=f(z), = (y), 5} and

min{wl (z 03 y), a} < max{wl(z), @ (y), 8}. Hence, A is a (a, 3) NSBS of S.

Theorem 4.4. If A and B are any two («, ) NSBS® of S1 and Se respectively, then A x B
is a (o, B) NSBS of S1 x Ss.

Proof. Let A and B be two («, ) NSBS® of S; and Sj respectively. Let z1,z9 € S; and
y1,Y2 € So. Then (x1,y1) and (z2,y2) are in S; x Sg. Now

max {wh, pl(@1,1) o1 (22, 92)], 0} = max { @k, p(w1 01 22,1 01 1), @}
max{wA(xl o1 T2), a}, max{wB(yl ©1 Y2), }}

&
> mln{mm{wA(:El) @l (2), B}, min{wh (v1), wh(ya), B}}

min

min { {min{e] (21), = () }, min{] (v2), = (12}, 8
= min {waB(fUhyl) WZ;XB(JU%?W)NB}‘
>

Also, max{wsz[(UCl,yl) 09 (x2,y2)]704} min {ngB(dfl,yl)awzxg(x%y2)7ﬁ} and

max {ngB[(xhyl) 3 (x27y2)],04} > min wixB($layl)7w£><B(x2ay2)yB}-

{
Now, max {WAXB[(SUlayl) o1 (z2,42)], & }
);

= max waB(xl O1 T2,Y1 01 Y2 }

max{wA xr1 01 332 a}—l—max{wB Y1 01 y2 « ]}

N |

{ i A0 ), i) ]

| V

N |

@) +whlw) | Zle —;wyyz)] | ﬁ}

N |

= min

{w£X3<xlﬂy1)+ngB(w‘27y2) /8}
2 ’ '
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I I
AlSO, maX{fDﬁxB[(th) oo (xg,y2>],04} > min{waB($17yl);‘wA><B($27y2)”8} and

I I
A {w,{lxg[(ﬁ,yl) o5 ($2’y2)]7a} > min{waB(-’Elayl)‘;WAxB(ﬂf2ay2)’/B}.

Similarly,
min {wixB[(xla y1) o1 (z2,y2)] } min {w AxB(T1 01 T2, Y1 01 Y2), }
= max { min{w} (z1 o1 22), o}, min{wh (y1 o1 y2), oz}}

= max { {max{w} (z1), @5 (y1)}, max{w] (z2), w5 (y2)}}, B}

Il
=

{

< max { max{wh (1), @k (2), B}, max{wh (1), @h (32), 5} |
{
{=4

ax § wh, (21, 41), @y (22, y2), 5}

Also, min {4, pl(21,91) 03 (22, 2], 0} < max {@h, plar, 1), @ g2, 10), B,
min { @4, gl(@1,91) o3 (v2, )} 0} < max {@h, (w1, 0), @k, p(@2,92). 6.

Hence A x B is a (a, ) NSBS of S; x Ss.

Corollary 4.5. If Ay, As, ..., A, are the family of (o, 5) NSBS*® of S1,Ss,...,S,, respectively,
then A; x Ag X ... x Ay is a (o, ) NSBS of S1 X Sg X ... X Sy,

Definition 4.6. Let A be a (a, 8) neutrosophic subset in S, the strongest (a, ) neutrosophic
relation on S, that is a («, ) neutrosophic relation on A is V' given by

max{wy (2,y), a} = min{w)(z), =} (y), B}

max{wy,(z,y), o} = min{w)(2), @) (y), B}

min{ewy; (z, y), o} = max{w}(z), @} (y), B}
Theorem 4.7. Let A be a (o, f) NSBS of S and V' be the strongest (c, B) neutrosophic relation
of S. Then A is a (a, B) NSBS of S if and only if V is a (o, 5) NSBS of S x S.

Theorem 4.8. Let (S1, B, B, Bs) and (Sa, [y, 0y, [3) be any two bisemirings. The homo-
morphic image of (o, B) NSBS of Sy is a («, ) NSBS of Ss.

Proof. Let A :S; — S2 be any homomorphism. Then A(z 8; y) = A(z) £ A(y), Az Be
y) = A(x) By A(y) and A(z Bz y) = A(z) s A(y) for all z,y € S;. Let V= A(A), A is any
(o, B) NSBS of Sy. Let A(x), A(y) € Sg. Let x € A7 (A(x)) and y € A~Y(A(y)) be such that

wh(z)= sup @h(z) and @wh(y) = sup  @}(2). Now,
2EA1(A(2)) z€AH(A(y))
max | @i (A(x) Ey Ay)) ,a} = max [ sup wh(z) ,a]
7 €ATHA(2)AY))

= max sup wh(z)
2 €A (A(zB1y)
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= max [wg(w B y), a}
> min {}(2), w5 (). 5}

= min {w%A(m), wih A(y), B}.

Thus, max [wg(A(z‘) [ A(y)) ,oz} > min {w‘T/A(:C)ng;A(y), B}

Similarly, max [W‘T/(A(az) G A(y)) ,a} > min {w‘@A(x), w‘T/A(y),ﬁ} and

max [w%;(A(J:) s A(y)) ,a} > min {ng(x),wg;A(y),ﬁ}.

Let A(z),A(y) € So. Let * € A7Y(A(z)) and y € A71(A(y)) be such that wl(z) =

sup  wh(z) and @wh(y) = sup  w@l(2). Now,
zeA—1(A(x)) 2€AT1(A(y))
max | @i (A(z) ) A(y)) , | = max sup wh(z) ,a]
| 2 €A1 (A(2)H1A(y))

I /
= max sup walz),
| 2 €eA-1(A(zB1y)

= max wﬁ(:p B ), a}

@y (z) -QFW,Q(y)’ﬁ}
W GRS

> min{

Thus, max [@ (A(r) B A(y)) , a] > min { FALT=LA0 51
Similarly, max [w{,(A(x) [y A(y)) 704 > min {w, 5} and

max [w{/(A(:c) s A(y)) ,a} > min {w’ 5}

Let # € A7Y(A(z)) and y € A7Y(A(y)) be such that wf(x) = Aillrl(fA( ))wi(z) and
ZEAT x
wh(y) = inf wh (2). Now,
AW = a sy =4
min |wi (A(z) B A(y)) ,a| = min inf h(Z)
| 2 AT (A(2)H1A(y))

. . /
= min inf wh(z) ,a
2 eA-L(A(zB1y)

= min wi(:l? B y), Cﬁ}
< max {wi(x),wi(y)aﬁ}

= max {w{;A(x), wi Ay), B}.
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Thus, min [w‘};(A(aj) 1 A(y)) ,a} < max {w{;A(x),w{;A(y),ﬁ}.
Similarly, min [w@(A(:p) Gl A(y)) ,a} < max {ng(:L‘),w{;A(y),ﬁ} and
min [w@(A(w) Cs A(y)) ,a} < max {w‘@A(m), w{;A(y),B}. Hence V is a («, 3) NSBS of Ss.

Theorem 4.9. Let (S1, B, B, Hs) and (Sa, [y, 0y, [3) be any two bisemirings. The homo-
morphic preimage of (o, ) NSBS of Se is a (a, ) NSBS of S;.

Proof. Let A : S; — Sy be any homomrphism. Then A(zH;y) = A(z)E1A(y), A(zBay) =
A(x) By A(y) and A(z Bz y) = A(z) s A(y) for all z,y € S;. Let V= A(A), where V is
any (a, 8) NSBS of Sp. Let z,y € S;. Then max{w}(z B, y), a} = max{wl(A(z B y)),a} =
max{=l (A() Oy Aly)),a} = min{=lA(w), =LA®), B} = min{=h (@), =4 (), 8. Thus,
max{w} (z B y), o} > min{w](z), @} (y), B}. Now, max{w!(z B y),a} = max{w (A(zx B
v)),a} = max{wh(Az) Bh Ay)), a} > min{wl Ax), =] Aly), B = min{wh (@), =4 (), 5.
Thus, max{w)(z B y),a} > min{w)(z),=,(y),8}. Now, min{w](x B y),a} =
min{wf (A By y)),a} = min{of(A@) Dy A),a} < max{mfA(), oEAW), A} =
max{wl (z), @] (y), 3}. Thus, min{w](z B, y),a} < max{w](z),=}(y),3}. Similarly to

prove other two operations, hence A is a (a, 8) NSBS of S;.

5. (e, 8) neutrosophic Normal Subbisemiring

In this section, we interact the theory for (a, 8)- neutrosophic normal subbisemiring. Here

NNSBS stands for neutrosophic normal subbisemiring.

Definition 5.1. Let A be any neutrosophic subset of S is said to be a NNSBS of S if it satisfies

the following conditions:

@h(zor1y) = wh(yorz))

wz(x o1Yy) = wg(y 01 ) OR
wh(x oy y) = wh(y o2 x) @l (@ 09 y) = wly(y 02 )
wz(:c o3Y) = wg(y 03 ) OR

@h(zozy) = w)(yosz))

@h(zor1y) =wh(yor )
wh(wory) = wh(y o2 )
wj(wo3y) = wh(yos @)

for all x,y € S.

Theorem 5.2. (i) The intersection of a family of NNSBS s of S is a NNSBS?® of S.
(ii) The intersection of a family of (o, 3) NNSBS of S is a (v, ) NNSBS s of S.

Proof. Proof follows from Theorem and Theorem
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Theorem 5.3. (i) If Ay, Ao, ..., A, are the family of NNSBS® of S1,So,...,S, respectively,
then A1 X Ag X ... x Ay, is a NNSBS of S1 X Sg X ... X S,,.

(ii) If Ay, Ag, ..., Ay, are the family of (o, 3) NNSBS?® of S1,Ss, ..., S, respectively, then Aj X
Ag X ... X Ay is a (o, f) NNSBS of S; X Sg X ... X S,,.

Proof. Proof follows from Theorem B.4] and Theorem [4.4]

Theorem 5.4. (i) Let A be any NNSBS of S and V' be the strongest neutrosophic relation of
S. Then A is a NNSBS of S if and only if V is a NNSBS of S x S.

(ii) Let A be any (o, f) NNSBS of S and V' be the strongest (o, ) neutrosophic relation of S.
Then A is a («, 8) NNSBS of S if and only if V is a (a, ) NNSBS of S x S.

Proof. Proof follows from Theorem B.7.

Theorem 5.5. Let (S1,H;,Hy,Hs) and (Sg, 1, e, H3) be any two bisemirings.
(i) The homomorphic image of any NNSBS of S; is a NNSBS of Ss.
(i) The homomorphic image of any («, 3) NNSBS of Sy is a (o, 8) NNSBS of Ss.

Proof. Proof follows from Theorem [B3.12] and Theorem

Theorem 5.6. Let (S1,H;,Hy,Hs) and (Sg, 1, e, H3) be any two bisemirings.
(i) The homomorphic preimage of any NNSBS of Se is a NNSBS of S;.
(ii) The homomorphic preimage of any («, 3) NNSBS of Sy is a (o, ) NNSBS of S;.

Proof. Proof follows from Theorem [B.13] and Theorem
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