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1. Introduction

In 1965, Zadeh [30] initiated the concept of fuzzy sets which is a generalisation of the clas-

sical notion of a set. The notion of intuitionistic fuzzy set was proposed by Atanassov [4]

whose elements have both membership and non-membership degrees. Biswas [5] introduced

Rosenfeld’s fuzzy subgroups with interval valued membership functions and studied some in-

teresting properties. The idea of β−algebras has been presented by Neggers and Kim [23]

which is a generlization of BCK/BCI−algebras where two operations have been used. Sama-

randache [27] proposed a generlization of intuitionistic fuzzy sets, known as neutrosophic set in

which the distinction between the neutrosophic set and intuitionistic fuzzy set are emphasised.

The notion of cubic sets introduced by Jun et al. [10, 11] and investigated the characteristics

of cubic subgroups. Maji [16] applied the idea of soft set into neutrosophic sets and studied

some compelling results.
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The thought of fuzzy β−subalgebras originated by Ansari et al. [3] and relevant results

have been examined. The attributes on intuitionistic fuzzy β−subalgebras were presented

by Sujatha et al. [28]. Iqbal et al. [9] developed the idea of neutrosophic cubic subalge-

bras and ideals of B-algebras. The concept of neutrosophic cubic sets initiated by Jun et

al. [12], [13], [14] and they have extended notion of neutrosophic subalgebras set to several

types of BCK/BCI−algebras. Moreover, the applications of cubic interval valued intuition-

istic fuzzy sets in BCK/BCI−algebras were provided. Hemavathi et al. [8] expressed the

characteristics on interval valued intuitionistic fuzzy β−subalgebras. Made an approach on

normed linear space using neutrosophic sets by Muralikrishna et al. [20] and examined the

fascinating results.

The notion of BMBJ- neutrosophic aubalgebra in BCK/BCI−algebras presented by Bord-

bar et al. [6] and provided some engrossing results. Ajay et al. [1] discussed about neutrosophic

cubic fuzzy dombi hamy mean operators with application to multi-criteria decision making.

Akbar Razaei et al. [2] initiated the thought of neutrosophic triplet of BI−algebras and rel-

evant results have been studied. Neutrosophic logic theory and applications were developed

by Eman AboEIHamd et al. [7]. Some aspects on cubic fuzzy β−subalgebra of β− algebra

were discussed by Muralikrishna et al. [21]. Mohsin Khalid et al [17], [18], [19] interpreted the

concept of translation and multiplication of neutrosophic cubic set and also introduced the

notion of T −MBJneutrosophic set under M−subalgebra. Moreover, the authors described

the properties of T−neutrosophic cubic set on BF−algebra. Some special characteristics of

neutrosophic vague binary BCK/BCI−algebra were discussed by Remya et al. [26]. Nanthini

et al. [22] initiated the idea of interval valued neutrosophic topological spaces and relevant

results have been examined.Diagnosing psychiatric disorder using neutrosophic soft set and

its application presented deliberately by Veerappan Chinnadurai et al. [29]. Rajab Ali Bor-

sooei et al. [25] intended to develop the polarity of generalized neutrosophic subalgebras in

BCK/BCI−algebras. Johnson Awolola [15] introduced the concept of α−level sets of neu-

trosophic set and investigated few of its associated properties. Prakasam Muralikrishna et

al. [24] applied the concept of β−ideal into MBJ−neutrosophic set and investigated some

engrossing results. With all these inspiration, this paper provides the study of neutrosophic

cubic β−subalgebra. This work is organized into the following sections: Section 1 provides the

introduction and section 2 presents the existing definitions required for this study. Section 3

deals the concept of neutrosophic cubic β−subalgebra, section 4 describes the characteristics

on homomorphism of neutrosophic cubic β−subalgebra and section 5 gives the conclusion and

future scope of the work.
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2. Preliminaries

This section provides the necessary definitions and examples required for the work.

Definition 2.1. A fuzzy set in a universal set X is defined as ζ : X → [0, 1]. For each element

x ∈ X, ζ(x) is called the membership value of x.

Definition 2.2. If ζ1 and ζ2 are fuzzy sets in X, then the union of ζ1 and ζ2, denoted by

ζ1 ∪ ζ2 is defined by, (ζ1 ∪ ζ2)(x) = max{ζ1(x), ζ2(x)} ∀ x ∈ X.

Definition 2.3. If ζ1 and ζ2 are fuzzy sets in X, then the intersection of ζ1 and ζ2, denoted

by ζ1 ∩ ζ2 is defined by, (ζ1 ∩ ζ2)(x) = min{ζ1(x), ζ2(x)} ∀ x ∈ X.

Definition 2.4. Let ζ be a fuzzy set of X. for any δ ∈ [0, 1], the set ζδ = {x ∈ X/ζ(x) ≥ δ}
is called an upper level subset of ζ. The level subset ζδ of a fuzzy set ζ is a crisp subset of the

set X.

Definition 2.5. Let ζ be a fuzzy set of X. For δ ∈ [0, 1], the set ζδ = {x ∈ X : ζ(x) ≤ δ} is

called a lower level subsets of ζ.

Definition 2.6. The supremum property of the fuzzy set ζ for the subset A in X is defined

as ζ(a0) = Sup
a∈A

ζ(a) if there exist a, a0 ∈ A.

Definition 2.7. Let D[0, 1] denote the family of all closed sub intervals of [0, 1]. Con-

sider two elements D1,D2 ∈ D[0, 1]. If D1 = [a1, b1] and D2 = [a2, b2], then

rmax(D1, D2) = [max(a1, a2),max(b1, b2)] which is denoted by D1
∨rD2 and rmin(D1, D2) =

[min(a1, a2),min(b1, b2)] which is denoted by D1
∧rD2.

Thus if Di = [ai, bi] ∈ D[0, 1] for i=1,2,3.... rsupi(Di) = [supi(ai), supi(bi)], i.e.
∨r
i Di =

[
∨
i ai,

∨
i bi]. Similarly rinfi(Di) = [infi(ai), infi(bi)] i.e

∧r
i Di = [

∧
i ai,

∧
i bi]. Now D1 ≥ D2

iff a1 ≥ a2 and b1 ≥ b2. Similarly the relations D1 ≤ D2 and D1 = D2 are defined.

Definition 2.8. An interval valued fuzzy set A defined on X is given by

A={(x, [ζLA(x), ζUA (x)])} ∀ x ∈ X (briefly denoted by A = [ζLA, ζ
U
A ]), where ζLA and ζUA are

two fuzzy sets in X such that ζLA(x) ≤ σUA(x) ∀ x ∈ X. Let ζA(x) = [ζLA(x), ζUA (x)] ∀ x ∈ X
and let D[0, 1] denotes the family of all closed sub intervals of [0, 1]. If ζLA(x) = ζUA (x) = c,

say, where 0 ≤ c ≤ 1, then ζA(x) = [c, c] also for the sake of convenience, to belong to D[0, 1].

Thus ζA(x) ∈ D[0, 1] ∀ x ∈ X, and therefore the interval valued fuzzy set A is given by

A = {(x, ζA(x))} ∀ x ∈ X, where ζA : X → D[0, 1].

Now let us define what is known as refined mimimum(rmin) of two elements in D[0, 1].

Let us define the symbols ” ≥ ” , ” ≤ ”, and ” = ” in case of two elements in D[0, 1].

Consider two elements D1 := [a1, b1] and D2 := [a2, b2] ∈ D[0, 1]. Then rmin(D1, D2) =
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[min{a1, a2},min{b1, b2}]; D1 ≥ D2 if and only if a1 ≥ a2, b1 ≥ b2; Similarly , D1 ≤ D2 and

D1 = D2.

Definition 2.9. An Intuitionistic fuzzy set (IFS) in a nonempty set X is defined by

A= {〈x, ζA(x), ηA(x)〉/x ∈ X} where ζA : X → [0, 1] is a membership function of A and

ηA : X → [0, 1] is a non membership function of A satisfying 0 ≤ ζA(x) + ηA(x) ≤ 1 ∀ x ∈ X.

Definition 2.10. An intuitionistic fuzzy set A is said to have sup-inf property if for any subset

T of X there exists x0 ∈ T such that ζA(x0) = Sup
x∈T

ζA(x) and ηA(x0) = inf
x∈T

ηA(x).

Definition 2.11. A β− algebra is a non-empty set X with a constant 0 and two binary

operations + and − satisfying the following axioms:

(i) x− 0 = x

(ii) (0− x) + x = 0

(iii) (x− y)− z = x− (z + y) ∀ x, y, z ∈ X.

Example 2.12. The following Cayley table shows (X = {0, 1, 2, 3},+,−, 0) is a β−algebra.

Table 1. β-algebra

+ 0 1 2 3

0 0 1 2 3

1 1 3 0 2

2 2 0 3 1

3 3 2 1 0

− 0 1 2 3

0 0 2 1 3

1 1 0 3 2

2 2 3 0 1

3 3 1 2 0

Definition 2.13. A non empty subset A of a β−algebra (X,+,−, 0) is called a β-subalgebra

of X, if

(i) x+ y ∈ A and

(ii) x− y ∈ A ∀ x, y ∈ A.

Definition 2.14. Let X be a non empty set. By a cubic set in X we mean a structure

C = {〈x, ζC(x), ηC(x)〉 : x ∈ X}

in which ζC is an interval valued fuzzy set in X and ηC is a fuzzy set in X.

Definition 2.15. Let A = {〈x, ζA(x), ηA(x)〉 : x ∈ X} and B = {〈x, ζB(x), ηB(x)〉 : x ∈ X}
be two cubic sets on X, then the intersection of A and B denoted by A ∩B is defined by

A ∩B = {〈x, ζA∩B(x), ηA∩B(x)〉} = {〈x, rmin{ζA(x), ζB(x)},max(ηA(x), ηB(x)), 〉 : x ∈ X}.

Definition 2.16. A cubic set C = {〈x, ζC(x), ηC(x)〉 : x ∈ X} is said to have rsup-inf

property if for any subset T of X there exists x0 ∈ T such that ζC(x0) = rsup
x∈T

ζC(x) and

ηC(x0) = inf
x∈T

ηC(x).
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Definition 2.17. Let C = {〈x, ζC(x), ηC(x)〉 : x ∈ X} be a cubic set in X. Then the set C

is a cubic fuzzy β− subalgebra if it satisfies the following conditions.

(i) ζC(x+ y) ≥ rmin{ζC(x), ζC(y)} & ζC(x− y) ≥ rmin{ζC(x), ζC(y)}
(ii) ηC(x+ y) ≤ max{ηC(x), ηC(y)} & ηC(x− y) ≤ max{ηC(x), ηC(y)} ∀ x, y ∈ X.

Definition 2.18. A neutrosophic set in X is a structre of the form Ω = {〈x :

ωT (x), ωI(x), ωF (x)〉/x ∈ X}. Where ωT : X → [0, 1] is a truth membership function,

ωI : X → [0, 1] is a indeterminate membership function and ωF : X → [0, 1] is a false

membership function.

Definition 2.19. An interval neutrosophic set in X is a structre of the form ∆ = {〈x :

δT (x), δI(x), δF (x)〉/x ∈ X} where δT , δI , δF are interval valued fuzzy sets in X, which are

called an interval truth membership function, an interval indeterminate membership function

and an interval false membership function respectively.

Definition 2.20. Let X be a non-empty set. A neutrosophic cubic set is a pair C = (∆, ω)

where ∆ = {x : δT (x), δI(x), δF (x)/x ∈ X} is interval valued neutrosophic set Ω = {〈x :

ωT (x),ΩI(x), ωF (x)/x ∈ X〉} is neutrosophic set.For our convenience, the neutrosophic cubic

set will be denoted as C = (δT,I,F , ωT,I,F ) = {〈x, δT,I,F (x), ωT,I,F (x)〉}.

Definition 2.21. Let f be a mapping from X to Y . If C = (δT,I,F , ωT,I,F ) is neutro-

sophic cubic set of X. Then the image of C under f is denoted by f(C) and is defined

as f(C) = {〈x, frsup(δT,I,F ), finf (ωT,I,F )〉/x ∈ X}, where

frsup(δT,I,F )(y) =


rsup

x∈f−1(y)

(δT,I,F )(x) : if f−1(y) 6= φ

[0, 0] : Otherwise

finf (ωT,I,F )(y) =


inf

x∈f−1(y)

(ωT,I,F )(x) : if f−1(y) 6= φ

1 : Otherwise

Definition 2.22. Let f be a mapping from X to Y . If C = (δT,I,F , ωT,I,F )

is neutrosophic cubic set of X. Then the inverse image of C is defined as

f−1(C) = {〈x, frsup(δT,I,F ), finf (ωT,I,F )〉/x ∈ X}, with f−1(δT,I,F (x) = (δT,I,F (f(x)) and

f−1(ωT,I,F (x) = (ωT,I,F (f(x)).

Definition 2.23. For any Ci = (∆i,Ωi),where ∆i = {〈x, δiT (x), δiI(x), δiF (x)〉 : x ∈ X}
and Ωi = {〈x, ωiT (x), ωiI(x), ωiF (x)〉 : x ∈ X} for i ∈ k. P− union, P−intersection &

R−union,R−intersection is defined respectively by

P−union:
⋃
i∈k

Ci =

(⋃
i∈k

∆i,
∨
i∈k

Ωi

)
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P−intersection:
⋂
i∈k

Ci =

(⋂
i∈k

∆i,
∧
i∈k

Ωi

)
R−union:

⋃
i∈k

Ci =

(⋃
i∈k

∆i,
∧
i∈k

Ωi

)
R−intersection:

⋂
i∈k

Ci =

(⋂
i∈k

∆i,
∨
i∈k

Ωi

)
where⋃
i∈k

∆i =

{
〈x;

(⋃
i∈k

δiT

)
(x),

(⋃
i∈k

δiI

)
(x),

(⋃
i∈k

δiF

)
(x)/x ∈ X

}
∨
i∈k

Ωi =

{
〈x;

(∨
i∈k

ωiT

)
(x),

(∨
i∈k

ωiI

)
(x),

(∨
i∈k

ωiF

)
(x)/x ∈ X

}
⋂
i∈k

∆i =

{
〈x;

(⋂
i∈k

δiT

)
(x),

(⋂
i∈k

δiI

)
(x),

(⋂
i∈k

δiF

)
(x)/x ∈ X

}
∧
i∈k

Ωi =

{
〈x;

(∧
i∈k

ωiT

)
(x),

(∧
i∈k

ωiI

)
(x),

(∧
i∈k

ωiF

)
(x)/x ∈ X

}
.

Definition 2.24. Let C be a neutrosophic cubic set of X where C = (δT,I,F , ωT,I,F ). For

[sT1 , sT2 ], [sI1 , sI2 ], [sF1 , sF2 ] ∈ D[0, 1] and tT1 , tT1 , tF1 ∈ [0, 1],

the set U(δT,I,F /[sT1 , sT2 ], [sI1 , sI2 ], [sF1 , sF2 ] = {x ∈ X/δT (x) ≥ [sT1 , sT2 ], δT (x) ≥
[sI1 , sI2 ], δT (x) ≥ [sF1 , sF2 ]} is called upper ([sT1 , sT2 ], [sI1 , sI2 ], [sF1 , sF2 ])-level of C and

L(ωT,I,F /(tT1 , tT1 , tF1)) = {x ∈ X/ωT (x) ≤ tT1 , ωI(x) ≤ tI1 , ωF (x) ≤ tF1 is called lower

(tT1 , tT1 , tF1)-level set of A.

For our convenience, we are introducing the new notion as

U(δT,I,F /[ST,I,F1 , ST,I,F2 ] = {x ∈ X/δT,I,F (x) ≥ [ST,I,F1 , ST,I,F2 ]} is called upper

[sT,I,F1 , sT,I,F2 ]-level set of C and L(ωT,I,F /[tT,I,F1 , tT,I,F2 ] = {x ∈ X/ωT,I,F (x) ≤
[tT,I,F1 , tT,I,F2 ]} is called lower tT,I,F1-level set of C.

3. Neutrosophic Cubic β− Subalgebra

This section introduces the notion of neutrosophic cubic β− subalgebra and discusses some

engrossing results.

Definition 3.1. C = {x,∆(x),Ω(x)/x ∈ X}) be a neutrosophic cubic set in X. Then the

set C is a neutrosophic cubic β−subalgebra if it satisfies the following conditions:

NS1 :

δT (x+ y) ≥ rmin{δT (x), δT (y)} & δT (x− y) ≥ rmin{δT (x), δT (y)}
δI(x+ y) ≥ rmin{δI(x), δI(y)} & δI(x− y) ≥ rmin{δI(x), δI(y)}
δF (x+ y) ≥ rmin{δF (x), δF (y)} & δF (x− y) ≥ rmin{δF (x), δF (y)}
NS2:

ωT (x+ y) ≤ max{ωT (x), ωT (y)} & ωT (x− y) ≤ max{ωT (x), ωT (y)}
ωI(x+ y) ≤ max{ωI(x), ωI(y)} & ωI(x− y) ≤ max{wI(x), ωI(y)}
ωF (x+ y) ≤ max{ωF (x), ωF (y)} & ωF (x− y) ≤ max{ωF (x), ωF (y)}
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For our convenience the neutrosophic cubic set will be denoted as

C = (δT,I,F , ωT,I,F ) = {〈x, δT,I,F (x), ωT,I,F (x)〉} with conditions

(i)δT,I,F (x+ y) ≥ rmin{δT,I,F (x), δT,I,F (y)} & δT,I,F (x− y) ≥ rmin{δT,I,F (x), δT,I,F (y)}
(ii)ωT,I,F (x+ y) ≤ max{ωT,I,F (x), ωT,I,F (y)} & ωT,I,F (x− y) ≤ max{ωT,I,F (x), ωT,I,F (y)}.

Example 3.2. For the β−algebra X in the example 2.6, the Cubic set C = {x,∆(x),Ω(x)/x ∈
X}) on X as follows.

0 1 2 3

δT [0.4,0.6] [0.3,0.7] [0.4,0.6] [0.3,0.7]

δI [0.3,0.5] [0.2,0.4] [0.3,0.5] [0.2,0.4]

δF [0.2,0.3] [0.1,0.2] [0.2,0.3] [0.1,0.2]

0 1 2 3

ωT 0.2 0.4 0.2 0.4

ωI 0.3 0.5 0.3 0.5

ωF 0.4 0.6 0.4 0.6

is a neutrosophic cubic fuzzy β−sub algebra of X.

Proposition 3.3. Let C = {〈x, δT,I,F (x), ωT,I,F (x)〉 : x ∈ X} is a neutrosophic cubic

β−subalgebra of X. Then δT,I,F (0) ≥ δT,I,F (x) and ωT,I,F (0) ≤ ωT,I,F (x) ∀ x ∈ X. Thus

δT,I,F (0) & ωT,I,F (0) are upper bounds and lower bounds of δT,I,F (x) & ωT,I,F (x) respectively.

proof: (1) For every x ∈ X,

δT,I,F (0) = δT,I,F (x− x)

≥ rmin{δT,I,F (x), δT,I,F (x)}

= δT,I,F (x)

∴ δT,I,F (0) ≥ δT,I,F (x) and

ωT,I,F (0) = ωT,I,F (x− x)

≤ max{ωT,I,F (x), ωT,I,F (x)}

= ωT,I,F (x)

∴ ωT,I,F (0) ≤ ωT,I,F (x).

Theorem 3.4. Let C = {〈x, δT,I,F (x), ωT,I,F (x)〉 : x ∈ X} be a neutrosophic cubic

β−subalgebra of X. If there exists a sequence {xn} of X such that limn→∞ δT,I,F (xn) = [1, 1]

and limn→∞ ωT,I,F (xn) = 0. Then δT,I,F (xn) = [1, 1] and ωT,I,F (xn) = 0.

Proof: By using Proposition 3.3, δT,I,F (0) ≥ δT,I,F (x) ∀x ∈ X, then we have δT,I,F (0) ≥
δT,I,F (xn) ∀n ∈ Z+. Consider,[1, 1] ≥ δT,I,F (0) ≥ limn→∞ δT,I,F (xn) = [1, 1] Hence,

δT,I,F (0) = [1, 1]. Moreover using proposition 3.3, ωT,I,F (0) ≤ ωT,I,F (x) ∀x ∈ X, then we

have ωT,I,F (0) ≤ ωT,I,F (xn) ∀n ∈ Z+ Consider,0 ≤ ωT,I,F (0) ≤ limn→∞ ωT,I,F (xn) = 0.

Hence, ωT,I,F (0) = 0.
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Theorem 3.5. The R−intersection of any set of neutrosophic cubic β−subalgebras of X is

also a neutrosophic cubic β−subalgebra of X.

Proof: Let Ci = {〈x, δiT,I,F , ωiT,I,F 〉/x ∈ X} where i ∈ k be a sets of neutrosophic cubic

β−subalgebras of X and x, y ∈ X. Then

(∩δiT,I,F )(x+ y) = rinf δiT,I,F (x+ y)

≥ rinf {rmin{δiT,I,F (x), δiT,I,F (y)}}

= rmin{rinf δiT,I,F (x), rinf δiT,I,F (y)}

= rmin{∩δiT,I,F (x),∩δiT,I,F (y)}

∴ ∩δiT,I,F (x+ y) ≥ rmin{∩δiT,I,F (x),∩δiT,I,F (y)}

Similarly,

δiT,I,F (x− y) ≥ rmin{∩δiT,I,F (x),∩δiT,I,F (y)} and

(∨ωiT,I,F )(x+ y) = sup ωiT,I,F (x+ y)

≤ sup {max{ωiT,I,F (x), ωiT,I,F (y)}}

= max{sup ωiT,I,F (x), sup ωiT,I,F (y)}

= max{∨ωiT,I,F (x),∨ωiT,I,F (y)}

∴ ∨ωiT,I,F (x+ y) ≤ max{∨ωiT,I,F (x),∨ωiT,I,F (y)}

In the same way, ωiT,I,F (x− y) ≤ max{∨δiT,I,F (x),∨ωiT,I,F (y)}. Hence R−intersection of Ci

is a neutrosophic cubic β−subalgebra of X.

Theorem 3.6. The Ci = {〈x, δiT,I,F , ωiT,I,F 〉}/x ∈ X where i ∈ k be a

sets of neutrosophic cubic β−subalgebras of X. If inf{max{ωiT,I,F (x), ωiT,I,F (y) =

max{infωiT,I,F (x), infωiT,I,F (y)}∀x ∈ X. Then the P−intersection of Ci is also a neutro-

sophic cubic β−subalgebra of X.

Proof: Let Ci = {〈x, δiT,I,F , ωiT,I,F 〉/x ∈ X} where i ∈ k be a sets of neutrosophic cubic

β−subalgebras of X and x, y ∈ X. Then

(∩δiT,I,F )(x+ y) = rinf δiT,I,F (x+ y)

≥ rinf {rmin{δiT,I,F (x), δiT,I,F (y)}}

= rmin{rinf δiT,I,F (x), rinf δiT,I,F (y)}

= rmin{∩δiT,I,F (x),∩δiT,I,F (y)}

∴ ∩δiT,I,F (x+ y) ≥ rmin{∩δiT,I,F (x),∩δiT,I,F (y)}

P Muralikrishna ,R Vinodkumar , G Palani , Neutrosophic Cubic β−subalgebra

Neutrosophic Sets and Systems, Vol. 48, 2022                                                                                424



In the same manner, δiT,I,F (x− y) ≥ rmin{∩δiT,I,F (x),∩δiT,I,F (y)} and

(∧ωiT,I,F )(x+ y) = inf ωiT,I,F (x+ y)

≤ inf {max{ωiT,I,F (x), ωiT,I,F (y)}}

= max{infωiT,I,F (x), inf ωiT,I,F (y)}

= max{∧ωiT,I,F (x),∨ωiT,I,F (y)}

∴ ∧ωiT,I,F (x+ y) ≤ max{∧ωiT,I,F (x),∧ωiT,I,F (y)}

Similarly, ∧ωiT,I,F (x− y) ≤ max{∧ωiT,I,F (x),∧ωiT,I,F (y)}. Hence P−intersection of Ci is a

neutrosophic cubic β−subalgebra of X.

Theorem 3.7. The Ci = {〈x, δiT,I,F , ωiT,I,F 〉}/x ∈ X where i ∈ k be a sets

of neutrosophic cubic β−subalgebras of X. If sup {rmin{δiT,I,F (x), δiT,I,F (y) =

rmin{sup δiT,I,F (x), sup δiT,I,F (y)}∀x ∈ X. Then the P−union of Ci is also a neutrosophic

cubic β−subalgebra of X.

Proof: Let Ci = {〈x, δiT,I,F , ωiT,I,F 〉/x ∈ X} where i ∈ k be a sets of neutrosophic cubic

β−subalgebras of X and x, y ∈ X such that

sup{rmin{δiT,I,F (x), δiT,I,F (y) = rmin{sup δiT,I,F (x), sup δiT,I,F (y)}∀x ∈ X. Then for

x, y ∈ X,

(∪δiT,I,F )(x+ y) = rsup δiT,I,F (x+ y)

≥ rsup {rmin{δiT,I,F (x), δiT,I,F (y)}}

= rmin{rsup δiT,I,F (x), rsup δiT,I,F (y)}

= rmin{∪δiT,I,F (x),∪δiT,I,F (y)}

∴ ∪δiT,I,F (x+ y) ≥ rmin{∪δiT,I,F (x),∪δiT,I,F (y)}

Likewise, ∪δiT,I,F (x− y) ≥ rmin{∪δiT,I,F (x),∪δiT,I,F (y)} and

(∨ωiT,I,F )(x+ y) = sup ωiT,I,F (x+ y)

≤ sup {max{ωiT,I,F (x), ωiT,I,F (y)}}

= max{sup ωiT,I,F (x), sup ωiT,I,F (y)}

= max{∨ωiT,I,F (x),∨ωiT,I,F (y)}

∴ ∨ωiT,I,F (x+ y) ≤ max{∨ωiT,I,F (x),∨ωiT,I,F (y)}

Similarly, ∨ωiT,I,F (x − y) ≤ max{∨ωiT,I,F (x),∨ωiT,I,F (y)}. Hence P−union of Ci is a neu-

trosophic cubic β−subalgebra of X.

Theorem 3.8. The Ci = {〈x, δiT,I,F , ωiT,I,F 〉}/x ∈ X where i ∈ k be a sets

of neutrosophic cubic β−subalgebras of X. If inf {max{ωiT,I,F (x), ωiT,I,F (y)} =
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max{inf ωiT,I,F (x), inf ωiT,I,F (y)} & sup {rmin{ωiT,I,F (x), ωiT,I,F (y)} =

rmin{sup ωiT,I,F (x), sup ωiT,I,F (y)}∀x ∈ X. Then the R−union of Ci is also a neutrosophic

cubic β−subalgebra of X.

Proof: Let Ci = {〈x, δiT,I,F , ωiT,I,F 〉/x ∈ X} where i ∈ k be a sets of neutrosophic cubic

β−subalgebras of X such that inf{max{δiT,I,F (x), δiT,I,F (y)} &

sup{rmin{δiT,I,F (x), δiT,I,F (y)} = rmin{sup δiT,I,F (x), sup δiT,I,F (y)}∀x ∈ X. Then for

x, y ∈ X,

(∪δiT,I,F )(x+ y) = rsup δiT,I,F (x+ y)

≥ rsup {rmin{δiT,I,F (x), δiT,I,F (y)}}

= rmin{rsup δiT,I,F (x), rsup δiT,I,F (y)}

= rmin{∪δiT,I,F (x),∪δiT,I,F (y)}

∴ ∪δiT,I,F (x+ y) ≥ rmin{∪δiT,I,F (x),∪δiT,I,F (y)}

In the same way, ∪δiT,I,F (x− y) ≥ rmin{∪δiT,I,F (x),∪δiT,I,F (y)} and

(∧ωiT,I,F )(x+ y) = inf ωiT,I,F (x+ y)

≤ inf {max{ωiT,I,F (x), ωiT,I,F (y)}}

= max{inf ωiT,I,F (x), inf ωiT,I,F (y)}

= max{∧ωiT,I,F (x),∧ωiT,I,F (y)}

∴ ∧ωiT,I,F (x+ y) ≤ max{∧ωiT,I,F (x),∧ωiT,I,F (y)}

Similarly, ∧ωiT,I,F (x − y) ≤ max{∧ωiT,I,F (x),∧ωiT,I,F (y)}. Hence R−union of Ci is a neu-

trosophic cubic β−subalgebra of X.

Theorem 3.9. Neutrosophic cubic set Ci = {∆T,I,F ,ΩT,I,F }of X is a neutrosophic cubic

β−subalgebra of X if and ony if δLT,I,F , δ
U
T,I,F & ωT,I,F are fuzzy subalgebras of X.

Proof: Let δLT,I,F , δ
U
T,I,F & ωT,I,F are fuzzy subalgebras of X and x, y ∈ X.Then

δLT,I,F (x+ y) ≥ min{δLT,I,F (x), δLT,I,F (y)}
δUT,I,F (x+ y) ≥ min{δUT,I,F (x), δUT,I,F (y)} and

ωT,I,F (x+ y) ≤ max{ωT,I,F (x), ωT,I,F (y)}
Now

δT,I,F (x+ y) = [δLT,I,F (x+ y), δUT,I,F (x+ y)]

≥ [min{δLT,I,F (x), δLT,I,F (y)},min{δUT,I,F (x), δUT,I,F (y)}]

≥ rmin{[δLT,I,F (x), δUT,I,F (x)], [δLT,I,F (y), δUT,I,F (y)]}

= rmin{δT,I,F (x), δT,I,F (y)}
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∴ C is neutrosophic cubic β−subalgebra of X.

Conversely, assume that C is neutrosophic cubic β−subalgebra of X. For any x, y ∈ X,

[δLT,I,F (x+ y), δUT,I,F (x+ y)] = δT,I,F (x+ y)

≥ rmin{δT,I,F (x), δT,I,F (y)}

≥ rmin{[δLT,I,F (x), δUT,I,F (x)], [δLT,I,F (y), δUT,I,F (y)]}

Thus, δLT,I,F (x+ y) ≥ min{δLT,I,F (x), δLT,I,F (y)}, δUT,I,F (x+ y) ≥ min{δUT,I,F (x), δUT,I,F (y)} and

ωT,I,F (x+y) ≤ max{ωT,I,F (x), ωT,I,F (y)}. Hence δLT,I,F , δ
U
T,I,F and ωT,I,F are fuzzy subalgebra

of X.

Remark 3.10. The sets denoted by IδT,I,F
and IωT,I,F are also subalgebra of X which are de-

fined as IδT,I,F
= {x ∈ X/δT,I,F (x) = δT,I,F (0)} and IωT,I,F = {x ∈ X/ωT,I,F (x) = ωT,I,F (0)}.

Theorem 3.11. Let C = (δT,I,F , ωT,I,F ) be a neutrosophic cubic β−subalgebra of X. Then

the sets IδT,I,F
and IωT,I,F are also subalgebra of X.

Proof: Let x, y ∈ IδT,I,F
.

Then δT,I,F (x) = δT,I,F (0) = δT,I,F (y). Consider

δT,I,F (x+ y) ≥ rmin{δT,I,F (x), δT,I,F (y)}

≥ rmin{δT,I,F (0), δT,I,F (0)}

= δT,I,F (0)

∴ δT,I,F (x+ y) ≥ δT,I,F (0). By using proposition 3.3, δT,I,F (0) ≥ δT,I,F (x+ y)

Then we have δT,I,F (x+ y) = δT,I,F (0) or equivalently, x+ y ∈ IδT,I,F

Similarly, x− y ∈ IδT,I,F
.

Now, let x, y ∈ IδT,I,F
. Then ωT,I,F (x) = ωT,I,F (0) = ωT,I,F (y).

Consider

ωT,I,F (x+ y) ≤ max{δT,I,F (x), δT,I,F (y)}

= max{ωT,I,F (0), ωT,I,F (0)}

= ωT,I,F (0)

∴ ωT,I,F (x+ y) ≤ ωT,I,F (0). By using proposition 3.3, ωT,I,F (0) ≤ ωT,I,F (x+ y)

Then we have ωT,I,F (x+ y) = ωT,I,F (0) or equivalently, x+ y ∈ IωT,I,F

Similarly,x− y ∈ IωT,I,F . Hence the sets IδT,I,F
and IωT,I,F are β−subalgebras of X.

Theorem 3.12. Let P be a non empty subset of X and C = (δT,I,F , ωT,I,F ) be a neutrosophic

cubic β−subalgebra of X defined by

P Muralikrishna ,R Vinodkumar , G Palani , Neutrosophic Cubic β−subalgebra

Neutrosophic Sets and Systems, Vol. 48, 2022                                                                                427



δT,I,F (x) =

[φT,I,F1 , φT,I,F1 ] : if x ∈ P

[ψT,I,F1 , ψT,I,F1 ] : Otherwise
ωT,I,F (x) =

ρT,I,F : if x ∈ P

εT,I,F : Otherwise

∀ [φT,I,F1 , φT,I,F2 ], [ψT,I,F1 , ψT,I,F2 ] ∈ D[0, 1] and ρT,I,F , εT,I,F ∈ [0, 1] with [φT,I,F1 , φT,I,F2 ] ≥
[ψT,I,F1 , ψT,I,F2 ] and ρT,I,F ≤ εT,I,F . Then C is a neutrosophic cubic β−subalgebra of X ⇔ P

is a β−subalgebra of X.

Proof: Let C be a neutrosophic cubic β−subalgebra of X.

Let x, y ∈ X such tat x, y ∈ P . Then

δT,I,F (x+ y) ≥ rmin{δT,I,F (x), δT,I,F (y)}

≥ rmin{[φT,I,F1 , φT,I,F2 ], [φT,I,F1 , φT,I,F2 ]}

= [φT,I,F1 , φT,I,F2 ]

and

ωT,I,F (x+ y) ≤ max{ωT,I,F (x), ωT,I,F (y)}

≤ max{ρT,I,F , ρT,I,F }

= ρT,I,F

Therefore x+ y ∈ P . Similarly, we have x− y ∈ P .

Hence P is a β−subalgebra of X.

Conversely, suppose that P is a β−subalgebra of X. Let x, y ∈ X.

Case(i): If x, y ∈ P then x+ y ∈ P & x− y ∈ P
Thus δT,I,F (x+ y) = [φT,I,F1 , φT,I,F2 ] = rmin{δT,I,F (x), δT,I,F (y)}
Similarly, δT,I,F (x− y) = rmin{δT,I,F (x), δT,I,F (y)} and

ωT,I,F (x+ y) = ρT,I,F = max{ωT,I,F (x), ωT,I,F (y)}.
In the same way, ωT,I,F (x− y) = max{ωT,I,F (x), δT,I,F (y)}
Case (ii): if x, y /∈ B,then

δT,I,F (x+ y) = [ψT,I,F1 , ψT,I,F2 ] = rmin{δT,I,F (x), δT,I,F (y)}
Similarly, δT,I,F (x− y) = rmin{δT,I,F (x), δT,I,F (y)} and

ωT,I,F (x+ y) = εT,I,F = max{ωT,I,F (x), ωT,I,F (y)}.
In the same way, ωT,I,F (x− y) = max{ωT,I,F (x), δT,I,F (y)}
Hence C is a neutrosophic cubic β−subalgebra of X.
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Now,

IδT,I,F
= {x ∈ X, δT,I,F (x) = δT,I,F (0)}

= {x ∈ X, δT,I,F (x) = [φT,I,F1 , φT,I,F2 ]}

= P

IωT,I,F = {x ∈ X,ωT,I,F (x) = ωT,I,F (0)}

= {x ∈ X,ωT,I,F (x) = ρT,I,F }

= P.

Theorem 3.13. If C = (δT,I,F , ωT,I,F ) be a neutrosophic cubic β−subalgebra of X then the

upper [sT,I,F1 , sT,I,F2 ]-level and lower tT,I,F1-level set of C are β−subalgebra of X.

proof: Let x, y ∈ U(δT,I,F /[sT,I,F1 , sT,I,F2 ]), then δT,I,F (x) ≥ [sT,I,F1 , sT,I,F2 ] and δT,I,F (y) ≥
[sT,I,F1 , sT,I,F2 ]. It follows that δT,I,F (x+ y) ≥ rmin{δT,I,F (x), δT,I,F (y) ≥ [sT,I,F1 , sT,I,F2 ]

⇒ x+ y ∈ U(δT,I,F /[sT,I,F1 , sT,I,F2 ]). Similarly, x− y ∈ U(δT,I,F /[sT,I,F1 , sT,I,F2 ].

Hence U(δT,I,F /[sT,I,F1 , sT,I,F2 ] is a β−subalgebra of X.

Let x, y ∈ L(ωT,I,F /tT,I,F1) then ωT,I,F (x) ≤ tT,I,F1 and ωT,I,F (y) ≤ tT,I,F1.

It follows that ωT,I,F (x+ y) ≤ max{ωT,I,F (x), ωT,I,F (y) ≤ tT,I,F1}
⇒ x+ y ∈ L(ωT,I,F /tT,I,F1). Similarly, x− y ∈ L(ωT,I,F /tT,I,F1).

Hence L(ωT,I,F /tT,I,F1) is a β−subalgebra of X.

Theorem 3.14. Let C = (δT,I,F , ωT,I,F ) be a neutrosophic cubic set of X, such that

the sets U(δT,I,F /[sT,I,F1 , sT,I,F2 ]) and L(ωT,I,F /tT,I,F1) are β−subalgebra of X for every

[sT,I,F1 , sT,I,F2 ] ∈ D[0, 1] and tT,I,F1 ∈ [0, 1]. Then C = (δT,I,F , ωT,I,F ) is neutrosophic cu-

bic β−subalgebra of X.

proof: Let U(δT,I,F /[sT,I,F1 , sT,I,F2 ]) and L(ωT,I,F /tT,I,F1) are β−subalgebra of X for every

[sT,I,F1 , sT,I,F2 ] ∈ D[0, 1] and tT,I,F1 ∈ [0, 1].

On the contrary, let x0, y0 ∈ X be such that δT,I,F (x0 + y0) < rmin{δT,I,F (x0), δT,I,F (y0)}
LetδT,I,F (x0) = [θ1, θ2], δT,I,F (y0) = [θ3, θ4] and δT,I,F (x0 + y0) = [sT,I,F1 , sT,I,F2 ]. Then

[sT,I,F1 , sT,I,F2 ] < rmin{[θ1, θ2], [θ3, θ4]} = [min{θ1, θ2},min{θ3, θ4}]
So, δT,I,F1 < min{[θ1, θ3]} and δT,I,F2 < min{[θ2, θ4]}
Let us consider,

[γ1, γ2] = (1/2)[δT,I,F (x0 + y0) + rmin{δT,I,F (x0), δT,I,F (y0)}]

= (1/2)[sT,I,F1 , sT,I,F2 ] +min{θ1, θ3},min{θ3, θ4}

= (1/2)(sT,I,F1 +min{θ1, θ3}), (1/2)(sT,I,F1 +min{θ2, θ4})

∴,min{θ1, θ3} > γ1 = (1/2)(sT,I,F1 +min{θ1, θ3}) > sT,I,F1

and ∴,min{θ2, θ4} > γ2 = (1/2)(sT,I,F2 +min{θ2, θ4}) > sT,I,F2
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Hence [min{θ1, θ3},min{θ2, θ4}] > [γ1, γ2] > [sT,I,F1 , sT,I,F2 ],so that x0 + y0 /∈
U(δT,I,F /[sT,I,F1 , sT,I,F2 ]) which is a contradiction. Since δT,I,F (x0) = [θ1, θ2] ≥
[min{θ1, θ3},min{θ2, θ4}] > [γ1, γ2] and δT,I,F (y0) = [θ3, θ4] ≥ [min{θ1, θ3},min{θ2, θ4}] >
[γ1, γ2]. ⇒ x0 + y0 ∈ U(δT,I,F /[sT,I,F1 , sT,I,F2 ]). Thus δT,I,F (x + y) ≥
rmin{δT,I,F (x), δT,I,F (y)} ∀ x, y ∈ X.

Similarly,δT,I,F (x−y) ≥ rmin{δT,I,F (x), δT,I,F (y)} ∀ x, y ∈ X. In the same way, we can prove

ωT,I,F (x+ y) = ωT,I,F (x+ y) ≤ max{ωT,I,F (x), ωT,I,F (y)} ∀ x, y ∈ X.

4. Homomorphism of Neutrosophic Cubic β−subalgebras

In this section, some of the interesting results on homomorphism of neutrosophic cubic

β−subalgebra is being investigated.

Theorem 4.1. Suppose that f : X → Y be a homomorphism from a β−algebra X to Y .

If C = (δT,I,FωT,I,F ) is a neutrosophic cubic β−subalgebra of X, then the image f(C) =

{〈x, frsup(δT,I,F ), finf (ωT,I,F )〉/x ∈ X} of C under f is a neutrosophic cubic β−subalgebra of

Y .

Proof: Let C = (δT,I,F , ωT,I,F ) be a neutrosophic cubic β−subalgebra of X and let y1, y2 ∈ Y.
We know that {x1 + x2/x1 ∈ f−1(y1) & x2 ∈ f−1(y2)} ⊆ {x ∈ X/x ∈ f−1(y1 + y2)}.Now

frsup(δT,I,F )(y1 + y2) = rsup{δT,I,F (x)/x ∈ f−1(y1 + y2)}

= rsup{δT,I,F (x1 + x2)/x1 ∈ f−1(y1) & x2 ∈ f−1(y2)}

≥ rsup{rmin{δT,I,F (x1), δT,I,F (x2)/x1 ∈ f−1(y1) & x2 ∈ f−1(y2)}

= rmin{rsup{δT,I,F (x1)/x1 ∈ f−1(y1), δT,I,F (x2)/x2 ∈ f−1(y2)}

In the same manner, we have

frsup(δT,I,F )(y1 − y2) ≥ rmin{rsup{δT,I,F (x1)/x1 ∈ f−1(y1), δT,I,F (x2)/x2 ∈ f−1(y2)}. Also,

finf (δT,I,F )(y1 + y2) = inf{ωT,I,F (x)/x ∈ f−1(y1 + y2)}

= inf{ωT,I,F (x1 + x2)/x1 ∈ f−1(y1) & x2 ∈ f−1(y2)}

≤ inf{max{ωT,I,F (x1), ωT,I,F (x2)/x1 ∈ f−1(y1) & x2 ∈ f−1(y2)}

= max{inf{ωT,I,F (x1)/x1 ∈ f−1(y1), ωT,I,F (x2)/x2 ∈ f−1(y2)}

In the same way, we have

finf (ωT,I,F )(y1 − y2) ≤ max{inf{ωT,I,F (x1)/x1 ∈ f−1(y1), ωT,I,F (x2)/x2 ∈ f−1(y2)}.

Theorem 4.2. Suppose that f : X → Y be a homomorphism of β−algebra. If C =

(δT,I,F , ωT,I,F ) is a neutrosophic cubic β−subalgebra of Y , then the pre-image f−1(C) =

{〈x, f−1(δT,I,F ), f−1(ωT,I,F )〉/x ∈ X} of C under f is a neutrosophic cubic β−subalgebra

of X.
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proof: Assume that C = (δT,I,FωT,I,F ) is a neutrosophic cubic β−subalgebra of Y and let

x, y ∈ X. Then

f−1(δT,I,F )(x+ y) = δT,I,F (f(x+ y))

= δT,I,F (f(x) + f(y))

≥ rmin{δT,I,F (f(x)), δT,I,F (f(y))}

= rmin{f−1(δT,I,F )(x), f−1(δT,I,F )(y)}

Similarly, f−1(δT,I,F )(x− y) ≥ rmin{f−1(δT,I,F )(x), f−1(δT,I,F )(y)}

f−1(ωT,I,F )(x+ y) = ωT,I,F (f(x+ y))

= ωT,I,F (f(x) + f(y))

≤ max{ωT,I,F (f(x)), ωT,I,F (f(y))}

= max{f−1(ωT,I,F )(x), f−1(ωT,I,F )(y)}

Similarly, f−1(ωT,I,F )(x− y) ≤ rmin{f−1(ωT,I,F )(x), f−1(ωT,I,F )(y)}
∴ f−1(C) = {〈x, f−1(δT,I,F ), f−1(ωT,I,F )〉/x ∈ X} of C under f is a neutrosophic cubic

β−subalgebra of X.
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