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1. Introduction

In 1965, Zadeh [30] initiated the concept of fuzzy sets which is a generalisation of the clas-
sical notion of a set. The notion of intuitionistic fuzzy set was proposed by Atanassov [4]
whose elements have both membership and non-membership degrees. Biswas [5] introduced
Rosenfeld’s fuzzy subgroups with interval valued membership functions and studied some in-
teresting properties. The idea of S—algebras has been presented by Neggers and Kim [23]
which is a generlization of BCK/BCT—algebras where two operations have been used. Sama-
randache [27] proposed a generlization of intuitionistic fuzzy sets, known as neutrosophic set in
which the distinction between the neutrosophic set and intuitionistic fuzzy set are emphasised.
The notion of cubic sets introduced by Jun et al. [10,/11] and investigated the characteristics
of cubic subgroups. Maji |16] applied the idea of soft set into neutrosophic sets and studied

some compelling results.

P. Muralikrishna , R. Vinodkumar, G. Palani, Neutrosophic Cubic f—subalgebra



Neutrosophic Sets and Systems, Vol. 48, 2022 @

The thought of fuzzy S—subalgebras originated by Ansari et al. [3] and relevant results
have been examined. The attributes on intuitionistic fuzzy [—subalgebras were presented
by Sujatha et al. [28]. Igbal et al. [9] developed the idea of neutrosophic cubic subalge-
bras and ideals of B-algebras. The concept of neutrosophic cubic sets initiated by Jun et
al. [12], [13], [14] and they have extended notion of neutrosophic subalgebras set to several
types of BCK/BCI—algebras. Moreover, the applications of cubic interval valued intuition-
istic fuzzy sets in BCK/BCI—algebras were provided. Hemavathi et al. [8] expressed the
characteristics on interval valued intuitionistic fuzzy B—subalgebras. Made an approach on
normed linear space using neutrosophic sets by Muralikrishna et al. [20] and examined the

fascinating results.

The notion of BM B.J- neutrosophic aubalgebra in BC'K/BCI—algebras presented by Bord-
bar et al. [6] and provided some engrossing results. Ajay et al. [1] discussed about neutrosophic
cubic fuzzy dombi hamy mean operators with application to multi-criteria decision making.
Akbar Razaei et al. [2] initiated the thought of neutrosophic triplet of BI—algebras and rel-
evant results have been studied. Neutrosophic logic theory and applications were developed
by Eman AboEIHamd et al. [7]. Some aspects on cubic fuzzy S—subalgebra of 5— algebra
were discussed by Muralikrishna et al. [21]. Mohsin Khalid et al [17], [18], [19] interpreted the
concept of translation and multiplication of neutrosophic cubic set and also introduced the
notion of T — M BJneutrosophic set under M —subalgebra. Moreover, the authors described
the properties of T'—neutrosophic cubic set on BF —algebra. Some special characteristics of
neutrosophic vague binary BCK/BCI—algebra were discussed by Remya et al. [26]. Nanthini
et al. [22] initiated the idea of interval valued neutrosophic topological spaces and relevant
results have been examined.Diagnosing psychiatric disorder using neutrosophic soft set and
its application presented deliberately by Veerappan Chinnadurai et al. [29]. Rajab Ali Bor-
sooei et al. |25] intended to develop the polarity of generalized neutrosophic subalgebras in
BCK/BCI—algebras. Johnson Awolola [15] introduced the concept of a—level sets of neu-
trosophic set and investigated few of its associated properties. Prakasam Muralikrishna et
al. [24] applied the concept of S—ideal into M BJ—neutrosophic set and investigated some
engrossing results. With all these inspiration, this paper provides the study of neutrosophic
cubic S—subalgebra. This work is organized into the following sections: Section 1 provides the
introduction and section 2 presents the existing definitions required for this study. Section 3
deals the concept of neutrosophic cubic f—subalgebra, section 4 describes the characteristics
on homomorphism of neutrosophic cubic f—subalgebra and section 5 gives the conclusion and

future scope of the work.
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2. Preliminaries

This section provides the necessary definitions and examples required for the work.

Definition 2.1. A fuzzy set in a universal set X is defined as ¢ : X — [0, 1]. For each element

r € X, ((x) is called the membership value of z.

Definition 2.2. If ¢; and (2 are fuzzy sets in X, then the union of (; and (3, denoted by
(1 U ¢y is defined by, (¢1 U (2)(z) = maz{(i(x),(2(x)} V x € X.

Definition 2.3. If {; and (o are fuzzy sets in X, then the intersection of {; and (2, denoted
by (1 N ¢z is defined by, (¢1 N ¢2)(2) = min{¢i(x), (2(2)} V € X.

Definition 2.4. Let ¢ be a fuzzy set of X. for any 6 € [0, 1], the set ¢° = {z € X/{(z) > 6}
is called an upper level subset of ¢. The level subset ¢ of a fuzzy set ¢ is a crisp subset of the
set X.

Definition 2.5. Let ¢ be a fuzzy set of X. For ¢ € [0,1], the set (s = {x € X : {(x) < d} is

called a lower level subsets of (.

Definition 2.6. The supremum property of the fuzzy set ¢ for the subset A in X is defined
as ((ag) = Sup ((a) if there exist a, ag € A.
acA

Definition 2.7. Let DJ0,1] denote the family of all closed sub intervals of [0,1]. Con-
sider two elements Dy,Dy € DI[0,1]. If Dy = J[a1,b1] and Dy = [ag,bs], then
rmax (D1, Dy) = [maz (a1, as), max(by, by)] which is denoted by D1 \/" Dy and rmin(Dy, Ds) =
[min(ai,az), min(by, be)] which is denoted by Dy A" Ds.

Thus if D; = [a;,b;] € D[0,1] for i=1,2,3.... rsup;(D;) = [sup;(a;), sup;i(b;)], i.e. V; D; =
[V, ai, V, bi]. Similarly rinf;(D;) = [infi(a:),infi(b;)] i.e \] Di = [\; ai, \; bi]. Now D1 > Dy
iff a1 > ag and by > by. Similarly the relations Dy < Dy and D1 = Dy are defined.

Definition 2.8. An interval valued fuzzy set A defined on X is given by
A={(z,[¢f(x),¢{(x)])} ¥ 2 € X (briefly denoted by A = [¢],¢Y]), where ¢§ and (Y are
two fuzzy sets in X such that (§(2) < 0§ (z) V2 € X. Let (4(2) = [¢§(2),({(z)] V2 € X
and let D0, 1] denotes the family of all closed sub intervals of [0,1]. If ¢(%(x) = ({(z) = ¢,
say, where 0 < ¢ < 1, then ( 4(z) = [c, c] also for the sake of convenience, to belong to D0, 1].
Thus  4(x) € D[0,1] ¥V x € X, and therefore the interval valued fuzzy set A is given by
A={(z,{4(z))} Vz € X, where (4 : X — DI[0,1].

Now let us define what is known as refined mimimum(rmin) of two elements in D[0, 1].
Let us define the symbols 7 > 7 |7 < 7 and ” = ” in case of two elements in D[0, 1].
Consider two elements Dy := [a1,b1] and Dy := [ag,b2] € DJ[0,1]. Then rmin(Dy, D2) =
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[min{ay, as}, min{by,ba}]; D1 > Do if and only if a; > ag, by > be; Similarly , D; < Dy and
Dy = Ds.

Definition 2.9. An Intuitionistic fuzzy set (IFS) in a nonempty set X is defined by
A= {(z,Ca(x),na(x))/x € X} where (4 : X — [0,1] is a membership function of A and
na : X — [0,1] is a non membership function of A satisfying 0 < (a(z) +na(z) <1Vzx e X.

Definition 2.10. An intuitionistic fuzzy set A is said to have sup-inf property if for any subset

T of X there exists xg € T such that (4(zo) = Sup Ca(x) and na(xo) = inf na(zx).
zeT zeT

Definition 2.11. A §— algebra is a non-empty set X with a constant 0 and two binary
operations + and — satisfying the following axioms:

()x—0==x

(7)) (0—2z)+x=0

(tit) (x—y)—z=z—(2+y) Va,yzecX.

Example 2.12. The following Cayley table shows (X = {0,1,2,3},+, —,0) is a S—algebra.
Table 1. (S-algebra

wlin |~ o+
Wi |=|OoO
N | O|W|—= |~
=W OoOIN N
S|~ |IN|W|Ww
WiIN|= OO
|l W o=
NI O|W| |
S|~ |IN|W|Ww

0
1
2
3

Definition 2.13. A non empty subset A of a f—algebra (X, +, —,0) is called a S-subalgebra
of X, if

(i) t+y € A and

(ii) x—ye A Va,yec A

Definition 2.14. Let X be a non empty set. By a cubic set in X we mean a structure
C = {(&,Cc@)no(@) : v X}
in which (. is an interval valued fuzzy set in X and n¢ is a fuzzy set in X.

Definition 2.15. Let A = {{x,{4(7),na(z)) : 2 € X} and B = {{x,{z(x),np(x)): v € X}
be two cubic sets on X, then the intersection of A and B denoted by A N B is defined by

AN B = {{z,Canp(x), nans ()} = {{z, rmin{Ca(x), (p(z)}, maz(na(x),np(x)),) : © € X}.

Definition 2.16. A cubic set C = {(z,{(z),nc(z)) : * € X} is said to have rsup-inf
property if for any subset T of X there exists zg € T such that (o (zo) = rsup (o(z) and
zeT

nc(wo) = inf ne(w).
xeT
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Definition 2.17. Let C = {(x,{c(2),nc(x)) : © € X} be a cubic set in X. Then the set C
is a cubic fuzzy B— subalgebra if it satisfies the following conditions.

(1) Colz +y) = rmin{Ce (@), (o)} & Colz —y) = rmin{Ce(x), (o (y)}

(i) ne(z +y) < maz{nc(x),nc(y)}t & ne(z —y) < maz{nc(x),ne(y)} v o,y € X.

Definition 2.18. A neutrosophic set in X is a structre of the form Q = {(x
wr(z),wr(z),wr(x))/xz € X}. Where wp : X — [0,1] is a truth membership function,
wr : X — [0,1] is a indeterminate membership function and wrp : X — [0,1] is a false

membership function.

Definition 2.19. An interval neutrosophic set in X is a structre of the form A = {(z :
or(x),01(z),dr(z))/x € X} where ér,d;,0F are interval valued fuzzy sets in X, which are
called an interval truth membership function, an interval indeterminate membership function

and an interval false membership function respectively.

Definition 2.20. Let X be a non-empty set. A neutrosophic cubic set is a pair C' = (A, w)
where A = {z : ér(x),07(x),d0p(x)/x € X} is interval valued neutrosophic set Q@ = {(x :
wr(z), Q(z),wp(x)/x € X)} is neutrosophic set.For our convenience, the neutrosophic cubic

set will be denoted as C' = (5T,I,F7WT,I,F) = {<37, (5T7[’F(x),wT,]7F(CE)>}.

Definition 2.21. Let f be a mapping from X to Y. If C = (07 p,wrF) is neutro-
sophic cubic set of X. Then the image of C' under f is denoted by f(C) and is defined

as f(C) = {(z, frsup(O1,1,F), finf(wr,1F))/x € X}, where

rsup (r,r)(x) if f7H(y) # ¢
frsup(07,1,F)(y) = { *€/ 7' W)
[0,0] : Otherwise

inf (wrrr)(x) if f7Hy) # o
Jing(wr,r,r)(y) = S =€)

1 : Otherwise
Definition 2.22. Let f be a mapping from X to Y. If ¢ = (Or1r,wrir)
is neutrosophic cubic set of X. Then the inverse image of C is defined as

FHC) = {{&, fraupOr,1,F), fing(wrrp))/x € X}, with f~1(0rrr(x) = (67.17(f(z)) and
f N wrr(@) = (wrrr(f().

Definition 2.23. For any C; = (A;,Q;),where A; = {(z,d;ir(x),di1(z),0ir(z)) : x € X}
and ; = {(z,wir(z),wir(z),w;r(z)) : © € X} for i € k. P— union, P—intersection &

R—union, R—intersection is defined respectively by
P—union: |J C; = (U JAVARY Qz)
ick ick  ick
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P—intersection: (| C; = <ﬂ Ai, N\ Qz)

ick ick ick

R—union: | C; = <U FAVAAN Qz)
i€k i€k i€k

R—intersection: () C; = (ﬂ AV Qz)

i€k i€k ick
where
UAi:{ <U52T <U5u> <U51F> /33€X}
ick ick ick ick

(W) () e < x}
Qo= e (gan) e (o) o (0 or) )
e G e e L e

Definition 2.24. Let C be a neutrosophic cubic set of X where C' = (d7,1,F,wr 1,r). For

)@
V= o (Vo ) @
)@

- {1

[y, 813), [S1y5 SI)s [SFy s SRy) € D[0,1] and try, try, tr, € [0, 1],

the set U(drr.r/[sty,sm): (51, 50): [sF,sm] = {x € X/or(x) > [s1,sn),0r(x) >
[s1,,55,],0r(x) > [sm,sk]} is called upper ([s1y,sn],[s1,55), [SF,sk])-level of C' and
L(wrr/(tr,tr,tr)) = {z € X/wr(x) < tp,wi(z) < tr,wrp(z) < tgp is called lower
(try, try, tr, )-level set of A.

For our convenience, we are introducing the new notion as

Urrr/Stir. 5t = {z € X/orrr(xr) > [Stir.Str1m]} is called upper
[sT.1.F,ST.1,15)-level set of C and L(wrirp/ltrir.trirl = {r € X/wrrr(z) <

[tr.1,7,tT.1 ]} is called lower t7 ;1 p -level set of C.

3. Neutrosophic Cubic §— Subalgebra

This section introduces the notion of neutrosophic cubic f— subalgebra and discusses some

engrossing results.

Definition 3.1. C' = {z, A(z),Q(z)/x € X}) be a neutrosophic cubic set in X. Then the
set C' is a neutrosophic cubic S—subalgebra if it satisfies the following conditions:

NS1:

5@ +y) > rmin{dr(2), 6r(y)} & Sr(z — y) > rmin{6r(z), 61(y)}
Or(z +y) > rmin{dr(x),0r(y)} & or(z —y) > rmin{dr(x),0r(y)}
Op(z+y) > rmin{dp(x),0r(y)} & 0r(z —y) > rmin{dr(z),or(y)}
NS2:

wr(e +y) < mazfor(@),wr(y)} & wr(z —y) < mazfwr(), wr(y)}

wr(z +y) < mazfwr(z),wr(y)} & wi(z —y) < maz{wr(z),wr(y)}

wr(z +vy) < max{wr(z),wr(y)} & wr(z —y) < maz{wr(z),wr(y)}
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For our convenience the neutrosophic cubic set will be denoted as
C = (5T’17F,wT717F) = {(x, 5T,[7F($),LUT7[’F(SC)>} with conditions
(0)or,1,7(x +y) = rmin{dr,1,p(2), 0r,1,p(y)} & or,1,p(x —y) = rmin{drr(x),61,0,F(y)}

(it)wr,1,r(x +y) < mav{wr, 1 r(z), wrrry)} & wrrr(z —y) < maz{wrr(z), wrrnry)}-

Example 3.2. For the f—algebra X in the example 2.6, the Cubic set C' = {z, A(z),Q(x)/z €
X}) on X as follows.

0 1 2 3 0]1]2]3
7 | [0.4,0.6] | [0.3,0.7] | [0.4,0.6] | [0.3,0.7] wr | 0.2]04(0.2]04
57 110.3,0.5] | [0.2,0.4] | [0.3,0.5] | [0.2,0.4] wr 1031050305
S |[0.2,0.3] | [0.1,0.2] | [0.2,0.3] | [0.1,0.2] wp | 0406|0406

is a neutrosophic cubic fuzzy S—sub algebra of X.

Proposition 3.3. Let C = {(z,0r1p(x),wrrr(z)) : © € X} is a neutrosophic cubic
B—subalgebra of X. Then d71,r(0) > dr1r(z) and wrrrp(0) < wrpr(x) Vo € X. Thus
Or,1,7(0) & wr,r,7(0) are upper bounds and lower bounds of o7 1,r(x) & wr rr(x) respectively.

proof: (1) For every x € X,
or,1,7(0) = 67,1 (7 — 7)

> rmin{or,1 (), 07,17 (T)}

= o7, 1,7 ()
2071 F(0) > 07 p(x) and

wr,r,r(0) =wr rp(z — )
< maz{wr,r(z),wrr(T)}

= wr,1,7(z)
cowrrr(0) Swrpp(T).

Theorem 3.4. Let C = {(z,0r1r(z),wrrr(z)) : o € X} be a neutrosophic cubic
f—subalgebra of X. If there exists a sequence {x,} of X such that lim, o 071 F(2n) = [1,1]
and limy, o wr 1 p(xy) = 0. Then ér 1 r(zy) = [1,1] and wr rp(z,) =0.

Proof: By using Proposition 3.3, 671 r(0) > ér1r(z) Vo € X,then we have ér 1 r(0) >
drrp(zn) Yn € ZT. Consider,[1,1] > 6prp(0) > limyoo 071 7(zn) = [1,1] Hence,
or,1,r(0) = [1,1]. Moreover using proposition 3.3, wrrr(0) < wrp(x) Vo € X, then we
have wr 1 p(0) < wrrp(x,) Yo € Zt Consider,0 < wrr(0) < limy—yoo wr 1 p(zy) = 0.

Hence, wr 1,r(0) = 0.
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Theorem 3.5. The R—intersection of any set of neutrosophic cubic S—subalgebras of X is

also a neutrosophic cubic f—subalgebra of X.

Proof: Let C; = {(z,dir1.p,wir1,F)/x € X} where i € k be a sets of neutrosophic cubic
B—subalgebras of X and x,y € X. Then

(Néir,r,r)(x +y) =rinf dir 1 r(z +Yy)
> rinf {rmin{dr 1 r(x), S 1.7 (y)}}
= rmin{rinf ;71 r(x),rinf oir1,r(y)}
= rmin{Né;r,1,r(x), N1 F(y)}
N1 r(x+y) > rmin{Ndr 1 r(x), Noir,1,F(Y)}

Similarly,

Sir.r.r(x —y) > rmin{Né;r 1 r(x), Noir,1,r(y)} and

(Vwir,r,r)(x +y) = sup wir,r(z + )
< sup {max{wir 1 F(x), wir,F(y)}}
= maz{sup wir,1,r(z), sup wir,1,r(y)}
= max{Vwir,1,r(z), Vwir,r(y)}
. Vwirrr(z+y) < mar{Vwir 1 r(z), Vwirr(y)}

In the same way, wir 1, r(x —y) < max{Vér 1r(x), Vwirr(y)}. Hence R—intersection of C;

s a neutrosophic cubic f—subalgebra of X.

Theorem 3.6. The C; = {(z,0ir1r,wirir)}/r € X where i € k be a
sets of mneutrosophic cubic [f—subalgebras of X. If inf{maz{wirr(z),wirrr(y) =
maz{infwir p(x), infwirr(y)}Ve € X. Then the P—intersection of C; is also a neutro-
sophic cubic f—subalgebra of X.

Proof: Let C; = {(z,dir1,r,wiT,1,r)/x € X} where i € k be a sets of neutrosophic cubic
B—subalgebras of X and x,y € X. Then

(N1, 7)(x +y) = rinf dir 1 r(x+y)
> rinf {rmin{dir,1,r(z), dir,1,F(y)}}
= rmin{rinf ;v r(z),rinf oir1,r(y)}
= rmain{Né;r,1,r(x), N1 F(y)}

N1 r(x+y) > rmin{Ndr 1 r(x), Noir,1,r(Y)}

P Muralikrishna ,R Vinodkumar , G Palani , Neutrosophic Cubic f—subalgebra



Neutrosophic Sets and Systems, Vol. 48, 2022 @

In the same manner, 0;r,1,r(z —y) > rmin{No;r 1,7 (z), Noir. 1.7 (y)} and

(Awir,1,p)(z +y) = inf wirr(z+y)
<inf {max{wir 1 r(x), wirrr(y)}}
= max{infwir 1 r(x),inf wirrr(y)}
= maz{Awir,1,r(x), Vwir,1,r(y)}
At F(r +y) < maz{Awir 1. r(z), Awir 1. r(y)}
Similarly, Nwir 1 r(x —y) < maz{A\wir 1 r(x), \wir.1 F(y)}. Hence P—intersection of C; is a

neutrosophic cubic S—subalgebra of X.

Theorem 3.7. The C; = {(z,dirrF,wirrr)}/cr € X where i € k be a sets
of mneutrosophic cubic [—subalgebras of X. If sup {rmin{dirrr(z),0ir1r(y) =
rmin{sup 0;r,1,r(x), sup dir.1.r(y)}Ve € X. Then the P—union of C; is also a neutrosophic
cubic B—subalgebra of X .
Proof: Let C; = {(z,r,1,r,wiT,1,F)/x € X} where i € k be a sets of neutrosophic cubic
B—subalgebras of X and x,y € X such that
sup{rmin{d;yr.1 r(x),0ir1.r(y) = rmin{sup v 1r(x),sup ;v r(y)}Ve € X. Then for
z,y € X,
(Udir,1,7)(x +y) = rsup &1 r(z +y)

= rsup {rmin{dir,r,r (), 6ir.,r(y)}}

= rman{rsup &1, r(x), rsup S 1 F(y)}

= rmin{Ud;r,1,r(x), U0ir,1,r(y) }

Ui, 1,r(x 4+ y) > rmin{Ud 1,r(x), Udir 1.r(y)}

Likewise, Udir,1,r(x — y) = rmin{Ud;r,1,r(x), Udir,1,r(y)} and

(Vwir,r,r)(x +y) = sup wir.,r(x + )
< sup {max{wir,1,r(z),wir1,r(y)}}
= maz{sup wir,1,r(z), sup wir,1,r(y)}
= max{Vwir,1,r(z), Vwir,r(y)}
©Vwirp(r +y) < max{Vwir 1 r(x), Vwirrr(y)}
Similarly, Vwir,1,r(x —y) < maz{Vwir,1,r(2), Vwir,1,r(y)}. Hence P—union of C; is a neu-

trosophic cubic S—subalgebra of X.

Theorem 3.8. The C; = {(z,0ir1r,wirrr)}/x € X where i € k be a sets
of meutrosophic cubic [(—subalgebras of X. If inf {max{wirrr(x),wirrrly)} =
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maz{inf  wirrr(x),inf  wrrey)y & osup {rmin{wirF(@), wire(y)} =
rmin{sup wir 1 F(x), sup wir,,r(y)}Ve € X. Then the R—union of C; is also a neutrosophic
cubic S—subalgebra of X.
Proof: Let C; = {(x,0ir.1 F,wiT,1,F)/x € X} where i € k be a sets of neutrosophic cubic
B—subalgebras of X such that inf{max{dyr 1 r(z),0ir1.r(y)} &
sup{rmin{d;yr 1 r(x), 0 1.7 (y)} = rmin{sup dir1.r(z),sup Oir 1 r(y)}Ve € X. Then for
z,y € X,
(Wit 1,7)(x +y) = rsup dir,r r(x +y)

> rsup {rmin{d;ir1.r(x), 11 r(y)}}

= rmin{rsup d;r,1,r(x),rsup o;r,1,r(y)}

= rmin{Ud;r,1,r(x), Udir,1,r(y) }

. Uir 1, r(z+y) > rmin{U0r 1,r(z), Uit 1.7 (y)}

In the same way, Uit 1. r(z —y) > rmin{Udr 1 p(x), Uit 1 r(y)} and

(Awir1,F) (T +y) =inf wirrr(z+y)
<inf {mazx{wir 1 r (), wir1r(y)}}
= maz{inf wir,r(z),inf wirrnr(y)}
= max{ \wir,1,r(z), \wir,1,F ()}
"~ Awir,rr(r +y) < max{Awir,1F(x), Awir,1,F(y)}

Similarly, Awir1.p(z —y) < mar{Awir 1 r(x), A\wir,1,F(y)}. Hence R—union of C; is a neu-

trosophic cubic S—subalgebra of X.

Theorem 3.9. Neutrosophic cubic set C; = {Arp,Qrrrtof X is a neutrosophic cubic
B—subalgebra of X if and ony if 5%717}7, 5%“7 & wr r.r are fuzzy subalgebras of X.

Proof: Let 51%1’1;, 6%1,1, & wr p F are fuzzy subalgebras of X and x,y € X.Then

0t 1, p (@ +y) = min{of. p(x), 07 1 p ()}

07 1. p(x +y) = min{df; p(x),07. p(y)} and

wr,r,r(z+y) < max{wrr(x),wrr(y)}

Now

o1 r(r+y) = [5%,1,1?(5” +9), 5¥,I,F(x +9)]
> [min{é%,I,F(x)v 5%,I,F(y)}7 min{dYU“,I,F(x)a 5%1,1?@)}]
> Tmin{[é%,I,F(x)v 67U“,I,F(x)]7 [5%,1,1?(9), 5¥,I,F(y)]}

= rmin{or1.r(x),or.1.7(y)}
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.. C is neutrosophic cubic S—subalgebra of X.

Conversely, assume that C' is neutrosophic cubic S—subalgebra of X. For any x,y € X,

[5:[5,1,1?(37 + ), 5%1,}«“(9” +y)] = orrr(z+y)
> rmin{dr,r,r(x),0r,1,7(y)}

> rmin{[87 1 p(x), 071, p (%)), (07,17 (4), 07,11 (4)]}

Thus, 5%,1,}«“(37 +y) > min{é%yLF(x), 5%,1,1?(?4)}7 5%171;(3: +y) > mz’n{é%I’F(x), 5%171;(3;)} and
wr,r,r(r+y) < maz{wrr(z),wrr(y)}. Hence (5%7“?, 5%17}7 and wr . are fuzzy subalgebra

of X.

Remark 3.10. The sets denoted by Is., . and L., ,  are also subalgebra of X which are de-
fined as Iy, . = {o € X/0r,1,7(x) = 61,1,r(0)} and Lo, , . ={z € X/wr1r(z) =wrr(0)}.

Theorem 3.11. Let C = (6117, wr,1,F) be a neutrosophic cubic B—subalgebra of X. Then
the sets Isy. ; . and Ly, » are also subalgebra of X.

Proof: Let x,y € Is;;

Then é7,1,r(x) = 61,1,7(0) = d7,1,r(y). Consider

or,r,r(x +y) = rmin{ér,1 F(z),0r,1,7(y)}
> rmin{dr,1,r(0), 67,1,7(0)}
= or,1,7(0)
coor (x4 y) > o1 r(0). By using proposition 3.3, 07,1, r(0) > 071 p(x + )
Then we have 67,1, r(x +y) = d1,1,7(0) or equivalently, x +y € Is;. , ..
Similarly, v —y € Isy; -
Now, let v,y € Is;, .. Then wrr(z) = wrrr(0) =wrry).
Consider
wr,,r (2 +y) < maz{dr,rr(z),0r,r(y)}
= maz{wr,1,7(0), wr,r,r(0)}
= wr,1,7(0)
Sowrrr(xz+y) <wrrr(0). By using proposition 3.3, wr 1 p(0) < wrrp(z+y)

Then we have wr 1 r(x +y) = wr,1,r(0) or equivalently, x +vy € Ly, ,

Similarly,x —y € Lo, . Hence the sets Is, , . and I, , are f—subalgebras of X.

Theorem 3.12. Let P be a non empty subset of X and C = (611 p,wr,1,F) be a neutrosophic
cubic B—subalgebra of X defined by
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(11,7010, if v E€P
o1 F(:’L'> - ' ' wT,I,F<m) —

W11 YR Otherwise

V o1, 105, T e YT R) € D{0,1] and prrp e r € [0,1] with [¢r.1,7, d7.1,F] >
Wt 1m0 m) and prrp < ergp. Then C is a neutrosophic cubic f—subalgebra of X < P

is a B—subalgebra of X .
Proof: Let C' be a neutrosophic cubic f—subalgebra of X.
Let x,y € X such tat x,y € P. Then

or.r,r(x +y) > rmin{drrr(x),or,1,F(y)}

PTIF:

€T IF :

> rmin{[or.1, 7y, 01,11, (01,1, OT,1,1,]}

= [O1.1,F OT.1,F)

and

wr rr(x+y) < max{wrp(x),wrrr(y)}
< max{pr,1,r, pr,1,F}

= PT.I,F

Therefore x +y € P. Similarly, we have v —y € P.

Hence P is a B—subalgebra of X.

Conversely, suppose that P is a f—subalgebra of X. Let x,y € X.
Case(i): If v,y € P thenx+y€e P &x—yeP

Thus o1, 1,r(* +y) = [d1.1,7, T.1,5,) = rmin{or 1 F(z),0r1,F(Y)}
Similarly, o7, rp(z —y) = rmin{or 1 r(x),or 1 F(y)} and
wr,1,F(T+y) = pr1r = maz{wrr(z),wrrr(y)}

In the same way, wr 1 p(x —y) = maz{wr,,r(z),or,r(y)}

Case (ii): if x,y ¢ B,then

orrr(r+y) = [Ur1m, Y1 1,R] = rmin{ér r(z), 67,1,F(y)}
Similarly, 071 r(x —y) = rmin{dr 1.r(x), 0717 (y)} and
wr,1,r(r +y) = err = maz{wrr(z),wrrr(y)}

In the same way, wr,rr(x —y) = max{wr r(x), o1 r(Y)}

Hence C is a neutrosophic cubic 5—subalgebra of X.

ifxeP

Otherwise
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Now,
Isr, » ={z € X,0r1,7(x) = 01,1,7(0)}

={z € X,0r1r(z) = o1, 01.1,1]}
=P

IwT,I,F = {x € X, O‘)TJ»F(JU) = wT,LF(O)}
={zr e X,wrrr(x)=pr1r}

=P.

Theorem 3.13. If C = (6r,1,r,wr,1,F) be a neutrosophic cubic f—subalgebra of X then the
upper [s7,1,7,, ST,1,1,)-level and lower tp 1 F, -level set of C are S—subalgebra of X.

proof: Let x,y € U(dr,1,7/[5T.1,F\,5T,1,F5]); then d117(x) > [sT1.F,5T,1,7,) and o7 1 7(y) >
[sT.1.F, ST.1,1,]- It follows that 67 1 p(z +y) > rmin{dr 1 r(z), 011, F(y) > [ST.1,F, STI,F)
=a+yec U 1r/[ST.1.F, ST 1,F)). Similarly, x —y € U(0r.1.7/[ST,1,F, ST,1,F)-

Hence U(0r.1,7/[ST.1,F\> ST.I.F) 1S a B—subalgebra of X.

Let x,y € L(wr1 r/tr1r) then wrp(x) <trrp and wrrr(y) <trre-

It follows that wr 1 p(x +vy) < max{wrr(z),wrrr(y) <trrm}

=c+y € Llwrrr/trr). Similarly, x —y € L(wr,1,r/trrm)-

Hence L(wr,r,r/tr1, ) is a B—subalgebra of X .

Theorem 3.14. Let C = (dr1r,wr,1,r) be a neutrosophic cubic set of X, such that
the sets U(or. 1 r/[ST.1,Fs5T.1.1)) and L(wrrr/trrr) are f—subalgebra of X for every
[st.1,/ 57,1,/ € D[0,1] and tr 1 € [0,1). Then C = (61,1, wr,1,F) i neutrosophic cu-
bic B—subalgebra of X.

proof: Let U(or.1.r/[sT.1.F\,ST,1,F)) and L(wr 1 p/tr 1 r) are f—subalgebra of X for every
[sT.1,/,57,1,1,) € D[0,1] and t7.1 7, € [0,1].

On the contrary, let xo,yo € X be such that o7,1,r(xo + yo) < rmin{dr 1. r(z0), 1.1 F(y0)}
Letér 1 p(z0) = [01,02],07,1,7(v0) = [03,04] and 07,17 (x0 + yo) = [ST.1,F1» ST,1,F%). Then
[sT.1. 7, ST.1,F,] < rmin{[01,02], [03,04]} = [min{0;, 02}, min{6s,04}]

So, o7 1. < min{[01,03)} and d7,1,p, < min{[02,604]}

Let us consider,

V1, 72] = (1/2)[07,1,7 (x0 + yo) + rmin{dr 1,7 (x0), o1,1,F (Y0)}]

= (1/2)[s7.1,F, > ST.1,1,) + min{01, 603}, min{0s, 04}

= (1/2)(st,1,/, +min{01,03}), (1/2)(s1,1,/ + min{0a2,64})
,',,mz’n{ﬁl,ﬁg} >y = (1/2)(ST,I,F1 + min{@l,ﬁg}) > ST.1,F,
and ., min{62,04} > v2 = (1/2)(s7,1,;, + min{02,04}) > st.1,p,
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Hence [min{0:,60s}, min{6,04}] > [m1,7%] > [strm,ST1R],50 that xo + Yo
U(or,1.7/[ST.1,F\> ST, I,F,)) which is a contradiction. Since o1 p(ro) = [6h,02]
[min{01, 03}, min{a,04}] > [y1,72] and o717 (yo) = [03,04] > [min{61,63}, min{6s,04}]
(71, 72)- = x0 + v € Ulrir/lsr1r,5T1,R]) Thus orrr(z + y)

(AVARRVARRAVARR N

rmin{ér1.r(z),or,1F(y)} V ,y € X.
Similarly, o7 1 p(x—y) > rmin{dr,,r(z), o7 1,r(y)} ¥V x,y € X. In the same way, we can prove

wr,rp(z+y) =wrrr(@+y) < mazfwrr(z),wrry)} Vey e X
4. Homomorphism of Neutrosophic Cubic f—subalgebras

In this section, some of the interesting results on homomorphism of neutrosophic cubic

B—subalgebra is being investigated.

Theorem 4.1. Suppose that f : X — Y be a homomorphism from a S—algebra X to Y.
If C = (011, Fpwr,,F) is a neutrosophic cubic f—subalgebra of X, then the image f(C) =
{(, freup(0T,1,F), fint(wr,1.F))/x € X} of C under f is a neutrosophic cubic f—subalgebra of
Y.
Proof: Let C = (07,1,F,wr,1,F) be a neutrosophic cubic f—subalgebra of X and let yi,y2 € Y.
We know that {x1 + x2/x1 € f1 (1) & 12 € f~H(y2)} C{x € X/x € f~1(y1 + y2)}.Now
Frsup(0r,1,7) (91 + y2) = rsup{dr,rr(x)/z € 7 (11 +y2)}
= rsup{or,1,p(z1 + x2) /21 € (1) & 22 € f (y2)}
> rsup{rmin{dr,1.r(21), 0717 (x2)/21 € f (y1) & x2 € [ (12)}
= rmin{rsup{dr,r.r(x1)/x1 € [ (1), or,1,p(x2) /22 € F (42)}
In the same manner, we have
frsup(Or,1.0) (1 — y2) > rmin{rsup{dr,r r(z1)/z1 € f~ (1), 0117 (2) /22 € f~ (y2)}. Also,
fing(6r,1,0) (1 + y2) = inf{wrir(@)/z € f (Y1 +y2)}
= inf{wrrr(r1+32)/21 € 7 (1) & 22 € (1)}
<inf{maz{wrr(@1),wrrr(e:)/z € (1) & 22 € f7 (y2)}
= maz{inf{wrrr(z1)/z1 € {7 (), wrr(z2)/z2 € [ (12)}
In the same way, we have

fing(wrr,r) (1 — y2) < maz{inf{wrr(e)/z1 € 71 y), wrrr(za)/z2 € f71 (y2)}-

Theorem 4.2. Suppose that f : X — Y be a homomorphism of S—algebra. If C =
(67.1.7,wr,1 F) is a neutrosophic cubic B—subalgebra of Y, then the pre-image f~1(C) =
{z, Y011 F), [ Hwrrr))/z € X} of C under f is a neutrosophic cubic S—subalgebra
of X.
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proof: Assume that C = (071 pwr1.F) s a neutrosophic cubic B—subalgebra of Y and let
x,y € X. Then

FHOr ) (@ +y) = 01,17 (f(z +9))
= or,1,r(f(z) + f(y))
= rmin{dr,1.r(f(2)), 61,17 (f(y))}
= rmin{ f~ (6r,1,r)(x), " (61,1,7) (1)}

Similarly, f~1(op,r,r)(x —y) = rmin{f~ (67,1, 7)(x), f~*(0r,1,7)(y)}

f N wrnr)(@+y) = wrr(f(+y))
= wrr,r(f(x) + f(y))
< maz{wr,,r(f (@), wrrr(f(y))}
= maz{f~(wr1,r) (@), T (wr,nF)(Y)}

Similarly, f~(wrrr)(z —y) < rmin{f Y wrrr)(@), fHwrrr)(y)}
L fHC) = {x, Y 0rar), [ wrrp))/zr € X} of C under f is a neutrosophic cubic
B—subalgebra of X.
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