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Abstract. A neutrosophic hyperstructure is an algebraic
structure generated by a given hyperstructure H and an
indeterminacy factor | under the hyperoperation(s) of H.
The objective of this paper is to study canonical hyper-
groups and hyperrings in which addition and multiplica-

tion are hyperoperations in a neutrosophic environment.
Some basic properties of neutrosophic canonical hyper-
groups and neutrosophic hyperrings are presented. Quo-
tient neutrosophic canonical hypergroups and neutro-
sophic hyperrings are presented.
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1 Introduction

Given any hyperstructure H, a new hyperstructure H(l)
may be generated by H and | under the hyperoperation(s)
of H. Such new hyperstructures H(l) are called neutrosoph-
ic hyperstructures where 1 is an indeterminate or a neutro-
sophic element. Generally speaking, H(l) is an extension of
H but some properties of H may not hold in H(I). However,
H(I) may share some properties with H and at times may
possess certain algebraic properties not present in H.

Neutrosophic  theory was introduced by F.
Smarandache in 1995 and some known algebraic structures
in the literature include neutrosophic groups, neutrosophic
semigroups, neutrosophic loops, neutrosophic rings, neu-
trosophic fields, neutrosophic vector spaces, neutrosophic
modules etc. Further introduction to neutrosophy and neu-
trosophic  algebraic  structures can be found in
[1,2,3,4,16,26,27].

In 1934, Marty [18] introduced the theory of hyper-
structures at the 8" Congress of Scandinavian Mathemati-
cians. In 1972, Mittas [21] introduced the theory of canon-
ical hypergroups. A class of hyperrings (R, +, .), where +
and . are hyperoperations are introduced by De Salvo [15].
This class of hyperrings has been further studied by
Asokkumar and Velrajan [5,22] and Davvaz and Leoranu-
Fotea [14]. Further contributions to the theory of hyper-
structures can be found in [7,8,9,10,14,22].

Agboola and Davaaz introduced and studied neutro-
sophic hypergroups in [4]. The present paper is concerned
with the study of canonical hypergroups and hyperrings in
a neutrosophic environment. Basic properties of neutro-
sophic canonical hypergroups and neutrosophic hyperrings
are presented. Quotient neutrosophic canonical hyper-
groups and neutrosophic hyperrings are also presented.

2 A Review of Well Known Definitions

In this section, we provide basic definitions, notations
and results that will be used in the sequel.

Definition 2.1. Let (G, * ) be any group and let
G(l) = <G v I>. The couple (G(I),*)is called a neu-
trosophic group generated by G and | under the binary op-
eration * . The indeterminacy factor | is such that
I+l =1. If * is ordinary multiplication, then
I *1*1...%1=1"=1and * if is ordinary addition,
then | =1 1.1 =nl for ne N.

G(1) is said to be commutative if a*b =b*a for all
a,beG(l).

Theorem 2.2. [26] Let G(I) be a neutrosophic group.
(1) G(I) in general is not a group;
(2) G(I) always contain a group.

Definition 2.3. Let G(I) be a neutrosophic group.

(1) A proper subset A(l) of G(I) is said to be a neutro-
sophic subgroup of G(I) if A(l) is a neutrosophic
group, that is, A(l) contains a proper subset which
is a group;

(2) A(l) is said to be a pseudo neutrosophic group if it
does not contain a proper subset which is a group.

Definition 2.4. Let A(l) be a neutrosophic subgroup
(pseudo neutrosophic subgroup) of a neutrosophic group
G(l).

(1) A(l) is said to be normal in G(l) if there exist

X,y € G(I)such that XA(l)y = A(l).

(2) G(I) is said to be simple if it has no non-trivial
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neutrosophic normal subgroup.

Example 1. [3] Let G(I)={e, a, b, c, |, al, bl, cl} be a
set, where a?=b?=c?=e, bc=cb=a, ac=ca=h, ab=ba=c. Then
(G(D),) is a commutative neutrosophic group, and
H(D)={e,a,l,al}, K(I)={e,b,1,bl} and PI={e,c,l,cl} are neu-
trosophic subgroups of G(I).

Theorem 2.5. [3] Let H(l) be a non-empty proper sub-
set of a neutrosophic group (G(I), *). Then, H(I) is a neu-
trosophic subgroup of G(I) if and only if the following
conditions hold:

(1) a,beH(l)impliesthat axbe H(I);

(2) There exists a proper subset A of H(l) such that (A,

*) is a group.

Definition 2.6. Let (Gi(l),*) and (Gi(l), * ) be two
neutrosophic groups and let ¢:G (1) > G,(l) be a
mapping of Ga(l) into Gz(l). Then, ¢ is said to be a ho-
momorphism if the following conditions hold:

(1) ¢ isagroup of homomorphism;

2 ¢()=1I.

In addition, if ¢ is a bijection, then ¢ is called a neu-
trosophic  group  isomorphism and we  write
G (1) =G,(1).

Definition 2.7. Let (R,+,.) be any ring. A neutrosophic
ring is a triple (R(l),+,.) generated by R and I, that is,
R(I)=(RuI).

Indeed, R(I)={x=a+bl:a,beR} , where if
x=a+bl and y=c+dl are elements of R, then

x@®y=(a+bl)®(c+dl)=(a+c)+(b+d)l,

x1 y=(a+bl)0J (c+dl)=
(ac)+(ad +bc+bd)l .

Example 2. Let Z_ be a ring of integers modulo n.
Then, Z,(1)={x=a+bl :a,b € Z_}is a neutrosoph-
ic ring of integers modulo n.

Theorem 2.8. [27] Let (R(l),+,.) be a neutrosophic
ring. Then, (R(I),+,.) is aring.

Definition 2.9. Let (R(l),+,.) be a neutrosophic ring. A
non-empty subset S(I) of R(l) is said to be a neutrosophic
subring if (S(I),+,.) is a neutrosophic ring. It is essential
that S(I) must contain a proper subset which is a ring. Oth-
erwise, S(1) is called a pseudo neutrosophic subring of R(I).

Example 3. Let (Z,,(1),+,-) be a neutrosophic ring
of integers modulo 12 and let S(I) and T(l) be subsets of
Z,,(1) given by S(1)={0, 6, 1, 2I, 31, ..., 11I, 6+, 6+2l,
6+3l, .., 6+111} and T(1)={0, 2I, 4l, 61, 10I}. Then,
(S(1),+,) is a neutrosophic subring of Z,,(l) while
(T(1),+,.) is a pseudo neutrosophic ring of Z,, ﬁ) .

Definition 2.10. Let (R(l),+,.) be a neutrosophic ring
and let S(1) be a neutrosophic subring (pseudo neutrosoph-

ic subring) of R(I). Then, S(I) is called a neutrosophic ide-
al (pseudo neutrosophic ideal) of R(l) if for all r € R(I)
and se S(l), r-s,s-reS(l).

Definition 2.11. Let (R (1),+,-)and (R,(1),+,-)
be two neutrosophic rings and let ¢: R (1) — I?QZ(I )be a
mapping of R (1) into R,(1). Then, ¢ is said to be a
homomorphism if the following conditions hold:

(1) ¢ isagroup of homomorphism;

@ ¢(1)=1.

Moreover, if ¢ is a bijection, then ¢ is called a neu-
trosophic ring isomorphism and we write R (1) = R,(I).
The kernel of ¢ denoted by Kerg is the set
{xeR(I):4(x)=0}and the image of ¢ denoted by
Im ¢ is the set {@(x) : x e R, (1)}.

It should be noted that Im ¢ is a neutrosophic subring
of R,(I)and Kerg is always a subring of Ry and never a
neutrosophic subring (ideal) of Ry(l).

Definition 2.12. A map -:SxS — P*(S) s called
hyperoperation on the set S, where S is non-empty set and
P *(S) denotes the set of all non-empty subsets of S.

A hyperstructure or hypergroupoid is the pair (S,-),
where - is a hyperoperation on the set S.

Definition 2.13. A hyperstructure (S,-) is called a
semihypergroup if for all
X,¥,2€S,(X-y)-Z=X-(y-2), which means that

YUu-z={J x-v.

uex-y vey-z

Definition 2.14. A non-empty subset A of a semihy-
pergroup (S,-) is called a subsemihypergroup. In other
words, a non-empty subset A of a semihypergroup (S,-) is
a subsemihypergroup if A-AcC A.

If X € S and A,B are non-empty subsets of S, then

A-B=|Ja-b,A-x=A-{x}, and

acA
beB

x-B={x}-B.

Definition 2.15. A hypergroupoid (H,-) is called a
quasihypergroup if for all a of H we have
a-H =H-a=H. This condition is also called the re-
production axiom.

Definition 2.16. A hypergroupoid (H,-) which is both
a semihypergroup and a quasihypergroup is called a hy-
pergroup.

Definition 2.17. Let H be a non-empty set and let + be
a hyperoperation on H. The couple (H,+)is called ca-
nonical hypergroup if the following conditions hold:
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(1) x+y=y+x, forall X,yeH;

(2) x+(y+z)=(x+y)+z, forall X,y,ze H;

(3) there exists a neutral element O € H such that
x+0={x}=0+x, forall Xe H ;

(4) for every X € H , there exists a unique element
—X € H such that 0 € X+ (—X) N (—X) + X;

(5) ZeX+Yy implies Yye—X+Z and Xez—-Yy,

forall X,y,zeH.

A non-empty subset A of H is called a subcanonical
hypergroup if A is canonical hypergroup under the same
hyperaddition as that of H that is, for every a,be A,
a—be A.Inaddition, if a+ A—ac Aforall ae H,
A is said to be normal.

Definition 2.18. A hyperring is a triple (R, +,-) satis-

fying the following axioms:

(1) (R,+) is acanonical hypergroup;

@ (R,) is a semihypergroup such that
X-0=0-x=0forall X< R, thatis, ) is a bilat-
eral absorbing element;

BR) x-(y+z)=x-y+x-z
(X+y)-z=x-z+y-z,forall X,y,ZeR.

and

Definition 2.19. Let (R,+,) be a hyperring and A be
a non-empty subset of R. Then, A is said to be subhyper-
ring of Rif (A, +,-) is itself a hyperring.

Definition 2.20. Let A be a subhyperring of a hyper-
ring R.

(1) A is called a left hyperideal of R if r-a < Afor
alreR,aeA.

(2) Ais called a right hyperideal of R if a-rc A
forall reR,acA.

(3) A'is called a hyperideal of R if A is both left and
right hyperideal of R.

(4) A hyperideal A is said to be normal if
r+a—-rcAforall reR.

Definition 2.21. Let (H,,+) and (H,,+) be two
canonical hypergroups. A mapping ¢:H, - H, , is
called

(1) a homomorphism if (i) for all X,yeH, ,

P(X+Yy) = P(X)+(y) and (i) ¢(0) =0.
(2) a good or strong homomorphism if (i) for all

X yeH, , g(x+y)=ap(x)+4(y) and (i)
$(0)=0.

(3) an isomorphism (strong isomorphism) if ¢ is a bi-
jective homomorphism (strong homomorphism).

Definition 2.22. [4] Let (H, o) be any hypergroup and
let <H ul)y={(a,bl):a,beH} The couple
H(I):(<H wl),0) is called a neutrosophic hyper-
group generated by H and | under the hyperoperation o,
where for all (a,bl),(c,dl)eH(l), the composition
element of H(l) is defined by
(a,bl)o(c,dl)={(x,yl):xeaoc,

yeaodubocubod}.

3 Development of Neutrosophic Canonical Hy-
pergroups and Neutrosophic Hyperrings

In this section, we develop the concepts of neutrosoph-
ic canonical hypergroups and neutrosophic hyperrings.
Necessary definitions are given and examples are provided.

Definition 3.1. Let (H +) be any canonical hyper-
group and let | an indeterminate.  Let
H(I)— H ul1> ={(a, bI) a,b e H}be a set gener-
ated by H'and I. The hyperstructure (H(1),+)is called a
neutrosophic canonical hypergroup, where for all
(a,bl),(c,dl) e H(I)with b= 0or d 0, we define

(a,bl)+(c,dl) e{(x,yl):xea+c,

yea+dub+cub+d

and

(X,0)+(y,0) ={(u,0):u e x+ y}.

The element 1 is represented by (0,1) in H(l) and any
element X € H is represented by (x,0) in H(l). For any
non-empty subset A[l] of H(l) , we define —A[l]=
{—(a,bl)=(-a,-bl):a,beH}.

Lemma 3.2. Let H {0} be a canonical hypergroup
and let H(I) be the corresponding neutrosophic canonical
hypergroup. Then, (0,0) the neutral element of H is not a
neutral element of H(l).

Proof. Suppose that (0,0) is the neutral element of H(I)
and suppose that (a,bl) € H(I) such that b is non-zero
and a#b

Then
(a,bl)+(0,0)={(u,vl):uea+0,vea+0ub+0uUb+0}

={(u,vl):ue{a},ve{ab}}
# (a,bl),

a contradiction. Hence, (0,0) is not a neutral element of

H(I).

Definition 3.3. Let (H(l),+) be a neutrosophic canoni-

cal hypergroup.

(1) A non-empty subset A[I] of H(l) is called a neu-
trosophic subcanonical hypergroup of H(l) if
(A[1],+) is itself a neutrosophic canonical hyper-
group. It is essential that A[I] must contain a prop-
er subset which is a subcanonical hypergroup of H.
If A[I] does not contain a proper subset which is a
subcanonical hypergroup of H, then it is called a
pseudo neutrosophic subcanonical hypergroup of
H(1).

(2) If A[l] is a neutrosophic subcanonical hypergroup
(pseudo neutrosophic subcanonical hypergroup),
then A[I] is said to be normal in H(l) if for all
(a,bl) e H(I),

(a,bl)+ A[1]1-(a,bl) = All].

Lemma 3.4. Let (H(l),+) be a neutrosophic canonical
hypergroup and let A[I] be a non-empty proper subset of
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H(I). Then, A[I] is a neutrosophic subcanonical hyper-
group if and only if the following conditions hold:
(1) forall

(a,bl),(c,dl) e All],(a,bl)—(c,dl) c A[l],

(2) A[I] contains a proper subset which is a canonical
hypergroup of H.

Lemma 3.5. Let (H(l),+) be a neutrosophic canonical
hypergroup and let A[I] be a non-empty proper subset of
H(I). Then, A[I] is a pseudo neutrosophic subcanonical
hypergroup if and only if the following conditions hold:

(1) forall

(a,bl),(c,dl) e All],(a,bl)—(c,dl) = A[l],

(2) A[I] does not contain a proper subset which is a
canonical hypergroup of H.

Definition 3.6. Let A[l] and B[l] be any two neutro-
sophic subcanonical hypergroups of a neutrosophic canon-
ical hypergroup H(l). The sum of A[l] and B[1] denoted by
A[I1+B[1] is defined as the set:

AlI1+BI1= |J (abl)+(c,dl).

(a,bl)eAl]
(c.d)eB[1]

Definition 3.7. Let H(l) be a neutrosophic canonical
hypergroup and let A[l] be a neutrosophic subcanonical

hypergroup of H(l). If K is a subcanonical hypergroup of H,

we define the set

Alll+K=|J (abl)+(k0).
(a,bl)eA[l]
(k,0)eK

Definition 3.8. Let (R, +,-) be any hyperring and let |
be an indeterminate. The hyperstructure (R(1),®,[1)
generated by R and I, that is, R(l)= {Ru | > is called a
neutrosophic hyperring, where for all

(a,bl),(c,dl) e R(I),

(a,bl)@(c,dl)={(x,yl):xea+c,yeb+d};
forall (a,bl),(c,dl) e R(l) with b=0or d =0,

(a,bl)J (c,dl)={(x,yl):xeac,

yeadubcub.d}

and

(x,0)J (y,0)={(u,0):uex-vy}

We usually use + and - instead of @ and [I .

Lemma 3.9. Let R(I) be a neutrosophic hyperring.
Then, (0,0) € R(I) is bilaterally absorbing element.

Proof. ~Suppose that (a,bl)eR(l). Then,
(a,bl).(0,0)=
{(u,vl):uea-O,vea-0Ub-0Ub-0}=

{(u,vl):ue{0},ve{0}}={(0,0)}.
Hence, (0,0) € R(l) is a bilaterally absorbing ele-
ment.

Definition 3.10. Let (R(l),+,-) be a neutrosophic
hyperring and let A[l] be a non-empty subset of R(l). Then,
A[l] is called a neutrosophic subhyperring of R(l) if
(A[l1],+,-) is itself a neutrosophic hyperring. It is essen-
tial that A[l] must contain a proper subset which is a hy-
perring. Otherwise, A[l] is called a pseudo neutrosophic
subhyperring of R(l).

Definition 3.11. Let (R(I),+,-) be a neutrosophic
hyperring and let A[l] be a neutrosophic subhyperring of
R(I).

(1) A[l] is called a left neutrosophic hyperideal if for

all (r,sl)eR(l),(a,bl)e All],
(r,sl)-(a,bl) < All.
(2) A[I]is called a right neutrosophic hyperideal if for
all (r,sl)eR(l),(a,bl)e All],
(a,bl)-(r,sl) < All].

(3) A[I] is called a neutrosophic hyperideal if A[I] is

both a left and right neutrosophic hyperideal.

A neutrosophic hyperideal A[I] of R[I] is said to be
normal in R(l) if for all (r,sl) e R(1),

(r,sh)+All]—(r,sl)c All].

Lemma 3.12. Let (R(I),+,-) be a neutrosophic hy-
perring and let A[I] be a non-empty subset of R(l). Then,
A[I] is a neutrosophic hyperideal if and only if the follow-
ing conditions hold:

(1) Forall

(a,bl), (c,dl) e A[1],(a,bl)—(c,dl) < All];

(2 Forall (r,sl)eR(l),(a,bl)e All],
(a,bl)-(r,sl) < All]
(r,sl)-(a,bl) c All7;

(3) A[I] contains a proper subset which is a hyperring.

and

Lemma 3.13. Let (R(1),+,-) be a neutrosophic hy-
perring and let A[I] be a non-empty subset of R(I). Then,
A[l] is a pseudo neutrosophic hyperideal if and only if the
following conditions hold:

(1) Forall

(a,bl),(c,dl) e All],(a,bl)—(c,dl) c All];

@) Forall (r,sl)eR(l),(a,bl) e All],
(a,bl)-(r,sl) < Al
(r,sl)-(a,bl)c All];

(3) A[I] does not contain a proper subset which is a
hyperring.

and

Definition 3.14. Let A[l] and B[I] be any two neutro-
sophic hyperideals of a neutrosophic hyperring R(l). The
sum of A[l] and BJI] denoted by A[I]+B[l] is defined as
the set {(x,yl):(x,yl)e(abl)+(c,dl), where
(a,bl) e A[I],(c.dl) €B[IT}.

Definition 3.15. Let R(l) be a neutrosophic hyperring
and let A[l] be a neutrosophic hyperideal of R(l). If K is a
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hyperideal (pseudo hyperideal) of R, the sum of A[l] and K

denoted

by A[l]+K s
{(x,yl):(x,yl)e(a,bl)+(k,0),

(a,bl) e A[1], (k, 0) € K}.

Example 4. Let R(1)={(0,0),(x,0),(0,x1I),(x,x)} be a set
and let + and - be hyperoperations on R(l) defined in the

defined

as

the set

where

tables below.
+ (0,0) (x,0) (B0) (x,xI)
(0,0) {00} | {03} {(00), | {(xxDh}
(Oxn}
(x,0) {(x,0)} {(0,0), {(x,0), R(1)
(x,0)} (xx1)}
(0,x1) {(0,0), {(x,0), {(0,0), {(x,0),
(0,xD} (x,xD} (0,xD)} x,xD}
(x,x1) {(xxD)} R(1) {(x,0), R(1)
(x,xN}

Table 1.

. (0,0) (x,0) (0,xI) (x,xI)
(0,0) {000} | {00} | {00} | {00}
(x,0) {003} | {(0,0), {(0,0), R(1)

x,0} (Oxn}
(0.x1) {(0,0)} {(0,0), {(0,0), {(0,0),
(0,x} (0,xN} 0,xN}
(x.xI) {(0,0)} R(1) {(0,0), R(1)
(0,x}
Table 2.

It is clear from the tables that (R(I),+) is a neutrosophic
canonical hypergroup and (R(1),+,-) is a neutrosophic

hyperring.

4 Properties of Neutrosophic Canonical Hyper-

groups

In this section, we present some basic properties of

neutrosophic canonical hypergroups.

Proposition 4.1. Let (H(l),+) be a neutrosophic canon-
ical hypergroup. Then,

(1) (H(D,+) in general is not a canonical hypergroup.

(2) (H(I,+) always contain a canonical hypergroup.

Lemma 4.2. Let (H(l),+) be a neutrosophic canonical

hypergroup.

(1) —(0,0)=(0,0).

(2 —(—~(a,bl))

=(a,bl) forall (a,bl)e H(l).

@) —((a,bl)+(c,dl) =—(a,bl)—(c.dl) for all

(a,bl),(c,dl) e H(1).

Proposition 4.3. Let (H(I),+) and (G(I),+’) be any two
neutrosophic canonical hypergroups. Then, H (1) xG(I)

is a neutrosophic canonical hypergroup, where

((a,bl), (c,d)+"((e, f1),(g,hl))
={((p,ql),(x, y1)): (p,ql) € (a,bl) + (e, 1),

(x,y1) e (c.dl)+(g,hD)},

for all

((a,bl),(c,dl)),((e, f1),(g,h1)) e H(I) xG(1).

Proposition 4.4. Let (H(l),+) be a neutrosophic canon-
ical hypergroup and let (K,+’) be a canonical hypergroup.
Then, H()xK is a neutrosophic canonical hypergroup,
where

((a,bl),(m,0)+"((c,dl),(n,0))

={((x, y1),(k,0)) : (x, yI) € (&,bl) +(c,dl),

(k,0) €(m,0)+'(n,0)},

for all

((a,bl),(m,0)),((c,dl),(n,0)) e H(l)x K.

Proposition 4.5. Let A[1] and B[I] be any two neutro-
sophic subcanonical hypergroups of a neutrosophic canon-
ical hypergroup H(I). Then,
(1) A[1]+BJI] is a neutrosophic subcanonical hyper-
group of H(l).

(2) A[I+A[II=A[l].

(3) All]nB[I]is a neutrosophic subcanonical hy-
pergroup of H(I).

Proposition 4.6. Let H(I) be a neutrosophic canonical
hypergroup and let A[I] and B[I] be any neutrosophic sub-
canonical hypergroup and pseudo neutrosophic subcanon-
ical hypergroup of H(l), respectively. Then,

(1) A[II+B[1] is a neutrosophic subcanonical hyper-

group of H(l).
(2) All]nB[I]is a pseudo neutrosophic subcanon-
ical hypergroup of H(1).

Proposition 4.7. Let H(I) be a neutrosophic canonical
hypergroup and let A[I] and B[I] be any neutrosophic sub-
canonical hypergroup and pseudo neutrosophic subcanon-
ical hypergroup respectively. If K is any subcanonical hy-
pergroup of H, then

(1) A[I]+K is a neutrosophic subcanonical hyper-

group of H(l).
(2) B[I]+K is a neutrosophic subcanonical hyper-
group of H(I).

Proposition 4.8. Let (H(l),+) be a neutrosophic canon-
ical hypergroup and let A be a subcanonical hypergroup of
H. If A is normal in H, A[I] is not necessarily normal to

H(l).

Proposition 4.9. Let (H(I),+) be a neutrosophic canon-
ical hypergroup and let A be a normal neutrosophic subca-
nonical hypergroup of H. Then,
(a,al)+A—(a,al) c All]forall (a,al)eH(I).

Proof. Suppose that A is normal in H. Let (h,0) be an
arbitrary element of A. Then, for all (a,al) € H(I)with
a=0, we have

(a,al)+(h,0)—(a,al)

=(a,al)+{(x,yl):xeh—a,yeh—-au0-a}

={(u,vl):uea+x,vea+yua+x,
xeh—a,yeh-au-a}
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={(u,vl):uea+h-a,
vea+h—-aua-aua+h-a},
from which we obtain U e Aand V€ A. Therefore,
(u,vl) € All].Since (h,0) € Ais arbitrary, the required
results follow.

Definition 4.10. Let (H(l),+) be a neutrosophic canoni-
cal hypergroup and let A[1] be a neutrosophic subcanonical
hypergroup of H(l). We consider the quotient

(H(): ALl ={(a,bl)+All]:(a,bl) e H[I]}
and we put (a,bl)+ A[1]1=[(a,bl)].Forall

[(a,bl)],[(c,dl)] e (H(I) A[I]) we define the
hyperoperation @ on (H(1): A[l])as

[(a, bI)]@[(C di)]={[(e, f1)]: (e fl) e

(a,bl)+(c,dl)}.

Then the couple ((H (1): AlIT), ®) is called the quo-
tient neutrosophic canonical hypergroup. If A[l] is a pseu-
do neutrosophic subcanonical hypergroup, then we call
((H(1): All]),®) a pseudo quotient neutrosophic ca-
nonical hypergroup.

Proposition 4.11. Let H(l) be a neutrosophic canoni-
cal hypergroup and A[l] be a neutrosophic subcanonical
hypergroup (pseudo neutrosophic subcanonical hype-
group) of H(I). Then, ((H(I): All]),®) is generally not
a canonical hypergroup.

Definition 4.12. Let (H,(1),+)and (H,(l),+) be
two neutrosophic canonical hypergroups and let
¢:H, (1) > H,(l) be a mapping from H,(l) into
H, (I

(1) @is called a homomorphism if
a. ¢ is a canonical hypergroup homomor-
phism;
b. ¢((0 1))=(0.1).
(2) ¢is called a good or strong homomorphism if
a. ¢ is a good or strong canonical hyper-
group homomorphism;
b. ¢((0,1))=(0.1).
(3) ¢is called a isomorphism (strong isomorphism) if
¢ is a bijective homomorphism (strong homo-
morphism).

Definition 4.13. Let ¢:H, (1) — H,(l) be a ho-
momorphism from a neutrosophic canonical hypergroup
H, (1) into a neutrosophic canonical hypergroup H, (1)

(1) The kernel of ¢ denoted by Kerg is the set

{(a,bl) e H,(1): ¢((a,bl)) =(0,0)}.

(2) The kernel of ¢ denoted by Im¢ is the set
{¢((a.bl)): (a,bl)  H,(1)}.
5 Properties of Neutrosophic Hyperrings

In this section, we present some basic properties of
neutrosophic hyperrings.

Proposition 5.1. Let (R(I),+,-) be a neutrosophic
hyperring. Then,

(1) (R(l),+,-) ingeneral is not a hyperring.

@ (R(l),+,-) always contain a hyperring.

Proof. (1) It has been presented in part (1) of Proposi-
tion 4.1. that (R(I),+,-)is not a canonical hypergroup.
Also, distributive laws are not valid in (R(l),+,-) . Hence,
(R(1),+,-) is not a hyperring. (2) Follows from the defi-
nition.

Proposition 5.2. Let (R(1),+,-)and (S(I),+",-")be
any two neutrosophic hyperrings. Then, R(1)xS(l)is a
neutrosophic hyperring, where

((a,b1), (c,dl)+"((e, f1),(g,hl))

={((p.al),(x, y1)):(p.ql) (a,bl)+(e, fl),

(x,yI) e (c,dl)+'(g,h1)},

and

((a,b1), (c,dl)-"((e, f1).(g,hl))

={((p.al),(x,y1)):(p,al) € (a,bl).(e, fI),

f(x, 3I/II) e(c,dl).'(g,hl)},

ora

((a,b), (c,d1)), ((&, f1),(g, 1)) e R(1)xS(1).

Proposition 5.3. Let (R(I),+,-) be a neutrosophic
hyperring and let (K,+'-") be a hyperrings. Then,
R(I) x K is a neutrosophic hyperring, where

((a,bl),(m,0)+"((c,dl),(n,0))

={((x, y1).(k,0)) : (x, yI) € (a,bl) +(c,dl),

(k,0) €(m,0)+'(n,0)},

and

((a,bl),(m,0)-"((c,dI),(n,0))

={((x, y1),(k,0)): (x, yI) € (a,bl).(c,dI),

S‘Er gl)l e (m,0).'(n,0)},

((a,bl),(m,0)), ((c,dl), (n,0)) € R(1) x K.

Lemma 5.4. Let A[l] be any neutrosophic hyperideal
of a neutrosophic hyperring R(l). Then,

(1) AJI+A[II=A[.

(2) (abl)+A[1]=A[l] for all (a,bl)e All].

Proposition 5.5. Let (R(I),+,-) be a neutrosophic
hyperring and let A[1] and B[I] be left (right) neutrosophic
ideals of R(l). Then,

(1) AllI]"B[I]is a left (right) neutrosophic hyper-

ideal of R(1).
(2) All]+B[l]is a left (right) neutrosophic hyper-
ideal of R(I).

Proposition 5.6. Let R(I) be a neutrosophic hyperring
and let A[I1] and B[I] be any neutrosophic hyperideal and
pseudo neutrosophic hyperideal of R(l) respectively. Then,

(1) Al ]+ B[I]is a neutrosophic hyperideal of R(l).

(2) Al B[I]is a pseudo neutrosophic hyperideal

of R(I).

Proposition 5.7. Let R(l) be a neutrosophic hyperring
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and let A[I] and B[I] be any neutrosophic hyperideal and
pseudo neutrosophic hyperideal, respectively. If K is any
subhyperring of R, then

(1) AJl]+ K is a neutrosophic hyperideal of R(l).

(2) B[I]+ K is a neutrosophic hyperideal of R(l).

Proposition 5.8. Let (R(I),+,-) be a neutrosophic
hyperring and let A be a hyperideal of R. If A is normal in
R, A[I] is not necessarily normal in R(1).

Proposition 5.9. Let (R(I),+,-) be a neutrosophic
hyperring and let A be a normal hyperideal of R. Then,

(a,al)+A—(a,al) c All]

forall (a,al) e R(I).

Definition 5.10. Let (R(I),+,-) be a neutrosophic
hyperring and let (A(l),+,-) be a neutrosophic hyperideal
of R(l). We consider the quotient (R(1): A[l]) =

{(a,bl)+ A[l]:(a,bl) e R(I)}and we put

(a,bl)+A[1]=[(a,b)].

For all [(a,bl)],[(c,dl)]e ((R(I): All]),we con-
sider the hyperoperation @ as defined in the Definition
410 and we define the hyperoperation [l on
((R(D:AllT)as  [(a,bh)]U [(c,d)]={[(e, fI)]:
(e, fI) e (a,bl).(c,d)}.

Then, the triple ((R(1): A[1]),®,[]) is called the
quotient neutrosophic hyperring. If A[l] is a pseudo neu-
trosophic hyperideal, then we call ((R(1): All]),®,[1)
a pseudo neutrosophic hyperring.

Proposition 5.11. Let R(l) be a neutrosophic hyperring
and let A[l] be a neutrosophic hyperideal (pseudo neutro-
sophic hyperideal) of R(I). Then, ((R(1): A[l]),®,[1)
is generally not a hyperring.

Definition 5.12. Let (R (1),+) and (R,(I),+) be
two neutrosophic hyperrings and let ¢: R, (I 3—) R, (1)
be a mapping from R (1) into R,(I).
(1) ¢iscalleda homomorphlsm if
a. ¢ isahyperring homomorphism;
b. #((0,1))=(0.1).
(2) ¢is called a good or strong homomorphism if
a. ¢ is a good or strong hyperring homo-
morphism;
b. ¢((0 1))=(0.1).
(3) ¢is called a isomorphism (strong isomorphism) if
¢ is a bijective homomorphism (strong homo-
morphism).

Definition 5.13. Let ¢: R (1) = R,(l) be a homo-
morphism from a neutrosophic hyperrmg Rl(l) into a
neutrosophic hyperring R, (1) .

(1) The kernel of ¢ denoted by Kergis the set

{(a,bl) R (1):¢((a,b1)) =(0,0)}.

(2) The kernel of ¢ denoted by Im¢ is the set

1#((a,b1)):(a,bl) e R (1)}

Proposition 5.14. Let ¢: R, (1) > R,(I) be a ho-

momorphism from a neutrosophic hyperring Ri(l) into a

neutrosophic hyperring R, (). Then,
(1) Kerg is a subhyperrmg of R and never be a

neutro(slo)phlc hyperring (neutrosophlc hyperideal)

(2) Im¢ is a neutrosophic subhyperring of R, ().

Question 1: Does there exist:

(1) A neutrosophic canonical hypergroup with normal
neutrosophic subcanonical hypergroups?

(2) A neutrosophic hyperring with normal neutrosoph-
ic hyperideals?

(3) A simple neutrosophic canonical hypergroup?

(4) A simple neutrosophic hyperring?

6 Conclusion

In this paper, we have introduced and studied neutro-
sophic canonical hypergroups and neutrosophic hyperrings.
We presented elementary properties of neutrosophic ca-
nonical hypergroups and neutrosophic hyperrings. Also,
we studied quotient neutrosophic canonical hypergroups
and quotient neutrosophic hyperrings.
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