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Abstract: The term topology was introduced by Johann Beredict Listing in the 19t century. Closed
sets are fundamental objects in a topological space. In this paper, we use neutrosophic vague sets and
topological spaces and we construct and develop a new concept namely “neutrosophic vague
topological spaces”. By using the fundamental definition and necessary example we have defined the
neutrosophic vague topological spaces and have also discussed some of its properties. Also we have
defined the neutrosophic vague continuity and neutrosophic vague compact space in neutrosophic

vague topological spaces and their properties are deliberated.

Keywords: Neutrosophic vague set, neutrosophic vague topology, neutrosophic vague topological
spaces, neutrosophic vague continuity.

1. Introduction:

Zadeh [19] in 1965 introduced and defined the fuzzy set which deals with the degree of
membership/truth. Topology has become a powerful instrument of mathematical research. Topology
is the modern version of geometry. It is commonly defined as the study of shapes and topological
spaces. The topology is an area of mathematics, which is concerned with the properties of space that
are preserved under continuous deformation including stretching and bending, but not tearing and
gluing which include properties such as connectedness, continuity and boundary. The term topology
was introduced by Johann Beredict Listing in the 19t century. Closed sets are fundamental objects in
a topological space. In 1970, Levine [11] initiated the study of generalized closed sets.

The theory of fuzzy topology was introduced by Chang [8] in 1967; several researches were
conducted on the generalizations of the notions of fuzzy sets and fuzzy topology. Atanassov [7]
in1986 introduced the degree of non-membership/falsehood (F) and defined the intuitionistic fuzzy
set as a generalization of fuzzy sets. Coker [9] in 1997 introduced the intuitionistic fuzzy topological
spaces. As an extension of fuzzy set theory in 1993, the theory of vague sets was first proposed by
Gau and Buehre[10]. Then, Smarandache [15] introduced the degree of indeterminacy/neutrality (I)
as independent component in 1998 and defined the neutrosophic set. Various methods were

proposed by Smarandache.et.al [13, 16, 17, 18] and Abdel-Basset.et.al [1, 2, 3] for neutrosophic sets.
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Salama and Alblowi [12] in 2012 used this neutrosophic set and introduced neutrosophic topological
spaces. Shawkat Alkhazaleh [14] in 2015 introduced the concept of neutrosophic vague set as a
combination of neutrosophic set and vague set. Neutrosophic vague theory is an effective tool to
process incomplete, indeterminate and inconsistent information. Al-Quran and Hassan [4, 5, 6] in
2017 introduced and gave more application on neutrosophic vague soft.

In this paper we define the notion of neutrosophic vague topological spaces and their
properties are obtained. The purpose of this paper is to extend the classical topological spaces to
neutrosophic vague topological spaces. Also we have defined the neutrosophic vague continuity and
neutrosophic vague compact spaces which give the added advantage in neutrosophic vague

topological spaces.
2. Preliminaries
Definition 2.1:[14] A neutrosophic vague set ANV (NVS in short) on the universe of discourse X

written as Ay = {<X;'|:ANV (X); fANV (X); IfANV (x)>; X e X} , whose truth membership,

indeterminacy membership and false membership functions is defined as:

fANV (X): [T_’T+]' IAANV (X):[I_’I+]’ 'fANv (X):[F_'F+]
Where,
1) T'=1-F"
2) F"=1-T and
3) 0T +IlI +F <2".

Definition 2.2:[14] Let ANV and BNV be two NVSs of the universe U . If

A

vueU, T, (u)<Ty () T, (u)=T, (U); Fy (U)=Fs () then the Nvs Ay, s
included by Byy, denoted by Ay CByy s where 1<i<n.
Definition 2.3:[14] The complement of NVS Ay, is denoted by Ay, and is defined by
T, ()=p-1 -] 0 ()=f-1r - B ()=h-Fra-F]
Definition 2.4:[14] Let Ay, be NVS of the universe U where VU;€U T, (x)=[11]
[, (x)=[0,0]; F, (x)=[0,0]. Then Ay, is called unit NVS (Lyy in short), where 1<i<n.

Definition 2.5:[14] Let ANV be NVS of the universe U where VUi eU , fANV (X):[0,0];

IAANV (X) = [1, 1]; lfANv (X) = [1, 1]. Then Ay is called zero NVS (Oyy in short), where 1<i<n.
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Definition 2.6:[14] The union of two NVSs ANV and BNV is NVS CNV , written as
CNV = ANV U BNV , whose truth-membership, indeterminacy-membership and false-membership
functions are related to those of ANV and BNV given by,

Te,, () =[max(T,,, \Tg, ) max(T, . Tg, )l

e, () =Imin(l, 15 ).min(l; 15 )]

Fe,, ) =Imin(F, ,Fg ).min(F. ,Fg )l
Definition 2.7:[14] The intersection of two NVSs ANV and BNV is NVS CNV , written as
CNV = ANV N BNV , whose truth-membership, indeterminacy-membership and false-membership
functions are related to those of ANV and BNV given by,

Te,, ) =IMin(T, Tg ).min(T Tg )]

le,, () =Imax(ly, .15, )max(l;, 15, )]
Fe,, () =[max(F,, ,Fs ).max(F: ,Fqs ).

Definition 2.8:[14] Let ANV and BNV be two NVSs of the universe U . If VUi eU,

-|:/_\Nv (Ui)z-chNV (Ui); IAAN\/ (Ui)z IABN\/ (ui); FAAN\/ (Ui)z IEBN\/ (Ui), then the NVS ANV and BNV , are

called equal, where 1<i<n.

Definition 2.9: Let {Ai . el } be an arbitrary family of NVSs. Then

A, ={((maxdr, Jmadri ) (minls, dminles ) (minles, deminle J))ixe x|
A, = {<X;(?1i5‘(TA‘. ominfr )) (mgx('x.w Jmads,, ))(meajx(ﬁ. hmaxe; )]>:X € X}

Corollary 2.10: Let ANV’ BNV and CNV be N'VSs. Then

a Ay By and Cy, c D, = A, UC,, cB,, uD,, and A, nCy, =B, "Dy,
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b) Ay €By and Ay, cC, = A, =By, NCy,
o Aw cCy and By, cCy, =A,, UB,, cCy,

4 Ay By and By, cCy, =A, cCy

e) (ANV v BNV): ANV M BNV

f) (ANV M BNV): ANV v BNV

g Aw SByw =By < Ay

h) ANV = ANV
i) Iw = Oy
i) Oy =1

Corollary 2.11: Let A, By, C\, and A » (i € J) be NVSs. Then
a) A cB,, foreachieJ =>UA cB,,

b) By c A, foreachieJ =By, cnA

o UA =nA_adnA =UA
3. Neutrosophic Vague Topological Space:
Definition 3.1: A neutrosophic vague topology (NVT) on X ny is a family 7z, of neutrosophic
vague sets (NVS) in X Ny satisfying the following axioms:

o Oy lyery

* G, NG, er,, forany G,,G, e,

. UG €1, VG icllcr,,

In this case the pair (X, ,z,, ) is called neutrosophic vague topological space (NVTS) and any

NVSin ¢z, isknown asneutrosophic vague open set (NVOS) in X NV -
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The complement A,SIV of NVOS in NVTS (X ) is called neutrosophic vague closed set

NV 1 TNV
(NVCS)in Xyy.

Example 3.2: Let X N = {e; f, g} and

e f
P = {X’ ([0.1,0.5];[0.6,0.8];[0.5,0.9]) '([0.2,0.3];[0.4,0.5];[0.7,0.8]) ' ([0.2,0.6]; [o.7?o.9]; [O.4,0.8]>}’

o f
By = {X’ ([0.2,0.4];[0.3,0.7];[0.6,0.8]) " ([0.5,0.8];[0.2,0.6];[0.2,0.5]) <[o.1,o.3];[o.1?0.7]; [o.7,o.9]>}’

o f
Caw = {X’ ([0.2,0.5];[0.3,0.7];[0.5,0.8]) ' ([0.5,0.8];[0.2,0.5];[0.2,0.5]) " ([0.2,0.6]; [0.1?0.7]; [0.4,0.8]>}’

3 e f g
P = {X’ ([0.1,0.4];[0.6,0.8];[0.6,0.9]) " ([0.2,0.3];[0.4,0.6];[0.7,0.8]) ' ([0.1,0.3];[0.7,0.9]; [o.7,0.9]>}'
Then the family Tyy = {ONV’ANV’BNV’CNV’DNV’lNV}Of NvSsin Xy, isNVTon Xy .

Definition 3.3: Let (X ) be NVISand A, = {<x, ['fA, fA, IfA]>} be NVS in X v - Then the

NV 1 TNV

neutrosophic vague interior and neutrosophic vague closure are defined by
e NVint(Ay )=uU{G, /G, isa NVOSin X,, and G, < Ay }
e NVcl(Ay )=n{K, /K, isa NVCSinX,, and A, < K., }

Note that for any NVS Ay, in (X2, ) wehave NVEI(AZ, )= (NV int(A,, ) and
NV int(Ag, )= (NVel (A, ).
It can be also shown that Nvcl (ANV ) is NVCS and NV int(ANV ) is NVOS in X NV -
a) ANV is NVCSin X w if and only if NVel (A, )= Ay, -
by Ay isNVOSin Xy if and only if NV int(A,, )= Ay -
Example 3.4: Let X N T {e, f } andlet Tyy = {0 NV ,Gl,Gz '1NV } be NVTon X , where

¢ f
G, = {X’ ([0.2,0.4];[0.7,0.9];[0.6,0.8))° <[O.3,0.5];[0.6,0,8];[0.5’0'7]>} and
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e f
6. = {X’ ([0.4,0.9];[0.1,0.3];[0.1,0.4]) " ([0.5,0.7];[0.2,0.6]; [o.3,o.5]>}'

e f
If A, ={X’ ([0.3,0.5];[0.4,0.7];[0.5,0.7]) <[0.4,0.6];[0.5,0.8];[0.4,0.6]>} then

. e f
NV int(Ay )=G, = {X’ ([0.20.4];[0.7,0.9];[0.6,0.8)) " [0.305]; [0.6,0.8] [0-5’0-7]>} "

NVel (A, )= G { © f }

% ([0.8,0.6;[0.1,0.3];[0.2,0.4]) " ([0.5,0.7];[0.2,0.4];[0.3,0.5])

Proposition 3.5: Let Ay, be any NVSin Xyy. Then
y o NVint(Ly, - Ay ) =1y - (NVel(Ay, ) and
i NV, —Ay )=1y -(NVint(A,, )
Proof: (i) By definition NVvcl (A, )= "{K,, /Ky, isaNVCSin X,, and A, < K, }

1w —(NVel(Ay, ) =1, —N{K,y /Ky isa NVCS in X, and A, < K, !}
=U{l,, — Ky /Ky isa NVCSin X , and A, c K, |
=U{G,, /G,, isan NVOS in X, and G, 1, — Ay |
=NVint(l,, — Ay )

(ii) The proof is similar to (i).
Proposition 3.6: Let(X ,,,7,, ) be a NVTS and ANV ' BNV be NVSs in X nv - Then the following
properties hold:

a) NVint(Ay )< A -

a’) Aw = Nvcl(Ay)

b) A, < B, = NVint(A, )< NV int(B,, ),

b) Ay < By = NVcl(A,, )< Nvcel(B,, )

o NVint(NVint(A, ))= NVint(A, ),

c) Nvel(Nvel (A, )= Nvcl (A, )

d)  NVint(A, By )=NVint(A,, )NV int(B,, ),

d’) Nvcel (A, wB,, )= Nvcl(A,, )u Nvcl(B,, )
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e NV int(le ) =Lw,

') NVel (0, ) =0y,
Proof: (a), (b) and (e) are obvious, (c) follows from (a)

d) From NV int(A,, N B,, )< NVint(A,, ) and NV int(A,, mB,, )< NVint(B,, ) we
obtain NV int(A,, N By, )< NVint(A,, )~ NV int(B,, )-

On the other hand, from the facts NVint(A, )c A, and NVint(B,, )< By
= NV int(A,, )" NV int(B,, )= Ay N By, and NVint(A,, )~ NV int(B,, )e z,, Wwe see

that NV int(A,, )~ NV int(B,, )= NV int(A,, N B,, ), for which we obtain the required

result.
(@’)—(e") They can be easily deduced from (a)—(e).

Definition 3.7: ANVS A, = {<x [fA, [, lfA]>} in NVTS (X 7y, ) issaid to be

NV

i)  Neutrosophic Vague semi closed set (NVSCS) if NV int(NVcl (A, )) = Ay »
i)  Neutrosophic Vague semi open set (NVSOS) if A, < NVcl(NV int(A, )),
ili) Neutrosophic Vague pre- closed set (NVPCS) if NVcl(NV int(Ay, ))<= Ay »
iv)  Neutrosophic Vague pre-open set (NVPOS) if A, < NV int(NVcl (A, )),

v)  Neutrosophic Vague o -closed set (NV o CS)if Nvcl(NV int(NVcl (A, ) < Ay »
vi) Neutrosophic Vague o -open set (NV o OS)if A, = NV int(NVcl(NV int(A, ))),
vii) Neutrosophic Vague semi pre- closed set (NVSPCS) if NV int(NVcl(NV int(Ay, ))) < Ay
viii) Neutrosophic Vague semi pre-open set (NVSPOS) if A, < NVcl(NV int(NVcl (A, ))),

ix)  Neutrosophic Vague regular open set (NVROS) if A, = NV int(NVcl (A, )),

x)  Neutrosophic Vague regular closed set (NVRCS) if A, = NVcl(NV int(A, )).

4. Neutrosophic Vague continuity:
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Definition 4.1: We define the image and preimage of NVSs. Let Xy, and Yyy be two nonempty
setsand T 1 Xy, = Yyy be a function, then the following statements hold:
a) If By, = {<x;fB (x); Ts (x); Fg (X)) x X | isaNVSin Yy, then the preimage of Byy
under £ denotedby T (Byy ), isthe NVSin Xy defined by
(B )= {<x ( Xx) f ‘1( Xx) f ‘1( BXX)>;XE X }
b) If A, = {<x;'fA(x); A (x); IfA(x)>;x e XNV} isaNVSin Xy, then the image of Ayy

under f, denoted b f ANV ,is the NVS in YNV defined b
y y

F (A ) = 1Y Fup T ) e () e (B X))y € Vi |

where,

A

( Xy { SUP TA(X)' if £7(y)=¢

xef?

0, otherwise

otherwise

£ (B ) = { ) )

otherwise

fur (T ky)= { R if £7(y)= ¢

foreach Y € YNV .
Corollary 4.2: Let ANV’AiNV (i € J) be NVSs in XNV/ BNV ' BJNV (J € K) be NVSs in YNV and

f:X NYiaxd YNV a function. Then

0 A, ch, = 1A )efla, )8, o8, =B, )cB,,)
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p floa,)=ufla, )

9 fNA Jenf(A ) ar 5 isinjective then FNA_)=f(A )
my 0y )=1y,

p 7 0w)=0u,

p Flw) =Ly, if £ is suective,

o F0w)=0u,

n f (ANV ) cf (ANV ), if f issurjective,

m) f 71(%): f*(Byy ).
Definition 4.3: Let (X, ,z,,) and (YNV 10y ) be two NVTSs and let
f (X NV TNy ) - (YNV Y ) be a function. Then f 1is said to be neutrosophic vague continuous
mapping iff the preimage of each neutrosophic vague closed set is in YNV is neutrosophic vague
closed setin X NV -
Definition 4.4: Let (X, ,z,,) and (YNV 1O ny ) be two NVTSs and let
f: (X NV 1 TNy ) - (YNV VY ) be a function. Then f 1is said to be neutrosophic vague open
mapping iff the image of each neutrosophic vague open set is in X Ny is neutrosophic vague open
set in YNV .

5. Neutrosophic Vague Compact Space:

Definition 5.1: Let (X v TNV ) be NVTS.

i) If a family {<X,TA_ Ao Fa > ied } of NVOSs in X satisfies the condition
U {<X,TA_ Ay Fa > ied }: 1, , then it is called neutrosophic vague open cover of X. A

finite subfamily of neutrosophic vague open cover {<X,T Ao ba, Fa, > ied } of X, which
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is also a neutrosophic vague cover of X, is called a neutrosophic vague finite subcover of

T 1 F )tie )
ii) A family {<X,TBi g o Fg, > el } of NVCSs in X satisfies the finite intersection

property iff every finite subfamily {<X,TB_ g Fg > i=12,...., n} of the family satisfies

the condition ﬁ {<X,TBi ) IBi ) FBi >}¢ Oy -

i=1

Definition 5.2: A NVTS (X NV 1 TNy ) is called neutrosophic vague compact iff every neutrosophic

vague open cover of X has a neutrosophic vague finite subcover.

Corollary 5.3: A NVTS (X NV ’TNV) is neutrosophic vague compact iff every family

{<X,TBi g, Fg, > tied } of NVCSs in X having the FIP has a nonempty intersection.

Corollary 5.4: Let (X NV 1 TNV ) , (YNV'GNV) be NVTSs and | Z(X vava)_) (YNV’UNV) a
neutrosophic vague continuous surjection. If (X NV 1 TNy ) is neutrosophic vague compact, then so
is (YNV’GNV)-

Definition 5.5: Let (X 1 Tyy ) be NVTSand Ay aNVSin X.

i) If a family {<X,TA_ A Fa > e d } of NVOSs in X satisfies the condition
Ay < U {<X,TA_ s Fa > ied }, then it is called neutrosophic vague open cover of
ANV . A finite subfamily of neutrosophic vague open cover {<X,T Ao ba, Fa, > ied } of

ANV , which is also a neutrosophic vague cover of ANV , is called a neutrosophic vague

finite subcover of {<X,TAi s Fa > e d }
ii) ANVSinaNVTS (X NV 1 TNy ) is called neutrosophic vague compact iff every

neutrosophic vague cover ANV of has a neutrosophic vague finite subcover.
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Corollary 5.6: Let (X NV TNy ) , (YNV 10y ) be NVTSs and f: (X NV 1 TNV ) - (YNV 1O\ ) a
neutrosophic vague continuous function. If ANV is neutrosophic vague compact in (X NV 1 TNy ),

then so if f (ANV ) in (YNV ) GNV )

Conclusion: Thus we have given the definition for neutrosophic vague topological spaces and
suitable examples are also given. Along with those definition neutrosophic vague continuity and
neutrosophic vague compact spaces where also discussed. Further, we can compare with all the
neutrosophic vague sets and neutrosophic vague continuous functions in neutrosophic vague

topological spaces.
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