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1. Introduction

In the algebraic sense, finite field theory deals with the algebraic concepts and related systems
with the properties of different sets of complete residue system Z, ={0,1,2,.....,n — 1} of integers
modulo n. In this paper, we consider some particularly important sets of numbers Z, =
{0,1,2,.....,p — 1} under addition and multiplication modulo a prime p. The theory of these
numbers is concerned, at least in its elementary aspects, with properties of the scalars and more
particularly with the numbers in Z, and their related concepts. We shall make no attempt to
construct the set of numbers axiomatically, assuming instead that they are already well-known and
that any reader of this paper is familiar with many elementary concepts and results about finite
fields. Among these some are defined and stated to refresh in algebraic terminology. We can
generally define a field F as an abelian group under addition together with multiplicative operation
such that the structure (F —{0},-) is also an abelian group satisfies the distributive axioms:
a(b+c) =ab +ac and (b + c)a = ba + ca. Now we shift our attention to the finite field F,, we are
considering in this paper [1]. For a prime p, we represent the number of elements in the field F, is
p. Also, in any finite field of order p, we have ap = 0 for every a in F,. This means that the
characteristic of F, is p. Further, all fields of order p are isomorphic, that is, there is a unique field
up to isomorphism of order p.

Classic algebra, control systems, neural networks, decision and estimation issues have all been
reformed and adapted to adhere to Neutrosophic logic and systems in recent years [2-7]. In 1980,
Smarandache developed his Neutrosophic sets philosophical theory to address many forms of
uncertainties in a variety of real-world challenges, and it has since been successfully implemented in
a variety of study domains. However, Neutrosophic theory is an extension theory of Fuzzy logic
theory in which indeterminacy I is included with I follows some algebraic properties, namely I +
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I=21, =1 1—-1=0,0I=0, 1I =1 but I"! does not exist. The concept of Neutrosophic field
structure was introduced by F. Smarandache and W.B. Vasantha Kandasamy in 2006.

Now we give a brief introduction to Neutrosophic field structures. For any classical field, there

exists a Neutrosophic fieldF(I). The structure F(I) = (F(I),+,") is called a Neutrosophic field

under Neutrosophic operations + and -, which are defined as

(a+bD)+(c+d)=(a+c)+ (b+d) and

(a+ bl)(c+dI) = ac + (ad + bc + bd)I

for every Neutrosophic elements a + bland ¢ + dIinF(I). Note that, F(I) is generated by F

and [, and it is represented by F(I) =(FUI) =F + FI.If F is a finite field then F(I) is also finite.
Otherwise, F(I) is an infinite Neutrosophic field. For example, Q(I), R(I) and C(I) for all infinite
fields but F,(I) is a finite field, where F, is isomorphic to Z,. However, for further details about
Neutrosophic field, the reader should see [8-13].

This manuscript makes three contributions. To begin, we propose using finite fields to
investigate the algebraic features of the corresponding Neutrosophic field through several cases.
Second, we characterise in detail the Neutrosophic Fermat's and Little Fermat's Theorems over finite
Neutrosophic fields. Additionally, we present certain necessary and sufficient conditions for the
Neutrosophic elements' abilities in the Neutrosophic field F,(I). Finally, and most importantly, to
illustrate three alternative implementations of the Neutrosophic Fermat's Theorem. Additionally, we
developed a table comparing classical and neutrosophic fields.

2. Properties of Finite Neutrosophic Fields

Most of the researchers in abstract algebra show how to represent a finite field F, over its prime
characteristic p by clearly representing its additive structure as an abelian group, or a quotient ring
of polynomials over F,. In this section, we represent a Neutrosophic set representation of finite
Neutrosophic field that naturally and simply displays both the Neutrosophic additive and
multiplicative structures of the finite Neutrosophic field F,(I) over the classical field F, under its
prime characteristic p.

Let p be a prime number. Then we specify the finite field of order p?, F,(I) also denoted by
E, + E,(I) as follows:

F,(I) ={a + bl : a,beF,, I* = I}
where the Neutrosophic operations (a + bI) + (¢ + dI) and (a + bI)(c + dI) are both performed
modulo p, this means that (a + bl) + (c + dI) is the remainder of the division (atbD+(e+dD) o hd

similarly for (a + bI) + (¢ + dI) remainder of latb(ctdl)

Generally, the following result is well-known with respect to the classical field F,.
Theorem 2.1[15]: For every element u in pr there exists v in pr such that uv = 1 (mod p).

This result is very useful for studying every result inF,. But, this result is not true in the
Neutrosophic field F,(I), that is, (a + bI)(c +dI) # 1 (mod p) for some elements (a + bI) and
(¢ +dl) in E,(I), since I(1+ (p — 1)I) = 0 (mod p). A fairly natural question presents itself. Is it
possible to enumerate the number of multiplicative inverse elements in the Neutrosophic fieldF, (1)?
The answer is yes and it is contained in the following Theorems. m

Theorem 2.2: Let u+ vl be an element in F,(I)* then there exists its multiplicative inverse
(u+vD™" in E,(I)* such that(u + vI)™" = u?~% — vuP~2(u + v)P 2.

Proof. Suppose u + vl be an element in E,(I)*. Then u,u + veF,. If possible assume that u # 0
and u + v # 0, then there exists u™" and (u+v)~" in F,* such that u™" =u?™ and (u+v)™' =
(u+v)P~%. Because (u + v)(WP 2 —vuP*(u+v)?"2[) =1, so the definition of multiplication
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inverse elements yields the inverse (u+vI)™' of (u+ vl) exists in E,()* such that (u + v)7l =
uP 2 —puP2(u+v)P . m

Example 2.3: In F5(I)%, (44 51)"1 = 4572 — 2(45°2)(652) = 4 — 3] = 4 + 2I.

Here is another basic fact extracted from [14] regarding mutual additive inverse elements. Consider
an ordered pair (u,v) ianx. An ordered pair (u,v) in pr is called mutual additive pairif u +v =
0 in F,*. The set of all mutual additive pairs in F,* is denoted by M(F,*), particularly, M(F,*) =
{u+vD:u+v=0}%

Note that |Fp(l)* =p — 1, where E,(I)* = E,(I) — {0}. If u + v = 0 inF,, then

uv Z# 1 (mod p). Let us see how all this works in a specific instance.

Example 2.4: The following table exhibits the cardinality of the set F,(I)* for p = 2,3,5.

Prime 2 3 5
E,(D) x 1 4 16

Here, we observe that the cardinality of Fs(I)* is 16, whereas the cardinality of F,(I)* and
F;(I)* are 1 and 3 respectively. It is easy to verify that F,(I)* = {1}, F;(I)* ={1,21+1,2+ 21},
Fs(D*=1{1,2,3,414+1L,1+21,14+31,24+1,24+ 21,2+ 4,3+ 1,3+ 3,3+ 41,4+ 2,4+ 31,4+ 41}

One consequence of what has just been proved is that, in those cases in which a multiplicative
inverse exists in  F, (1), we can now state exactly how many there are.

Theorem 2.5: If u+iv is a multiplicative inverse in F,(I) has exactly (p — 1)? of them.
E,()¥| = (p - 1)

Proof. Because p is a prime, surely the Neutrosophic field F,(I) is a disjoint union of the sets
{0}, I, M(F,(D)*) andF,(D*, thatis, F,(I) = {0}u FyI U M(F,(*) U F,(I)*, where F; =F —{0}
and F;I = {ul:ueF;}. Raise both sides of this relation to the cardinality and expand to obtain the

Particularly,

relation

F,(D = [{0}| + |F;I| + |M(F,(D*)| + |F,(D*|

>pP=1+@-1D+@-1+|F,D"|

= |F,(D*|=p*-1-(p-D-(p-1)
= |Fp(D*]=(p — D%

For an illustration of these ideas, let us demonstrate the cardinality of F;(I)*. Using the
Neutrosophic elements in F;(I), we observe that
Fi(D =1{0,1,2,1,21, 1+ 1,1+ 21,2+ 1,2 + 21},

F;1 ={1,21}, and M(F;(I)*)={u + vl:u + v = 0}

={1+21,2 +1.

Therefore,

|Fs(D] = {0} + |F31| + [M(Fs(1)")| + |F5(1)*]

=32 =1+3@B-1D+@B-1+|FW0O%
= IFs(D*=3*-B-1)-B-1D=GB-1* =4,
which are listed below
Fa(D* ={1,2,1+1,2 + 2I}.

In view of classical algebraic sense, well-known that a®?™ =1 (mod n) whenever (a,n) =1,
where ¢(n) is the Euler totient function of n. This supports the following definition in the classical
field F,.
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Definition 2.6: Letu € F,, then there exists a least positive integer k such that 0(u) = k with
respect to multiplication defined over F, if and only if u* = 1 (mod n).

For instance, 2* = 1 (mod 7) in the field F;, so that the integer 2 has order 3 modulo 7. According to
this classical field systems, we know that every non-zero element in F, has unique order with
respect to multiplication. However, it is not true in the Neutrosophic sense. Now let us see how all
this works in the following specific instances.

Example 2.7: The following table exhibits the order of the non-zero elements in the Neutrosophic
field

F,(1)={0,1,2,1,2I,1+ 1,1+ 21,2+ 1,2+ 2]}

under Neutrosophic multiplication modulo 3.

Element in F3(I) 1| 2 I 21 141 | 1421 | 241 | 2421
Order 1 2 d.e d.e 2 d.e d.e 2

where “d.e” represents does not exist.

Particularly, the following table illustrates the orders of each element in F;(I)* exits.

Element in F;(I)* 1 2 1+1 2421
Order 1 2 2 2

Theorem 2.9: Letu,v e F,. Thenu + vl has a multiplicative inverse in F,(I) if and only if u # 0
and u+v # 0 in F,.

Proof. We denote multiplicative identity in F, by 1. Consider a nonzero pair of elements u,v in F,
and write it in the form (u + vI) in FE,(I). Then

(u + vI) has a multiplicative inverse <= (u + vI)(x + yI) = 1 has a solutionin F,(I)

— ux = 1 (mod p) has a solution in Z and
vx + (u +v)y = 0 (mod p) has a solution in Z.

= u#0and u+v#0in F,. m
Let us now employ the unique technique of this section to enumerate the number of elements in
E,()* of the form (u + vl )? = 1. To start, we know that there is only one element 1 in F,(I)* with
1% = 1. Now, our enumeration starts from p > 2, which explore the following theorem.

Theorem 2.10: If p > 2 is a prime number, then the congruence(u + vI)? — 1 = 0 (modulo p) has
exactly 4 solutions in E,(1)*.

Proof. Because p is an odd prime, it follows that F,(I)* contains at least one element of order 2.
Suppose that u+ vl is an element in F,(I)* of order 2, then the Neutrosophic multiplication
inverse of u + vl isitself u + vl in F,(I)*. Therefore,

uw+vD?=1 <= u?+v?I+2uvi=1+0I
= ul=1, v +2ur=0
— u?=1,v?>=4,since v? # 0
—u=1Lp—-—1lLv=2p—2in E,.
So, there exists six [(3) =6 ]Neutrosophic elements, namely
1+40,(p—1D)+0,1+2,14+(pp—-2),(p—1)+2I
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and (p — 1) + (p — 2)I in E,()*.
Out of these six elements, four elements 1,p—1,1+ (p —2)] and (p — 1) + 2] satisfies the
Neutrosophic equation (u+ vI)? =1 in F,(I)*, because (14 21)*> #1 and (p-D+@®- 2)1)2 *
lis true in F,(1)*. m
As an immediate consequence of Theorem [2.10], we deduce the following corollary.
Corollary 2.11: The set 7,(I) = {u + vieE,(I)*: (u + vl)? = 1} is a Neutrosophic subgroup of the
Neutrosophic group F,(I)*.

Proof. It is clear from the well-known result:
w+vhD?=1, W +v'1)?*=1 implies that [(u +v)(W' +v)]* =1 in E,()*. =

Remark 2.12: (1) 7,(I) = E,(I)* & p = 3.

() |7p(1)| < |Fp(1)x| for every p = 3.
Let us see what happens if 0(u + vI) = 2 is evaluated for each u + vl in F,(I)* of p = 3 and the
required results are added. In the case p = 3, the answer is easy; here

0(u+vl) =2 <= u+vleE,()* - {1}.
Suppose that p > 3, then the non-empty subset
Hy(D) = {u + vIeF,(D* : 0(u +vI) = 2}
exists in F,(I)* but it is not a Neutrosophic subgroup of F,(I)* because 1 & H,(I) (since o(1) =
1+2).

3. Neutrosophic Fermat’s and Little Fermat’'s Theorems

The above information of the Neutrosophic field F,(I) seems the opportune moment to mention the
Fermat’s and Little Fermat’s Theorems gave an essentially valid proof of Neutrosophic filed Theory.
First of all, we state classical Fermat’'s and Little Fermat’s Theorems in the classical field F, as
follows.

Theorem3.1 [15]: (Fermat’s Theorem)
For every u in F,, we have uP~! = 1 (mod p).

Theorem3.2 [15]: (Fermat’s Little Theorem)
For every u in F,, we have u? = u (mod p).

Classical Fermat’s theorem contains many applications and it plays a central role in much of
what is done in many applied and engineering sciences. However, now we introduce Neutrosophic
Fermat’s theorem over the Neutrosophic field F,(I).

We now proceed to state and prove Neutrosophic Fermat’s Theorem in F,(I).

Theorem 3.3: (Neutrosophic Fermat’s Theorem for F, (1))
Let p be a prime and let u + vl € F,(I). Then
(u+vDP™1 =1 (modulo p). m

Before we proceed to the proof of this theorem, we observe that the congruence
(u + vD)P~1 = 1 (modulo p)
fails to hold for some choice of u + vl in F,(I). As an illustration of this approach, let us look p = 3.
The determination is kept under control by selecting a suitable Neutrosophic element for u + v,
say, u+vl =1+ 2. Because (1+ 2[)P"' maybe written as, (1+20)**'=1+2)*=1+4]+
4] =1+ 2I (mod 3), but (1+ 2I) #1 (mod3. Combining these congruences, we finally obtain
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(14 21)*7* # 1 (mod 3). So, Theorem [3.3] is not true in F,(I). However, the upshot of all this is the
following Theorem.

Theorem3.4: (Neutrosophic Fermat’s Theorem for F,(I)*)
Let p > 2 be a prime. For every Neutrosophic element u + vl in F,(I)* such that
(u +vDP~ =1 (mod p).

Proof. Let u + vl in F,(I)*. Then we begin by assuming the first (p — 1) multiples of u + vI, that
is, u+vl,2(u +vI),3(u + v),.....,(p — 1) (u + vI). None of these Neutrosophic elements in F,(I)*
is congruent modulo p to any other element in F,(I)*. To see this, we consider r(u + vl) =
s(u +vI) (mod p) for some r and s such that 1<r<s<p-1. Since u+vl €F,(I)*, there
exists a multiplicative inverse of u+ vl in E,(I)*, so u+ vl could be cancelled in r(u +vl) =
s(u+ vI) (mod p) to give r = s (mod p), which is not true because 1 <r < s < p — 1. Therefore,
the set u + vl,2(u + vI),3(u + vl), .....,(p — 1) (u + vI) of Neutrosophic elements in F,(/)* must be

congruent modulo p under the following bijection:
re (u+vhr
forevery r in {0,1,2,3, .......,p — 1}. Now multiply all these elements together, we obtain that
wu+vD2w+vD3w+vD) - (p—Dw+v) =123 (p—1) (mod p)
= u+vHP(p—-1'=(p— 1) (modp)

= (u+vl)?"! =1 (mod p), since gcd(p,(p—1)!)=1.m

An application of Neutrosophic Fermat’s Theorem leads to the congruences
1+0D?>=1@mod3),(1+D°=1(mod7),(1+1D*®=1(mod11) and, in turn, to solve the
following example.

Example 3.5: In the Neutrosophic multiplicative group Fio,(I)*, we have
(14 D =1 (mod 101).
Solution. It is easy to see that
(14 D2 = (1+3I) (mod 101), (1 + D = (1 + 131) (mod 101).
However, we conclude that,
(14 D0 = [(1 + ] = (1 + 131)1°
= (14 831)(1 +94I) (mod 101

= 1 (mod 101).

Now, starts the greatest advances in this direction were made by this manuscript called
Neutrosophic Fermat’s Little Theorem. We state this more precisely in the following theorem.

Theorem 3.6: (Neutrosophic Little Fermat’s Theorem)
Let p be a prime. Then for every u + vl in the Neutrosophic field F, (I),
(u+vDP = (u + vl) (mod p).

Proof In light of the Binomial theorem, (u + vI)P = (2(;) uP(vl)° + (l;) uP t(wD! + -+

P\, p-2 24 ... p p—(p-1) p-1 Py o P
(Z)u (whH* + +(p_1)u (D) +(p)u (vI)P.
Because u + vle F,(I), we have u, v, I€F,. So, by the classical Fermat’s Little Theorem [3.2],
uP = u (mod p), uP = u (mod p) and IP = I (mod p).

Since p| (71)), p| (72)), ...... p| (p f 1). In this sequence, we can obtain easily as

(u+vh? = (u+vl) (mod p). m
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At this stage, when p = 2, 2(u + vI) = 0(mod 2) for any u + vl € F,(I), so u+ vl = —(u + vl) for
any u + vl € F,(I). Therefore, we also have
(w—vD? =u? —v?l = (W?+ v%l)(mod 2).
Corollary 3.7:
Let p be an odd prime. Then for every u + vl in the Neutrosophic field F, (1),
(u —vh)? = (u — vl) (mod p).

Proof. By Theorem [3.6], we have
(u—vD? =+ (—vD))? =uP + (—vI)?
=uP + (=DP(W)P(DP
=uP + (—1)PvPI.
When p > 2, p is odd, we have (—1)? = —1(mod p), and  I? = I(mod p). Hence
(u—v? = (u—vl) (mod p). m

4. Applications of Neutrosophic Fermat’s Theorem

Already, it is well known that the Quadratic congruence (u + v[)?> — 1 = 0 (mod p) has exactly four
solutions whenever p is an odd prime. From this result, we can pass simply to the following
application of Neutrosophic Fermat’s theorem.

Theorem 4.1: Let p > 3 be an odd prime and let u + vl € E,(I)*. If 4|(p — 1) and 4d|(p — 1)2 then
the congruence (u + vI)** — 1 = 0 (mod p) has exactly 4d solutions.
Proof. Since |F,(I)*| = (p — 1)?. Suppose u + vI be any element in F,(I)*. But by hypothesis,
4d|(p — 1)?, so we have (p — 1)* = 4dq for some positive integer q. Then the expression (u +
v®D° —1 = (u+vI)* — 1
= ((u+vD*H9 - 14
= ((u+vD** —1)f(u+vl),
where
fu+vD) = (u+vD*@ D 4 (u +vD*4@2) 4o f(u+vD* + 1
is a polynomial of degree
4d(q—1) =4dq —4d = (p — 1)? — 4d.
We know that any solution u+ vl = (a + bI)(mod p) of the congruence (u + 171)(’"1)2 —-1=
0(mod p) that is not a solution of f(u + vI) = 0(mod p) must satisfy the congruence(u + vI)** —
1 = 0 (mod p).
For the element a + bl in F,(I)*, we have
0= (a+bD® D —1=((a+bD*—1)f(a+ bl)(mod p)
with the condition p + f(a + bI), which implies that p|((a + bI)*® — 1). It follows that the required
congruence (u + vI)** — 1 = 0 (mod p) must have
(» — 1% - ((p — 1)* — 4d) = 4d solutions. m

Example 4.2: For an illustration of these facts, let us solve the congruence
(u+vD*—1=0 (mod5).

A table of powers of Neutrosophic elements in F5(I)* can be constructed once a modulo 5 is fixed.
Using this modulo 5, we simply calculate the powers of elements in F5(I)* as follows.
1* =1 (mod 5), 2* =1 (mod 5), 3* = 1 (mod 5), 4* = 1 (mod 5),
(1+D*=1(@mod5), (1+2D*=1(mod5), (1+3)*=1(mod5),
2+D*=1@mod5), 2+2DN*=1(mod5), (2+4D* =1 (mod 5),
B+D*=1@mod5), 3+3N*=1(mod5), (3+4D* =1 (mod5),
(4+2D*=1(mod5), (4+3D*=1(mod5), (4+4D* =1 (mod5).

Consulting the above list of powers of 4 in each element of F;(I)*, we obtain that the original
congruence (u+ vI)* —1 =0 (mod 5) possesses the 4d = 4 - 4 = 16 solutions, namely
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u+vl=12341+1,1+2I,..and 4 + 41 (mod 5).

Remark 4.3: The congruence (u + vI)* —1 =0 (mod 11) is not solvable in F,;;(I)*, because 4 t
(11 -1).

We would like to close this paper with another application of Neutrosophic Fermat’s theorem to
the study of quadratic congruence (u + vI)? = 0 (mod p).

Theorem 4.4: Let u + vl € F,(I)* and let p > 3 be a prime. If the quadratic congruence (u + vI)* +
1 = 0 (mod p) has a solution, the prime p = 1 (mod 4).
Proof: Suppose a + bl € F,(I)* be any solution of (u + vI)* 4+ 1 = 0 (mod p). Then
(a + bI)? = —1 (mod p).
By the Neutrosophic Fermat’s theorem [15],
1=(a+bDPt=[(a+ bI)z]pT_1 = (—l)pT_1 (mod p).
If possible assume that p = 4q + 3 for some g, then
(—1)1’71 = (=1)%4*1 = —1, hence 1 = —1 (mod p).
This implies that p|2, which is not true because p is an odd prime. Consequently, our assumption
that p = 4q + 3 is not true, and hence p must be of the form4q + 1. m

The converse of the preceding theorem may not be true. Thatisif p =4q +1,then (u+v))*+1=
0 (mod p) is not solvable in F,(I)*. For instance, p = 5, the congruence (u + vI)?+ 1 =0 (mod 5)
is not solvable in Fg(I)*.

Example 4.5: Consider the case p = 13, which is a prime of form 4q + 1. It is easy to see that
(3+4D*+1=0(mod 13) . Thus the congruence (u+ vI)?>+ 1= 0 (mod13) is solvable in
Fi3 (D).

Finally, the difference table for F, and FE,(I) is displayed below:

Classical Field F, Neutrosophic Field F,(I)
LR =p. 1. |F,m)| =p
2. |E|=p-1 2. |F,(D*| == -1~
3. Foreach u in F;, there exists v in F; such 3. Forsome a+ bl and ¢+ dI inF,(I)",
that uv = 1 (mod p). we have (a + bI)(c + dI) # 1 (mod p).
4. E) isacyclic group. 4. Fj isnota cyclic group.

5. The product of all elements in F; is 5. The product of all elementsin F,(I)* is
non-zero. Zero.
6. The congruence x?+ 1 =0 (modp) has a If (u+vI?+1 =0 (mod p) has a solution
solution & p =1 (mod 4). in F,(D)* then p =1 (mod 4). But converse
need not be true.

o

5. Conclusions

In this manuscript, we turn to close to another milestone of the development of Fermat’s theorem
under the Neutrosophic sense. In this regard, we constructed a table to differentiate the field F, and
Neutrosophic field F,(I). Also, we have given necessary and sufficient conditions for solving
Neutrosophic quadratic congruences like
(u+vD?+1 =0 (mod p),
(u+vD?—1=0(modp) and (u+v* —1= (mod p)
with various illustrations in the Neutrosophic field F,(I).
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