TR
HINSS Neutrosophic Sets and Systems, Vol. 51, 2022

m University of New Mexico
.l'

Connectedness on Hypersoft Topological Spaces

Sagvan Y. Musal>*, Baravan A. Asaad®?
! Department of Mathematics, Faculty of Education, University of Zakho, Zakho, Iraq;
sagvan.musa@uoz.edu.krd
2 Department of Computer Science, College of Science, Cihan University-Duhok, Duhok, Iraq
3 Department of Mathematics, Faculty of Science, University of Zakho, Zakho, Iraq;
baravan.asaad@uoz.edu.krd

*Correspondence: sagvan.musa@uoz.edu.krd

Abstract. Connectedness (resp. disconnectedness), which reflects the key characteristic of topological spaces
and helps in the differentiation of two topologies, is one of the most significant and fundamental concept in
topological spaces. In light of this, we introduce hypersoft connectedness (resp. hypersoft disconnectedness)
in hypersoft topological spaces and investigate its properties in details. Furthermore, we present the concepts
of disjoint hypersoft sets, separated hypersoft sets, and hypersoft hereditary property. Also, some examples

are provided for the better understanding of these ideas.
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1. Introduction

Some mathematical concepts, such as theory of fuzzy sets, theory of rough sets, and theory
of vague sets, can be considered as mathematical tools for dealing with uncertainties. However,
each of these theories has its own difficulties. Molodtsov [1] first proposed the concept of soft
sets as a general mathematical tool for dealing with uncertain objects. He successfully applied
soft set theory to a variety of fields, including the smoothness of functions, game theory,
operation research, Riemann integration, and elsewhere [1,2]. Applications have been made to
decision-making, business competitive capacity information systems, classification of natural
textures, optimization problems, data analysis, similarity measures, algebraic structures of
soft sets, soft matrix theory, parameter reduction in soft set theory, classification of natural

textures, and soft sets and their relation to rough and fuzzy sets. In 2003, Maji et al. [3]

Sagvan Y. Musa, Baravan A. Asaad, Connectedness on Hypersoft Topological Spaces



Neutrosophic Sets and Systems, Vol. 51, 2022 667

presented the basic operations of soft sets. After that, the properties and applications of soft
set theory have been studied increasingly [4-7]. In 2011, Shabir and Naz [8] and Cagman et
al. [9] introduced and studied the notion of soft topological spaces in different ways. Then,
some authors has began to study some of basic concepts and properties of soft topological
spaces [10-20]. Moreover, the concept of connectedness attracted the interest of researchers
[21,22].

In 2018, Smarandache [23] proposed the notion of hypersoft set as a generalization of soft
set. Then, Saeed et al. [24] put forward the basic concepts of hypersoft set theory. They
defined the operators of the intersection, union, and difference between two hypersoft sets as
well as a complement of a hypersoft set. In [25], Saeed et al. modified some operators in [24]
and presented some new types. Abbas et al. [26], in a unique approach, presented new types
of these operators as well as they introduced the concept of hypersoft points.

The concept of bipolar hypersoft sets (a hybridization of hypersoft set and bipolarity) was
introduced and discussed in detail by Musa and Asaad [27]. In [28], they initiated the study
of bipolar hypersoft topological spaces and studied some topological structures via bipolar
hypersoft sets. Musa and Asaad [29] continued studying bipolar hypersoft topological spaces
by presenting the notion of bipolar hypersoft connected (resp. bipolar hypersoft disconnected)
spaces. The concepts of separated bipolar hypersoft sets and bipolar hypersoft hereditary
property were also investigated by them.

Recently, Musa and Asaad [30] initiated the study of hypersoft topological spaces. They
defined hypersoft topology as a collection 73, of hypersoft sets over the universe U with a
fixed set of parameters E. Consequently, they defined basic concepts of hypersoft neighbor-
hood, hypersoft limit point, and hypersoft subspace and investigated their several properties.
Furthermore, Musa and Asaad explored and studied in detail hypersoft closure, hypersoft in-
terior, hypersoft exterior, and hypersoft boundary, as well as the relationship between them
were discussed.

In this work, we introduce a new concept in hypersoft topological spaces called hypersoft
connected (resp. hypersoft disconnected) spaces. Preliminaries on basic notions related to hy-
persoft sets and hypersoft topological spaces are presented in Section 2. Section 3 gives the
concepts of disjoint hypersoft sets, separated hypersoft sets, hypersoft connected (resp. hy-
persoft disconnected) spaces, and hypersoft hereditary property as well as some examples are
given for the better understanding of these ideas. A summary of the recent work and an idea

for additional research are provided in Section 4.
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2. Preliminaries

In this section, we present the necessary concepts and results that are related to hypersoft

set and hypersoft topology.

2.1. Hypersoft Sets

Let U be an initial universe, P(U) the power set of U, and E1, E», ..., E;, the pairwise of
disjoint sets of parameters. Let A;, B; C E; for i =1,2,...,n.

Definition 2.1. [23] A pair (F, A; x Ay X ... X A4,) is called a hypersoft set over U, where
FF is a mapping given by F': A1 x As X ... x A, — P(U).

From now on, we write the symbol ‘E for Fy x Fy X ... X E,, 4 for A1 X Ay X ... X A, and
B for By X By X ... X B,, where 4, B C ‘E. Clearly, each element in 4, B and ‘E is an n-tuple
element.

Moreover, we represent hypersoft set (F, 4) as an ordered pair,

(F,4) = {(a, F(a)) : a € 4).

Definition 2.2. [24] For two hypersoft sets (IF', 4) and (G, B) over a common universe U,
we say that (IF, 4) is a hypersoft subset of (G, B) if

(1) 4 C B, and

(2) F(a) C G(a) for all a € 4.
We write (F, 4) C (G, B).

(F, A) is said to be a hypersoft superset of (G, B), if (G, B) is a hypersoft subset of (F, 4).
We denote it by (F,4) 3 (G, B).

Definition 2.3. [24] Two hypersoft sets (F',4) and (G, B) over a common universe U are
said to be hypersoft equal if (F, 4) is a hypersoft subset of (GG, B) and (@G, B) is a hypersoft
subset of (IF, 4).

Definition 2.4. [24] The complement of a hypersoft set (F', 4) is denoted by (F', 4)¢ and is
defined by (F', 4)¢ = (F°, 4) where F¢: 4 — P(U) is a mapping given by F¢(«) = U\ F(«)
foralla € 4.

Definition 2.5. [25] A hypersoft set (I, 4) over U is said to be a relative null hypersoft set,
denoted by (®, 4), if for all o € 4, F(«a) = ¢.

The relative null hypersoft set with respect to the universe set of parameters £ is called the
null hypersoft set over U and is denoted by (®, ‘E).

A hypersoft set (IF',E) over U is said to be a non-null hypersoft set if F'(a)) # ¢ for some
a € E.
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Definition 2.6. [25] A hypersoft set (F, 4) over U is said to be a relative whole hypersoft
set, denoted by (¥, 4), if for all « € 4, F(a) = U.

The relative whole hypersoft set with respect to the universe set of parameters ‘E is called
the whole hypersoft set over U and is denoted by (¥, E).

A hypersoft set (I, E) over U is said to be a non-whole hypersoft set if '(a)) # U for some
acE.

Definition 2.7. [25] Difference of two hypersoft sets (I, 4) and (G, B) over a common
universe U, is a hypersoft set (H,C), where C = AN Band foralla« € C, H(a) = F(a)\G().
We write (F, 4) \ (G, B) = (H,C).

Definition 2.8. [25] Union of two hypersoft sets (IF', 4) and (@G, B) over a common universe
U, is a hypersoft set (H,C), where C = AN B and for all « € C, H(a) = F(a) U G(a). We
write (F,4) U (G, B) = (H,O).

Definition 2.9. [25] Intersection of two hypersoft sets (IF, 4) and (G, B) over a common
universe U, is a hypersoft set (H,C), where C' = ANB and for alla € C, H(a) = F(a)NG(«).
We write (F,4) N (G, B) = (H,O).

Definition 2.10. [30] Let T be a non-empty subset of U. Then (9", 4) denotes the hypersoft
set over U defined by ¥ (a) =Y for all « € 4.

Definition 2.11. [30] Let (F', 4) be a hypersoft set over U and Y be a non-empty subset of U.
Then the sub hypersoft set of (I, 4) over T denoted by (F'y, A) is defined as Fy(a) = TNF ()
for all « € 4.

In other words, (Fvy, E) = (9,4) 1 (F, 4).

The following results are obvious.

Proposition 2.12. Let (F1,4) and (Fa, A4) be two hypersoft sets over a universe U. Then
the following holds.

(1) (Fy, A) T1 (Fy, 4) = (9, 4) if and only if (F1, A) T (Fa, A)¢ and (Fa, 4) T (Fy, 4)°;
(2) If (F1,A) € (Fy, A) then (Fy, A) 11 (Fy, 4) = (Fy, 4);
(3) If (Fl)/q) E (F27’q) then (]Flvﬂ) D (‘IF27’q) = (‘ZFQ)"Z")

2.2. Hypersoft Topological Spaces

Let U be an initial universe and E be a set of parameters.

Definition 2.13. [30] Let 7y be the collection of hypersoft sets over U, then 7y is said to
be a hypersoft topology on U if
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(1) (?,E), (U, E) belong to T3,
(2) the intersection of any two hypersoft sets in T3 belongs to Ty,
(3) the union of any number of hypersoft sets in 7y belongs to Zy.

We call (U, Ty, E) a hypersoft topological space over U.

Definition 2.14. [30] Let (U, 7y, E) be a hypersoft space over U, then the members of Ty

are said to be hypersoft open sets in U.

Definition 2.15. [30] Let (U, 7y, E) be a hypersoft space over U. A hypersoft set (F,E)
over €U is said to be a hypersoft closed set in U, if its complement (I, E)¢ belongs to Ty.

Proposition 2.16. [30] Let (U, Ty, E) be a hypersoft space over U. Then

(1) (®,E), (V,E) are hypersoft closed set over U,
(2) the union of any two hypersoft closed sets is a hypersoft closed set over U,

(8) the intersection of any number of hypersoft closed sets is a hypersoft closed set over U.

Definition 2.17. [30] Let (U, Ty, E) be a hypersoft space over U and T be a non-empty
subset of U. Then

Ty = {(Fx, E) | (F,E) € T}

is said to be the relative hypersoft topology on Y and (Y, Ty, E) is called a hypersoft subspace
of (U, Ty, E).

The following results are obvious.

Proposition 2.18. Let (Y, 7y, E) be a hypersoft subspace of hypersoft topological space
(U, Ty, E) and (F,E) be a hypersoft set over U, then
(1) (F,E) is hypersoft open in Y if and only if (F,E) = (9, E) N (G, E) for some (G, E)
€ Ty,
(2) (F,E) is hypersoft closed in Y if and only if (F,E) = (9, E) N (G, E) for some
hypersoft closed set (G, E) in U.

Definition 2.19. [30] Let (U, T3, E) be a hypersoft space and (F, ‘E) be a hypersoft set over
U. The intersection of all hypersoft closed supersets of (F, E) is called the hypersoft closure

of (F, E) and is denoted by (F, E).

Definition 2.20. [30] Let (U, T3, E) be a hypersoft space over U. Then hypersoft interior of
hypersoft set (IF,E) over U is denoted by (IF', E)° and is defined as the union of all hypersoft

open set contained in (F', E).

Definition 2.21. [30] Let (U, Ty, E) be a hypersoft space over U, then hypersoft boundary
of hypersoft set (I, E) over U is denoted by (I, E)? and is defined as (F, E)? = (F,E)

(F, E).
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3. Hypersoft Connected (resp. Hypersoft Disconnected ) Spaces

In this section, we introduce and characterize one of the most important property of hyper-

soft topological spaces called hypersoft connectedness (resp. hypersoft disconnectedness).

Definition 3.1. Two hypersoft sets (F, E) and (Fs, E) are said to be disjoint hypersoft sets
if (F1,E) N (F2,E) = (®,E), that is, Fi(a) N Fa(a) = ¢ for all a € E.

Definition 3.2. Let (U, T3, E) be a hypersoft topological space over U. Two non-null hy-
persoft sets (I, E) and ([F2, E) are said to be separated hypersoft sets if and only if (I, E)

N (Fy, E) = (®,E) and (Fy, E) 1 (F2, E) = (®, E).

Note that any two separated hypersoft sets are disjoint hypersoft sets.

Remark 3.3. The following example shows that two disjoint hypersoft sets are not necessarily

separated hypersoft sets.

Example 3.4. Let U = {ul,ug,ug,u4}, E = {81762}, Ey = {83}, and F3 = {64}. Let Ty
= {(®,E), (V,E), (F1,E), (F2,E), (Fs,E)} be a hypersoft topology defined on U where
(F1,E), (Fo2,E), and (F3,E) are hypersoft sets over U, defined as follows

(F1, E) = {((e1, e3, ea), {12, u3}), ((e2, €3, ea), {3, ua}) }-
(IFQ’ Z:) = {((61, s, 84), ¢)7 ((327 3, 84), {u3})}
(F3a f) = {((317 €3, 34)7 {ulv u4})7 ((627 €3, 34)7 {ula U2, u3})}

Suppose that (G, E) and (Ga, E) are two hypersoft sets over U, defined as follows
(G1,E) ={((e1, &3, 1), {112, 13, 1s}), ((e2, €3, €4), D) }.
(Ga, E) = {((e1, e3, e4), {m1}), ((e2, €3, e4), U}

It is easy to see that the two hypersoft sets (G, E) and (Gz, E) are disjoint hypersoft sets
but they are not separated hypersoft sets.

Proposition 3.5. If (F1,E) and (Fy, E) are separated hypersoft sets over U and (G, E) T
(F1,E) and (G, E) C (Fy, E), then (G1,E) and (G, E) are also separated hypersoft sets.

Proof. We are given that (Fy,E) M (Fa, E) = (®,E) and (F1,E) 1 (Fa, E) = (®, E). Also,
(G1,E) C (Fy, E) implies (Gy, E) C (Fy, E) and (Gy, E) C (Fa, E) implies (Gz, E) C (Fa, E).
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It follows that (Gy, E) 1M (Ge, E) = (®,E) and (G, E) 1N (G, E) = (®,E). Hence, (G, E)
and (Ga, E) are separated hypersoft sets.

Proposition 3.6. Two hypersoft closed (resp. hypersoft open) sets (IF1,E) and (F2, E) of a
hypersoft topological space are separated hypersoft sets if and only if they are disjoint hypersoft

sets.

Proof. Since any two separated hypersoft sets are disjoint hypersoft sets, we need only show
that two disjoint hypersoft closed (resp. hypersoft open) sets are separated hypersoft sets. If
(Fy, E) and (IFo, E) are both disjoint hypersoft sets and hypersoft closed sets, then (IFy, E) 1
(F2, E) = (2, E), (F1,E) = (F1, E), (F2, E) = (F2, E) so that (Fy, E) 1 (F», ) = (9, E)
and (Fy, E) 11 (Fy, E) = (®,E) showing that (FFy,E) and (Fy, E) are separated hypersoft
sets. If (I, E) and (o, E) are both disjoint hypersoft sets and hypersoft open sets, then
(I, E)¢ and (Fy, E)¢ are hypersoft closed so that (F1, E)¢ = (Fy, E)°, (]Fg, E)e = (Fy, E)".
Also, (F1,E) [ (Fy, E) = (®,E) then (Fy,E) C (F2, E)¢ and (Fy, E) T (F;, E)°. Implies
that (Fy, E) C (Fa, )¢ = (Fy, E)¢ and (Fy, E) C (F1, E)¢ = (Fy, E)°. It follows that (F;, E)
[ (Fy, E) = (®, E) and (Fy, E) 1 (Fy, E) = (®, E). Hence, (Fy,E) and (I, E) are separated
hypersoft sets.

Proposition 3.7. Let (Fy,E) and (F2,E) are separated hypersoft sets of a hypersoft topolog-
ical space (U, Ty, E). If (F1, E) U (Fy, ‘E) is a hypersoft closed, then (IF1, E) and (Fy,‘E) are
hypersoft closed.

Proof. Suppose that (Fi,E) U (F2,E) is a hypersoft closed so that (Fy, E)U(Fs, E) =
(Fy, E)U(IFy, E). To prove that (IFy, E) and (I3, E) are hypersoft closed, we have to prove that
(Fy,E) = (F1,E) and (Fy, E) = (FQ, E). Since we have (IFy, E)U(Fy, E) = (Fy, E)U(Fy, E),
then (IFy, E)U(Fy, E) = (Fy, E) U (IFo, E). Ev1dently, (lFl,Z) = (Fy,E) N ((Fy, E)U(Fy, E))
— (B, E) 71 (FL B, ) = (B E) 7 (B, ) O (B ) 11 (Fy, B)) = (Fy,E)
(®,E) = (Fy,E). Thus, (IF, E) = (Fy, E). Similarly, we can prove that (Fy, E) = (Fa, E). g

Definition 3.8. A hypersoft topological space (U, Ty, E) is said to be hypersoft disconnected
if and only if (¥, E) can be expressed as the union of two non-null separated hypersoft sets.

Otherwise, (U, Ty, ‘E) is said to be hypersoft connected.

Example 3.9. Let U = {lll,lLQ}, E1 = {61,62}, E2 = {63}, and E3 = {64}. Let
Ty = {(®,E), (V,E), (F,E)} be a hypersoft topology defined on U where (F,E) =
{((e1, e3,e4), U), ((e2, €3, €4),0)}. Then, it is easy to see that (U, 7y, E) is a hypersoft con-

nected space.
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Example 3.10. Let U = {ul,ug,ug}, E = {61782}, By, = {63}, and F3 = {64}. Let Ty =
{(®,E), (¥, E), (F1,E), (F2,E)} be a hypersoft topology defined on U where (F,E) and
(F3, E) are hypersoft sets over U, defined as follows

(Fla Z) = {((317 €3, 34)7 {ulv u2})? ((627 €3, 64)7 {ul})}
(F2, E) = {((e1, e3, ea),{uz}), ((e2, €3, ea), {2, u3}) }.

Then, obviously (U, Ty, ‘E) is a hypersoft disconnected space.

Proposition 3.11. A hypersoft topological space (U, Ty, ‘E) is hypersoft disconnected if and
only if any one of the following statements holds.
i. (U,E) is the union of two non-null disjoint hypersoft open sets;

it. (U, E) is the union of two non-null disjoint hypersoft closed sets.

Proof. Follows from Definition 3.8 and Proposition 3.6.

Corollary 3.12. A hypersoft subspace (Y, Ty, E) of a hypersoft topological space (U, Ty, E)
is hypersoft disconnected if and only if (9, E) is the union of two non-null disjoint hypersoft
sets both hypersoft open (resp. hypersoft closed) sets. Thus, (Y, Ty, E) is hypersoft dis-
connected if and only if there exist two non-null hypersoft sets (F,E) and (G, E) in U both
hypersoft open (resp. hypersoft closed) sets such that (F,E) 11 (9, E) # (®,E), (G, E) N
(9, E) # (2, E), (F,£) A (Y, E) A (G, E) (Y, E)) = (2, E), and (F, Z) O (¥, E)) U
(G, E)A (7, E) = (7, E).

Proposition 3.13. Let (U, Ty, E) and (U, Ty,, E) be two hypersoft connected spaces on U,
then (U, Ty, T Ty,, E) is a hypersoft connected space over U.

Proof. Suppose to the contrary that (U, Ty, M T3, E) is not a hypersoft connected space.
By Proposition 3.11, there exist two non-null disjoint hypersoft sets (Fy, E), (F2,E) € T,
M T3, such that their union is (¥, E) in (U, Ty, N T3y, E). Since (F1, E), (F2, E) € Ty,
M Ty, then (F1,E), (F2,E) € Ty, and (F1, E), (F2,E) € Ty,. This implies that (Fy,E),
(IF3, E) are two non-null disjoint hypersoft sets such that their union is (¥, ‘E) in (U, Ty, , ‘E)
and (F1,E), (F2,E) are two non-null disjoint hypersoft sets such that their union is (¥, E)
in (U, Tx,,E) which is a contradiction to given hypothesis. Thus, (U, T3, N Ty,, E) is a

hypersoft connected space over U.

Remark 3.14. The following example shows that the union of two hypersoft connected spaces

over the same universe need not be a hypersoft connected.
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Example 3.15. Let U = {u1, w}, E1 = {e1, &2}, E2 = {e3}, and E3 = {eg}. Let Ty, = Ty
as in Example 3.9 and 7y, = {(®,E), (¥, E), (F2,E)} be a hypersoft topology defined on
U where (Fa, E) = {((e1, €3, 1), ), ((e2, €3, €1), U)}. Then, (U, Ty,, E) and (U, Ty,, E) are
hypersoft connected spaces.

Now, Ty, U Ty, = {(®,E), (¥, E), (F1,E), (F2, E)} then (U, T3y, U Tz, E) is not a hypersoft
connected space since the two hypersoft open sets (Fi, E) and (F2, E) are disjoint hypersoft
sets and their union is (¥, E) in Ty, [ Tyy,.

Proposition 3.16. Let (U, 7y,, E) and (U, Ty,, E) be two hypersoft disconnected spaces on
U, then (U, Ty, U Ty, ‘E) is a hypersoft disconnected space over U.

Proof. This is straightforward.

Remark 3.17. The following example shows that the intersection of two hypersoft discon-

nected spaces over the same universe need not be a hypersoft disconnected.

Example 3.18. Let U = {ul, us, ug}, E1 = {61,62}, E2 = {63}, and E3 = {64}. Let ‘T’Hl =
Ty as in Example 3.10 and Ty, = {(®, E), (V,E), (Hi, E), (H2,E)} be a hypersoft topology
defined on U where

(H17 Z) = {((81, 3, 34)7 {ul’ u3})v ((827 es, 64)7 {uQ})}

(HZv Z) = {((61, €3, 84)7 {u2}>7 ((e27 €3, 84)7 {uh ) u3})}

Then, (U, Ty,,E) and (U, 7Ty,,E) are hypersoft disconnected spaces over U. Now, Ty,
N Ty, = {(®,E), (U, E)} then (U, T, M T, ‘E) is not a hypersoft disconnected since there

do not exist two non-null disjoint hypersoft open sets such that their union is (¥, E) in T3, M

T,

Proposition 3.19. A hypersoft topological space (U, Ty, ‘E) is hypersoft disconnected if and
only if there exists non-null, non-whole hypersoft set which is both hypersoft open and hypersoft

closed.

Proof. Let (F,E) be a non-null, non-whole hypersoft set which is both hypersoft open and
hypersoft closed. We have to show that (U, Ty, E) is hypersoft disconnected. Let (G, E) =
(IF,’E)¢. Then, (G, E) is non-null since (IF, ‘E) is non-whole hypersoft set. Moreover, (IF', ‘E)
U(G,E) = (V,E) and (F,E) N (G, E) = (®,E). Since (F,E) is both hypersoft open and

hypersoft closed, then (G, E) is also hypersoft open and hypersoft closed. Hence, (IF',E) =

(F,E), (G,E) = (G,E). It follows that (F,E) N (G,E) = (®,E) and (F,E) 1 (G, E)
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(®,E). Thus, (¥, E) has been expressed as the union of two separated hypersoft sets and so
(U, Ty, ‘E) is a hypersoft disconnected.

Conversely, let (U, Ty, E) be a hypersoft disconnected. Then, there exists non-null hypersoft
sets (I, E) and (G, E) such that (F,E) 1 (G, E) = (®, E) and (F,E) M (G, E) = (@, E) and

(U, E) = (F,E) U (G, E). Since (F,E) C (F,E), (F,E) 1 (G,E) = (®,E) then (F,E) M
(G,E) = (®,E). Hence, (F,E) = (G, E)°. Since (G, E) is non-null and (G, E) U (G, E)® =
(U, E), it follows that (G, E) = (F,E)¢ is a non-whole hypersoft set. Now, (F,E) U (G, E)
= (U, E). Also, (F,E) N (G,E) = (®,E) then (F,E) = [(G, E)]¢ and similarly (G,E) =

[(F, E)]¢. Since (F',E) and (G, E) are hypersoft closed sets, it follows that (I, E) and (G, ‘E)
are hypersoft open sets. Since (F,E) = (G, E)¢, (F,E) is also hypersoft closed set. Thus,

(I, E) is non-null, non-whole hypersoft set which is both hypersoft open and hypersoft closed.
We have shown incidentally that (G, E) is also a non-null, non-whole hypersoft set which is

both hypersoft open and hypersoft closed.

Corollary 3.20. A hypersoft topological space (U, Ty, E) is hypersoft connected if and only
if the only hypersoft sets which are both hypersoft open and hypersoft closed are (®,E) and
(U, E).

Corollary 3.21. Let (U, Ty, E) be a hypersoft topological space and let T be a non-empty
subset of U. Then, (Y, Ty, E) is hypersoft disconnected if and only if there exists non-null,
non-whole hypersoft set, say, (Fy,E) which is both hypersoft open and hypersoft closed. That
is, if and only if there exists a hypersoft open set, say, (IF,E) in U and a hypersoft closed set,
say, (G, E) in U such that (Fy,E) = (F,E) N (9, E) and (Fy,E) = (G,E) 1 (¥, E).

Proposition 3.22. A hypersoft topological space (U, Ty, ‘E) is hypersoft connected if and only

if every non-null, non-whole hypersoft set has a non-null hypersoft boundary.

Proof. Let every non-null, non-whole hypersoft set has a non-null hypersoft boundary. To
show that (U, 7y, E) is hypersoft connected. Suppose, if possible (U, T3, E) is hypersoft dis-
connected. Then there exist non-null disjoint hypersoft sets (F, E) and (G, E) both hypersoft
open and hypersoft closed sets such that (¥, E) = (F,E) U (G,E). Therefore, (F,E) =
(F,E) = (F,E)°. But, (F,E) = (F,E) \ (F,E)°. Hence, (F,E)’ = (F,E)\ (F,E) =
(®,‘E), which is contrary to our hypothesis. Hence, (U, 73, E) must be hypersoft connected.

Conversely, let (U, 7y, E) be hypersoft connected and suppose, if possible, there exists a
non-null, non-whole hypersoft set (I, E) such that (F, E)? = (®, ). Now, (F,E) = (F,E)°
O (F,E)" = (F,E) U (F,E)?. Hence, (F,E) = (F,E)° = (F,E) showing that (F,E)
is both both hypersoft open and hypersoft closed set and therefore (U, 73, E) is hypersoft
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disconnected by Proposition 3.19. But this is a contradiction. Hence, every non-null, non-

whole hypersoft set must have a non-null hypersoft boundary.

Proposition 3.23. Let (U, Ty, E) and (Usz, Tpy,, E) be two hypersoft topological spaces. If
(Ui, Ty, , E) is hypersoft disconnected and Ty, C Ty, , then (Us, Ty, E) is hypersoft discon-

nected.

Proof. Since (Ui, Ty,,E) is hypersoft disconnected, then there exists non-null, non-whole
hypersoft set (I, E) which is both hypersoft open and hypersoft closed in ;. Since T3, is
finer than 7, , then (F, E) is a hypersoft open set belonging to Us. Again, since (I, E) is a
hypersoft closed set in Uj, then (I, E)¢ is a hypersoft open set. Since T3, is finer than 7y, ,
then (F, E)¢ is a hypersoft open set belonging to Us and consequently (I, E) is a hypersoft
closed set in Uy. Thus, (I, E) is a non-null, non-whole hypersoft set which is both hypersoft
open and hypersoft closed in Us. It follows that (Usz, Ty, , E) is hypersoft disconnected.

Corollary 3.24. Let (Ui, Ty,,E) and (Uz, Ty,, E) be two hypersoft topological spaces. If
(U, Ty, , E) is hypersoft connected and Ty, C Ty, , then (Us, Ty, E) is hypersoft connected.

Definition 3.25. Let (U, 7y, E) be a hypersoft space over U. A hypersoft set (I, E) is said
to be hypersoft disconnected if and only if it is the union of two non-null separated hypersoft
sets, that is, if and only if there exists two non-null hypersoft sets (F1, E) and (F3, E) such that
(F1,E) 1N (F2,E) = (®,E) and (Fy1,E) 1 (Fa, E) = (®,E) and (F, E) = (F1, E) U (Fy, E).
A hypersoft set (I, E) is said to be hypersoft connected if it is not hypersoft disconnected.

Proposition 3.26. Let (U, TH, E) be a hypersoft topological space and let (IF', E) be a hypersoft
connected set such that (F, Z) C (F1,E) U (Fy, ) where (Fy,E) and (Fo,E) are separated
hypersoft sets. Then (F,E) C (Fy,E) or (F,E) C (F,E).

Proof. Since (Fy, E) and (IFy, E) are separated hypersoft sets, then (Fy, E) 1 (Fy, E) = (®, E)
and (Fy,E) 1 (Fy, E) = (@, z) Now, (F, z) C (lFl,f) U (Fa,E) then (F,E) = (F,E) 1
(F1,E) U (Fy, E)) = ((F, Z) (Fy,E)) U ((F, f) (2, E)). We claim that at least one
of the hypersoft sets (IF, E) 1 (F1,’E) and (F,E) M (F, E) is null hypersoft set. For , if
possible, suppose none of these hypersoft sets is null, that is, suppose that (F,E) 1 (Fy, E)
# (®,E) and (F,E) 1 (Fy, E) # (®,E). Then, (F,£) 1 (F,E)) N (F,E)(Fy, E)) C
(F, %) Fi (Fy, ) i ((F, E) 7 (F5, E)) = (F, ) 71 (F, ) i ((Fy, ) {1 (F5, B)) = (F, E)
M(®,E) = (®,E). Similarly, ((F, E)(Fy,E)) N ((F,E) 1 (Fy,E)) = (®,E). Hence, (F, E)
M (Fy,E) and (F,E) N (I, E) are separated hypersoft sets. Thus, (I, E) has been expressed

as union of two separated hypersoft sets and consequently (F', E) is hypersoft disconnected.
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But this is a contradiction. Hence, at least one of the hypersoft sets (F,E) M (Fy,E) and
(F,E) N (Fy, E) is null hypersoft set. If (F,E) N (Fy,E) = (®, E), then (F,E) = (F, E)
M (I, ) which implies that (F,E) C (JFQ, E). Similarly, if (IF,E) M (F, E) = (®,E), then
(F,E) C (F1, E). Hence, either (I, E) C (Fy,E) or (F,E) C (Fa,E). g

Proposition 3.27. Let (F,E) be a hypersoft connected set and (G,E) be any hypersoft set
such that (F,E) C (G, E) C (F, E), then (G, E) is hypersoft connected. In particular, (F,E)

s hypersoft connected.

Proof. Suppose (G, E) is hypersoft disconnected. Then, there exist non-null hypersoft sets
(IF1,E) and (Fy, E) such that (Fy,E) 11 (F2, E) = (®,E) and (Fy, E) {1 (Fy, E) = (9, E)
and (G, E) = (F1,E) U (Fy, ) Since (F,E) C ((G E) = (Fy,E) U (IFy, ) it follows from
Proposition 3.26 that (F,E) C (F1,E) o (lF E) C (JFQ,E). Let (lF E) C (F1,E) which
implies that (F,E) C (Fy,E) then (F,E) {1 (Fy, E) C (Fy,E) 11 (Fy, E) = (®,E), but
(®,E) C (F,E) N (F2, E), then we have (IF E) N (Fy, E) = (®,E). Also, (Fy,E) U (IF2, E)
= (G, E) C (F, E) then (Fy, E) C (G, E) C (F, E) implies that (F, E) [ (Fy, E) = (F», E).
Hence, (F2,E) = (®,E) which is a contradiction since ([F3, E) is non-null. Hence, (G, E)
must be hypersoft connected. Again, since (F,E) C (G, E) C (F, E), we see that (F, E) is

hypersoft connected.

Proposition 3.28. Let {(F;,E) | i € I} be the family of hypersoft connected sets such that
T{(F;,E) |i €I} # (®,E). Then U{(F;, E) | i € I} is hypersoft connected sets.

Proof. Suppose (F,E) = U{(F;,’E) | i € I} is not hypersoft connected. Then, there exist two
non-null disjoint hypersoft sets (F 1, E) and (F 2, E) both hypersoft open such that (F,E) =
(F1,E) U (F 2, E). For each 4, (F1,E) M (F;, E) and (F 2, E) 1 (F;, E) are disjoint hypersoft
sets both hypersoft open in (F;,E) such that ((F1,E) N (F;, E)) U ((Fo, E) 11 (Fi, E)) =
(F1,E) U (F2,E)) 1 (F;, E) = (F;, E). Since (F;,E) is hypersoft connected, one of the
hypersoft sets (F 1, E) N (IF;, E) and (f 2, E) M (F;, E) must be null hypersoft set, say, (f 1, E)
M (F;,E) = (®,E). Then, we have (Fo, E) 1 (F;, E) = (F;, E) which implies that (F;, E)
C (fo,E) for all i € I and hence U{(F;,E) | i € I} C (F2,E), that is, (F1,E) 0 (Fa, E)
C (F2,E). This gives, (F1,E) = (®,E) which is a contradiction since (f 1, E) is non-null.
Hence, (F,‘E) must be hypersoft connected.

Definition 3.29. A property of a hypersoft topological space is said to be hypersoft hereditary
if every hypersoft subspace of the space has that property.
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Remark 3.30. The hypersoft disconnectedness (resp. hypersoft connectedness) is not a hy-
persoft hereditary.

Example 3.31. Let U = {w,u,u3}, E1 = {e1, &2}, B2 = {e3}, and E3 = {es}. Let Ty =

{(®,E), (V,E), (F1,E), (F2,E)} be a hypersoft topology defined on U, where (I, E), and
(IFy, ‘E), are hypersoft sets over U, defined as follows

(lFla Z) = {((61, €, 34)7 {uQ})’ ((62’ €, 34)7 {ul})}

(F% Z:) = {((81, €3, 64)7 {uh u3})7 ((827 €3, 84)7 {ug, u3})}

Then, (U, Ty, E) is a hypersoft disconnected space.

Now, let T = {uz}, then Ty, = {(®, E), (9, ‘E)} is a hypersoft topology defined on 9. Since
(®,E) and (9, ‘E) are the only hypersoft open and hypersoft closed sets then by Corollary 3.20,
(Y, Ty, E) is a hypersoft connected subspace of hypersoft disconnected space.

Example 3.32. Let U = {ul,ug,ug}, F = {61,82}, FEy = {83}, and F3 = {24}. Let Ty
={(®,E), (V,E), (F1,E), (F2,E), (IF3,E)} be a hypersoft topology defined on U, where
(IFy,E), (Fo9,E), and ([, E) are hypersoft sets over U, defined as follows

(F1, E) = {((e1, e, ea), {m}), (€2, €3, ea), {2}) }-
(F2, E) = {((e1, e, ea), {12}), (€2, €3, ea), {m }) }.
(Fs, E) = {((er, e, ea), {1, u2}), ((e2, €3, ea), {mn, u2}) }.
Then, (7, Ty, E) is a hypersoft connected space.
Now, let T = {ur, w}, then Ty = {(®,E), (%, E), (Fiy, E), (Fy, E), (Fs,,E)} is a hy-

persoft topology defined on 9, where (Fi,E), (Fay, E), and (Fs,, E) are hypersoft sets over
Y, defined as follows

(Fhm Z) = {((617 €3, 84)7 {ul})7 ((627 €3, 34)7 {uQ})}

(F2T7 Z:) = {((617 €3, 84), {uQ})v ((62, €3, 84), {ul})}
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(F3T7 ‘Z) = {((61, 3, 34)7T)7 ((327 €3, 84)7T)} = (9/7 Z)

It is easy to see that (Y, Ty, E) is a hypersoft disconnected subspace of hypersoft connected

space.

4. Conclusions

In this paper, we have initiated the concept of hypersoft connected (resp. hypersoft dis-
connected) spaces. Then, some results of this concept were discussed. Furthermore, we have
presented the concepts of disjoint hypersoft sets, separated hypersoft sets, and hypersoft hered-
itary property along with some illustrative examples. In future studies, we can define some
other topological structures in the frame of hypersoft topological spaces such as hypersoft
locally connected space, hypersoft component, hypersoft compact space, and hypersoft para-
compact space. Moreover, we can define hypersoft separation axioms by using both ordinary

points and hypersoft points.

Funding: ”This research received no external funding.”

Conflicts of Interest: ”The authors declare no conflict of interest.”

References

1. Molodtsov, D. Soft set theory-first results. Comput. Math. Appl. 1999, 37, 19-31.

2. Molodtsov, D.; Leonov, V.Y.; Kovkov, D.V. Soft sets technique and its applications. Nechetkie Sistemy I
Myagkie Vychisleniya 2006, 1, 8-39.

3. Maji, P.K.; Biswas, R.; Roy, R. Soft set theory. Comput. Math. Appl. 2003, 45, 555-562.

Ali, M.; Feng, F.; Liu, X.; Min, W.; Shabir, M. On some new operations in soft set theory. Comput. Math.

Appl. 2009, 57, 1547-1553.

Babitha, K.V.; Sunil, J.J. Soft set relations and functions. Comput. Math. Appl. 2010, 60, 1840-1849.

Sezgin, A.; Atagun, A.O. On operations on soft sets. Comput. Math. Appl. 2011, 61, 1457-1467.

Cagman, N. Contributions to the theory of soft sets. J. New Results Sci. 2014, 4, 33-41.

Shabir, M.; Naz, M. On Soft topological spaces. Comput. Math. Appl. 2011, 61, 1786-1799.

Cagman, N.; Karatas, S.; Enginoglu, S. Soft topology. Comput. Math. Appl. 2011, 62, 351-358.

10. Alcantud, J.C.R. Soft open bases and a novel construction on soft topologies from bases for topologies.
Mathematics 2020, 8, 672.

11. Alcantud, J.C.R. An operational characterization of soft topologies by crisp topologies. Mathematics 2021,

9, 1656.

12. Al-Ghour S.; Hamed W. On two classes of soft sets in soft topological spaces. Symmetry 2020, 12, 265.

13. Al-shami, T.M.; El-Shafei, M.E.; Asaad, B.A. Sum of soft topological ordered spaces. Adv. Math. Sci. J.
2020, 9(7), 4695-4710.

14. Al-shami, T.M.; Ko¢inac, L.D.; Asaad, B.A. Sum of soft topological spaces. Mathematics 2020, 8, 990.

15. Gogiir, O. Amply soft set and its topologies: AS and PAS topologies. AIMS Math. 2021, 6, 3121-3141.

16. Kiruthika, M.; Thangavelu, P. A link between topology and soft topology. Hacet. J. Math. Stat. 2019, 48,
800-804.

=

© X N :

Sagvan Y. Musa, Baravan A. Asaad, Connectedness on Hypersoft Topological Spaces



Neutrosophic Sets and Systems, Vol. 51, 2022 680

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

30.

Matejdes, M. Methodological remarks on soft topology. Soft Comput. 2021, 25, 4149-4156.

Min, W.K. A note on soft topological spaces. Comput. Math. Appl. 2011, 62, 3524-3528.

Peyghana, E.; Samadia, B.; Tayebib, A. About soft topological spaces. J. New Results Sci. 2013, 2, 60-75.
Aydin, T.; Enginoglu, S. Some results on soft topological notions. J. New Results Sci. 2021, 10, 65-75.
Karthika, M.; Parimala, M.; Jafari, S.; Smarandache, F.; Alshumrani, M.; Ozel, C.; Udhayakumar, R.
Neutrosophic complex a¥ connectedness in neutrosophic complex topological spaces. Neutrosophic Sets
Syst. 2019, 29, 158-164.

Jeevitha, R.; Parimala, M.; Udhaya Kumar, R. Nano AW¥-connectedness and compactness in nano topolog-
ical spaces. Int. J. Recent Technol. Eng. 2019, 8, 788-791.

Smarandache, F. Extension of soft set to hypersoft set, and then to plithogenic hypersoft set. Neutrosophic
Sets Syst. 2018, 22, 168-170.

Saeed, M.; Ahsan, M.; Siddique, M.; Ahmad, M. A study of the fundamentals of hypersoft set theory. Inter.
J. Sci. Eng. Res. 2020, 11.

Saeed, M.; Rahman, A.; Ahsan, M.; Smarandache F. An Inclusive Study on Fundamentals of Hypersoft
Set. In Theory and Application of Hypersoft Set, 2021 ed.; Smarandache F., Saeed, M., Abdel-Baset M.,
Saglain M.; Pons Publishing House: Brussels, Belgium, 2021; pp. 1-23.

Abbas, M.; Murtaza, G.; Smarandache, F. Basic operations on hypersoft sets and hypersoft point. Neutro-
sophic Sets Syst. 2020, 35, 407-421.

Musa, S. Y.; Asaad, B. A. Bipolar hypersoft sets. Mathematics 2021, 9, 1826.

Musa, S. Y.; Asaad, B. A. Topological structures via bipolar hypersoft sets. J. Math. 2022, 2022, Article
ID 2896053, 14 pages.

Musa, S. Y.; Asaad, B. A. Connectedness on bipolar hypersoft topological spaces. J. Intel. Fuzzy Syst.
2022, DOI: 10.3233/JIFS-213009.

Musa, S. Y.; Asaad, B. A. Hypersoft topological spaces. Neutrosophic Sets Syst. 2022, 49, 397-415.

Received: June 10, 2022. Accepted: September 21, 2022.

Sagvan Y. Musa, Baravan A. Asaad, Connectedness on Hypersoft Topological Spaces



