WINSS Neutrosophic Sets and Systems, Vol. 51, 2022

m University of New Mexico
.l'

Classification of Ordered Semigroups Through Neutrosophic
Generalized bi-ideals with Applications

Faiz Muhammad Khan '*, Madad Khan ? and Ihsanullah®
'Department of Mathematics and Statistics, University of Swat
2 Department of Mathematics, COMSATS University Islamabad, Pakistan

*Correspondence: drfaizQuswat.edu.pk

Abstract. An icebreaking theory known as neutrosophic theory opened a new direction for researchers of
philosophy, logics, set theory and probability /statistics. Neutrosophy put the point base for a entire household
of new mathematical speculations that summarized classical and fuzzy correspondence theories. In this article,
we introduced the conception of neutrosophic fuzzy ideal theory of ordered semigroups based on belongs to
relation and quasi-coincident with relation. Particularly, neutrosophic fuzzy generalized bi-ideal (resp. bi-ideal)
of type (€, € Vq) have been developed and detail symposium on multi-dimension of the neutrosophic said ideals
in ordered semigroup has given. Further, a verity of depictions of ordered semigroups in expression of (€, € Vq)-
fuzzy generalized bi-ideals have been constructed and several related examples have been formulated. Finally,
the lower parts of neutrosophic (€, € Vq)-fuzzy generalized bi-ideals were proposed and ordered semigroups

have been discussed by the properties of these newly developed neutrosophic fuzzy generalized bi-ideals.
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1. Introduction

In the modern times, economics and technological progress play a pivotal part in the evo-
lution of at all particular country. Caused by high-quality analysis in the new field such as
computer science, control system engineering, analyses of the data , economics, error-correction
coding, answerable, prediction and automated, most realms have fallen back. These new realms
spend a large scrap of their budgets in these areas. From another point of view, the above-
mentioned meadows face several complex issues calling for uncertainty. These completed issues
cannot be solved by traditional techniques. There are definite types of speculations, such as

theoretical probability, fuzzy set theory, rough set theory, and soft set theory, which can be
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use for the above problems. However, all these theories have their importance and inherent
limitations. One of the main problems accepted by these speculations is their incompatibility
with parametric implements. In order to control such labours, in 1965, Zadeh [1] introduce the
ice breaking conception of fuzzy subset, which could handling imprecision and uncertainties of
these king of problems. So, here we specify some terms which is used throughout my thesis,
FG is used for fuzzy group, OSG is used for ordered semigroup, OSGs used for ordered semi-
groups, SUBG used for subgroup, for fuzzy left (resp. right) ideal used FL(resp. right)l, for
fuzzy generalized bi-ideal FGB-I is used, for quasi-ideal Q-I is used, for bi-ideal B-I is used, for
fuzzy subgroup FSUBG is used, for regular RG is used, for completely regular CRG is used,
for intra-regular intra-RG is used, for semigroup SG is used, for prime P is used, for semiprime
SP is used, for simple SMP is used, for left simple LSMP is used, for quasi-prim Q-P is used,
for weakly quasi-prim Q-P is used, for fuzzy left ideal FLI is used, (€, € Vq)-fuzzy left ideal
(€, € Vq)-FLI is used, for subsemigroup SUBSG is used, for interior ideal II is used, for fuzzy
set F'S is used, for (€, € Vq)-fuzzy generalized bi-ideal (€, € Vq)-FGB-I is used, for (€, € Vq)-
fuzzy bi-ideal (€, € Vq)-FB-I is used, for right simple RSMP is used, for fuzzy quasi-prime
ideal FQ-PI is used, for strongly regular SRG is used, for fuzzy quasi-ideal FQ-I is used, and
for plural only small “s” is added at the end e.g fuzzy ideals Fls, for weakly prime fuzzy ideal
WPFI is used, for completely prime fuzzy ideal CPFTI is used, for completely semiprime fuzzy
ideal CSPFTI is used, for fuzzy point FP is used, for quaasi Q is used, for subgroup SUBG is
used, for (€, € Vq)-fuzzy left (resp. right) ideal (€, € Vq)-FL(resp. right)I is used, for intu-
tionistic fuzzy set IF'S is used, for neutrosophic set NS is used, for neutrosophic(€, € Vq)-fuzzy
generalized bi-ideal neutrosophic (€, € Vq)-FGB-I is used, for intutionistic set IS is used, for
paraconsistent set PS is used, for strongly simple SSMP is used, for characteristic function CF
is used, for lower part LP used, and other also expressed on the same way else stated. Further
Zadeh [4-7] elaborated the conception of fuzzy set to a large extent. After that 1971, Rosen-
feld [2] proposed the new conception of fuzzy group(FG) it opened a new direction for the
scientists to assessment different conceptions and consequence from the principality of algebra
in the larger flow of fuzzy surroundings. Possess the inspiration considering, Das [3] suggested
the conception of level subgroup of the FG. Further, Kruoki [12-16] described the notions of
fuzzy left (resp. right, bi-, quasi-, generalised bi-) ideals of SGs and thereby identified vari-
ous classes (regular, intra-regular, completely regular, semiprime, left simple) of semigroups
in terms of these conceptions. The renowned research group of Kehayopulu [17-21] studied
fuzzy left (right, bi-, interior and quasi-) ideals in OSGs to a greater extent. Moreover, The
conception of (a, 8)-FSUBG by utilizing the “belongs to” relation (€) and “quasi-coincident
with "relation (q) of fuzzy point(FP) with fuzzy set(FS) by studied by Bakat and Das [9, 10]
and Bakat [11]. Further the conception of the sort of («, 3)-FIIs, and new conception of sort
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an (€,€ Vqi)-FII of an OSG of S is determined by khan et al. [32], here k is an testimo-
nial component of [0,1). Otherwise expressed. Further demonstrated that in a regular(resp.
semisimple) of OSG, the ideas of (€, € Vgi)-FI and (€, € Vgi)-FIIs matched. Similarly, the
conception of («, 5)-FL(resp. right)Is of an OSG of S and the new kind of FL(resp. right)Is
of the type (€, € Vqi)-F (resp. right)ls, here k € [0, 1). Special in this paper, reported the
relation between ordinary FI and (€, € Vgi)-FIs of an OSG was initiated by Khan et al. [33].
After this, the conception of IFSs, which is a extension of FSs and provably equivalent to
interval valued F'Ss are initiated by Atanassov [22], in 1986.

Further, in 1998 Smarandche [23] generalized the ice breaking conception of IFS, PS, and
IS to the NS, and initiated the new conception of the NS.
After this big achievement Maji [24] reported the conception of neutrosophic soft set. More-
over, using the conception neutrosophic solution to make MCDM standard decisions. In ad-
dition to studying some interesting mathematical properties of the method, the algorithm
neut-MCDM is also proposed. This work also provides a concise basis for the MCDM com-
munity with the first introduction of the NS this work proposes a multi approach which was
investigated by Kharal [25]. However Salama et al. [26] investigate the notion of “neutosophic
crisp neighborhoods system for the neutrosophic crisp point”. In addition, to introduced and
investigated the notion of the local function of the neutrosophic crispness, and constructed a
new type of neutrosophic crisp topological space through the ideals of the neutrosophic crisp-
ness. It involves the possible application of GIS topology rules. Further the notion of rough
NS was Studied by Broumi et al. [27], in this article they developed a hybrid structure said to
be “ Rough Neutrosophic Sets(RNSs)” and also, investigate their possessions. Therefore, both
the NS theory and rough set theory are becoming a powerful tools for managing uncertainty,
incompleteness and imprecision information. Mover the operation on the interval NS were
investigated by Broumi and Smarandache [28], in this paper they further defines three new
operation on interval NSs whic is based on arthmetic mean, geometric mean and harmonic
mean. So the interval NS is an example of NS, which can be used in actual science and

engineering

2. Some Basic Definitions and Results

Definition 2.1. If (S,.) is semigroup, then the structure (S, ., <) is called an OSG, (5, <) is
a partially ordered set (poset) i.e a < v (reflexive), a < 3,8 < v = a = [ (anti-symmetric),
a < B, < v = a < v((transitive) Vo, 3, v € Sand v < y = za < yf and za < zb
Ya,bx €58.
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Definition 2.2. Let X be an OSG S. Then interpret the subset (X] of S as.

(X] ={y € Sly < z for some = € X}.
If X = {x}, then the notion (x] is used of ({z}]. For any subset X and Y of S, XY = {ay|z € X
and y € Y} so throughout my thesis S is an OSG unless otherwise indicated.
The definition of SUBSG and left (right) ideal are discussed as follow.

Lemma 2.3. If S be an OSG, then the understated condition are equivalently:
(1) S is left WRG.

(2)TNQC(I'Q, ¥V ideal T' and GB-I Q) of S.

(3) T'(c) NQc) € (T'(c)Qc)], VceS.

Lemma 2.4. If S be an OSG, then the understated axioms are equivalently:
(1) S is LWRG.

(2) TNV C (I'Y], V ideal I' and left ideal ¥ of S.

(3) T(z) N¥(z) C (T'(x)¥ ()], V€S8

Lemma 2.5. If S be an OSG, then the understated axioms are equivalently:
(1) S is RG.

(2) TNQNY C (I'QV], V right ideal ', GB-1 ) and left ideal ¥ of S.

(3) T(z2)NQz)NTY(2) C(T(2)Q2)¥(2)], Vz€S.

Lemma 2.6. If S be an OSG, then the understated axioms are equivalently:
(1) S is RG.

(2) QNT C(QrQ], V Q GB-I and T ideal of S.

(3) ()N ¥(k) € (AR)T(R)], V k€ S.

Lemma 2.7. An OSG S is completely reqular < ¥ X C S, we have, X C (X25X?].

Lemma 2.8. An OSG S is L(resp. right)SMP if, ¥ (Sx|=S, (resp.(xS]=S for all x € S.

Proposition

If x and v are any subsets of an OSG S, then

(1
(2
(

x € (x]-
(xX](¥] € (xv].
3) (Xl = (-

(4) (@] = (x¢].
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Proposition
Let X and Y # ¢ subsets of S, then we have the understated condition holds:

(1) X CY iff Ax < By.
(2) Ax NAy = Axny.
(3) AX o Ay: A(XY]'

3. Neutrosophic sets (Basic Operation)

In the past two decennaries, the utilizes of soft set theory has made one more climacteric in
mathematics. In mathematics, some mathematical enigmas contain indeterminacy in different
paddock, such as answerable, automatonl theory, coding theory, economics and memorandums
of understanding, while other mathematical problems cannot be solved by ordinary mathe-
matics. Due to the influence of parameterizations, tools (such as fuzzy set theory, probability
theory,etc), the newest investigation on in this managment and the new investigation on theory
of soft are fruitful due to the diversified uses of soft sets in the above-mentioned fields [27, 28].
It is worth noting that Sezgum and Atagum [29] studied various new actions on theory of soft

and explained soft sets the following way:

Definition 3.1. If X is non-empty set, then structure A in X is of the structure A\ =
{{a; Ar(a), Ar(a),
Arp(a))la € X} is called NS, where A\p : X — [0,1] is a truth membership function,
Ar: X — [0,1] is an indeterminate membership function and Ap : X — [0, 1] is false member-
ship function. Generalizing the notion of an ordered FP, we introduce a new concept called
neutrosophic ordered points(NOPs) as follows:

Suppose S is an OSG, t € S and u,v,w € [0,1]. By a NOPs, we mean t3(x) =
(ty(x),ty(z),ty(x)) where p = (u,v,w) and

() _{ u, iftr € (1,
1, ifnot.
tv(x):{ v, if x € (¢,
1, ifnot.
bo() = w, if © € (t],
v 1, ifnot.

Let A = {(a; Ar(a), Ar(a), Ap(a))} be a NS and t;5 be a NOP, we define
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(
i —t; € Nif Ar(t)
(

~
~—

)\T(t) u <1,
W=ty qNif Ar(t)+v <1,
Ap(t) +w >1,

1t —ty € VgA=1t5 € Xortzg\.
w—t; € N\gA=15 € Xand tzqA.
v—t; € A\gA=15 € Ag A does not hold.

If A = (x; \p(x), Ar(x), Ap(x)) and n = (z; nr(x), nr(x), nr(x)) be neutrosophic sets,
then A ® n, ANy and A\Un are defined as follow:

A = {(z; (A7 onr), (Aronr), (Ar onr)) (z))}

where A1 o nr, Ar o ny and A\p o nr are defined as

(A1 0 nr)(z) = { Nyoyens ATW) V()] if Av # 6,

Lif Ay = ¢,
A M (y) V()] if A # ¢,
g (y,2)€EAL
(Ar o m)(@) { 1if A, = ¢.
\ Ar(y) Anp(2)] if Az # ¢,
A O ) = (y,2)€EAx
(Ar 0 nF)() { Lif A = o,

A = {(z; (Ar Nonr), (Ar0mn), (Ar Nne)) ()}
where

(Ar M) (z)=max{Ar(x), nr(z), 0.5}

(Ar Nnr) () =max{Ar(z), nr(x), 0.5}

(Ar N np)(z)=min{Ap(z),nr(z), 0.5}

and
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AUn = {(z; (ArUn), (ArUnr), (ArUnr))(z))},

where

(Ar Unr)(z)=min{Ar(z), nr(z), 0.5}

(A1 Unr)(x)=min{A;(z), nr(x), 0.5}

(Ar Unp)(x)=max{Ar(x), nr(x), 0.5}

Note that if NOP (S) is the group of all NOPs in OSG S,

then
tp.sq = (ts) € NOP (S) wherep = (u1,v1,w1) and § = (uz, v2, w3).
uy VvV ug
v1 V U2
w1 N\ w2
Example

General example of neutrosophic set. The premise “ Today is Sunny” or “Today will be
Sunny” it does not convey a fixed rate constituent structure; this may assume to 50% true,
45% indeterminate and 40% false at time ¢, where n > 0,but at the time ¢, 11 may be alter at
55% true, 46% indeterminate, and 28% false,(as stated to the new conformation source) and
today at utter t,y¢0 the same premise may be 100% true, 0% indeterminate and 0% false (if
today indeed sunny) this structure is dynamic; so the truth value change from time to time,
another point of view, the truth value of the premise may be change from place to place
€.g;
the premise “It is sunny” in Islamabad, 100% true, 0% uncertain, and 0% false, but on the
move to another site the city of Karachi the truth rate will be altered and may be 0% true,
0% indeterminate and 100% false It is also alter w.r.t viewer(subject to the parameter of the
function T, I, F)

e.g;
“Simith is longer” (.42%, .64%, .56%) as stated to his mother, but (0.86%

0.23%,0.7%) as stated to his personal Secretary, or (0.48%,0.21%, 0.31%) as stated to his Boss.
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4. Neutrosophic generalized bi-ideals of ordered semigroups

In this part, we initiate the conceptions of NS, neutrosophic (€, € Vq)-SUBSG, neutrosophic
(€, € Vq)-FGB-I, neutrosophic (€, € Vq)-FB-I, neutrosophic (€, € Vq)-FL(resp. right)Is, neu-
trosophic level subset ,regular, weakly regular, related examples, theorems and propositions in
detail.

For simplicity throughout the paper A will be denoted for NS instead ofA =

(a; Ar(a), Ar(a), Ap(a)) unless otherwise stated.

Definition 4.1. A NS X of an OSG S is called a neutrosophic (€, € Vq)-SUBSG of S if the

understated axiom is satisfied:

(Vt, s € 8) (p = (u1, v1, wi), ¢ = (uz, v2, wz) € [0,1])

tp € X; 85 € A= (ts) € VgA
u V ug

V1V Uy

w1 N\ w2

Definition 4.2. A neutrosophic set A of an OSG S is said to be a neutrosophic (€, € Vq)-
FL(resp. right)I of S if the understated axioms are contented:

(i)(Vt, s € Swith t < s)(p = (w1, v, wi) € [0, 1])(s5 € X = t; € VgA).
(1) (Vt, s € S)(p = (u1, v, wi) € [0, 1])(s5 € A = (ts)p € VgA(resp.(st)
5 € VgA)).

Note that aneutrosophic set A of S is a neutrosophic (€, € Vq)-FI of S if it is both neutrosophic
(€, € Vq)-FLI and neutrosophic (€, € Vq)-FRI of S.

Definition 4.3. A neutrosophic set(NS) A of an OSG 8 is said to be a neutrosophic (€, € Vq)-

FGB-I of S if the understating axioms are contented:

(0)(Vt, s € S with t < s)(p = (u1, vi, wy) € [0, 1])(813 EX=1;€ VgA).
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(i7)(Vt,a,s € St < 8)(p = (u1,v1,w1),q = (uz,v2,ws2) € [0, 1])

ty; € A;sg € A = (tas € Vg
D q (tas) wy Vg q

v1 V U2

w1 N\ w2

Definition 4.4. A neutrosophic set A of an ordered semigroup S is said to be a neutrosophic

(€,€ Vq)-FB-I of S if it is both a neutrosophic (€, € Vq)-FGB-I and neutrosophic(€, € Vq)-

SUBSG of S.

Theorem 4.5. Suppose that G is a GB-I of an OSG S and X\ is a neutrosophic subset of S

such that:
lifx € S—G,
M) =4 T
<05if xeG.
lifx € 5—G,
VOES S
<05if x €.
lifx € §—G,
Ap(z) = / ‘ :
>05if xred.
Then,

(i) X is a neutrosophic(q, € Vq)-FGB-I of S.

(i) X is a neutrosophic (€, € Vq)-FGB-I of S.

Proof. (i) Let t,s € S and uy,v1,w; € [0, 1] with ¢ < s be such that
spgA where p = (u1, vi, wi).

Ar(s) +up <1,
Then szgA implies that Ar(s) +v1 < 1,

Ar(s) +wp > 1.

Thus, s € G but G is FGB-1L.
Therefore, t € G which implies that
)\T(t) < 0.5, )\[(t) < 0.5 and

Ar(t) > 0.5. Now, if u; > 0.5,v1 > 0.5 and w; < 0.5,then Ap(t) < 0.5 < ug, Ar(tas) < 0.5 <

and Ap(tas) > 0.5 > w;.Hence t; € A
If u; <0.5,v1 <0.5,w; > 0.5, then A\p(t) +u; <0.5+0.5=1.
)\](i) +v1 <0.5+40.5= 1,)\F(t) +w; >054+05=1,
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Therefore, tzqA.
Thus, t5 € VgA.
Now assume ¢, a, s € S and uy, ug, vi, v2, w1, wy € [0, 1] be such that t;gA and sgg\ where

P = (u1, v1, wi) and ¢ = (ug, v2, w2).

Ar(t) +up <1,
Then t;g\ implies Ar(t) +v1 < 1,
F t) +w; > 1.

>

And sgg\ implies Ar(s) +v1 < 1,

(
(
(
Ar(s) +up <1,
(
)\F(S) 4+ wi > 1.

Hence, t,s € G but G is generalized bi-ideal. Therefore, tas € G which implies that
Ar(tas) < 0.5, Ap(tas) < 0.5 and Ap(tas) > 0.5. Now, if u; > 0.5, v1 > 0.5 and wy < 0.5, then
Ar(tas) < 0.5 <wuy <wugVug, Ar(tas) < 0.5 <wvp < vy Vog and Ap(tas) > 0.5 > wy > wi Aws.

Hence, (tas) S
u1 VvV ug

v1 V V2

w1 N\ w2
The similar case is also hold if uy > 0.5, vy > 0.5 and wy < 0.5.

If uy < 0.5, v;1 < 0.5, w; > 0.5, ug < 0.5, v2 < 0.5 and wy > 0.5, then Ap(tas) + u; <
0.5+ 0.5 = 1, 1(tas) + v1 < 0.54+0.5 = 1, Ap(tas) + w; > 0.5+ 0.5 = 1, Ap(tas) + ug <
0.540.5=1, A\r(tas) + v2 < 0.5+ 0.5 =1 and Ap(tas) +we > 0.5+ 0.5 = 1.

Consequently, Ap(tas) + ug Vug < 0.5+ 0.5 =1,

Ar(tas) +v1 Ve <054+ 0.5 =1, Ap(tas) +w; Awe > 0.5+ 0.5 =1.

Resultantly, (tas) qA.
up VvV ug

V1 V U2
w1 N\ w2
Thus, (tas) € VgA.
uy VvV ug
v1 V V2

w1 N\ w2

Consequently, A is a neutrosophic (¢, € Vq)-FGB-I of S.
(ii) Assume that t,s € S and u, v, w € [0,1] with ¢ < s be such that s; € A where

p = (u, v, w).
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Ar(t) < u,
Then s; € A implies that Ar(t) <w,
)\F(t) Z w.

Thus, s € G but G is FGB-1.

Therefore, ¢ € G which implies that Ar(f) < 0.5, Ar(t) < 0.5 and Ap(t) > 0.5. Now, if
u>0.5, v>0.5and w < 0.5, then Ap(t) < 0.5 <wu, Ar(tas) < 0.5 <wvand Ap(tas) > 0.5 > w.
Hence t; € A.

If u < 0.5, v<0.5 w>0.>5 then A\p(t) + u < 0.5+ 0.5 = 1, \(t) +v < 0.5+ 0.5 =
1, Ap(t) +w > 0.5+ 0.5 = 1, therefore, tzg.

Thus, t5 € VgA.

Now suppose that ¢, a, s € S and uy,u2, v1, v2, wi,wy € [0,1] be such that t; € X and s5 € A

where p = (u1,v1,wp) and § = (ug, ve, w3).

e
o

(
Then t; € A\. Implies Ar(t
(

IV IA A
&

E

) <
And s; € A implies A1(s) < v,
) >

Thus, t, s € G but G is FGB-I.

So, tas € G which implies that Ap(tas) < 0.5, Ar(tas) < 0.5 and Ap(tas) > 0.5.

Now, if u3 > 0.5, v1 > 0.5 and w; < 0.5, then Ap(tas) < 0.5 < up < ug Vug, Af(tas) < 0.5 <
v <wvp Vg and Ap(tas) > 0.5 > wy > wy A ws.

Hence, (tas) SV
w1V ug

v1 V V2

w1 N\ w2
The similar case is also hold if ug > 0.5, v9 > 0.5 and wy < 0.5.

Ifu; <0.5,v1 < 0.5, wy > 0.5,us < 0.5,v3 < 0.5 and we > 0.5, then A\p(tas)+u; < 0.54+0.5 =
1,

Ar(tas) +v1 < 0.5+ 0.5 = 1, Ap(tas) + w; > 0.5+ 9.5 = 1, A\p(tas) +uz < 0.5+ 0.5 =
1, Ar(tas) +v2 < 0.5+ 0.5 =1 and Ap(tas) + wy > 0.5+ 0.5 = 1.

Consequently, Ar(tas) + up Vug < 0.5+ 0.5 =1,

Ar(tas) +v)1 Voa <0.5+0.5=1,

Ap(tas) +wy Awe > 0.54+0.5 =1.

Faiz Muhammad Khan, Madad Khan and Thsanullah, Classification of Ordered Semigroups Through Neu-

trosophic Generalized bi-ideals with Applications



Neutrosophic Sets and Systems, Vol. 51, 2022 692

Resultantly, (tas) qA.
w1V ug

v1 V Uy

w1 N\ wa

Thus, (tas) € VgA.
w1V ug

v1 V vy

wy )\ wa

Therefore, A is a neutrosophic (€, € Vq)-FGB-I of S

Theorem 4.6. If A be a neutrosophic subset of an OSG S, then show that the understated

condition are equivalently:

(I) A is a neutrosophic (€,€ Vq)-FGB-I of S.

) < max{Ap(t),0.5},
) < mazx{Ar(t),0.5},
) > min{Ar(t),0.5}.
Ar(tas) < max{Ar(tas), Ar(t),0.5},
(ii) (Vt,a,s € S) Ar(tas) < max{;( ),0.5},
Ar(tas) > min{Ap( ),0.5}.

)\T(S
(II) (i) (Vs,t € S such that s <t) Ar(s
(

IV IA A

/\TS

(
7>\T(
Ar(

tas)
tas),

t
T(t
Proof. (I) = (II): Let A be a n neutrosophic (€,€ Vq)-FGB-I of S and assume on con-
trary bases that Ar(s) > max {Ap(t), 0.5}, A\r(sat) > max {A;(¢), 0.5} and Ap(s) < min
{Ar(t), 0.5}, then 3 u, v, w € [0, 1] 3 Ar(s) > u > max {Ar(t), 0.5}, Ar(tas) > v > max
{A1(t), 0.5} and Ap(s) < w < min {Ap(t), 0.5}. It is clear that Ap(t) < u, Ar(sat) < v and
Ar(t) < w shows that t5 € X but s5€ Vg which is a contradicts to the fact A is a neutrosophic
(e,€ Vq)-FGB-L
Hence (i) hold. By similar argument we can also show that (ii) hold.

Thus, (I) = (I1).

(II) = (I). Suppose (i) and (ii) hold, we need to manifest that A is a neutrosophic (€, € Vq)-
FGB-I. For this let s, t € S such that s <t, u, v, w € [0, 1] and t3 € A where p = (u, v, w).

Therefore,

)\T(t) < u,
t5 € A implies that Ar(t) <o, .
> w.

Ar(t)
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Ar(s) < {Ar(t), 0.5} <,
Since by (1) ¢ Ar(s) < {\r(t), 0.5} <,
Ar(s) > {Ar(t),0.5} > w.
Ar(s) <w,
which shows that Ar(s) <w,
Ar(s) > w.

Hence sz € A\. If u,v < 0.5 and w > 0.5,

Ar(t) <u < 0.5,
then Ar(t) < v < 0.5,
)\F(t) >w > 0.5.

implies that Ar(t) < 0.5, A\;(t) < 0.5 and Ap(t) > 0.5.
Consequently, Ar(s) < 0.5, Ar(s) < 0.5 and Ap(s) > 0.5.
Therefore, A\p(s) +u < 0.54+0.5=1, A\;(s)+u <05+0.5=1and Ap(s)+u>0.54+0.5=1.
Hence, spq), So s5 € VgA.
Similarly, for s, a, t € S such that t5 € A, s5 € A.

= (tas) RV € VgA.

1 V U2

wy N\ wo
Resultantly, A is a neutrosophic(€, € Vq)-FGB-I of S.

Since every neutrosophiuc (€, € Vq)-FB-I of S is a neutrosophic (€, € Vq)-FGB-I of S but the

opposite statement is generally inncorrect.r

Definition 4.7. Let A be a neutrosophic subset(NSUBS) of an OSG S, for any u, v, w € [0, 1]

the set
)\T(x) < u,
UNp)=1< z€S| A\(z) <wv, pis SAID TO BE a neutrosophic level subset(NLSUBS) of .

Ap(z) > w.

Theorem 4.8. Suppose that A is a neutrosophic subset of an OSG S. Then show that \ is a
neutrosophic (€, € Vq)-FGB-I of S < U(X, p)(# ¢) is FGB-I of S for (u, v € (0, 0.5], w €
(0, 0.5]).

Proof. Let A is a neutrosophic (€,€ Vq)-FGB-I of S. Consider such that s, ¢ € S and
teU(N, D).
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Ar(t) < u,
Then  A\;(t) <w,

)\F(t) Z w.
Since A is a neutrosophic (€, € Vq)-FGB-I. Therefore,

Ar(s) < max{Ar(t), 0.5},
by Theorem [4.2], Ar(s) < maz{A;(t), 0.5},
Arp(s) = min{Ap(t), 0.5}.
Ar(s) < max{Ar(t), 0.5} =u,
which implies that Ar(s) <maz{);(t), 0.5} =v, because (u, v € (0.5, 1], w €
Ar(s) > min{Ar(t), 0.5} = w.

(0, 0.5]).

Thus, s € U(\, p).

Similarly, for s, a, t € S such that s, t € U(\, p) implies sat € U(\, p).
Hence, U(A, p) is a FGB-I of S.

<=, assume that U(\, p) is FGB-I of S for (u, v € (0.5, 1], w € (0, 0.5]).

Let s, t€S>s<t.
Ar(s) > max{Ar(t), 0.5},

Suppose by contradiction ¢ A;(s) > maz{A\;(t), 0.5}, .
Ar(s) < min{\pr(t), 0.5}.

Then for some u, v € (0.5, 1], w € (0, 0.5],

Ar(s) > u > max{Ap(t), 0.5},
Ar(s) > v > max{A(t), 0.5}, .
Ar(s) < w < min{\p(t), 0.5}.

Implies that t € U(A, p) but s€U (A, p) which is a contradicts to the fact that U(\, p) is
FGB-I of S.

Ar(s) < max{Ar(s), A\r(t), 0.5},
Therefore, A1(s) < max{Ar(s), Ar(t), 0.5}, .
Ar(s) > min{Ar(s), Ar(t), 0.5}.
Ar(tas) < max{Ar(t),0.5},
Similarly, for s, a, t € S, Ar(tas) < max{Ar(t),0.5}, | also hold.
Ar(tas) > min{Ar(t),0.5}.

Thus, by Theorem [4.2], X is a neutrosophic (€, € Vq)-FGB-I of S
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Ar(x) | Ar(z) | Ap(z)
0.18 | 0.15 | 0.30
0.20 | 0.19 | 0.28

c| 0.17 | 0.16 | 0.33

d| 0.20 | 0.20 | 0.32

T |

TABLE 2. Example of Neutrosophic (€, € Vq)-fuzzy generalized bi-ideals

Using definition (4.3) A is neutrosophic (€, € Vq)-FGB-I where p = (0.25, 0.20, 0.22) and
d=(0.26, 0.30, 0.28) € [0, 1]

Definition 4.9. Let S be an OSG. The neutrosophic characteristic function X4 =
(Xnps Xog, Xop) of A= (z,(Ar, A1, Ap)(z)) is defined as

X,\T(x):{ lif x €A,

0 ifnot.
) LifzeA,
Ko@) = { 0 ¢ fnot.
) 0ifx g A,
Ko (@) = { 1 ifnot.

Theorem 4.10. A non-empty set B of an OSG S is a FGB-I of S < the characteristic function
Xp is a neutrosophic (€, € Vq)-FGB-I of S.

Proof. The proof is follows from theorem [4.3].

Theorem 4.11. Suppose S is an OSG and L is a L(resp. right)I of S. If X is defined by the

neutrosophic subset of S

M@QZ{IUxGS—L

<05if ze L.

() lifzxeS—L,
xTr) =

! <05ifzel.

() lifxeS—-1L,
€Tr) =

i >05if ze L

Then
(i) X is a neutrosophic (q,€ Vq)-FL(res. right)I of S.

(ii) X\ is a neutrosophic (€, € Vq)-FL(res. right)I of S.
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Proof. .

Proved by theorem [4.1].

Theorem 4.12. Assume that S is an OSG and I is an ideal of S. If X be a neutrosophic subset
of S defined as in Theorem [4.5], then X is both a neutrosophic (q, € Vq)-FI and a neutrosophic
(€,€ Vq)-FI of s.

Proof. the proof follow by combining Theorem [4.5] and Theorem [4.1].

Theorem 4.13. If A be a NSUBS of an OSG S, then show that the understating condition

are equivalently:

(I) X is a neutrosophic (€, € Vq)-FL(resp. right)I of S.

Ar(s) < max{Ar(t), 0.5},
(II) (i)(Vs, t € S suchthat s <) A1(s) < max{Ar(t), 0.5},
Ar(s) > min{Ap(t), 0.5}.

Ar(st) < max{Ap(t), 0.5}, (resp.maz{Ar(s), 0.5}),

(ii) (Vs,t € S) Ar(st) < max{A;(t), 0.5}, (resp.max{A;(s),0.5}),

Ar(st) > min{Ap(t), 0.5}. (resp.min{Ar(s),0.5})

Proof. Proved by theorem [4.2].

Theorem 4.14. Suppose that X is a neutrosophic subset of an OSG S. Then X is a neutrosophis
(€,€ Vvq)-FL(resp. right)l of S <
Ar(x) <u
UND)F# &) | ze8| M(z)<w, is a L(resp. right)I of S for (u, v € (0, 0.5], w €
Ap(z) > w.
(0, 0.5]).

Proof. Proved by theorem [4.3].

Definition 4.15. If S is an OSG, then Sis RG & Vz e S3Tae S >z <zaxor AC (XSX]
VXCB&.

Definition 4.16. If S is an OSG, then S is left weakly RG < 2 €S 3Ja,be S >z < azayor
XC((SX)vXCSs.
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Proposition

Let X be a neutrosophic subset of a regular OSG S. Then every neutrosophic (€, € Vq)-FGB-I
of S is a neutrosophic (€, € Vq)-FB-I of S.

Proof. Assume that s, t € S and ) is a neutrosophic (€, € Vq)-FGB-I of S. Since S is RG so
Jx el 3 s<srs. = Ap(s) < max{\p(szs),0.5}.

Hence Ap(st) < max{Ar(szst), 0.5}
= maz{Ar(s(xzs)t), 0.5}
< max{Ap(s), A\p(t), 0.5},
by similar argument
Ar(st) < max{Ar(s), Ar(t), 0.5} and Ap(st) > min{Ar(s), Ar(t), 0.5} also hold.
Hence A is a neutrosophic (€, € Vq)-FB-1 of S.g

Proposition

Consider that A is a neutrosophic subset of a left weakly regular OSG S.Then every neutro-

sophic (€, € Vq)-FGB-I of S is a neutrosophic (€, € Vq)-FB-I of S.

Proof. Proved by proposition [3].

5. Lower Parts of Neutrosophic (€, € Vq)-generalized bi-ideals

In this section, we will start the fundamental operations of the lower parts of the neutro-
sophic subset, the neutrosophic characteristic function(CF) lower parts, left (resp. right)RG,
left (resp. right)SMP, the related theorems and the lammas of the lower parts.

Definition 5.1. Let A be a neutrosophic subset of an OSG S, we stated the LP as ™ =
(x, A\7, AT, AF) of A as follows;

A7 (x)=max{Ap(z), 0.5}

A7 (x)=max{\;(z), 0.5}

Ar(z)=min{Ap(x), 0.5}
For any subset A # ¢ and neutrosophic subsets(NSUBSs) A of OSG S, then LP of neutrosophic

CF (X 4)” will be denoted by X 3.
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Definition 5.2. Let A and 7 any tow NSUBSs of an OSG S, we stated (ANn)~, (AUn)™ and
(A®@mn)” as follows:

(M)~ (z)=max{\n(z), 0.5}
(AUn)~(z)=max{A\Un(z), 0.5}

(A @ n) (z)=max{\ ® n(x), 0.5}.

Lemma 5.3. Let A\ and n be any tow NSUBSs of an OSG S, then (X)) = X\~ where A\~ =
(x, A\p, A, Ap) is the LP of \.

Proof. Assume that Ag is the lower part of A, then by definition [5.2 |

A7 (x)=max{\r(x),0.5}
(A7) 7 (z)=max{{max{\r(z),0.5}},0.5}
=max{Ar(z),0.5} = Ar(z)
Similarly (A7)7 = A7 and (Ap)F = AF also hold.
Thus, (X)" = X~

Lemma 5.4. Let A and n be any tow NSUBSs of an OSG S, then
e (AN = A1
o (AUn) =XUn
e (A®@n) =X ®n.

Proof. Proof is straightforward.

Definition 5.5. Let S be an OSG. Then the LP of the neutrosophic CF X3 = (X3,, Xx,,
X3,) of A= (x, (A, A1, Ap)(x)) is defined as

0.5if r € A,
X . (x) =
/\T( ) { 1 otherwise.

0.5if x €A,
X\, (x) =
/\I( ) { 1 otherwise.

X_)\F(l'):{ lif 2 & A,

0.5 otherwise.
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Theorem 5.6. Let A = (x, (A, A1, Ar)(z)) and B = (x, (nr,n1, Ar)(x)) are any tow
NSUBS of an OSG S, then

(1) (XaNXB) = Xanp

(2) (XaUXpB) = Xaus

(3) (Xa® Xp) = X(45]

Proof. The proof of (1) and (2) is simple here. So for the proof of (3), Suppose that = € (AB],

then X (,5/(z) = 0.5. Since z € (AB], then z < ab for some a € A and b € B implies that
(a,b) € A;. Thus A, # ¢. Therefore,

(Xa @ Xp)(2) = {(Xa® Xp)(x),0.5}
Since a € A and b € B, therefore, X, () = 0.5 = X,,,.(b). Hence,

(Xog 0 Xpr)@) = { ALy Kon(@) V X (8)]

- { Ao yen [05,0.5] } —0.5.
Similarly,
(X 0o Xpp)(x) = 0.5 and
(XAF © X"]F)(x) = 0.5.

Consequently, (X4 ® Xp)(x) =0.5
= (X4 ® Xp)(z)=0.5.
Thus (X4 ® Xp)(z) = X (ap-
If © & (Ab], then X~ (4p)(») = 1. Let (y,2) € Az, then

(Xor 0 Xog) (@) = { A,y Xow(9) Y Xop (2)] )
Since(y, z) € Ay then x < yz. If y € A and z € B, then yz € AB implies that x € (AB]
which goes to contradiction. Therefore, if y ¢ A and z € B, then X, (y) =1, X,,.(b) =0.5.
Hence

Y,2)EAgL

(Xay 0 X )(2) = { Ay en, [1V0.5] } ~ 1.

The similar case hold if y € A and z ¢ B. By similar way,
(X/\I OX?]I)('%') =1 and (X)\F ° XWF)(:U) =1
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Consequently, (X4 ® Xp)(z) = 1.
Hence, (X4 ® Xp) = X_(AB] 1

Lemma 5.7. The LP X 4 of the CF X4 of A is a neutrosophic (€,€ Vq)-FGB-I of an OSG
S< Aisa GB-I of S.

Proof. Let A is a GB-1 of S, then by theorem [4.4], X4 is a neutrosophic (€, € Vq)-FGB-I of
S.

<, suppose that X 4 is a neutrosophic (€, € Vq)-FGB-I of S.

Let z,y € S >z <yandy € A, then X 4(y) = 0.5.

Since X 4 is a neutrosophic (€, € Vq)-FGB-I of S.

Thus X 4(x) < mazx{X a(y), 0.5} =0.5. Also X4 > 0.5 (always).

Therefore, X~ 4(z) = 0.5 shows that z € A.

Similarly, for z, y, z € S and z,z € A, then X 4(y) = 0.5 = X 4(2).

Since X 4 is a neutrosophic (€, € Vq)-FGB-I of S.

So X a(zxyz) < max{X a(x), X a(z), 0.5} =0.5. also X 4(xyz) > 0.5 (always).
Therefore, X 4(xyz) = 0.5. Shows that zyz € A.

Hence, A is a GB-1 of S.

Lemma 5.8. The LP X 4 of the CF X4 of A is a neutrosophic (€,€ Vq)-FL(resp. right)l
of S< A is L(resp. right)I of S.

Proof. Follows from the lemma [5.4].

Definition 5.9. Let S be an OSG . Then S is L(resp. right)RG if Va € S, 32 € S > a < wa?
(resp.a < ax) or A C (SA?] (resp. A C (A42%9)).

Definition 5.10. S is L(resp. right)SMP V L(resp. right)I A of S, A=S. S is SMP if it is both
left and right SMP , and is left, right and RG then S is CRG.

Lemma 5.11. An OSG S is CRG < ¥ A C S, we have, A C (A2SA?].
Lemma 5.12. An OSG S is L(resp. right)SMP < ¥ (Saj=S, (resp. (aS]=SY a € S.

Theorem 5.13. If S is RG, left and right SMP, then A (a) = A°(b) ¥ a,b € S where X is a
neutrosophic (€, € Vq)-FGB-I of S.

Proof. Suppose that S is RG, left and right SMP and A is a neutrosophic (€, € Vq)-FGB-I
of S. Let Es = {s € S|s < s%}. Since S is RG, therefore Va € S, 3z € S 3 a < aza also

ar < arax = (ax)?. Thus ax € Fy implies that E; # ¢. Now let b, e € S, using Lemma
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[3.3.7], S = (Sb] and S = (bS]. Since e € S it implies that e € (Sb] and e € (bS], then e < xb,
by for some z, y € S.
Hence e? < (by)(xb) = b(yx)b. Now as X is a neutrosophic (€, € Vq)-FGB-I of S.

Ar(e?) <max{Ar(b(yx)b), 0.5}

< max{Ar(b), Ar(b),0.5}

=max{Ar(b), 0.5}

Ar(e?) v 0.5 < max{\r(b), 0.5} V0.5

=max{Ar(b), 0.5}

Xr(e?) < Ar(b)

Since e € Ey, so e < €2 that is Ap(e) < max{Ar(e?),0.5}
implies that Xr(e) < A7p(b).
By similar way Ar(e) < X77(b) and X p(e) > XA p(b). Therefore, A~ is a constant on Es. Now
since S is RG so for a € S, az, xa € Ey follows that Xp(az) = Xp(b) = A p(za). Since

a < az(aza) = (az)a(wa). Therefore
Ar(a) < max {Ar((az)a(za)), 0.5}
< max {\r(az), Ar(za), 0.5}
= max {(Ar(az), 0.5), \r(za), 0.5)}
Ar(a) V 0.5= max {(Ar(az), 0.5), (Ar(za), 0.5)} /0.5
Ar(a) < max {X7(azx), Ar(za)} = A7 (D).
By similar way, A'7(a) < A7(b), Xp(a) > Xp(b). Since b € (Sa), (aS), therefore, b < sa, at

for some s, t € S. Thus

Ar(b?) < max {\(a(ts)a), 0.5}
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< max{\r(a), \r(a), 0.5}
= max {\r(a), 0.5}
Ar(b?) < max{\r(a), 0.5} V0.5
—max{\r(a), 0.5}

() < Xr(a)
since b € F, so b < b? that is Ay (b) < max {\p(b?),0.5} implies that X (b) < A7(b?).
Thus X 7(b) < X7(b?) < A7(a).
By similar way AX77(b) < A7r(a) and A p(b) > A p(a).
Thus A7(b) = Ap(a), A\ 1(b) = A 1(a), and X p(b) = A p(a). Resultantly, A (a) = A7(b). g

Theorem 5.14. If S is an OSG, then it is RG < Y neutrosophic (€,€ Vq)-FGB-I of S,
N (a) = X (a*)Va € S.

Proof. The direct part of the theorem derived from Theorem [5.8].
<, suppose that a € S, assume B(a?) = (a? U a%Sa?] is GB-1 of S

XﬁB(aQ) (a) =

is a neutrosophic (€, € Vq)-FGB-1 S, X’B(az)(cﬂ) = X p(a2)(a). Thus,a € B(a?), hence a < a?
2 2,2

{ 0.5if a € B(a?)

1 otherwise

or a < a’za = aaa® < a?aa® € a®Sa® and

a € (a®Sa?]. If a < a®xa?, then a € (a®Sa?]. -, S is CRG g

. Now if @ < a?, then a < a® = aa < a

Lemma 5.15. If S is an OSG, then the understating axioms are equivalently:
(1) S is RG.

(2) GNL C (GL] Y GB-I G and LI L of S.

(3) G(k)N L(k) C (G(k)L(k)]V k € S.

Theorem 5.16. If S be an OSG, then the understating condition are equivalently:

(1) S is RG.

(II) (A®@n)” < (M)~ V neutrosophic (€, € Vq)-FGB-I of A and neutrosophic (€,€ Vq)-FLIn
of S.

Proof. (I) = (II):. Assume that S is RG, A is a neutrosophic (€, € Vq)-FGB-I and 7 is a neu-

trosophic (€, € Vg)-FLIof S. Then 32 € S 35 a < aza < (aza)(za) implies that (aza, za) € A,
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which shows that A, # ¢. Hence
(A onr)(a) = max{(Ar onr)(a), 0.5}

::nwx{( Py oens PDr@) Ve (2).0.5 )}

< max {(Ar(aza) V nr(za), 0.5)}
Since A is a neutrosophic (€, € \/ ¢)-FGB-I and 7 is a neutrosophic (€, € Vq)-FLI of S.
Then, Ar(aza) < max {Ar(a), Ar(a), 0.5}= max{Ar(a), 0.5} and Ar(za) < max
{Ar(a), 0.5}. Therefore, (Ar onr)(a) < (Ar Nnr)(a).
Similarly, (A7 onr)~(a) < (Ar Nnr)~(a) and (Ar o nr)(a) = (Ar Nnr) (a)
Consequently, (A® 1)~ < (A\n)~
<, suppose that (A ® 1)~ < (ANn)~. To demonstrate that S is RG, by Lemma [5.10], it is
adequate to demonstrate that G N L C (GL] for GB-I1 G and LI L of S. Let z € GN L, then
x € G and z € L. Thus by Lemma [5.10], X ¢ is a neutrosophic (€, € Vq)-FGB-I and X7,
is a neutrosophic (€, € Vq)-FLI of S. By supposition, (Xg ® X1) (z) < (XgNX) (z)= max
{(X6AXp)(2), 0.5},
Since, * € G and = € L, then Xg(z) = 0.5 or Xg(x) V0.5 = 0.5 = 0.5V 0.5 implies
that X ¢(z) = 0.5 similarly X () = 0.5 which show that X ¢NX 1 = 0.5. Follows that
(XeNX1) (z) = 0.5. By Lemma [5.10], (XgNX1) (z) = X (¢r) = 0.5 therefore, x € (GL].
Hence,S is RG.

Lemma 5.17. If S be an OSG, then the understating axioms are equivalently:
(1) S is RG.
(2)GNT C (G

T| ¥ GB-I G and ideal T of S.
(3) G(k)ML(k) € (G

(k)L(a)] ¥ k € S.

Theorem 5.18. If S be an OSG, then the understating condition are equivalently:

(1) S is RG.

(II) A@n @ X)~ = (An)” ¥V neutrosophic (€, € Vq)-FGB-I X\ and neutrosophic (€, € Vq)-FLI
n of S.

Proof. The proof of the theorem can be obtained by following the same procedure as follows

in the proof of Theorem [5.11].

Lemma 5.19. If S be an OSG, then the understating axioms are equivalently:
(1) S is RG.
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(2) RANGNLC (RGL]Y RIR, GB-I G and LI L of S.
(3) R(k) N G(k) N L(k) € (R(K)G(K)L(K)] V k € S.

Theorem 5.20. If S be an OSG, then the understating condition are equivalent:

(1) Sis RG.

(II) A@n® &) < (AMmNE)~ YV neutrosophic (€, € Vq)-FRI X\, neutrosophic (€,€ Vq)-FGB-I
n and neutrosophic (€, € Vq)-FLI £ of S.

Proof. Follows from the theorem [5.11].

Lemma 5.21. If S be an OSG, then the understating axioms are equivalently:
(1) S is LWRG.

(2) TNLC(TL]V ideal T and LI L of S.

(3) T(k)NL(k) C(T(k)L(k)| VY keS.

Theorem 5.22. If S be an OSG, then the understating condition are equivalently:
(1) S is LWRG.
(II) (A ®@n)~ = (M)~ V neutrosophic (€, € Vq)-FI X\ and neutrosophuic (€,€ Vq)-FLIn of S.

Proof. Follows from the Theorem [5.11] and Lemma [5.16].

Lemma 5.23. If S be an OSG, then the understating condition are equivalent:
(1) S is LWRQG.

(2) TNG C (TG]V ideal T and GB-I G of S.

(3) T(k)yNG(k) C (T(k)G(k)] V ke€S.

Theorem 5.24. If S be an OSG, then the understating condition are equivalently:

(1) S is LWRG.

(II) (A ®@n)~ = (M)~ Y neutrosophic (€, € Vq)-FI X\ and neutrosophic (€,€ Vq)-FGB-In of
S.

Proof. Follows from Theorem [5.11] and Lemma [5.18].
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