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Abstract. There are several decision-making based situations in which it is necessary to categorize the eval-
uating parameters into their respective sub-parametric values based non-overlapping sets. The existing soft
set model is not compatible with such situations therefore hypersoft set (ﬁ s-set) is developed which manages
such situations by utilizing a novel mapping called multi-argument approximate mapping which broadens the
domain of soft approximate mapping. This research presents the characterization of several essential axiomatic
properties and set-based operations of H s-set which will help the researchers to implement this emerging theory
to other fields of study. The brief discussion on some hybridized structures of H s-set with fuzzy set-like models

is also provided.
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1. Introduction

There are several models in literature to deal uncertainties but fuzzy set [1] is the most signif-
icant in this regards. It has its own intricacies which limit it to tackle uncertain decision-making
scenarios effectively. The justification behind these obstacles is, potentially, the deficiency of
parameterization tool. A novel model is required for managing vagueness and uncertainties
which should be liberated from all such obstacles. In 1999, Molodtsov [2] established a set-
structure known as soft set ($-set) in literature as a novel parameterized sub-class of universal
set. In the year 2003, Maji et al. [3] broadened the idea and investigated several rudimental
axiomatic properties and set-operations of §-sets . They also validated several results. Later
on Pei et al. [4] introduced an information system (Inf-sys) by using the idea of $-sets. It is
proved that $-set can be considered as a particular class of Inf-sys. Afterwards, Ali et al. [5]

identified many assertions in the research proposed by Mayji et al. and introduced novel notions
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by using the concept of restricted and extended $§-set aggregation operations. In the same way,
Babitha et al. [6,[7] made investigation on $-set relation, H s-set function by using the Carte-
sian product of Hs-sets. Sezgin et al. [8], Ge et al. 9], Fuli [10] provided few amendments
in previous work by establishing few novel results. In order to utilize the concept of §-sets in
the development of algebraic structures, Saeed et al. [11] characterized the classical notions
of elements and points under $-set environment. Many researchers [12-23] discussed various
gluing structures of $-sets with other fuzzy set-like models to resolve several real-life decision
making issues.

It is a matter of common observation that in various decision making problems, parameters
have to be partitioned into their related sub-parametric valued sets whereas the previous re-
searches on §-set are not sufficient to manage such settings therefore Smarandache [24] initiated
the notion of hypersoft set (H' s-set) as an extension of §-set by introducing a novel multi-
argument approximate mapping (maa-mapping). Any novel theory can not be implemented
in real-world situations without the characterization of its elementary axiomatic-properties.
Although Saeed et al. [25] made a good effort to investigate various basic properties of Hs-
set but it does not cover many of the aspects of H s-set theory. Therefore this paper aims
to (i). generalize the research works described in [3,510] for Hs-set environment and (ii).
to modify the results discussed by Saeed et al. [25]. In the present work, all the necessary
rudiments of Hs-set are investigated for its further developments. The Figure |1 explains the

sectional-outlines of the paper.

Section 2 = Recollects few essential definitions | Section 3 | Introduces few  basic axiomatic

and results to assist the main results. properties of hypersoft sets and

[llustrates set theoretic operations of
hypersoft sets.

Section 4 = Discusses some basic results and laws | Section 5 Explains hypersoft relations and

on hypersoft sets. hypersoft functions.
Section 6 | Presents the matrix representation of | Section 7 Investigates few hybrids of hypersoft
hypersoft sets with some operations sets.
Section 8 Summarizes the paper with the provision of some future directions.

FIGURE 1. Outlines of the paper

2. Preliminaries

The purpose of this section is to review some basic properties of s-set for clear understanding
of proposed study. The symbol IT will represent initial universe in the remaining parts of the
article.
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Definition 2.1. [2]
A 5-set S on II is usually stated by a pair (¥s,®) in which Ug: 6 — PUis an approximate

mapping & & be a sub-family of parameters. The family of s-sets is symbolized as (g, e)-

Definition 2.2. [3]
For (Us,,®1) & (Us,,B2) € Xy, ), if &1 € B2, & Us, (€) € Us, (€) for all € € By then 3-set
(Us,,®1) is a soft-subset of s-set (Vs,, B2).

Definition 2.3. (3]
For (Us,,81) & (Vg,,B2) € Y(y, ), their union is a s-set (Vg,, &3) with &3 = &1 U B2 & for
€ € B3,
Usg, (€) €€ (BN By)
Vs, (€) = Us, (€) ée (BN 8)
Ug, () uWs,(6) €€ (B1nBy)
Definition 2.4. [3]
For (Wg,,®1) & (Us,, ®2) € By, o), their intersection is a s-set (Vg,, B4) with &4 = &1 n G
& for € € By, Vg, (€) = Vg, (€) N s, (€).

One can refer [2-10] for detailed description on $-sets.

3. Hypersoft Set

This part of the paper provides the basic axiomatic-properties of H s-set along with the

modification of some notions stated in |25].

Definition 3.1. [22]

Let 241,%,%s,....,2, are non-overlapping sets having sub-parametric values of parameters
dy,do,ds, ...., , respectively, then a H s-set on ﬂ, is usually stated by a pair (0,2) in which
©:92 - Pliga maa-mapping and 2 = ﬁ 20;. The family of Hs-sets is symbolized by Yo
The model of Hs-set is presented in Figzulre

Example 3.2. Mrs. Smith visits a mobile mall to purchase a mobile for her personal
use. She is accompanied by her two friends who are experts in mobile purchasing. They
collectively observed 8 types of mobiles which are considered as elements of universal set
II= {95?1,95?2,95?3, 95?4, 95?5,95?6,9517,9318}. They have fixed some parameters for this purchase
with their mutual consensus that are é; = random only memory in giga bytes, é2 = Resolution
of camera in pixels, é3 = length in inches, €4 = random access memory in giga bytes, and és
= power of battery in mAh. These parameters have their sub-collections as:

B ={é11 =32,612 =64}, Bog = {91 =8,é99 = 16}, B3 = {é31 =6.5,32 = 6.7}

By ={é41 =4,640 = 8}, B5 = {€51 = 4000} then A =B x By x B3z x By x Bj
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FIGURE 2. Pictorial Version of H s-set

2 = {él, ég, 03, 94, ..... , 916} and every éi, (1)i(16), is a 5-tuple member. Then the H s-set (6,2)

is constructed as

01, {01, Ma}) , (02, {1, Do, M3}) , (05, (M2, M3, Ma}) , (6, {My, M5, M })
05, (Mg, M7, Ms}) , (06, {Ma, M3, My, M7} ), (07, {901, M3, M, Mg} ) ,

O3, {Ma, M3, Mg, M7} ) , (O, { D2, M3, Mg, M7, Ms}) , (610, {91, M3, Mg, M7, Ms }) ,
11, {Ma, My, Mg, M7, Ms}) , (O12, {D1, Mo, M3, Mg, M7, Mg} ),

13, {Ma, M3, M5, My, Mg} ) , (914, {9, M3, M5, My, Mg},

15, {001, Mo, M3, M5, M7, Ms}) , (016, {4, M5, Mg, D7, M} )

(

(

(0,2) = E
(

(

0
0
0

Definition 3.3. Let FII be a collection consisting of fuzzy subsets on II. Let d;,n > 1, 13"
are parameters having their relevant sub-parametric values in the sets 2l; respectively, with

A;nA; =g, for i+ j, & 13", 15". Then a fuzzy Hs-set (©fhns,2A) on I1 is stated as,
(Ons,2) = {(0,0715(0)) : 0 € A, O 4ps(0) € F'}
where O s : 2 - F and for all 6 ¢ A =2Ag x Ay x As x ... x Ay,
O 110 = (g 5) (@) @ € Mg, () € (D) = [0,17}
is a fuzzy set on II.

One can consider this definition as modified form of fuzzy H s-set stated in and .
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Example 3.4. Assuming the Example Fuzzy H s-set (©ns,2A) is constructed as

(61,{0.1/9011,0.2/92}) , (02, {0.1/9011,0.2/95, 0.3/9M5}) , (B3, {0.2/9012,0.3/93,0.4/M4 })
(4, {0.4/904,0.5/95,0.6/M6}) , (05, {0.6/9M6, 0.7/9M7,0.8/Ms}) , (0, {0.2/902,0.3/93,0.4/9M4, 0.7/9M7} ) ,
(67,{0.1/9011,0.3/90t3,0.5/M5,0.6/Mg}) , (85, {0.2/9M2, 0.3/M3,0.6/96,0.7/M7}) ,

(Ofhs, %) =1 (ho, {0.2/92,0.3/M3,0.6/M6,0.7/97,0.8/Ms}) , (H10, {0.1/91,0.3/93, 0.6/, 0.7/9M7,0.8/Ms}) ,
(611, {0.2/92,0.4/904, 0.6/, 0.7/9M7,0.8/Ms} ) , (612, {0.1/91,0.2/M2, 0.3/D3,0.6/M6, 0.7/M7,0.8/Ms })
(613, {0.2/902,0.3/903,0.5/M5, 0.7/9M7,0.8/Ms} ) , (614, {0.1/9M1,0.3/9M5,0.5/Ms5, 0.7/D7,0.8/Ms}) ,
(615, {0.1/901,0.2/92,0.3/9M3, 0.5/9Ms5, 0.7/M7,0.8/Ms}) , (016, {0.4/M4, 0.5/Ms5, 0.6/D6, 0.7/D7, 0.8/ })

Definition 3.5. Let (©1,2l1),(02,%A2) € X(gq) then (01,2;) is said to be Hs- subset of
(@2,912) if %4 €25 and Vé € Qll,@l(é) c @Q(é)

Example 3.6. Assuming Example if

(@1?9’[1) = { (éla {iﬁtl}) ) (é27 {95{17 95?2}) ) (éf}v {952279513}) }

(6272[2) = { (éla {95?17})}{2}) ’ (é27 {9511795127?)513}) ’ (937 {95127 95?37?)}{4}) ) (é47 {95247 95?57-’)3?6}) }
then (@1,9[1) c (@2,9[2).

Example 3.8. Reconsidering 2y, 2o, A3, 204, ,2As from Example we get

X2 = {Kél,xéz,Kég,Ké4, ..... ,Kélﬁ}

Definition 3.9. A Hs-set (©,2;) is stated as a relative null Hs-set w.r.t 2; € 2, symbolized
by (@,Qll)cp , if @(é) =y, Vé €Ay,

Example 3.10. Assuming Example if (0,20)¢ = { (él,g) , (ég,@) , (ég,@) } where 20 ¢
2.

Definition 3.11. A Hs-set (©,2() is stated as a relative whole Hs-set w.r.t 2; €2, symbol-
ized by (©,21)y , if ©(0) =1I,V0 € ;.

~

Example 3.12. Assuming Example if (0,%1)p = { (él,ﬂ) , (Qg,f[) , (ég,ﬁ) } where 204 €
2.

Definition 3.13. A Hs-set (0,%0) is stated as a absolute whole Hs-set on I, symbolized by
(0,2) ,if O(f) =TI, V0 e 2.

Example 3.14. Assuming Example if
(éla f[) 9 (é27 ﬂ) ) (é37ﬁ) ’ (é47 f[) ) (é57 f[) ) (é67ﬁ) ) (é77 f[) 9 (é87 1:-[) )
(©,20) =14 ;. L a0 A0 s T T T S
(097 H) ) (9107]-—-[) y (9117 H) ) (0127 H) ) (913)1—1) y (9147 H) ) (0157 H) ) (916)1—[)
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Proposition 3.15. Let (@1,9[1), (@2,912), (@3,2[3) € E(@Q{) with A1, Ao, A3 €A then

(1) (©1,241) < (01,%%1)y
(i) (©1,%1)e < (01,2%1)
(iil) (©1,21) € (O1,21)
(iv) If (©1,21) € (O2,%A2) & (O2,%A2) € (O3,A3) then (O1,%1) € (O3,U3)
(v) If (©1,21) = (02,%2) & (O2,23) = (O3,As) then (O1,2A1) = (O3,As)

Definition 3.16. The complement of a Hs-set (©,2), symbolized by (©,2)®, is stated as
(0,2)° = (02, x) where ©° : x2 - Pl with ©°(xf) =T~ ©(A), vl € 2.

Example 3.17. From Example we get

(b1, {93, Mg, M5, Mg, M7, Ms}) , (xb2, {Ma, M5, Mg, M7, Mg }), (xbs, {My, M5, Mg, D7, Mg }),
(%04, {9, Mz, M3, M7, Ms }), (x05, {1, Mo, Mz, My, M5} ) , (%06, {Ma, M3, My, M7}),

(0,2)° =1 (xf7, {Mz, My, M7, Ms}), (<O, {M1, My, M5, Mg} ), (xBo, {M1, Ma, M5} ), (xB10, {Ma, Mg, M5 })
(%011, {901, M3, M5}, (xO12, {0, M5 }) , (x013, {M1, Mg, Mg} ), (x014, {Ma, Mg, Mg}) ,
(%015, {94, Mg }) , (xO16, {M1, M2, M3 })

Definition 3.18. The relative complement of a Hs-set (©,2), symbolized by (©,2)®, is
stated as (©,2)® = (0%, 2) where ©® : 2% - Pl with ©®(d) =T\ ©(d), vf e .

Example 3.19. Reconsidering Example we get

(61, {D3, My, M5, Mg, M7, Mg }), (62, {Ma, M5, Mg, D7, Mg }) , (93, {Dt1, D5, Mg, M7, Ms})
(04, {900, Mz, M3, M7, Ms}), (05, {01, Mo, M3, My, M5} , (O, {Ma, D3, My, Mr}),

(©,)® =3 (7, {Ma, My, M7, Mg}, (Os, {1, Ma, M5, Ms}) , (9o, {1, My, M5}) , (610, {M2, My, M5 1),
(011, {91, M3, M5}, (O12, {Da, M5 }) , (013, {M1, M, Mg }) , (O14, {M2, My, Me})
(615, {94, M6}, (16, {M1, M2, M3 })

Proposition 3.20. Let (©,2) € ¥ g then
(i) ((©,2)°)°=(6,2A)

(ii) ((©,2)%)®=(0,%)
(iii) ((@ Qll)n)e (@1,%1)@ ((@1,9[1)11) ‘911 cA
(iv) ((©1,21)9)% = (O1,1) = ((O1,2%1)0)®; A A

Definition 3.21. For (01,%)&(02,%2) € ¥ (g q), the union-operation (©1,%;) U (O2,Az), is
a Hs-set (O3,2s) with 25 = A; UAs and for 6 € Ag,
0.(0) 0 € (A~ As)
O5(f) = 0,(0) 0e (A~ 2Ayp)
O1(0)uBy(0) e (A NAy)
Example 3.22. Let
(01,%) ={ (61, {901, 95} ), (62, {901, Mo, M3}) , (03, {92, M3, My }) }
(@272[2) = { (é37 {Dfnl:gsz}) ’ (é47 {95{47 952579316}) ) (é57 {S)j’t% 951479316}) }
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then

(éla {952179512}) ’ (éQa {@1,@2,%3}) ) (é37 {93?1,9322,9523, 95{4}) ) }

04,205) = { oL L2 e, sy
(0. 320) {(94v{m479ﬁ5a9ﬁ6}),(957{9372,93?4,93?6})

Definition 3.23. For (01,%1)&(02,%2) € X(gq), the intersection-operation (©1,%%1) N
(@2,9[2), is a ﬁs—set (@3,9[3) with 913 = Qll N 912 & for é € 9[3, @3(9) = @1(@) N @Q(é)

Example 3.24. Reconsidering Example [3.22] we get (O3,23) = { (é57 {95(2}) }

Definition 3.25. For (01,%;)&(02,%z) € Yo, their extended-intersection (©1,%%1) n.
(09,2s), is a Hs-set (O3,2s) with s = A; UAy and for 6 € As,
01(f) 6 e (A~ As)
03(f) = 0,(h) 0 (Az Ay
©1(0) nO2(0) 0e (A nAsz)

Example 3.26. Taking assumptions of Example we get

(01, {900, M5} , (B, {9001, Mo, M3} , (03, {2} , }

(Gs %) = { (é4, {95?4,9575795t6}) ) (é5’ {9512’9514’9%6})

Definition 3.27. For (01,%)&(02,%%2) € ¥ (g q), their AND-operation (01,%1) A(O2,%2),
is a Hs-set (@3,%{3) with A3 = 2; x Ay and for (éz,éj) € ng,éi € Qll,éj €Ay,

@3(éi,éj) = @1(@) U @2(9])

Example 3.28. Taking assumptions of Example [3.22] we get

A _ 7'['1=(é17é3),ﬁ2=(é17é4),ﬂ3=(é17é5),ﬂ4=(é27é3),7{'5=(é2,é4),
1 XQ[Q = ~ ~ ~ N N ~ ~ A
76 = (02,05) , 77 = (03,03) , w5 = (65,04) , 79 = (63, 05)

then
(71-1){932179512})5(71-2’{9511795t2795(4795t5795t6}))
(73, {9001, M2, My, Mg } ), (74, {901, M, My }) ,

(9372[3) = (7757 {m17m27m37m4am57m6}) ) (7T67 {m17m27m37m4am6})7
(71—77{93’{1793{27951379524})7(787{95127%3793{47951575)516})7

(71'9, {95?27 93’{3757314,9526}) ;

w0

Definition 3.29. For (©1,2;)&(02,2s) € Y(e,21), their OR-operation (01,24)V(02,2), i
a fjs—set (@3,9‘3) with 9[3 = Qll X le and for (éz,éj) € ng,éi € Qll,éj € 9[2,

©3(0:,05) = ©1(6;) n ©2(6)).
Example 3.30. Taking assumptions of Examples and we get

(@3 Q[3) :{ (7[-17{951179512}); (7[-27{})7(7‘;37{9512})7(7‘;47{95117%2})7 . }
, (71'5,{}),(TFG,{WQ}),(7['7,{93?2}),(Wg,{m4}),(ﬂg,{m2,m4}),
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Definition 3.31. For (01,211)&(02,%%2) € X (g g, their restricted-union (01,2l1)ur (O2,2l2),
is a Hs-set (O3,23) with 2z = Ay N A and for 6 € As,

@3(9) = @1(@) @] @2(9)
Example 3.32. Taking assumptions of Example we get
(©3,%3) ={ (05, {901, 9, M3, 94} ) }

Definition 3.33. For (©1,%;)&(02,%%2) € X(gq), their restricted-difference (01,%%1) \r
(02,%2), is a H s-set (©3,23) with 23 =21 N2y and for 0 e As,

O3(0) = ©1() - ©2(9).

Example 3.34. Taking suppositions of Example |3.22 we get (03,23) = { (ég, {95?3,95?4}) }

Definition 3.35. For (©1,%21)&(02,%%2) € X(gq), their restricted-symmetric-difference
(01,21) A (02,2y), is a Hs-set (O3,23) stated by

(©3,23) = { ((61,21) Uk (02,2)) \& ((O1,21) N (O2,2)) }

(©3,23) = { ((01.21) \& (©2.22)) Ur ((82.%) \x (€1.211)) }
Example 3.36. Taking suppositions of Example we get

((61,20) \r (02,%)) = { (05, (M5, 900}) |

((02,2) \r (01,21)) = { (4. {(11}) |
then
(@3,913)={ (05, {90, 93, 94 }) }

4. Axioms-based Results of Hs-sets

This part presents some classical axioms-based results of set theory that are also valid for
]—fs—settings.

(1) Idempotent Laws
(a) (0,2)u(0,2)=(60,2)=(0,A)ur (6,2)
(b) (6,2)n(6,2A)=(6,2A)=(0,A)n. (6,2)

(2) Identity Laws
(a) (6,2)u(6,2A)e = (0,%A) =(0,2A) ur (6, A)e
(b) (6,A4)n (6,A); =(0,A) =(0,A) N (6,A)y
(c) (0,2) g (0,2)9 =(0,A) = (0,2) 4 (0,2A)s
(d) (8,2) z (6,%) = (6,2)s = (0,2) & (6,2)
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(3) Domination Laws
(a) (©,2)u (@’Q[)f[ = (@,Ql)ﬁ =(6,2) ur (@’m)ﬁ
(b) (@752[) n (@7%)<1> = (@,Ql)q) = (@79’[) Ne (@,Ql)q;
(4) Property of Exclusion

(0,2A)u(0,2)® = (0,A); =(0,A) Ug (6,A)®
(5) Property of Contradiction
(0,2)n(0,A)% =(0,A)¢ = (0,2A) . (6,2A)®

(6) Absorption Laws
(a) (01,21) U ((O1,2A1) N (O2,A2)) = (O1,2A1)
(b) (©1,21) N ((01,21) U (O2,Az)) = (O1,2)
(c) (©1,2%1) Ur ((O1,21) N: (O2,2A2)) = (O1,21)
(d) (©1,2%1) N ((O©1,2A1) Ur (O2,22)) = (O1,2%1)
(7) Commutative Laws
(a) (©1,A1)U(O2,22) = (02,22) U (01,2)
(b) (©1,%1) Ur (O2,%Az) = (O2,22) Ur (O1,%Ar)
(c) (©1,2%1) N (O2,A2) = (O2,2A2) N (O1,2A1)
(d) (01,21) N (O2,A2) = (02,2A2) Nz (©1,21)
() (©1,%1) A (O2,2z) = (O2,22) A (O1,21)
(8) Associative Laws
(a) (01,21) U ((O2,A2) U (O3,23)) = ((O1,2A1) U (O2,22)) U (O3,U3)
(b) (©1,2%1) Ur ((O2,22) Ur (O3,%A3)) = ((O1,21) Ur (O2,A2)) Ur (O3,2s3)
(c) (©1,2%1) N ((O2,2A2) N (O3,As)) = ((O1,21) N (O2,A2)) N (O3,A3)
(d) (©1,2%1) N ((O2,A2) N: (O3,2A3)) = ((01,21) N (O2,2A2)) Ne (O3, A3)
() (©1,21) V((O2,22) V(O3,3)) = ((O1,21) V(O2,22)) V(O3,3)
(f) (01,21) A((©2,%2) A(O3,23)) = ((O1,2%1) A(O2,22)) A(O3,23)
(9) De Morgans Laws
(a) ((01,2%1) U (O2,22))° = (01,21)° N: (O2,2A2)°

(b) ((©1,21) Ne (O2,A2))° = (O1,21)° U (O2,22)°
(c) ((©1,21) Ur (02,2))® = (O1,%1)® N (O2,A2)®
(d) ((©1,21) N (02,A2))® = (01,21)® UR (O2,%A2)®
(e) ((01,21) V(O2,22))° = (01,21)° A(O2,3)°
(£) ((01,2%1) A(©2,22))° = (01,21)° V(O2,A2)®
(g) ((©1,21) V(02,22))® = (01,21)® A(O2,22)®

(h) ((©1,21) A(02,%2))® = (01,21)® V(O2,Az)®
(10) Distributive Laws
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(a) (01,21) U ((O2,2A2) N (O3,3)) = ((O1,21) U (O2,%2)) N ((O1,21) U (O3,2A3))

(b) (©1,2%1) N ((O2,2A2) U (O3,2A3)) = ((O1,21) N (O2,A)) L ((O1,A1) N (O3,23))

(c) (©1,2%1) Ur ((O2,22) N (O3,A3)) = ((O1,%1) Ur (O2,A2)) N= ((O1,21) Ug (O3,%A3))
(d) (©1,2%1) N ((O2,A2) Ur (O3,2A3)) = ((O1,2A1) Ne (O2,A2)) Ur ((O1,21) N (O3,23))
() (©1,21) Ur ((O2,22) N (O3,A3)) = ((O1,21) Ur (O2,%2)) N ((O1,21) U (O3,A3))
(f) (©1,21) N ((O2,A2) Ur (O3,2A3)) = ((01,21) N (O2,2A2)) Ur ((O1,2%1) N (O3,23))

5. Relations-based Operations of H s-sets

Here some relations-based classical notions and results are generalized for H s-sets.

Definition 5.1. For (01,%;)&(02,%2) € ¥ (g g, their Cartesian product (01,%2;) x (O2,%As),
is a Hs-set (O3,%3) where A3 = Ay x Ay & Oz : A3 — P(f[ X fI) stated by @3(@-,@) =
@1(91) X GQ(é]) v (él,é]) € 9[3 that is @3(§i,éj) = {(éz,é]) : él € @1(0}),0} € GQ(é])}

Definition 5.2. If (©1,%1),(02,%A2) € X(gq) then a relation from (01,2l1) to (O2,%Az) is
stated as Hs-relation (2,2,) (conveniently Z) which is the Hs-subset of (©1,2;) x (O, 2s)
where Ay € Ay x Ay & ¥ (61,05) € Ay, 2(61,05) = O3(01,605), where (O3,23) = (01,2) x
(02,215).

Definition 5.3. Let = be a Hs-relation from (01,2;) to (©2,2s3) such that (O3,As) =
(©1,201) x (O2,22). Then
(i) The DoM E (the domain of E) is a Hs-set (©,20) c (61,2;) where 25 = {; € 2; :
@3(9},0}-) €= forsome éj €A} & O(01) = O1(6,),V 6, €920.
(ii) The RNG Z (the range of 2) is a Hs-set (&, £) c (02,%s) where £c Ay & £ = {éj €
Ao @3(9},@-) €E forsome 0; € A} & 5(@2) = @1(1%) V e L.
(iii) The 7' (inverse of Z) is a Hs-relation from (Og,Ap) to (O1,2A;) stated by =71 =
{©2(6;) x ©1(6;) : ©1(0;)20,(6;)}.

Example 5.4. Let

(©1,21) = { ©1(61),01(62),01(63) },(62,%) = { ©2(61),©2(65), ©2(b5) }

(©1(01) x ©2(04)), (©1(01) x O2(5)), (©1(61) x O2(85)),
(©1,21) x (02,22) = { (01(2) x O2(64)), (O1(02) x ©2(05)), (O1(62) x ©2(0s)),
(©1(03) x ©2(04)), (©1(3) x ©2(05)), (©1(f3) x ©2(0g))

then

2={ (01(01) x ©2(01)). (©1(81) x ©2(d5)). (O1(f2) x ©2(8s)). (©1(ds) x ©2(d5)) }

() DOM“ = (@ Qﬂ) where 20 = {91,92,93} c Ay & @(9) @1( )V 0 € 20.
(11) RNGE = (f,,g) where £ = {04796} CQ[Q & 5(93) = @2(9j)\7 Qj e L.
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(iii)
= = { (©2(04) x©1(01)), (B2(f5) x ©1(61)), (Oa(fs) x ©1(62)), (©(8s) x ©1(3)) |-

Definition 5.5. Let 2 & & are two Hs-relations on H s-set (©,20), then we get
(i) Ec &, if for all w,s € W,O(w) x O(c) € = then O(w) x O(¢) € &.
@g~© {@@gxe@)e@@xe@)m:vwgemn

(iii) UG ={O(w) xO(c) : O(w) xO(s) e Z or O(w) xO(s) € 6,V w,s € W}.
(iv) En6 = {O(w) x O(s) : O(w) x O(5) € 2 & O(w) x O(5) € &,V w, s € W}.

Example 5.6. Let (0,20) ={ @(él),@(ég),@(ég) } then

(©(61) x ©(01)),(0(61) x ©(62)), (O(61) x ©(63)),
(0,20) x (6,20) = (O(h2) x O(h1)), (0(82) x O(62)), (O(02) x ©(83)),
(©(83) x ©(61)), (©(03) x ©(62)), (©(3) x ©(63))

then we get

—_
—
—

{ (0(01) x0(01)), (0(01) x ©(0s)), (6(f2) x ©(3)), (6(8s) x ©(63)) }

& ={ (0(01) x ©(01)), (8(01) x ©(62)), (8(0:) x ©(62)), (0(ds) x ©(62)) }

now

(1)

(DY

©. { (O(01) x 0(02)). (8(02) x ©(81)). (B(62) x O(D)), } N
(©(03) x (1)), (6(6s) x ©(f2))
© = { (0(8) x0(85)).(0(82) x ©(01)). (O(B) x ©(05)). (O(B3) x ©(d3)) }-
@) Eue- { (O(f1) x ©(01)). (8(61) x ©(62)). (O(61) x ©(63)). (B(02) x O(2)). }
(©(02) x ©(03)), ((03) x ©(02)), (©(03) x O(63))
(3) 2n6={ (0(h) xO(H)) }.
Definition 5.7. Let = be a Hs-relation on (©,20), then
(i) if O(w) x O(w) € EVew € W, then = is reflexive, e.g. = = { (6(6,) xO(6,)) }
(i) if O(w) x O(¢) € Z then O(¢) x O(w) € EVw, ¢ € W, so = is symmetric, e.g.
=={ (0(6) x0(62)), (0(d2) x O(0)) |-
(i) if O(w) x O(¢) € E & O(5) x O(w) € E then O(w) x O(w) € EVw,s,w € W, so Z is
transitive. e.g. = = { (8(61) x ©(6)), (0(6,) x ©(63)), (O(h2) x ©(63)) }
(iv) if properties (i)-(iii) are satisfied then = is stated as equivalence relation. E.g.
2={ (8(h1) x 0(81)). (O(h1) x ©(62)), (B(62) x O(h1)), (O(62) x O(B2)) }.
(v) if O(w) x O(c) € Z then w = ¢Vw, < € 2, so = is stated as identity. e.g.

=={ (0(6) xO(01)), (0(0:) x ©(0:)), (0(ds) x ©(3)) }-
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Definition 5.8. If = is a Hs-relation from (01,2;) to (02,%s) & & is a Hs-relation from
(02,25) to (O3,23) then composition of = & &, symbolized by 2o &, is also a H s-relation
T from (©1,2;) to (O3,2Us) stated as if O1(w) € (01,A1) & O3(w) € (O3,2s3) then O1(w) x
O3(w) €eE0 S ie. O1(w) xO3(w) € 20 G iff O1(w) x Oz(s) € Z & Oy(c) x Oz(w) € E.

Example 5.9. Let
:{<®ﬂ@>x@xa»x@m@>x@x@»,}&
(©1(02) x O2(63)), (©1(f5) x O2(63))

(1

_ { (©2(61) x ©3(61)), (02(6:) x ©3(62)), }
(©2(02) x ©3(62)), (02(83) x ©3(62))

then
6:{(@ﬂ%)x@ﬁﬁﬁi@ﬂ%)x9ﬂ%ﬂv}
(©1(82) x ©5(62)), (©1(05) x ©3(02)) |

Definition 5.10. A Hs-relation § from (01,2041) to (©2,%s), represented by §: (0©1,2;) —»
(02,215), is stated as H s-function when (a). DoM § =2, (b). DoM § has not repeated mem-
bers & (c). Element-based uniqueness exists between RNG§ & DoM § i.e. if O1(w)FO2(s)
(or O1(w) x O2(s) € F) then F(O1(w)) = Oz(s).

(1)

Example 5.11. Let Ay = {w1, w2, w3} & As = {s1,62,3,54} then
(©1,21) Z{ ©1(w1),01(w2), O1(ws3) }, (©2,2s) :{ ©2(51),02(s2),O2(s3), O2(s1) }

so Hs-functions is

§={ (©1(@1) x ©2(1)), (O1(m2) x Oa(s3)), (O1(w3) x Oz(sa)) |
Definition 5.12. A Hs-function J : (01,2) > (602,2s) is stated as

(i) if RNGF c 2y, then INTO-H s-function. E.g. Let Ay = {w1, w2, w3} & Ay =

{1,62, 63,64} then § = { (©1(@1) x O2(1)), (O1(w2) x O2(3)), (O1(@3) x O2(cs)) }
(ii)) if RNG§ = g, then ONTO-H s-function. E.g. Let 2y = {w1, w2, w3, w4} & Ao =

{1,%2,63,54} then

§= { (O1(@1) x O2(<1)), (O1(w2) x O2(<3)), (O1(w@3) x O2(c4)), (O1(wa) x O2(s2)) }

(iii) 1-1 Hs-function it ©, (1) + O1(ws) then F(O1(w1)) # F(O1(w2)). E.g.

§={ (O1(m1) x ©2(<1)), (O1(m2) x ©2(61)), (O1(5) x O2(2)), (O1 (1) x Os(s3)) }

(iv) if it is both INTO and ONTO then bijective H s-function. E.g.

§= { (O1(@1) x O2(<1)), (O1(w2) x O2(2)), (O1(w@3) x O2(c3)), (O1(wa) x O2(c4)) }
Definition 5.13. The identity Hs-function on Hs-set (0, £) is stated by J: (0, £) — (6, £)
such that 3(O(1)) = ©(1) ¥ O(1) € (O, £). E.g. Let £ = {l1,ls,l3,14} then

3={ (B(h) xO(1)), (O(12) x O(12)), (O(ls) x ©(1x)), (O(14) x O(Ls)) |
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6. Matrix-theory Based on H s-sets

Here some classical matrix-based notions are generalized for H s-sets.

Definition 6.1.

(i) Let (©,2) be a Hs-set on II. A set Ry € IIx 2 is a relation version of (0,2) stated as
Rmz{ (,0):0 A, weO(h) }
(i) The characteristic function Xg, is stated by Xgy : 11 x 2 — {0,1}, where

1 ; (w,0)eRy

X, 0) = A
ba (:6) {0 . (w.0) ¢ Ry

(iti) TIf [TT] = m & || = n then (&) is an m x n Hs-matrix of (©,2l) on II and stated as

$11  S12 ... Sin

| S21 Sz . 2
(SlJ)mxn -

Sml Sm2 - Smn

Note: The family of all m x n Hs- matrices on II is symbolized by (ﬂ)ﬁ,f}f;”)

Example 6.2. Let I = {w1, w2, w3, w04, w5} & A = {él,ég,ég,é4,é5}. Then @(él) =
(w1, @}, O(0) = @, O(03) = {wy,ws}, O0s) = {wy, w3, w4, }, O(fs) = @, therefore we
get (0,2) = { (b1, {m1,w2}), (B3, {wa,w5)), (0, (w2, 3, 4,}) | &

Ra={ (w1.61), (w2,01), (wa.03). (w5,65), (w2,04), (w3, 04), (s, 04) }. Hence Hs- matrix is

given as

10 000
10010
GGij)ses=| 0 0 0 1 0 |1 15%
00110
00100
Definition 6.3. Let (5;;), ... € (ﬂ)%lf;n) then (5;5),,,,, is characterized as:

(i) The (0),,,,, is stated as a null Hs- matrix if §;; =0V i,5 e.g.
00000
00000
(055=] 0 0 0 0 0 |1i° 15"
0 00 0O
0 00 0O
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(ii) An 2, -universal Hs- matriz, symbolized by (éij)ml if §;;=1,VjeJy, ={j: éj €A}

mxn’

& i. E.g. Let 2 be as provided in & A1 = {0o,04,05} < A with O(0,) = O(0) =
O(fs) =11 then

Aq

(855 = 13%, 15°.

o o O o O
e
o O O o O
T T Sy
e e

(iii) The (s”)gxn is stated as universal Hs- matrix if §;; = 1,V 4,j. E.g. Let 2 as stated
in[6.2 with ©(8,) = ©(h2) = ©(83) = O(64) = O(f5) =11 then

NI 5 5
(Sij)5x5 = 12517 -

e e
e e
e e e
—_ = = =
e e

Definition 6.4. Let £1 = (5;5),,.,,, L2 = (Eij)mxn € (f[)(hsm) then

mxn

(a) £; is stated as Hs- sub-matriz of £, symbolized by £ ¢ £o if §;; < i'ij eg. £ =

01011 11111
01 011 11111
01 011 & L=111 111
01 011 11111
01011 11111

(b) £1 & £9 are stated as comparable, symbolized by £ || £, if £1 € £5 or £ € £;.
(c) £, is stated as proper Hs- sub-matriz of £o, symbolized by £1 c £ if for atleast one

110 11 11111

11111 11111

term §;;<tjjeg 1= 0 1 0 1 1 | & L=]11111

111 11 111 11

01011 111 11

(d) £, is stated as strictly Hs- sub-matriz of £9, symbolized by £; & £7 if for each term

00000 11111
00000 11111
§5<tijeg. £1=[ 0 00 00| & L=1111:1
00000 11111
00000 11111

(e) union of £1 & Lo, symbolized by £; U £9, is also a Hs- matrix £5 = (03 )mxn if
(Sij = ma:c{éij,fij} A i,j e.g.
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1 1 0 11 1 1 1 11
1 1 1 11 1 1 111
Let £1=] 01 01 1] & £=]11111 then
1 1 1 11 1 1 111
01 0 11 1 1 111
1 1 1 11
1 1 1 11
L3=L1uo=]l1 1 1 1 1
1 1 1 11
1 1 1 11

(f) intersection of £1 & Lo, symbolized by £1 n £, is also a H s- matrix £3 = (035 )mxn if

(5,‘j = mm{sw,tw} v i,j e.g.

1 1 011 1 1 1 11
11111 11111
Let £=] 0 1 0 1 1 & L=111 111 then
11111 111 11
01011 111 11
11011
111 11
L3=L1nL=1 01 0 1 1
11111
010 11

(g) The £© (ui;) (complement of £ = (55;), ..),isalsoa Hs- matrix if p;; = 1-5;; V i,

mxn

e.g.
1 1 011 001 00
11111 00000
Let £=| 0 1 0 1 1 | then £9=1 1 0 1 0 0
1 1 111 00 0 O00O
01 0 11 1 01 00
(h) The difference £9 \ £1, is also a H s- matrix £3 such that 23232029 e.g.
11 011 1 1 1 11
1 1 1 11 1 1 1 11
£=101 011 & £9=]11 1111 then
1 1 111 1 1 1 11
01 0 1 1 1 1 1 11
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L5=2,ne9
11111 00100 00100
11111 00000 00000
S=l11111]nl10100]=f{10100
11111 00000 00000
1 1 111 1 01 00 1 01 00

Proposition 6.5. For €; = (5i;)mxn, €2 = (fij)mm,(’:g = (Ui )mxn € (f[)gfj?), the following

axiomatic results are valid:

(1) Gue=¢;, € nC€ =¢;
(2) €10 (0)mn = €1, €1 0 (§ig) s, = € A
(3) €10 (O = Qs €U iy = B
(4) (Omen)@ = G s (i) @ = (0
(5) ©uC@= (5N €@ = (0)mm
(6) (€1UC)@=¢,9ne,9, (€,n€)@=¢,Oue,@
(7) (€,©)@=¢,
(8) Culy=Cul;, € n€y=CnC
(9) €1U(Caul3)=(CLuly)uls, € n(Cn€3)=(¢1NC)NCs
(10) C1u(€a3n€3)=(CU)N(CuUls), € N(Cul3)=(C;1NC) U (€ NC3)

Deﬁnition 6.6. Let m = (Czj)mxn, D = (dzk)mxn € (ﬁ)f’:i;n)7 then
(i) AND-product is stated as

A= (i < (M — (D5 with (é5) A (i) = (ha) & ha = min{#;, di} - &
l=n(j-1)+k.

(ii) OR-product is stated as
v (I x L5 > 5T with (@) v (di) = (ha) & ha = maz{@;, ).

(iii) AND-NOT-product is stated as
A (D)W < (D » ()" with () & (dix) = (ha) & ha = min{éi;, 1 - dy).-

(iv) OR-NOT-product is stated as
v ()5 x (MY (D with (65) v (die) = (ha) & ha = maa{e, 1 - di}.

X

1 1 01 1 1 11
1 1 11 1 1 11
Example 6.7. Let P = & Q= then

01 01 1 1 11

1 1 11 1 1 11
11111 11100O0O0T1T1TT1S1
111 1111111111111

(i) BrQ=

0000111100001 111
11111111111 11111
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1
(ii)i}3v53=1
1

1
(in)qsm3=1
0

1

00 0
{ooo
o oo
00 0

1

(v) pva=-|
0

1

111
EEIR
o oo
111

— O = e e e OO O O = e e e e e e

1111111
1111111
1111111
1111111
01 000
11 00 0
N
01 00 0
11 [000
0000000
0000000
0000000
0000000
01 00 0
11 00 0
\%
01 00 0
11 {000
1111000
1111111
1111000
1111111

7. Hybridized Structures of Hs-sets

Here the notions of some hybridized model of H s-sets are presented. The set 2 = 2 x Ay x
x A, with g anB =gV d,B =1,2,...,m and 24 are same as stated in Deﬁnition The

o o o O

o O o O

11 11
1111
1111
1111
0 00O
0 00O
0000
0000
0111
1 111
0111
1111

111
1 11
1 11
1 11
0
0
0
0
1
1
1
1

Figure [3| presents the notations and their full names that are used in this section.

fuzzy subsets over II

Abbreviations | Used for Abbreviations | Used for
i"ufﬁﬂ s-set interval-valued fuzzy hyper- | ivf-set interval-valued fuzzy set
soft set
.’F“"f(l:[) collection of interval-valued | fphs-set fuzzy parameterized hypersoft

set

maa-function

multi-argument approximate

iv- fphs-set

interval-valued fuzzy parame-

function terized hypersoft set
ifphs-set intuitionistic fuzzy parame- | nphs-set neutrosophic  parameterized
terized hypersoft set hypersoft set
if-set intuitionistic fuzzy set n-set neutrosophic set

Ficure 3. Notations

Definition 7.1. An ifos—set (T, 2A) on IT is stated by

(0,2) = { (0.7(0)):0 e A,T(9) e 7/ (1I1) }
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where I': 2 — F/ (1) & ['() = { ﬁr(é)(w)/w 1€ ﬂ,zﬁr(é)(w) e C(I) } is an ivf-set on II.

Example 7.2. Let f.[ = {wl,’ZEQ,’(Eg)),W4,W5,w6,’(D7,w8} & A = {él,ég,ég,é4,é5,é6,é7,é8},
ivfHs-set (I',2) is constructed as

0.1,0.2
0.1,0.3
0.2,0.3] /w2, [0.3,0.4] /w3, [0.4,0.5] /w4, , [0.5,0.7] /w5

w1,[0.2,0.3]/2,[0.4,0.5] /4, [0.5,0.6] /w5 }) ,
w@1,[0.2,0.4] /w2, [0.3,0.4] /w3, [0.6,0.8] /s }) ,

[ /@[ 1/@2 [ ] )
[ /@[ 1/@2 [ ] )
[ /@21 1/@s, 1 ] ¥
[0.4,0.5] /w4, [0.5,0.6] /w5, [0.6,0.7] /w6, [0.7,0.8] /w7 } ) ,
[0.3,0.6] /23, [0.6,0.7] /s, [0.7,0.8] /w7, [0.8,0.9] /ws} ) ,
[0.2,0.4] /w2, [0.3,0.5] /w3, [0.4,0.6] /w4, [0.7,0.8] /o7 } ),
67,{[0.1,0.4] /w1, [0.3,0.4] /w3, [0.5,0.7] /w5, [0.6,0.8] /wws } ) ,
(0s,{[0.2,0.5] /w2, [0.3,0.6] /23, [0.6,0.8] /=, [0.7,0.8] /w7 })

éla /
925 /

éSa

95)

067

(61,4

(62, {

(6. {

] (04 ]
=i G
(06, {

(07,4

{

Definition 7.3. A fphs-set (D,2) on II is stated as

(D,2) ={ (¢£(8)/0,07(9)) .02, ©£(8) € P, pr () eC(T) |
where F is a fuzzy set with ¢ : 2 - C(I) as membership function of fphs-set &
Or:A— P is maa-function of fphs-set.

Example 7.4. From Example we get

(Ol/éla {w17w2}) ) (02/é27 {w17w27w3}) ) (03/é37 {WQ,’LU:J,, w4}) )
(D,2A) =1 (0.4/04, {ws, 5,6} ), (0.5/05, {6, w7, ws}) , (0.6/06, {w2, w3, wa,07}) ,
(0.7/67,{w1, w3, w5, wg}) , (0.8/03, { w2, w3, we, w7 })

Definition 7.5. An iv-fphs-set (€,2) on I is stated as

(&,2) ={ (Wren(8)/0.90500(B)) B €, oz, (8) € PV, Wy (8) € C(1) }
where F is an ivf-set with Wi : 2 - C(I) as membership function of fphs-set and ¥z, :

A » P is maa-function of iv- fphs-set.

Example 7.6. From Example we get

([0.1,0.2]/61, {w1, w2} ), ([0.2,0.3] /05, {o1, wa, w3 }) ,

([0.3, 0.4]/6s, {2, w3, @4}),([0.4, 0.5]/04, {ww4, ws, w6} ),
([0.5,0.61/05, {wws, w7, ws} ), ([0.6,0.7] /06, {2, w3, wa, w7} ,
([0.7,0.8) /07, {ww1, @3, w5, w5} ) , ([0.8,0.9]/6s, {02, w3, s, w7 })

(57 91) =

Definition 7.7. An ifphs-set (H,2) on II is stated as

(H,2A) = { (<1(8),2(0) > /6,977 (8)) ;0 € A, 7 (B) € P11 (8), () e C(T) }

where ZF is an if-set with ¢;(8), () : 2 - C(I) as membership and non-membership func-

tions of i fphs-set and Y7 : A - P is maa-function of i fphs-set.
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Example 7.8. From Example we get

(<0.1,0.2 > /01, {1, @2}), (< 0.2,0.3 > [fs, {cw1, w2, w3 }) ,

(< 0.3,0.4 > /ég, {2, W3,w4}) , (< 0.4,0.5 > /é4, {wy, ws, wﬁ}) ,

(< 0.5,0.6 > /95, {w6,W7,w8}) , (< 0.6,0.7 > /96, {wQ,wg,W4,W7}) ,

(< 0.7,0.8 > /é7, {wl,W3,W5,w6}) , (< 0.8,0.9 > /ég, {wQ,W3,w6,W7})

(va) =

Definition 7.9. A nphs-set (NV,2l) on IT is stated as

(< A1(0), 2a(0), A3(0) > 10,4V (0)) ;0 € 24, N (6) € P, }

V.2 { : : (
A (8) € C(I), \a(6) € C(I), A3(d) € C(I)

where N is a neutrosophic set with A (), A2(8), A3(8) : A - C(I) as membership, indetermi-

nate and falsity of nphs-set and 1/JN .9 - P is maa-function of nphs-set.

Example 7.10. From Example we get

(<0.1,0.2,0.2 > /61, {w1,w2}) , (< 0.2,0.3,0.3 > [, {1, w2, w3}) ,
(<0.3,0.4,0.4 > /03, {w2, @3, w4}, (< 0.4,0.5,0.5 > /04, {co4, w35, w6} ) ,

(< 0.5,0.6,0.6 > /é5, {wG,W7,w8}) , (< 0.6,0.7,0.7 > /ég, {w2, w3, w4, W7}) )
(<0.7,0.5,0.8 > /07, {w1, w3, 5,6} ) , (< 0.8,0.4,0.9 > /03, {2, w3, s, w7 })

(N,Ql) =

Definition 7.11. A Hs-set (B,2) is known as bijective Hs-set (bhs-set) on II if
(i) U B(9) =11
geU
(ii) for 9&,95 e, [,B(05) N %(93) =g
Example 7.12. Reconsidering Example we get

(3,20 = { (81 {w1}), (2. {w2}) . (Bs, {w3}) . (s, {wa}) . (Bs, {w5}) . (0. {wi}) . (B, {w7}) . (05, {s}) |

Definition 7.13. A fhs-set (‘i%f,Ql) is stated as bijective fhs-set on II if

(i) U B/ () =1 with ¥ ﬁf (w) € C(I) where zﬁf (w) is a f-membership for each w € II
Het well
(ii) for éd,éﬁ e, a % B, B (6)n %f(ég) =9

Example 7.14. Reconsidering Example we get

(01,{0.1/w1}), (2, {0.2/w2}),
(65,{0.13/c3}) , (04, {0.14/4})
(65,{0.05/w5}) , (s, {0.06/s}) ,
(67,{0.07/co7}) , (05, {0.08/ws})

Definition 7.15. An ivfhs-set (%“’f,Ql) is stated as bijective iv fhs-set on II if

i U Bl (0) = 11 with ¥ Sup(zl}f (w)) € C(I) where ﬁf (w) is an ivf-membership for
fel well
cach w e II
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(i) for Oa,05 €A, & = B, B (6,) n B/ (0;) = 2
Example 7.16. Reconsidering Example we get

(01,{[0.01,0.1)/w1}) , (62, {[0.02,0.2] /w2 }) ,

(05, {[0.03,0.13]/w3}) , (64, {[0.04,0.14] /wo4}) ,
(05, {[0.03,0.05]/w5}) , (66, {[0.02,0.06] /w6 }) ,
(67,{[0.03,0.07]/wwz}) , (fs, {[0.04,0.08] /wws})

(%iva Ql) =

Definition 7.17. An ifhs-set (B, 2) is known as bijective ifhs-set on II if

i U B/ (9) = II with Y Tif(w) & ¥ Fif(w) € C(I) where Tif (w) & Fif(w) are
geA woell woell
membership and non-membership grades for each w € II

(i) for 0a,05 €A, & # B, B (6,) n B (0;) = 2
Example 7.18. Reassuming Example [7.2] we get

(01,{<0.01,0.1 > [w1}), (02,
(03,{<0.03,0.13 > Jw3}) , (A4, {< 0.04,0.14 > [ow4}),
(05, {< 0.03,0.05 > [w5}), (06, {< 0.02,0.06 > [z} ),
(67,{< 0.03,0.07 > [w7}), (fs, {< 0.04,0.08 > /ws})

{<0.02,0.2 > /ms}),

(%ifvgl) =

Definition 7.19. A nhs-set (BV,2) is known as bijective nhs-set on II if

i) UBN@) = T with ¥ Ty(w@), ¥ Iv(w) & ¥ Fy(w) € C(I) where
(28 well well well
Ty (w),In (w) & Fun(w) are membership, indeterminacy and non-membership

grades for each w € Il
(i) for 0a,05 €A, a % B, BN (0a) n BV () = 2

Example 7.20. Reassuming Example we get

(61,{<0.01,0.02,0.1 > /w1}), (02, {< 0.02,0.03,0.2 > [w2}),
(05,{<0.03,0.04,0.13 > /w3}) , (04, {< 0.04,0.05,0.14 > [co4})
(05, {< 0.03,0.04,0.05 > /ws}), (s, {< 0.02,0.05,0.06 > /w6 }),
(67,{< 0.03,0.04,0.07 > /wr}), (fs, {< 0.04,0.05,0.08 > /ws} )

(BN 2A) =

8. Conclusions

In this research work, several important rudiments (i.e. axioms-based properties, set-based
aggregations etc.,) of H s-set are investigated and explained with the support of real-scenarios
based examples. In order to attract the intellectual attention of researchers, definitions of
some glued models of H s-set are also presented which will motivate them to extend the theory
to other branches of mathematical-cum-computational sciences. Some future directions and
scope of H s-sets are presented in Figure
Conflicts of Interest: The authors declare no conflict of interest.
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Discipline Scope

Fuzzy sets and systems Development of intutionistic neutrosophichypersoft set, spherical hypersoft set, picture fuzzy hypersoft

set, geometric hypersoft set etc.

Graph Theory Development of fuzzy hypersoft graph, intutionistic fuzzy hypersoft graph, neutrosophic fuzzy hypersoft

graph, intutionistic neutrosophic hypersoft graph, possibility fuzzy hypersoft graph, possibility
intutionistic fuzzy hypersoft graph, possibility neutrosophic hypersoft graph etc.

Algebra Development of hypersoft groups, hypersoft rings, hypersoft vector spaces and their related structures.

Functional Analysis Characterization of hypersoft metric spaces, hypersoft inner product spaces, normed hypersoft spaces,
hypersoft measure theory, hypersoft Hilbert spaces etc.

Topology

Characterization of topological spaces, separation axioms, connected spaces and their relevant spaces.

Mathematical Analysis Development of hypersoft fixed point theory, hypersoft real analysis, hypersoft modular inequalities,

hypersoft complex analysis etc.

FIGURE 4. Future Directions and Scope of H s-sets
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