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Abstract. In the competitive market, a customer’s choice for an item depends on several factors like management’s
marketing strategy and service, the item’s price and greenness. Demand increases with the marketing strategy, service
and item’s greenness, but it is inversely related to the item’s price. These relations are non-linear and imprecise.
Recently, neutrosophic set has been introduced to represent impreciseness more realistically. Moreover, resources (cap-
ital, storage space, etc.) are generally uncertain (random or imprecise). Considering the above business scenarios,
profit maximization EOQ models with price, marketing, service, and green dependent neutrosophic demand and or-
der quantity dependent unit production cost are developed under different uncertain resource constraints. Models’
parameters are pentagonal neutrosophic (PN) numbers. The proposed models are first made deterministic and then
solved using the geometric programming technique. The PN parameters are made crisp using the score function. The
random, fuzzy, rough and trapezoidal neutrosophic resource constraints in different models are converted to crisp using
possibility measure, chance-constrained technique, trust measure and (a, 8,7)-cut with weighted mean, respectively.
These processes reduce the objective function and constraints to signomial forms, and the reduced problems are solved
by geometric programming technique with the degree of difficulty 2. Numerical experiments and sensitivity analyses
are performed to illustrate the models.

Keywords: Inventory; Pentagonal neutrosophic number; Possibility; Chance constrained programming; Trust mea-
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1. Introduction

Nowadays, integration of the effects of marketing cost, service cost, green cost, etc., into demand in
an EOQ model is a realistic production and business strategy. Marketing costs are generally the total

expenditure of a manufacturing company on marketing activities. This cost includes advertisement
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of the products, campaigning, promotional events, market research, etc. Now these activities, and
hence marketing costs, directly affect the demand of items. Again, some manufacturing companies
spend incentives on their sales representatives for better performance. Sometimes incentives are given
to the delivery agents to have perfect timing in delivering the items. These types of expenditure
are termed service cost and this cost also directly affects total demand. The demands for green
goods are always very high in any market. Green costs include the extra expenditure to produce
green goods. Thus the demand of an item increases with its greenness. Moreover, it is well known
that an item’s demand is inversely related to its selling price, i.e., demand continuously decreases
with the price. In practice, the relations mentioned above are not linear and deterministic. Demand
is always related to the marketing effort, service provided, greenness and price non-linearly in an
imprecise sense, i.e., fuzzy. Recently, neutrosophic set more realistically represents the impreciseness.
Following these real-life facts, demand is taken as a non-linear function of marketing and service
costs, item’s greenness and price in a neutrosophic fuzzy sense. This presentation of demand is new
in the literature. Lee and Kim [1] first identified the idea of marketing planning into a classical
inventory problem. They formulated the model with price and marketing cost dependent demand
and solved using the geometric programming (GP) method. Later, Lee [2,3] investigated profit
maximization problems with optimal selling price and order quantity as decision variables along
with some constraints. A multi-objective marketing planning EOQ problem was studied by Islam [4].
Later, marketing cost, selling price and service cost dependent demand was considered by Samadi et
al. [5]. They solved the model under a fuzzy environment. Recently, Aggarwal et al. [6] developed
an inventory model with price and advertising expenditure dependent demand.

In reality, an inventory model is formulated along with one or more restrictions like a limitation
on storage space, order, production cost, etc. Among these restrictions, storage space constraint
is very common. A manufacturing company builds or hires a warehouse to store its products at
the beginning of production or business. These warehouses bear certain dimension that limits total
storage space. In practical situations, this space may not be adequate all the time. Hence, space
may be augmented if necessary. This augmentation is usually uncertain, i.e., the total available
area may be considered as imprecise, random, rough, etc., in nature. Roy and Maiti [7] investigated
a fuzzy EOQ problem under space constraints where demand depends on unit cost. Later, multi-
objective inventory problems were considered for deteriorating items with space constraints under
fuzzy (cf. [8]) and intuitionistic fuzzy (cf. [9]) environments. Again, Mandal and Islam [10], Panda
and Maiti [11] solved an EOQ model with space constraint having fuzzy coefficients by applying the
GP method. Recently, Kar et al. |[12/13] proposed neutrosophic GP technique to solve inventory
problems with space constraints under neutrosophic environment. Das et al. [14] investigated a multi-

item production inventory model with limited storage area under fuzzy environment. Moreover,
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Karimi and Sadjadi [15] developed a deteriorating multi-item EOQ model under capacity constraint
and solved by a dynamic programming approach.

Chance constrained programming is introduced in an optimization problem when the chances of
satisfying a certain constraint are above a certain level. In other words, when any constraint involves
one or more random parameters, it is called a chance constraint. Charnes and Cooper [16] first
developed a chance-constrained programming technique to solve stochastic optimization. Later, it
has been extended in various directions [17H19]. An EOQ model for stochastically imperfect products
was investigated and solved using chance-constrained programming by Panda et al. [20]. In the recent
era, Widyan [21] developed a multi-criteria inventory model with random constraints. Furthermore,
Hajiagha et al. [22] solved a multi-criteria fuzzy inventory model using chance-constrained and
probabilistic programming based hybrid algorithm.

In the real world scenario, the demand for items in the manufacturing companies changes fre-
quently. We can only note down the sales data of an item for one period and suggest an estimated
demand of that item for the next period based on the previous one. Depending on this estimate,
which may be fuzzy, rough, random, etc., the amount of resources, such as budget, warehouse space,
etc., are determined. In such situations, the rough set theory, developed by Pawlak [23] and oth-
ers [24], is used to deal with imprecise, inconsistent, incomplete information and knowledge. Later,
many researchers have studied the rough set theory in various working fields [25,26]. Also, Xu and
Zhao [27] solved a fuzzy rough multi-objective decision making problem. De et al. [28] investigated
an imperfect economic production model over different time horizons. Xu and Yao [29] proposed
randomness and roughness simultaneously and established that some parameters follow random
distribution with rough expected value. Recently, Bera and Mandal [30] and Midya and Roy [31]
investigated multi-objective transportation problems under rough environment.

The theory of impreciseness has been used in various fields in the recent era. The concept of fuzzy
set was first came up with Zadeh [32], and after that, many researchers [33-39] extended it and
applied it in different problems. Later, Atanassov [40] successfully introduced the generalization of
fuzzy set, called intuitionistic fuzzy set (IFS). In IFS, there are two-degree functions: membership
and non-membership. Many researchers [41-43] have applied IFS in various fields. Nowadays, to deal
with indeterminate/inconsistent information, Smarandache [44-46] developed neutrosophic set (NS).
Unlike TFS, NS has three independent components: membership, indeterminacy and falsity. These
independent degrees lie within |07, 1*[. Later, Wang et al. [47] developed single valued neutrosophic
set, and Peng et al. [48] proposed simplified NS. In recent era, Chakraborty et al. [49-51] applied
the idea of pentagonal neutrosophic number on different problems. Moreover, Khalid et al. [52-54]
and Pramanik et al. [55] introduced neutrosophic GP technique in several fields.

Generally, the GP technique is a very effective method for solving a class of non-linear optimization

problems. The GP technique’s most remarkable advantage is that this converts a complicated
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non-linear optimization problem involving highly non-linear constraints into an equivalent linear
optimization problem with only linear constraints. The basic concept of GP was initially introduced
by Duffin [56]. GP has contributed several applications in various areas such as inventory systems,
circuit design, system design, project management, etc. Kochenberger [57] first tackled the inventory
problem by GP technique. Later, several researchers [58-61] efficiently applied the GP technique for
solving various non-linear problems in different fields.

In spite of the above developments in GP and its application in inventory control problems under
uncertain environments, very few researchers have used GP in EOQ with neutrosophic uncertainty
(cf. Kar et al. [12]). Only a few analytically expressed the limited resource amounts using neutro-
sophic numbers. Moreover, there are very few inventory control problems for green products using
GP. We have tried to fill up the above lacunas in the present investigation.

In this paper, single item profit maximization inventory models are formulated with selling price,
marketing, service and green dependent neutrosophic demand. The models are developed with
different uncertain storage space constraints. Parameters of all models’ objective functions are
considered as PN numbers to formulate the models more realistically. Again, the resource constraint
is taken in various environments as fuzzy, random, rough and trapezoidal neutrosophic (TN) numbers
to derive particular models. At first, all the models are transformed into equivalent crisp forms using
score function, possibility measure, chance-constrained programming, trust measure and (c, 3,7)-
cut for PN, fuzzy, random, rough and TN environments respectively. These processes lead both
objective function and constraint expression to signomial forms, which are solved using the GP
technique. Solution procedures for all models are numerically illustrated. Sensitivity analysis is
presented to observe the changes in optimum results against various parameters.

Thus, the main contributions of this investigation are

e For the first time, marketing, service and green expenditures, along with the item’s selling
price, is integrated into the item’s demand to develop the model more realistically. Relations
of these parameters with the demand are imprecise, expressed by PN numbers.

e Realistically, in this investigation, uncertain resource capacities are considered as fuzzy, ran-
dom, rough and neutrosophic.

e Unit production cost is taken as a non-linear function of the order quantity.

e Models are appropriately solved by the GP technique to get the exact values/expressions of
the decision variable.

e Due to the presence of neutrosophic parameters in the model, the concept of score function
is introduced to convert the model into a crisp maximization problem.

e For converting particular models from fuzzy, random and rough environments to an equiv-

alent crisp form, possibility measure, chance-constrained programming and trust measure
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are respectively applied. In the case of TN resource constraint, (o, 3,7)-cuts and weighted

arithmetic mean are used.

The remaining part of the present investigation is arranged as follows: Section [2] represents the
formulation of the proposed models. Section[3|derives some particular cases. The solution procedures
for all the models are explained in Section In Section [b| numerical experiments are performed
and the optimum results are described. Section [6] represents a sensitivity analysis. Conclusion and

future extensions are presented in Section [7} All required preliminaries are explained in Appendix.

2. Formulation of the proposed models

The proposed models are established using the following notations and assumptions:

Notations:

Inventory related parameters:

Symbol Explanation

: demand rate per unit time

production cost per unit item

set-up cost per period

holding cost per item per unit time
period of each cycle

available total storage capacity area

w: capacity area to store per unit quantity
inventory level at any time ¢ (> 0)
selling price elasticity to demand
marketing expenditure elasticity to demand
service expenditure elasticity to demand
green expenditure elasticity to demand
lot size elasticity to unit production cost
ecision variables:

selling price per unit quantity

number of order quantity

marketing expenditure per unit item
service expenditure per unit item

green expenditure per unit item
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Assumptions:

(a) Replenishment rate is instantaneous.
(b) Shortages are not allowed.

(c
(d

(e) In real life, it is always seen that when the items are ordered in a lot, the per item production

)
) Lead time is negligible.

) The inventory system allows a single item.

)

cost reduces with the size of ordered units. Therefore, the unit production cost is inversely
related to order quantity. So it is taken as C' = rQ~?, where r is the scaling factor and
0<6<1.
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(f) It is universally accepted that the demand of an item is negatively influenced by its price
- either inversely or linearly. Marketing effort in the form of advertisement in electronic
media, displayed hoardings on roadsides, etc., always uplifts the demand. Similarly, the
service sector, in the form of timely dispatch, availability, good handling of customers, etc.,
plays an important role in increasing the sale/demand of an item (cf. Samadi et al. [5]).
Nowadays, due to increased environmental consciousness, the demand for green products
gradually increases day by day. Thus, greenness also plays a role in increased demand. Hence,
demand can be expressed as D = kP~*M°R°G?, where k is the scaling factor /market size
and a > 1,0 < b,¢,d < 1. Normally, the market size for a customized product is considered
to be very high. So, the market size parameter, k, is estimated by an uncertain high number
(cf. Samadi et al. [5]).

2.1. Mathematical model

In the present investigation, the inventory level continuously decreases to satisfy the demand (See
Figure 1). If I(t) be the inventory level at time t, then the governing differential equation over the

time (0,T) is given by
DIt)=-D, 0<t<T, <D/ = i) (1)

where 1(0) = Q and I(T") = 0.

Ift)

F

=B J

1] T 2T

FiGURE 1. Crisp inventory model

Solving the above differential equation, we get I(t) =Q — Dt and T = %

Now, the average profit in the system involves the following:

Average sales revenue = PTQ, average production cost = %—Q, average marketing cost = MTQ, average
: — RQ — GQ _ A : _
service cost = ==, average green cost = ==, average set-up cost = 7 and average holding cost =

T
[ HI(t) dt =22
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Hence total profit per unit time is
f = Sales revenue - Production cost - Merketing cost - Service cost - Green cost
- Set-up cost - Holding cost
— kPlfaMbRch . krP*O,MbRCGdee o kP*GJMl#»bRCGd . kaaMleJrch
— kPMPRG — EAPTCMPR°GYQ™! — 0.5HQ

Here, the space constraint is expressed as wg@ < w.

2.2. Model-1: Model in neutrosophic environment

In reality, all data in an inventory model may not be found accurately. There may arise the
case when some of the data are uncertain, incomplete and/or indeterminant. To deal with such a
situation, the model’s parameters are expressed in an imprecise environment considering fuzzy sets,
intuitionistic sets, neutrosophic sets, rough sets, etc. The present inventory model considers all the
elasticity parameters, scaling factors, holding cost, set-up cost, total available space, and per unit

quantity area in the neutrosophic environment using PN numbers. Let us assume,

<(a1,a2,a3,a4,a5) Man, Ogn, Vgn >, b = <(b1,b2,bg,b4,b5);,U,I;n,dgn,l/gn>

((c1,c2,¢3,ca4,C5) 5 pan, ogn, V) Zl = ((d1,d2,ds, dy,ds5) ; pgn, o, v )

<(91, 02,03,04,05) ; thgn > Tgn» I/9n> , = < k1, ko, k3, ka,k5) 5 fhins Ons V]”Cn>

((r1,m9,73,74,75) ; fbin, Ofn, Vin ) JEI” = <(H1,H2,H3,H4,H5) MmO fn s VHH>

<(A1,A2,A3,A4,A5) ;MAW,JAH,VA,L>, W" = ((w1, w2, ws, Wy, Ws) ; gn , Tn , Vign )
=

(Wo1, W02, W3, W04, W05) 5 Hady™ > Taiig™ » Vaiio™ )

a"
¢

Thus, the inventory model in neutrosophic environment is formulated as
Max f = k" Pl Mo RE" qd" _ fnjn p=a" ppo" g d" 0" _ gnp=a" ppi+t" get gd”
—knpa MY R G frp=dt b R G fn Anpa gt R G QY — 0.5HQ (3)
subject to  wp" Q < W" (4)

P.M,R,G,Q >0 (5)

3. Particular cases
3.1. Model-1.1: (Model with fuzzy space constraint)

In this consideration, the inventory problem remains similar as formulated previously, except that
the space constraint is taken under fuzzy environment. Practically, the total available space in a
production source point may not be predicted precisely. Keeping this fact in mind, it is assumed
that the total storage space is imprecise in nature, and it is expressed by triangular fuzzy number
W = (w1, wy, ws). Thus, for Model-1.1, the profit function (Max f; 1, say) is same as in expression
subject to wy @ < W and positivity condition .
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3.2. Model-1.2: (Model with random space constraint)

In this case, total available space w is assumed to be random in nature and all the other terms in
the model are left same as in Model-1. Hence, the Model-1.2 is formulated with the profit expression
(Max f1.2, say) same as in equation and the constraints are given by wy @ < w and positivity
condition .

3.3. Model-1.3: (Model with rough space constraint)

When the available total storage space w is a rough variable, the constraint reduces to the rough
environment and is expressed as woQ < W, where W = ([wy, wa][ws, wy]), 0 < wg < w; < wy < wy
is a rough variable. Therefore, the Model-1.3 is described by the same profit function (say, f1.3) as
in equation with the restriction wg Q < w and condition .

3.4. Model-1.4: (Model with neutrosophic space constraint)

In this case, we express the total available storage area capacity using a TN number w =
(w1, wa, w3, wy); fap, Ows V). The corresponding neutrosophic inventory model becomes maximize

profit (say, f1.4) as represented in subject to the constraints wg (¢ < w and positivity restriction

()

3.5. Model-1.5: (Model without space constraint)

In this particular case, the inventory model is considered as an unconstrained profit maximization
problem by omitting the space constraint from Model-1. Here, the expression for optimal profit (say,

f1.5) remains same as in equation along with the positivity constraint only.

4. Solution procedure
4.1. Solution procedure for Model-1

In this Section, a solution procedure is described to find a solution space for the neutrosophic
inventory Model-1. Firstly, the model is converted into a crisp one from the neutrosophic one
by applying the definition of the score function for PN numbers. It is then transformed into a

posynomial problem. After that GP technique is used to get an ideal solution space.
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Let us find the score values for the neutrosophic parameters as follows: (See Appendix)

\

S(@") = = {(a1+ 02+ a5+ as + a3) X 2+ pan — 0w — v}

S(") = 5 (b1 +ba + b3 + by + bs) x (2 + pyn — — )}

S = i {(c1+ca+e3+ea+es) X (24 pen —oen —ven)}

S(@") = — {(dy + do + ds + dy + d5) X (2+ pige — o0 — v}

S(én) 1 (01 4 02 + 03 4 04 + 05) X (2 + pg, — I/en)}

S(k™) = ]11; {(k1 + ko + ks + ka + ks) X (2+ fijn — Opn — Vi) } (6)
S() = T2 {(ri 4 2+ 73 144 75) X (24 prn — o — )}

S(H™) = ]115 (Hy + Hy+ Hs + Hy+ Hs) X 2+ fign — Ogn — Vign) }
S(A™) = 15 (A1 + Ao+ A3+ Ag+ As) X 2+ fijn — 0 4o — Vin) }

S(w") = *{ wy + we + w3 + wg + ws) X (24 prgn — ogn — Vgn )}

S(wo") = i 7 {(wor +woy + woz + woq + wos) X (2+ pre» = Twon — Vg™ )}

/

Using these values in Model—l, the converted crisp model can be formulated as follows:
Max f = 5(,;n)P1—S(an)MS(1}")RS(a")GS(&”) . S(,;n)s(fn)P—S(an)MS(E")RS(a")GS(&")Q—S(én)
_S(];n)PfS(an)M1+5(5")R5(an)GS(Ez”) o S(];n)PfS(&")MS(E")RlJrS(E")GS(&")
_§(km) P=S@) ppSE RSE@) q1+5@") _ g(jmy§( Ay pS@n) prS@ gpSE gs@) g1
—0.55(H™)Q (7)
subject to  S(wp") @ < S(w") (8)
P, M,R,G,Q >0
This transformed form of the inventory problem represents by a signomial GP problem, and its
degree of difficulty is 2. Some necessary modifications are needed to convert the model into a posyn-
omial GP problem. For the conversion, an appropriate lower bound is considered for the objective

function with the aim that the maximization of that lower bound will be equivalent to the maxi-

mization of the objective function of the model. In this way, the signomial model is converted into
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the following equivalent form by introducing another additional auxiliary variable and a constraint:

Max fo

subject to S(k")P1=S@) pSED RSENGS@) _ g(km)S(7) p~S@ SN RSEN 8@ =S 0™)
_S(km) PS@) A [I+SEN) RSE) 8@ _ g(jmy p5@") prSG) gl 8@
_S(En)P_S(an)MS(B")RS(an)G1+S(Ez") . S(%n)S(An)P—S(&")MS(En)RS(&")GS(&Z”)Q—I

—0.5S(H™Q < fo (9)
S(wp") Q < S(w™) (10)
P,M,R,G,Q >0 (11)

Again, this reduced model is equivalent to the following minimization problem:
Min F=fy!
subject to foS(kn)~1PS@)=1 =S5O p=SE)G=5W") | g p1Q=S0") 4 p=1pf + PTIR
+PIG + S(AMPTIQ !+ 0.58 (™) S (k) T PS@) -1y —SEO R=SEN S <
S(wo") @ < S(@")
P,M,R,G,Q >0 (12)

The derived inventory model is a posynomial GP problem whose degree of difficulty is 2. To

solve this problem the dual geometric programming problem is expressed as follows:

o= () (450) ()7 () (8D ()

~ wo6 ~ wo7 Zv?zl woq
S(Am) 0.58(H") S S(wo") "
( Woe ) < wo7 > (; wOZ) <S(U~)n)> (13)

subject to the following conditions:

Normality condition: wog = 1
Orthogonality conditions: — wgg 4+ wg1 =0

(S(dn) — 1)11)01 — Wp2 — Wp3 — W4 — Wo5 — Woe + (S(CNLTL) — 1)’LU()7 = 0

—S(0" Ywor +woz — S(b" )wer = 0
—S(c")wo1 + wos — S(¢")wor =0
—8(d" Ywor 4 wos — S(d" Ywor =0
—S(é”)wog — wog + wo7 + w1 =0

POSitiVity condition: woo, Wo1, W2, Wo3, Wo4, Wos, Woe, Wor, W11 > 0
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where w = (woo, Wo1, Wo2, W03, Wod, Wos, Wog, Wor, w11) " and wo;(i = 0,1, ...,7),wy; are the dual vari-
ables against the primal variables P, M, R, G and @ for the problem defined by equation .

As the model has 2 degree of difficulty, we cannot calculate all the dual variables directly from the con-
ditions. Therefore, solving the above constraints and expressing the dual variables wy;, ¢ = 2,3, ...,6

in terms of wyr and wy; we get

woo = 1 = wo1
n ~n

_ 8@ -8B -Ss@E)-S@d)-2
Wo2 1~—S(9~”) ] wo7 1_ g(on _S(én)wn
L S@m - S — S(e) — Sy -1
y 1—5(6m)
Wo3 = S(b )(1 + w07)
Woq = S(En)(l + ’wo7) (14)
wos = S(d") (1 + wor)
1= 8(0m) (S@") - S@") - S - $(d") - 1)
Woe = ~ S(é”) wo7 + mwn
S0 (S@) - S@") - s(e) — S@d") - 1)
- 1— S(6m)

we get,

Letting ky — S(a")—S(bl)_—SS(’éi’;)—S(d )L and ky = 1_51(9%)

woz = (k1 — k2) wor — kowi1 + k1 and wpe = <k2 - S(én)h) woy + kawiy — S(6™)ky

Substituting these dual variables in equation , the dual objective function is expressed in terms

of w7 and wy; as given below:

S(TN") >(k1—k2)w07—k2w11+k1

~ -1
d = S(kn
(UJO?, wll) S( ) X ((kl _ ]{;2) woe7 — k‘gwn + kl

S(")(14wor) 1 S(E) (1+wor)
X e Y
S 1+w07)> <S(Cn)(1 +w07)>

S(d™)(1+wor) ) 0.5S(I{~”) wo7
S 1 + w07) S(k;”)wo7

S(/in) (kQ—S(én)kl)wW‘f‘kzwn—S(én)kl
(k2 — S(0™)k1)wor + kowry — S(07)ky
S(@")(1+wor) S(wo™)\ "
a™)(1 + wor)) X ( S ) (15)

To evaluate the optimum dual variables wg; and w}; that optimize the dual objective d(wo7,w11),

we first take logarithm of equation and get the following expression:
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log d(wo7,w11) = logS(l{"f1 + ((k1 — ko)wor — kawiy + k1)logS (r™)
— ((k1 — ko) wor — kow11 + k1) log((k1 — ko) wor — kawi1 + k1)
—(S(0")(1 + wor))log(S(b") (1 + wor)) — (S(@")(1 + wor))log(S(&")(1 + wor))

0.5S(H™)

—(S(d")(1 + wor))log(S(d")(1 + wor)) + worlog ( S(km)

) — worlogwor

+((ky — S(0™)ky)wor + kowry — S(0™)k1)logS(An)

—((kz — S(én)]ﬁ)’w(ﬁ + ]62’11}11 — S(én)kl)log((l@ — S(én)kl)wm + kQWll — S(én)k‘l)
(@) 1+ 7)) log (S(@")(1 + ) + wlos (e (16)

Since there are two variables wg7 and w11 in the above logarithmic expression (16)), to derive these

optimal dual variables, we set the first order partial derivatives of log d(wg7,w11) with respect to
wo7 and w1, respectively, to zero and get the followings:

0 log d(w07, wn)

9 = (k1 — k2)logS(r™) — (k1 — ka2)log((k1 — ka)wor — kawiy + k1)
wor

—S(6")1og(S(B") (1 + wor)) — S(@)og(S(E™) (1 + wor))
—S(d")og(S(d")(1 + wor)) + (k2 — S(6™)k1)logS(Am)
—(ky — S(0™)k1)log((kz — S(6™)k1)wor + kawiy — S(6")k:)

+log (%) + logwgr + S(cf")log(S(&”)(l + wor))

_ 0 (17)

0 log d(wor,w11)
Ow1y

= —kologS(r™) + kolog((k1 — k2)wor — kowyy + k1) + kglogS(ff”)

—kolog((ky — S(0™)k1)wor + kawiy — S(6™)k1) + log <2(£):))>

=0 (18)

By using any search method or any software the above equations and can be solved to get
the optimal dual variables wg, and wj;. With the help of these optimal values, other optimal dual
variables can easily be evaluated from equation . Consequently, the optimum dual objective
function d*(w*) can be calculated. Now, the primal-dual relations of the problem are derived

as:

7 Tn ~n ~n * "n *
\ = ZU)S' S(k~n)—1p*5(a")f1M*75(b ) RF=S@E) x—5(d") — %7 S(fn)P*le*fS(G ) _ %
=1

wy we we ~ wy
P*—IM* _ 03 P*—l * _ 704 P*—l * _ 705 AP P*—l x—1 _ 706
)\ ) R )\ ) G )\ ) S( ) Q )\ b
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With the help of these equations, we obtain the following expressions for the optimal primal

variables:
S(@@™) o S(0") S Wiy oy S(0"™) Wi
*:%,P*:SATL — 1= Z,M*:SAn - 03
@ S(wo™) (A7) Swn)  whg (4%) S(wm™) wig
S(w") wgg S(w™) wyg

Substituting the above obtained optimal variables in neutrosophic inventory model i.e. Model-1, the

optimal profit becomes

>1 S@m)+Ss@")+s@)+sd") 7 —S(a")

* « S(B") % S * S
Wi S(am) Zwm‘ Wo3 ® )w04 @ (d) Zwm

e (suin) S (")

~ Gon S(O™)—1 : _ _
G (Sfff ! ‘Z&&f) — why — why — wis — S(AM)| S(") — 0.5S(H")
06

4.2. Solution procedure for Model-1.1

In this case, the constraint is formulated under fuzzy environment. To deal with such type
of constraint in inventory model, we follow the possibility theory. After defuzzification the space
constraint reduces to Pos (wg@ < w) > 1, n represents the degree of fuzziness and w = (w1, wa, w3).

Following Lemma |1}, the crisp formulation of the constraint becomes :
woQ < nwa + (1 —n)ws (19)

Here the above obtained constraint is under crisp environment. Using the score function formula,
the neutrosophic objective function is converted into a crisp one, and consequently, the equivalent
crisp model becomes:
Maximize profit f1.1 as given in equation subject to conditions and .

Now the model reduces to a signomial GP problem with degree of difficulty 2. Therefore, this
problem can be solved by the GP technique. Following the similar approach as computed in section

the optimum results are evaluated as follows:

7 *
Q* = nwa + (1 — 77)w3’ P — S(An wWo Zl:i wOi7
wo nwz + (1 —n)ws — weg
M* = ( ~n> wo 11)83 R* — S( ~n) wo w84

nwz + (1 —n)ws wgg’
~ wo wys
nwsa + (1 — n)ws weg
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and the optimum profit becomes

S(Am) w 1-S@)+SEM+S@E+8@") 7 —S@") . -
. 0 * * Sb), « S@E"), « Sd)
= Won; w w w,
Ji1 ( wi s+ (1 —n)w3> ; 0i 03 04 05
" S(Am) w s
* -n 0 * * * in 7n
X ZwOi—S(r )( Wi nw2+(1—n)w3) — wig — wog — wos — S(A") | S(E™)
i=1

4.3. Solution procedure for Model-1.2

For this particular case, the space constraint is considered in a random sense. To deal with such
types of constraints, we follow the chance-constrained programming approach and the corresponding
constraint becomes:

Pr(woQ <w)>p, 0<p<1

where ’Pr’ indicates probability and p represents the prescribed permissible probability.
Now, assume that w be normally distributed random variable with m,, and o, as mean and standard

deviation respectively. Then, the constraint can be expressed as

W — My, >w0Q—mw

Pr >p

Ow Ow
where “7 is a standard normal variate.

If we consider ¢(p), such that f;&)) ¢(t)dt , where ¢(t) is the standard normal density function, then
we get

W — My

— < ¢(p)

Ow
Thus, using chance-constrained programming the reduced crisp constraint can be written as

wo@ < My + ow(p) (20)

Again, Definition [7]is used to transform the objective function into a crisp expression from a neutro-
sophic one. Thus, the corresponding crisp model can be expressed by the objective function given
in equation subject to the constraints and . The above is again a signomial GP problem
having degree of difficulty 2. Now we follow the GP approach as presented in section to solve

the model. Finally, the optimal solution is obtained in the following form:

7 * *
Q* — My + O'w(b(p)’ P* — S(An) Wo Zz:i wOi, M* — S(An) ] w?k,?,’
wo My + 0uwd(p) Wi My + 0w (P) Wig
R = S(An) wo w047 G* = S(An) Wo Wos

my + 0W¢(p) wSG My + 0w¢(p) wSG
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and corresponding optimum profit becomes

f1*.2 = (S(A”) 0

1-S(@™)+S(®")+S@E)+s@d") 7 —S(@an)
Whg M + Uw¢(p)>

% x SO0, x S@E), x S(d")
Z%i Wo3 Wo4 Wos
=1

! % -n S(An) Wo S * * * in n
x ZwOi—S(r ) ¥ ) — whg — woy — wos — S(A™) | S(K")

My + 0wd(p)

—0.5S(H™) -
0

4.4. Solution procedure for Model-1.3

In this case, the space constraint is supposed to be in rough environment. Therefore, using

Definition [T2] the trust measure to the crisp conversion becomes
Tr (b = woQ) = m

where 7; € [0,1] is the trust level.

Now, following Theorem [2| the rough constraint can be written in equivalent crisp form as expressed

below: )
w4_w if we < wpQ < wy
C(wa—w1)+(1=Qws (wa—ws)—m (wa—ws) (we—wy)
wo@ < T (et Oy W1 S W@ S wy (21)
w4+w if wy < wo@ < wy
w3

where ¢ € (0,1).

After reducing the neutrosophic objective function into its crisp form, the consequent model can be
expressed by the profit function f; 3 as given in expression subject to restrictions and.
This obtained signomial GP problem bearing degree of difficulty 2 is then solved using GP technique

as described in section The optimal decision variables and profit are respectively obtained as:

T ~ 7 * _ * ~ "
Q= L progAmMZim Y e g qny W0 e _ gm0 Wi
Wo T wgg T wpg T wpg
* iny Wo w85
= S(A") =2
G* = S(A") T and
- 1-S@")+8@™")+S@)+8(d"™) 7 )
* S(An)wo * x S(B") x S@E) o« S(d"
13 = ( wh. T Zwm‘ Wo3 ( )w04 ( )wo5 @)
06 i=1

7 ~ om)-1
An i 2 iy L
xS wp, — S (S ( )“’0) — Wiy — why — wis — S(A") | S(E) — 0.5S(H™)—
=1

*
wpeg T wo
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where
w4—w if wo < wo@Q < wy
C(wa—wi)+(1-Qwa(wa—w3)—m (wa—ws)(wa—w1)

r_ T et Oy WS w0 Swp
w4+w if wy < weQ < wy
ws

and ¢ € (0,1).

4.5. Solution procedure for Model-1./

To convert this neutrosophic model into a crisp representation, we first need to calculate the
a — cut, f — cut and v — cut of the TN number. Using Definition , we derive the following

a — cut, B — cut and v — cut for the neutrosophic total space

Wo = [Lw(a)7 Rw(a)] =

)

[(Mw —a)wy + aws (o — @)wa + ozwg]

Hap Hapy
s = L8, () = | St O uhn Q=B+ (P aa)us]

Wy = [Liy(7), Riy(7)] = [(1 - V)Wi J_r I(/z}— Vu?)’wl, (1— v)wi J_r (VZ_ uw)m]

After that, we transform the neutrosophic parameters in the constraint into a crisp interval number
by using Theorem |1, Thus, we have the crisp constraint as wo@Q < [Ly, Ry],

where Ly = max {Lw(a), L,(B), L;(fy)} , Ry =min {Rw(a), R, (B), R;(’y)}

Now applying the weighted mean approach (cf. Lemma , convert the interval number into para-

metric function and get the crisp formulation of the constraint as follows:
woQ < Ly(1 — p) + Rap (22)

After reducing the PN objective of the model-1.4 into a crisp one using the score function, the
converted equivalent crisp formulation is expressed with the objective function same as in along
with the constraints given in and . Now the reduced model is again a signomial GP problem
having 2 degree of difficulty. Following the solution procedure, explained in Section [4.1] we get the

following optimal solutions:

7 *
Q* _ Lu')(l — p) + RIDP P* — S(An) wo Zi:l Wo;
wo ’ Li(1—=p)+ Rop  wig
~ 'l,UO 'LUS?’ . e wo w64

X n
M™=5(4 )Lw(l—p)—l—prwSG’ Ly(1—p)+ Roppwiy’
wo wys
Ly(1 = p) + Rup wig
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along with the optimum profit given by

S(A™) 1-8@")+S@")+s@E+8@d") 7 —s@")
14 = o * * S(l;n) * S(@"), 5(21")
= o~ " . .
Jia ( whe La(l—p) + pr> ; 0i 03 04 05
7 S(An) S(én)fl
~ wWo _ ~
E X S(r™ Wt — W — W — S(A™ S
) i=1 o v )< wge  La(1—p) + pr> Whg — Woyg — Wos (A™) | S(k™)

Ly(1—p)+ Ryp
wo

—0.5S(H™)

4.6. Solution procedure for Model-1.5

The objective function of this particular model is transformed into crisp environment by using the
definition of score function, and obtained crisp expression is given in the equation . Since there is
only the positivity restriction in this model, the problem is a signomial GP problem with 1 degree
of difficulty. Thus, the model can be solved by the GP technique, and the optimum solutions are as

follows:

~ 1 1 5(8™)
o — (SN wiy \ T (som)) =50 < wg >1—s<én)
S(7™) weg ’ Wy S(An) ’
S(r™) 1—sl<é"> wg 1:?(50(% S(™) 1—sl<é"> wg 1-5(6m)
M* — w* ( 96 R* — w* ( (26

an

S _S@")
G = w (5(7”")> =50 (woa) =50
O\ w, S(An) :

Now using these optimum decision variables, optimal profit can be calculated easily.

5. Numerical experiments

Input data for Model-1:
The proposed models (Model-1,-1.1,-1.2,-1.3,-1.4 and -1.5) are illustrated with a theoretical example

in this section. For this, the following inputs in appropriate units are considered:

(2,3,7,8,10);0.6,0.5,0.6), b" = ((0.2,0.32,0.45,0.52,0.61);0.9,0.1,0.3) ,

0.09,0.18,0.34,0.43,0.52) ; 0.9,0.3,0.1) ,d" = ((0.09,0.12,0.19,0.28,0.37) ; 0.8, 0.5,0.3) ,

a" = (
" =((
0" = ((0.01,0.02,0.03,0.04,0.05) ;0.8,0.4,0.4) , 7" = ((2,5.5,8,10,12) ;0.6,0.2,0.4) ,
k™ = (200000, 400000, 600000, 750000, 1050000) ; 0.9, 0.3, 0.1) ,

H™ = ((0.9,1.2,2.5,3.8,4.1);0.9,0.8,0.6) , A" = ((36, 58, 86,110.5,122);0.7,0.4,0.3) ,

o™ = ((1,6,10,15,18);0.5,0.5,0.2) , ©" = ((280, 450, 695, 860, 1390) ; 0.7, 0.4, 0.3) .
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Input data for particular models:
For the particular models (Model-1.1,-1.2,1.3 and -1.4) the required inputs are presented in Table

All the other parameters for these models are similar as in Model-1.

TABLE 1. Other input data for particular models

Environments Related data

Fuzzy w = (410,490,570) n = 0.5

Random (Myy, o) = (480,20) p = 0.96

Rough w = ([460, 510420, 580]), ¢ = 0.5, 71 = 0.6

TN w = (420,465, 500, 550);0.7,0.3,0.3), o = 0.1, 5 =0.7, v =10.9

Optimum results:
All models are formulated with the help of above considered parameters and optimized using the
proposed solution approach. The optimum values of selling price P*, number of order quantity Q*,
marketing expenditure M*, service expenditure R*, green expenditure G* and profit f* are eval-
uated for the inventory models with the constraint in different environments, and the results are
indicated in Table 2|

TABLE 2. Optimal solutions for all models

Environments " " " * " "

Models Objective  constraint P M R ¢ Q !

1 PN PN 12.600 1.470 1.092 0.588 81.67 1089.50
1.1 PN Fuzzy 12.466 1.454 1.080 0.581 88.33 1101.27
1.2 PN Random 12.790 1.492 1.108 0.597 74.17 1073.64
1.3 PN Rough 12.610 1.471 1.093 0.588 81.43 1089.04
14 PN TN 12.710 1.483 1.102 0.593 77.21 1080.44
1.5 PN No constraint 11.463 1.337 0.993 0.535 197.87 1160.63

From Table [2| it is observed that the optimal profit for the model with PN numbers (Model-1)
is 1089.50 $. Again, the optimal selling price per unit item is 12.6 $ for this model, and the total
order quantity is 81.67 units. Moreover, the marketing, service and green expenditure per item are
1.47 $, 1.092 $ and 0.588 $, respectively. Similarly, we note that the optimal profit for the particular
cases, i.e., models with fuzzy constraint (Model-1.1), random constraint (Model-1.2), rough con-
straint (Model-1.3) and TN constraint (Model-1.4) are 1101.27 $, 1073.64 $, 1089.04 $ and 1080.44
$ respectively. The optimal values of these particular models’ decision variables are presented in
Table 2| Again, as per expectation, the unconstrained model (Model-1.5) gives the maximum profit
among all models. Strictly speaking, as the environments under which the models are formulated

are different, their optimum results can not be compared.
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6. Sensitivity analysis

In this Section, we perform some sensitivity analysis to observe the changes in optimal profit with
respect to the changes in parameters for the particular models. From Figure [24] it is noted that
whenever the degree of fuzziness (1) or the trust level (1) increases from 0.1 to 0.9, the optimal
profit decreases continuously. But, with the increases of weights (p) of the weighted mean used
in Model-1.4, optimal profit increases (cf. Figure . Again, the decrease of optimal profit with
respect to the considered probability (p) of Model-1.2 is plotted in Figure The changes in optimal

profit of all the models along with the changes in total available space and set-up cost are figured
in Figures [2d and [2d] respectively.
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FIGURE 2. (A) Optimal profit vs. degree of fuzzyness (n)/ trust measure (n;)/ weight
of weighted mean (p); (B) Optimal profit vs. permissible probability (p) for Model-
1.2; (C) Optimal profit of all models vs. total available space; (D) Optimal profit of
all models vs. set-up cost

7. Conclusions

The main goal of the present study is to develop an economic order quantity model with space
constraint having all its parameters as PN numbers. In reality, marketing expenditure and service
quality play a significant role in the demand of any manufacturing company. Again, the demand for

green items is always very high in the market. Therefore, the demand in this model is considered as a
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function of the selling price, marketing, service and green expenditure to be more realistic. Moreover,
order quantity dependent unit production cost is assumed here. Again, the space constraint is
considered in several environments like fuzzy, random, rough, and TN. Possibility measure and
chance-constrained programming are used to deal with the fuzzy and random constraint goals,
respectively. For all the models, a solution procedure is suggested. Finally, the GP technique is
applied to solve the converted crisp models. Moreover, some numerical experiments and sensitivity
analyses are done to illustrate the models.

In the future, the model can be developed more realistically by assuming ramp type demand, power
demand, probabilistic demand, etc. Here, the model is considered for a single item, and hence it can
be extended to a multi-item model. Also, shortages can be allowed in the problem. Furthermore,
the items may be damageable, and preservation technology may be introduced. Moreover, different
environments can be considered, such as intuitionistic, fuzzy-random, fuzzy-rough, type-2 fuzzy, etc.
Again, the researchers may suggest different solution procedures and compare the optimum results
with the present one.
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Appendix
Definition 1 (Fuzzy set). [32] A fuzzy set B in X (space of points/objects) is an object having the
form B = {(z,pz(x)) - 2 € X} where pg : X — [0,1] is the membership function of the fuzzy set B.

Definition 2 (Triangular fuzzy number). [20] A triangular fuzzy number B = (b1, by, bs) is a fuzzy

number whose membership function pz(x) is defined as

b < g < by

bo—b1
pp(@) = B=E by <@ < b
0 otherwise

where [by,bs] is the supporting interval and the point (b, 1) is the peak.

Definition 3 (Possibility measure). [20] Let m and n be two fuzzy numbers and the corresponding
memberships functions be pq(x) and pq(x) respectively. Then the possibility measure of m and n is
defined as: Pos(m = n) = Sup {min(um(x), ps(y)), z,y € R, z*y}

Here, the abbreviation 'Pos’ stands for possibility measure and ’*’ represents any one of the relations

<,>,=,<,>. Analogously if n be a crisp number,say n, then we have

Pos(m xn) = Sup {min(um(x), v € R, x*n}
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Lemma 1. Let m = (my,ma,m3) be any triangular fuzzy number and 0 < my and n be any crisp

number. Then,

Pos(m>n) 2 aiff 550 > o
Definition 4 (Neutrosophic set). [45] Let the set X be a space of points (objects) and x € X. A

neutrosophic set (NS) B"™ C X is represented by three independent functions: membership function

Kn(x), hesitation function oz, (z) and non-membership function vy, (x) and expressed as

Bn - {(x7ﬂén(x>7aén(x)v Vén<$)) Txr X}
where fig, (%), 0ga(x), Vga(z): X =107, 17 V 2 € X are real standard or non-standard subset of

107,17 [. The sum of these three independent functions is related as follows:

0~ < Sup pign(x) + Sup ogn(x) + Sup vg.(z) <37 Ve X.

Definition 5 (Single valued neutrosophic set). [45] Let the set X be a space of points (objects). A
single valued neutrosophic set (SVNS) B C X is expressed as

B = {(@, pgn(x), 080 (), vgn(x)) rx € X}
where fign, 0gn, Van + X — [0,1] satisfy the condition 0 < pg,(x) + ogn(x) +vga(z) <3V €
X. pgn(x), ogn(x) and vy, (x) denote the membership, hesitation and non-membership function

respectively.

Definition 6 (Single valued pentagonal neutrosophic number). [51] A single valued pentagonal

neutrosophic number (SVPN-number) B"™ having the form

B™ = ([(by, by, by, by, bs ) w), [(by, by, by, by, by )s ], [(87, 5, by, by, bs )5 y])
where w,u,y € [0,1]. Here, membership function pg,(x) : R — [0,w], hesitation function oz, () :
R — [u, 1] and non-membership function vg,(x) : R — [y, 1] are defined as follows:

;

Mé}ﬁ(-f) bl <z < b2 Ué—;ﬁ(aj) b1 <z< b2
Hpnp () by <@ < by o5 (®) by <@ < by
w x = by u x = by
MB” (l’) = , , 0 UB” (.I) = . ,
M%(x) b3 <z < b4 O—B"TQ(:U) b3 <z< b4
M%($) b4 <z < b5 UB”Tl(x) b4 <z< b5
(0 otherwise 0 otherwise
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and
( " "
Vg;l/l(m') bl <z < bQ
" 1"
V%(x) b2 <z < b3
Y T = bg/
VB” (.’If) = b/// < b///
Vi (@) by <z <Dy
" "
l0 otherwise
respectively.

Definition 7 (Score function of PN number). [51] The score function is significantly used in the
conversion of PN number into a crisp real number. The value of the score function utterly depends
on the value of the membership, hesitation and non-membership degree of the PN number. Let
B" = ((b1,b2,b3,b4,b5); hzns Tgn, Vign) be any SVPN-number. Then the value of the score function

is evaluated as

S(B") =15 {(by +ba+ by + b +b5) X (24 figa — 00 — Vga)}

Definition 8 (Single valued trapezoidal neutrosophic number). [62] A single valued trapezoidal
neutrosophic number (SVTN-number) B is a special neutrosophic set on R (set of real number)

having the form

B = {(b1,ba,b3,ba); wz, up, y3)
where wp,upz,Yp € [0,1] be any real numbers and by,be,bs, by € R, by < by < bg < by are the
values of the trapezoidal number. Here, membership function pj5(x), hesitation function oz(x) and

non-membership function vz (x) are defined as follows:

(Ebiwy if b <o <by (Lomrtugeb) g <o < by
() = 7;:3 ifb2§$§b37 o () = Zi o if by <ax < b
Pifwg if by <a <by wbotupbint) gy <a < by
0 otherwise 0 otherwise
and )
TR Gy <o < by
V() = Zi " if by <x<bs
s 0Ty < < by
0 otherwise
respectively.

Definition 9 ({«, 3,7)-cut set of SVTN-number). [62] Let B = {((b1,ba, b3, bs);wp,up,ys) be a
SVTN-number. Then, {(c, B,7)-cut set of the SVTN-number B is denoted by B<a,5ﬁ> and defined as:
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Biapqy = {zlnp(e) 2 a,op5(z) < B,vp(x) <v,2 € R}
which satisfies following the conditions:
O0<a<wg ug<P<L yg<y<land0<a+pB+v<3

where pp, 0 and vy represent membership, hesitation and non-membership function respectively.

Definition 10 (a-cut, B-cut, y-cut of SVIN-number). [62] Let B = ((b1, b2, b3, ba);wp, up, ys) be
an arbitrary SVTN-number. Then
1. a-cut of B is defined by

B, = [Lg(a), Rz(a)] = [(wf‘;*a)b1+ab2’ (wéfa)bﬁabs]

wp wp

where a € [0, wp].
2. B-cut of B is defined by

> / / 1-58)b —up)b 1-5)b —ugp)b
BBZ[L~(5),RB(5)]=[( B)b2+(8 3)1’( B)bs+(B 3)4}

B 1—uB 1—uB

where 5 € [up, 1].
3. ~-cut of B is defined by

5 " " 1—7)b —ys)b1 (1—9)b —y5)b
By = (L), Ry(7)] = |20 0mvaltn (o)t O vats |

where v € [y, 1].

Theorem 1. Let B = ((b1,b2,b3,b4);wi,up,yp) be an arbitrary SVITN-number. Then, B@Bm =
BaﬂBﬁﬂBw is hold for any 0 < a <wp, ug <B<land yg <y <1 where )0 < a++v < 3.

Proof: See [62]

Lemma 2. Let A = [a,b],a,b > 0 be a closed interval with weights wi(> 0),wa2(> 0). Then the
interval can be represented by a function using the weighted arithmetic mean
wia + wab
WAM =———=qa(l—p) +5b
al)) ==~ (1—p)+bp

where p= —*2—_ p € [0,1].

w1 +wsa

Definition 11 (Rough variable). /28] Let (A,0, A, m) be a rough space. A rough variable § is a
measurable function from the rough space (A,d, A,w) to R (the set of real numbers). That is, for
every Borel set B of R, we have {n € A :{(n) € B} € A

The upper and lower approximations of the rough variable & are denoted and defined by & =
{&m) :n e A} and £ = {(n) : n € 6} respectively.

Definition 12 (Trust measure). (28] Let (A,6,.A, ) be a rough space. The trust measure of event

A is denoted by Tr{A} and defined by Tr {A} = 5(Tr{A} + Tr{A}), where the lower and upper

trust measure of event A are defined by Tr{A} = Wa‘??}‘g} and Tr {A} = % respectively.
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For a real life problem when sufficient information is given about the measurement of m, it may
be treated as Lebesque measure. More generally, the trust measure can be considered in the form as
Tr{A} = (1 —n)Tr{A}+nTr{A}, 0<n<1.

Let € = (fm,n][p,q]), p < m <n < q be a rough variable. Lebesque measure is considered for the
trust measure of the rough event associated with f > r. Then the trust measure of the rough event

é > r is defined by the following function curve

0 if g<r
n

) ifn<r<g

- > — { n(e—
Tr {§ > 7‘} =
MD g (1-n)  ifp<r<m
1 if r<p

n—m

p
pr) + (A=n)(n=r) Zf m<r<n

Theorem 2. [28] Let € = (jm,n][p,q]), p < m < n < ¢ be a rough variable and € > r be a rough
event. Then Tr {é’ > 7"} >« iff

g— e ifn<r<gq
nn—m)+(A-nn(g—p)—a(g—p)(n—m) .

. < Hn—m)+(—mn(a—) ifmsrsn
g+ (1*7772)(11710) ifp<r<m
p

\

for any predetermined level o € [0, 1]

Proof. For any « € [0,1], we have

Tr {é > r} >«

& a<Tr {é > r}
0 ifg<r
e ifn<r<gq
n(g=r) , (A=n)n-r) .

< a< > T om if m<r<n
Mt L (1—g)  ifp<r<m
1 ifr<p

[With the help of definition of trust measure of an event|

;

¢ — =2 ifn<r<gq
n(n—m)+(1—n)n(qg—p)—a(q—p)(n—m) )

=r< n(n=m)+(1-=n)n(g—p) if m<r<n
q+gjq%t@ ifp<r<m
p
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Hence the proof is done.
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