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Abstract: The notions of a commutatives, €)-neutrosophic ideal

and a commutative falling neutrosophic ideal are introduced, and
several properties are investigated. Characterizations of a commu-
tative (€, €)-neutrosophic ideal are obtained. Relations between
commutative(e, €)-neutrosophic ideal an¢e, €)-neutrosophic
ideal are discussed. Conditions for @, €)-neutrosophic ideal to

be a commutativée, €)-neutrosophic ideal are established. Rela-
tions between commutaties, €)-neutrosophic ideal, falling neu-
trosophic ideal and commutative falling neutrosophic ideal are con-
sidered. Conditions for a falling neutrosophic ideal to be commuta-
tive are provided.
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[ zations of a commutativés, €)-neutrosophic ideal, and discuss

1 Introduction f hic ideal, and d
relations between a commutatiye, €)-neutrosophic ideal and

Neutrosophic set (NS) developed by Smarandache 7}, an (e, e)-neutrlos_ophic ideal. We providg conditions for(@
] is a more general platform which extends the conce )S-neutrosophlc_ldeal to t_)e a commutatie e)-neutr(_)sophlc
of the classic set and fuzzy set, intuitionistic fuzzy set a al, and _consmer relat_lons between a gommuta(twee)-
interval valued intuitionistic fuzzy set.  Neutrosophic sé}eUtrOSOph'C ideal, a falling neutrosophic ideal and a commu-
theory is applied to various part which is refered to thtg\tive falling neutrosophic ideal. We give conditions for a falling
site http://fs.gallup.unm.edu/neutrosophy.htm.  Jun, Boruma{?%'trosom'c ideal to be commutative.
Saeid andOztiirk studied neutrosophic subalgebras/ideals in
BCK/BCI-algebras based on neutrosophic points (see [1], [6] o )
and [10]). Goodman [2] pointed out the equivalence of a fuzg Preliminaries

set and a class of random sets in the study of a unified treatment

of uncertainty modeled by means of combining probability aWBCK/BOI-aIgebra is an important class of logical algebras
fuzzy set theory. Wang and Sanchez [16] introduced the theoryfifoduced by K. 18ki (see [3] and [4]) and was extensively in-
falling shadows which directly relates probability concepts witipstigated by several researchers.

the membership function of fuzzy sets. The mathematical strucBy a BCI-algebra, we mean a séf with a special elemerit

ture of the theory (,)f falling shadoyvs is formulated in | : ]. Tan ghd a binary operationthat satisfies the following conditions:
al. [14,15] established a theoretical approach to define a fuzzy

inference relation and fuzzy set operations based on the theory qf _
falling shadows. Jun and Park [7] considered a fuzzy subalgeb@\ (Vz,9,2 € X) (@ y) * (@5 2)) + (25 y) = 0),
and a fuzzy ideal as the falling shadow of the cloud of the sub-

algebra and ideal. Jun et al. [2] introduced the notion of neutrdD (Vz,y € X) ((z x (xxy)) xy = 0),

sophic random set and neutrosophic falling shadow. Using these

notions, they introduced the concept of falling neutrosophic s(i) (Vz € X) (z x 2z = 0),

algebra and falling neutrosophic ideal BC K /BCI-algebras,

and investigated related properties. They discussed relationglg- (Vx,y € X) (zxy =0, yxx =0 = x =y).
tween falling neutrosophic subalgebra and falling neutrosophic

ideal, and established a characterization of falling neutrosopiig BC I-algebraX satisfies the following identity:
ideal.

In this paper, we introduce the concepts of a commutgtive (V) (Vz € X) (0xz = 0),
€)-neutrosophic ideal and a commutative falling neutrosophic
ideal, and investigate several properties. We obtain charactémen X is called aBC K -algebra. Any BCK/BCI-algebraX
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satisfies the following conditions: (0, 1] andy € [0, 1), we consider the following sets:
(Ve X)(xx0=1), (2.2) Te(A;a) :={z € X | Ar(z) > a},
Ic(A;B) ={re X | Aj(x) >

(v$7y’Z€X)<x§y:>$*z§y*z>7 2.2) c(A;B) {z e X | Ai(z) > 3},

TSY = ZRYSZHT Fe(A;7y) i ={z e X | Ap(z) <~}
Ve, y,z € X = , 2.3 .
(V29,2 H(@sy)xz=(ex2)xy) (23) We sayTe(A4;a), Ic(A; 5) and Fc(A;~y) areneutrosophice-
(Ve,y,z€ X)((xx2)* (yx2) <z xy) (24) gubsets.

wherez < y if and only if z x y = 0. A nonempty subsef ofa A neutrosophic setd = (Ar, A7, Ar) in a BCK/BCI-
BCK/BCI-algebraX is called asubalgebreof X if z +y € S algebraX is called anc, €)-neutrosophic subalgebrmaf X (see
forallz,y € S. A subsetl of a BCK/BC1I-algebraX is called [6]) if the following assertions are valid.
anideal of X if it satisfies:
z€Te(Asay), y € Te(A4; ay)
0el, (2.5) = zxy € Te(A;az A ay),
x € Ic(A;8:), y € 1e(A;58y)
VeeX)Vyel)(zxyel = zel). (2.6) (Va,y € X) :> w*yeIG(A;ﬁm/ilﬁy), (2.8)
T € Fe(Ajve), y € Fe(Asvy)
A subset/ of a BC K -algebraX is called acommutative ideal = zxy € Fe(A;7: V)
of X if it satisfies (2.5) and
for all oy, vy, Bz, By € (0, 1] andy,, v, € [0, 1).

A neutrosophic sed = (Ar,Ar,Ar) in a BCK/BCI-

algebraX is called an(e, €)-neutrosophic ideabf X (see [10])
if the following assertions are valid.

Observe that every commutative ideal is an ideal, but the con-
verse is not true (see []). z€Te(A;az) = 0€Te(A;aq)
(Vz € X) (2.9)

(xxy)xzel, zel = xx(yx(yxx)) el (2.7)

forallz,y,z € X.

T e IG(A76I) = 0¢€ IE(A761>
We refer the reader to the books P,for further information v e Fe(A;v:) = 06 Fe(A; )

regardingBC K /BCI-algebras.

and
For any family{a; | ¢ € A} of real numbers, we define vry e Te(Aian), y € Te(Asay)
\/{ai\ieA} :=sup{a; | i € A} = IETE(A a A ay)
(Vz,y € X) zxy € Ie(A; Br), yGIE( i By) (2.10)
and ’ = x € Ic(A; 5 A By)
zxy € Fe(A;vs), y € Fe(A;y)
Nfai| i€ A} :=inf{a; | i € A}. = © € Fe(A;7m V)

for all vy, oy, Bz, By € (0,1] @andy,, vy, € [0,1).
If A = {1,2}, we will also useu; V a; anda, A ay instead of  |n what follows, let X and P(X) denote aBCK/BCI-

VA{ai | i € A} and/{a; | i € A}, respectively. algebra and the power set &f, respectively, unless otherwise
Let X be a non-empty set. Aeutrosophic seNS) in X (see specified.
[12]) is a structure of the form: For eachr € X andD € P(X), let
A= {(zx; Ar(x), Ar(x), Ap(x)) |z € X} z:={CePX)|zel} (2.11)

where A; : X — [0,1] is a truth membership function,2nd
Ar : X — [0,1] is an indeterminate membership function, and
Arp : X — [0,1] is a false membership function. For the sake of

simplicity, we shall use the symbel = (Ar, A;, Ar) forthe  an ordered pair(P(X), B) is said to be shyper-measurable
neutrosophic set structureon X if B is ac-field in P(X) andX C B.

A= {{z; Ar(x), A1 (z), Ap(2)) | z € X} Given a probability spac&?, A, P) and a hyper-measurable
structure(P(X), B) on X, aneutrosophic random sen X (see
[8]) is defined to be a tripl€ := ({7, &1, £r) iInwWhich&r, & and
Given a neutrosophic sét = (Ar, A7, Ar)inasetX,a,8 € ¢p are mappings fronf2 to P(X) which areA-B measurables,

D:={z|ze D} (2.12)
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that is, forallz,y,z € X, ag, ay, Bz, By € (0,1] andy,, v, €
5;1(0) ={wreQ|ér(wr)eCle A Example 3.2. Consider a se = {0, 1,2, 3} with the binary
(YO € B) 5;1(0) —{wr eQ|&(w) el e A operation« which is given in Tabléel.

GHC) ={wreQ|ér(wr) eCle A
(2.13)

Given a neutrosophic random set= ({1, &r,&r) ON X, con-
sider functions:
.HT X — [0, 1], T — P(wT | T € §T(wT)),
f{] X — [O 1] Ty — P(WI | Ty € f[((x)])),
HF X — [0 1] Txpt— 1 —P(CLJF | Tp € §F(wp))

ThenH := (Hp, H;, Hr) is a neutrosophic set oii, and we

Table 1: Cayley table for the binary operation “x”

* 0 1 2 3

0 0 0 0 0

1 1 0 0 1

2 2 1 0 2

3 3 3 3 0
Then (X;*,0) is a BCK-algebra (see [9]). LetA =

(Ar, Ar, Ar) be a neutrosophic set i defined by Table

call it aneutrosophic falling shadoy{see [3]) of the neutrosophic

random set := ({7,&1,&F), and§ = (£7,&1,€F) is called a
neutrosophic cloudsee [8]) ofH := (Hrp, H;, Hr).

For example, consider a probability spa¢®, A, P)
([0,1],.A,m) whereA is a Borel field or{0, 1] andm is the usual
Lebesgue measure. L&k = (HT,HI,HF) be a neutrosophic
setinX. Then atripleg := ({1, &1, &F) in which

&r 1 10,1] > P(X), o = Te(H; av),
& :10,1] = P(X), 8+ Ic(H; B),
€F:[071]_>,P(X)’7’_>F€(f{§7)

is a neutrosophic random set aid:= ({1,¢7,&r) is a neu-
trosophic cloud ofH := (HT,HI,HF) We will call € :
(&1, &1, Er) defined above as threutrosophic cut-clousee B])
of H = (HT, H], HF)

Let (Q2, A, P) be a probability space and let= (¢r, &1, &F)
be a neutrosophic random set éa If &r(wr), &(wy) and
¢r(wr) are subalgebras (resp., |deals)>()for allwr, wr, wr €
Q, then the neutrosophic falling shadad : (HT,HI,HF)

of £ := (&r,&1,&r) is called afalling neutrosophlc subalgebra

(resp. falling neutrosophic ideal) o (see [8]).

3 Commutative (€, €)-neutrosophic
ideals

Definition 3.1. A neutrosophic setd (Ar,Ar, Arp) in a
BCK-algebraX is called acommutative(e, €)-neutrosophic
ideal of X if it satisfies the condition (2.9) and

(xxy)*z€Te(Aaz), z € Te(A; ay)

= wx(y* (y*2)) € Te(Ajap N ay)
(xxy)*z € le(A;8:), 2 € Ie(A; By)

= xx* (y* (y*z)) € Ic(A; Bz A By)
(xxy)xz€ Fe(A;va), 2 € Fe(A;yy)

= xx (y* (y*2)) € Fe(A;72 V)

(3.1)

Table 2: Tabular representation &f= (Ar, A;, Ar)

0 0.7 0.9 0.2
1 0.3 0.6 0.8
2 0.3 0.6 0.8
3 0.5 0.4 0.7

It is routine to verify thatd =
(€, €)-neutrosophic ideal oX..

(Ap, Ar, Ap) is a commutative

Theorem 3.3. For a neutrosophic sel = (Ar, A7, Ar) in a
BCK-algebraX, the following are equivalent.

(1) The non-emptg-subsetdc (A; «), Ic(A;3) andFc(A;7)
are commutative ideals of for all a, 8 € (0,1] andy €
[0,1).

(2) A= (Ar, A5, AF) satisfies the following assertions.

Ar(0) > Ar(z)
(Vz € X) < Ar(0) > Aq(x) ) (3.2)
Ar(0) < Ap(z)
and forallz,y, z € X,
Ar(z * (y * (y * x)))
> Ar((z*xy) % 2) A Ap(2)
Ar(z* (y * (y x 2)))
! > Ar((mxy) x 2) N Ag(2) (3:3)
Ar(z * (y (y*m)))
< Arp((z*xy)*2)V Ap(2)

Proof. Assume that the non-emptye-subsets T¢(4;«),
Ic(A;8) and Fe(A;~) are commutative ideals oK for all
a, € (0,1]andy € [0,1). If A7(0) < Ar(a) for somea € X,
thena € Tc(A; Ar(a)) and0 ¢ Tc(A; Ar(a)). Thisis a
contradiction, and sel(0) > Ar(x) for all z € X. Similarly,
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Ar(0) > Aj(z)forallz € X. Suppose thallz(0) > Ap(a) for subset§c(A4; ), Ic(A4; 3) andFc(A; ) are commutative ideals
somea € X. Thena € Fc(A; Ar(a)) and0 ¢ Fe(A; Ap(a)). of X forall o, 8 € (0,1] andy € [0,1). O
This is a contradiction, and thu$r(0) < Ap(x) forall z € X.

Therefore (3.2) is valid. Assume that there exigh, c € X such Theorem 3.4. LetA = (Ar, A;, Ar) be a neutrosophic set in
that a BCK-algebraX. ThenA = (Ap, A;, Ap) is a commutative

(€, €)-neutrosophic ideal oX if and only if the non-empty neu-
Ap(ax (bx (bxa))) < Ar((a*xb)xc) A Ar(c). trosophice-subsetd« (4; ), Ic(A; 8) and Fc(A;~) are com-
mutative ideals of for all o, 5 € (0,1] andy € [0, 1).
Takinga := Ap((a*b) * ¢) A Ap(c) implies that(a * b) * ¢ €
Te(A;a) ande € Te(A; ) buta * (b (b* a)) ¢ Te(A;a), Proof. Let A = (Ar, A;,Ar) be a commutative(e, €)-

which is a contradiction. Hence neutrosophic ideal ok’ and assume that: (4; «), Ie(A; 8) and
Fc(A;~) are nonempty fory, 5 € (0,1] andvy € [0,1). Then

Ap(zx (y* (y*x2))) > Ar((z *y) * 2) A Ap(2) there existr,y,z € X such thatr € Tc(A;a), y € Ic(4;0)

andz € Fc(A;v). It follows from (2.9) thatd € Tc(4;a),

forall z,y, 2 € X. By the similar way, we can verify that 0 € Ic(A; 8) and0 € Fc(A;y). Letz,y, z,a,b,c,u,v,w € X

be such that
Ar(z = (y* (y*2)) > Ar((x y) * 2) A Ar(2)
(xxy)*xz € Tec(A; ),z € Te(4; ),
forall z,y, z € X. Now suppose there arey, z € X such that (axb)xce Ic(A;B), c e Ic(A;B),
(uxv)xw € Fe(A;7y), w € Fe(A;7).
Ap(zx(y*(y*xx))) > Ap((z*y) x 2) V Ap(z) = 1.

Then
Then(zxy)*z € Fc(A;vy)andz € Fc(A;y) butzs(yx(yxz)) ¢
Fc(A;~), a contradiction. Thus zx(y*(yxx)) € Te(4d;aNa) =Te(4;a),
Ap(z(y* (y*2)) < Ap((z*y) *2) V Ap(2) ax(bx(bxa)) € Ic(A; BN B) = Ic(A;8),

ux (v (vxu)) € Fe(A;yVy) = Fe(A;7)
forallz,y,z € X.
by (2.10). Hence the non-empty neutrosopldesubsets

Conversely, letd = (A7, A7, Ar) be a neutrosophic set i Ze(A4; a), Ie(A; 3) and Fe (4; ) are commutative ideals of
satisfying two conditions32) and (3.3). Assume thd@t (A; o), foralla,3 € (0,1] andy € [0,1).
Ic(A; B) and F<(A; ) are nonempty fory, 3 € (0,1] andy € Conversely, letd = (A1, A;, Ar) be a neutrosophic set ik
[0,1). Letz € Te(A;a), a € Ic(A;B) andu € Fe(A;~) forwhich Te(4; a), Ie(A; 3) and Fe(A; ) are nonempty and
for a,3 € (0,1 andy € [0,1). ThenAp(0) > Ap(z) > o, are commutative ideals of forall o, 8 € (0,1] andy € [0, 1).
A7(0) > Aj(a) > 3, andAp(0) < Ap(u) < v by (3.2). It Obviously, (2.9) is valid. Let,y,2 € X anday, ay € (0,1]
follows that0 € Te(A;a), 0 € Ic(A; 3) and0 € Fe(A;~). Let be suchthatz * y) x z € Te(A; o) andz € Te(A; ). Then
a,b,c € X be such thata «b) xc € Te(A; o) ande € Te(A;0)  (x*y) x 2 € Te(A; o) andz € Te(A; a) wherea = ag A ay,.
for o € (0,1]. Then SinceT<(A; «) is a commutative ideal ok, it follows that

Ar(a* (b* (bxa))) = Ar((a*xb) xc) A Ar(c) > a z* (y* (y*z)) € Te(Aya) = Te(Ajap A ay).
by (3.3), and s * (b * (b* a)) € Te(A;). If (zxy) xz € Similarly, if (z «y) x z € Ic(A4;5;) andz € Ic(4; ) for all

Ic(A;B) andz € Ic(A;p) forall z,y,z € X andj € (0,1], %,¥,2 € X andf,, B, € (0,1], then
thenA;((x *y) x z) > fandA;(z) > (. Hence the condition

(3.3) implies that wx (Y (yxx) € Ie(A; B A By)-
Al (y % (U % > A )% 2) A A >3, Now, suppose thdtr«y)*z € Fc(A;v,) andz € Fe(A;~y,) for
1@y (y ) 2 Ar((w«y) «2) 1(2) 28 all z,y,z € X and,,vy, € [0,1). Then(z x y) * z € Fe(A;7)

thatis,z + (y * (y * z)) € Ic(A; 3). Finally, suppose that andz € Fe(A;y) wherey = v, V . Hence
(x*xy)*z € Fe(A;v) andz € Fe(A4;7) zx(yx(yxz)) € Fe(A;v) = Fe(A;va V)

forallz,y,z € X andy € (0,1]. ThenAp((z *y)*z) < yand SinceFe (A;v)' is a commutgtive ideal ok . ThgreforeA =
Ap(z) < 7, which imply from the condition (3.3) that (Ar, Ar, Ap) is a commutativé e, €)-neutrosophic ideal oX'.
O

Ap(zx(yx(yx2))) < Ap((xxy) x2) V Ap(2) <. _ _
Corollary 3.5. LetA = (Ar, A;, Ar) be a neutrosophic set in

Hencer x (y = (y xx)) € Fe(A;~). Therefore the non-empty- a BCK-algebraX. ThenA = (Ar, A;, Ar) is a commuta-
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tive (€, €)-neutrosophic ideal oK if and only if it satisfies two Then (X;x,0) is a BCK-algebra (see [9]). Letd =

conditions(3.2)and (3.3). (Ar, Ar, Ar) be a neutrosophic set ik defined by Tablel
Proposition 3.6. Every commutativée, <)-neutrosophic ideal
A= (Ap, A5, Ar) of aBCK-algebraX satisfies: Table 4: Tabular representation &f= (A, A, Ar)
xxy € Te(A; ) X Ar(z) Af(x) Ar(z)
wxy € Ie(A; B) 1 0.55 0.45 0.37
(Y2, y € X) Sy (yra) e le(ap | CA 2 0.33 0.66 0.47

forall a, 8 € (0,1] andy € [0,1).

Routine calculations show that = (Ap, Ay, Ap) is an(eg, €)-
neutrosophic ideal of. But it is not a commutativée, €)-
neutrosophic ideal oK since(2 x 3) x 0 € T¢(A;0.6) and0 €
Te(A;0.5) but2 % (3% (3%2)) ¢ Te(A;0.5A0.6), (1x3)x*
2 € Ic(A;0.55) and2 € Ic(A;0.63) butl « (3% (3x1)) ¢
Proof. Let A = (Ar,A;, Ap) be a commutative(e, €)- 1e(A;0.55 A 0.63), and/or(2 = 3) 0 € Fe(A;0.43) and0

Proof. Itis induced by taking = 0 in (3.1).

Theorem 3.7. Every commutativée, €)-neutrosophic ideal of
a BCK-algebraX is an(e, €)-neutrosophic ideal ok .

neutrosophic ideal of 8C K -algebraX. Assume that Fe(A;0.39) but2 (3 (3% 2)) ¢ Fe(A;0.43 Vv 0.39).
zxy € Te(A;an),y € Te(A; ), We provide conditions for afe, €)-neutrosophic ideal to be
axbelc(A;Ba), b€ Ic(A;By), a commutativé €, €)-neutrosophic ideal.

cxd € Fe(A;n.),d € Fe(A; .
e(4i%e) e(4i7) Theorem 3.9.LetA = (Ar, A;, Ar) be an(e€, €)-neutrosophic

forall z,y,a,b,c,d € X. Using €.1), we have ideal of aBC K-algebra X in which the conditior{3.4)is valid.
ThenA = (Ar, A;, Ar) is a commutativée, €)-neutrosophic
(@x0)*xy=xxy € Te(4ay), ideal of X.
(ax0)xb=uaxbe I(A; L),
(cx0)xd=cxde Fc(A;7.). Proof. Let A = (Ar, A;, Ar) be an(e€, €)-neutrosophic ideal
of X andx,y, z € X be such thafz x y) x 2 € Tc(4; a,) and
It follows from (3.1), (2.1) and (V) that € To(A: ) for s,y € (0,1). Thenzxy € Te (A: ap Aary)

sinceA = (Ar, A7, Ar) is an(€, €)-neutrosophic ideal oX'.
v=2%0=2x(0x(0x2)) € Te(4; 00 N ay), It follows from (3.4) thatz « (y * (y * z)) € Te(A; g A ay).
a=ax0=ax(0x(0xa)) € Ic(A;fa A ), Similarly, if (z % ) * z € Ic(A;8,) andz € Ic(A;f,), then
c=cx0=cx(0x(0xc)) € Fe(A; 7V 7a)- 2 (y* (y*2)) € Ie(A; By A By). Leta,b,c € X andya, 7p €
[0,1) be such thafa * b) * ¢ € Fc(A;7,) ande € Fe(A;7,).
Thena x b € Fc(A4;v4 V ), which implies from (3.4) that
ax(bx(bxa)) € Fe(A;7, V). ThereforeA = (Ap, Ar, Ar)
is a commutativée, €)-neutrosophic ideal ok . O

ThereforeA = (Ar, A;, Ar) is an(€, €)-neutrosophic ideal of
X.

The converse of Theoref7is not true as seen in the follow-
ing example. o
Lemma 3.10. Every (€, €)-neutrosophic ideal A =

Example 3.8. Consider a seX = {0, 1,2, 3,4} with the binary (Ar,A;, Ar) of a BCK-algebraX satisfies:

operation« which is given in Table
Y,z €ETe(4;0) = x € Te(4; )

Y,z € Ie(4;8) = z € Ic(A;B) (3.5)
Table 3: Cayley table for the binary operation “«” Y,z € Fe(A;y) = z € Fe(A;y)
* 0 1 2 3 4 ;

forall o, €10,1),v € (0,1] andz,y,z € X withz xy < 2.

- . 5 5 . 5 Bel0,1),~ € (0,1] y y
1 1 0 1 0 0 Proof. For anya, 3 € [0,1), v € (0,1] andz,y,z € X with
2 2 2 0 0 0 zxy < z, lety,z € Te(4;0), y,z € Ic(4;3) andy,z €
3 3 3 3 0 0 Fe(A;7). Then
4 4 4 4 3 0

(rxy)*2=0¢€Te(A;a)NIc(A;8) N Fe(4;7)
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2.9). 2.1 : :
by (2.9). It follows from (2.10) that Table 5: Cayley table for the binary operation “x”

rxy € Te(A;a) N Ic(A; B) N Fe(4;7)

* 0 1 2 3 4

0 0 0 0 0 0

and so that | . 0 0 . .
x € Te(A;a) N Ic(A; B) N Fe(A; 7). 2 2 1 0 2 2

e( ) e( ) e( ) 3 3 3 3 0 3

Thus (3.5) is valid. O 4 4 4 4 4 0

Theorem 3.11. In a commutativeBC K -algebra, everye, €)-
neutrosophic ideal is a commutatiye, €)-neutrosophic ideal.

Proof. Let A = (Ar, A;, Ar) be an(e, €)-neutrosophic ideal
of a commutativeBC K -algebraX . Letz, y, 2 € X be such that trosophic random set ol which is given as follows:

(xxy)* 2z € Te(Asaz) N Ie(A; B2) N Fe(A; ) {03} if t €[0,0.25),
, (0,4} ift € [0.25,0.55),
and r 0] =PX), 2= £/ 91 ifte[0.55,0.85),
[

{0,3,4} ift €[0.85,1],
kAS TG(A;O‘y) N IE(A§ﬁy) N FG(A§7y)
for o, oy, Ba, By € (0,1] @and-y,, v, € [0,1). Note that 1 if £ €[0,0.45),
if ¢ € [0.45,0.75),

3
(@ (y = (y*x))* ((xxy)*2)) * 2 ,4{ if t € [0.75,1],

= ((z* (y=* (yx))) *2) * ((xxy) * 2) J
S (@x(yx(y*a)))*(x*y) an
= (zx (zxy))* (y* (y*z)) {0} if £ € (0.9, 1],
-0 {0,3} if t € (0.7,0.9],
¢&r:0,1] = P(X), z— ¢ {0,4} if t € (0.5,0.7],
by (2.3), (2.4) and (Ill), which implies that {0,1,2,3} if ¢t € (0.3,0.5],
X if t € [0,0.3].

(@ (y* (yxx)))* ((z*y)xz) <z o
Thenér(t), £7(t) and &g (t) are commutative ideals ok for

It follows from Lemma3.10that all t € [0,1]. Hence the neutrosophic falling shaddw :=
(Hr,Hr,Hp) of £ := (&7, &5, &) is a commutative falling neu-
zx(y* (y*z)) € Te(Ayar) NIe(A; Br) N Fe(A;7z). trosophic ideal ofY, and it is given as follows:
Therefore A = (Ar,A;, Ap) is a commutative(e, €)- 1 if =0,
neutrosophic ideal ok . O . 0.3 if z € {1,2},
Ar(@) =93 04  ife=3,
. . ] 045 ifz =4,
4 Commutative falling neutrosophic
ideals ] 1 ifze{0,1,2},
H = 0.3 if x =3,
Definition 4.1. Let (2, .A, P) be a probability space and lgt= 1) 0.25 :f i 4
(ér,&1.&r) be a neutrosophic random set onB&' K -algebra ' '
X. Then the neutrosophic falling shaddw := (Hp, H;, Hr) and
of ¢ := (¢r, &1, &F) is called acommutative falling neutrosophic _
idealof X if &7(wr), &7 (wr) andé(wr) are commutative ideals y 0 ifz=0,
of X for all wr, wy, wp € Q. Hp(z)=< 05 ifxe{l,2,4},
0.3 ifx=3.

Example 4.2. Consider a seX = {0, 1, 2, 3,4} with the binary

operation« which is given in Tablé&

Then (X;%,0) is a BCK-algebra (see [9]).  Consider Given a probability spac&, A, P), let H := (Hyp, H;, Hp)
(Q,A,P) = (]0,1],4,m) and let := (¢r,&7,&r) be a neu- be a neutrosophic falling shadow of a neutrosophic random set
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5 = (€T7£I7§F)- FOI’:C S X, Iet

Qx;&r) :={wr € Q| z € &r(wr)},
Qz;&r) = {wr € Q| 2 € &(wr)},
(.’E fF = {wF cN | T € §F(wF)}

ThenQ(x; &r), Q(x; &1), Ux;6r) € A (see [8]).

Proposition 4.3. Let H :=
falling shadow of the neutrosophic random §et= (¢7,&7,&F)
onaBCK-algebraX. If H :=
falling neutrosophic ideal ok, then

Q(z *y) * 2;67) N Q23 &7)
C Q= (y*(y*));ér)
Q(z xy) * 2;€1) N Q(2; 1)
CQz*(y*(yxx));&)
Q(z xy) x 2;€r) N Q25 EF)
CQz*(y*(y*z));&r)

(4.1)

and

*(y*x));ér) C Q(x*y) * ;1)
x(y*2));&r) CQU(z*y) *2;&r)
# (y*2));6r) CQ(x *y) * 2;8F)

(4.2)

2
—
* %
—~
<
~~

forall z,y,z € X.

Proof. Let

wr € Q((x *y) * z;6r) N QU2 ),
wr € Q((x xy) * 2;&) Nz €p),
wr € Q(z *xy) * 2;6r) N Q2 6F)

forall z,y,z € X. Then

(x*xy)*z € &r(wr) andz € Er(wr),
(xxy)*z € &(wr)andz € &r(wy),
(rxy)*2z € ép(wp)andz € Ep(wr).

Sincer(wr), &1 (wr) andér(wr) are commutative ideals of,
it follows from (2.7) that

T (y* (y*2)) € &r(wr) N&r(wr) NEr(wr)
and so that

wp € Qz * (y* (y*x)); €7),
wr € Qz* (y * (y*1)); &),
wr € Q@ (y* (y*2));Ep).

Hence (4.1) is valid. Now let

wr € Qz* (y* (y*x)); 1),
wr € Uz * (y * (y *x)); &),
wp € Qz* (y* (y*x));&r)

(Hr,H;, Hr) be a neutrosophic

forall z,y,z € X. Then

xx(yx*(yxx)) € &r(wr) N&r(wr) NEp(wr).

Note that

—~
/\

z*y) * ) * (z* (y* (y* 2)))
(zxy)* (z*(y*(y*z))))*2
((y* (y*xx)) xy)xz=((yxy) =
Ox(y*xx))x2=0%x2=0,

(VAN

(HT, Hy, Hp) is a commutative \hich yields

((zxy) * 2) * (v (y* (y * 7))
=0 € &{p(wr) Nér(wr) NEp(wr)-

Sinceér(wr), &r(wr) andép(wr) are commutative ideals and
hence ideals ok, it follows that

(:L' * y) * 2 € fT(wT) ﬂf[(&)[) Ofp(wp).

Hence
wr € Q(z *y) * z;&7),
wr € Q((z *y) * z;£1),
wr € Q(z *y) * 2;{F).
Therefore 4.2) is valid. O

Given a probability spacé?, A, P), let

F(X):={f]|f:Q— Xisamapping}. (4.3)
Define a binary operatio® on F(X) as follows:
(Vw e Q) ((f®9)(w) = f(w) * g(w)) (4.4)

for all f,g € F(X). Then(F(X);®,6) is a BCK/BCI-
algebra (see [7]) wheris given as follows:

0:Q— X, wr— 0.

For any subsetl of X andgr, g5, gr € F(X), consider the

followings:
AL = {wr € Q| gr(wr) € A},
A7 = {wr € Q| gr(wr) € A},
A% ={wr € Q| gr(wrp) € A}
and

§r 1 Q — P(F(X)), wr — {gr € F(X) | gr(wr) € A},
§1:Q — P(F(X)), wr— {91 € F(X) | g1(wr) € A},
Er 1 Q= P(F(X)), wr — {gr € F(X) | gr(wr) € A}.

ThenA?., AY, AY. € A (see [3]).
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Theorem 4.4. If K is a commutative ideal of 8C K-algebra of X. O
X, then . .
The converse of Theorem5is not true as seen in the follow-
ér(wr) ={9r € F(X) | gr(wr) € K}, ing example.
§r(wr) :7{91 € f(X))(| gr(wr) € K%r’{ Example 4.6. Consider a seX = {0, 1,2, 3,4} with the binary
¢r(wr) = {gr € F(X) [ gr(wr) € K} operation« which is given in Tableé

are commutative ideals of (X).

Proof. Assume thaf( is a commutative ideal of BC K-algebra Table 6: Cayley table for the binary operation "+

X. Sincef(wr) =0€ K,0(wy) =0€ K andf(wp) =0€ K * 0 1 2 3 4
for all wr, wr, wrp € Q, we haved € {p(wr), 0 € &(wy) and 0 0 0 0 0 0
0 € &p(wr). Let fr, g7, hy € F(X) be such that 1 1 0 1 0 1
2 2 2 0 0 2

(fr ® gr) ® hy € {p(wr) andhy € Ep(wr). 3 3 2 1 0 3

4 4 4 4 4 0

Then

(fr(wr) * gr(wr)) * hr(wr) = ((fr ® g7) ® hr)(wr) € K Then (X;*,0) is a BCK-algebra (see [9]).  Consider

andhr(wr) € K. SinceK is a commutative ideal oX, it (2,4, P) = ([0,1],.A,m) and let{ := ({7,&1,£r) be a neu-

follows from (2.7) that trosophic random set ol which is given as follows:

(fr @ (g7 ® (97 ® f1)))(wr) 1) itre0),

= fr(wr) * (9r(wr) * (97 (wr) * fr(wr))) € K, &r:[0,1] = P(X), z+— %0:2’}4} :f i E {0:5’57'0.7;)’)'
that iS,fT ® (gT ® (gT ® fT)) S gT(WT). HencefT(wT) is a {07 1,2, 3} ifte [0757 ]-]’

commutative ideal ofF (X). Similarly, we can verify thag; (w;y)
is a commutative ideal af (X). Now, let fr, gr, hp € F(X)

(0,1} ifte0,0.34),
be such thatfr ® gr) ® hr € {p(wrp) andhp € {p(wr). Then 6 0,1 PX), 51 {0,4} if ¢ € [0.34,0.66),
(fr(wr) * gp(wr)) * hp(wr) ’ ) g((?, 1,4} |I i € [8.?2,(1).78),

=(fr®gr)®hp)(lwr) € K if t €[0.78,1],

and
andhr(wr) € K. Then

{0} if ¢ € (0.87, 1],
(fr ® (97 ® (9r ® fr)))(wr) (0,2} ifte(0.76,0.87),
= fr(wr) < (grlwr) * (gr(wr) + frwe) € K, & 0,1 = P(X), w3 {04} i 1€ (058,076,
{0,2,4} if t € (0.33,0.58],

and sofr ® (gr ® (gr ® fr)) € &r(wr). Hencetp(wr) is a X ¢ [0.033]

commutative ideal ofF (X). This completes the proof. O

_ N Thené&r(t), &(t) and &g (t) are commutative ideals ok for
Theorem 4.5. If we consider a probability spack?, A, P) = g1 ¢ < [0,1]. Hence the neutrosophic falling shadd® :=
([0,1],.4,m), then every commutatie, €)-neutrosophic ideal (Hrp, Hy, Hp) of € := (&7, &1, £p) is @ commutative falling neu-
of a BC'K-algebra is a commutative falling neutrosophic idea'trosophic ideal ofX, and it is given as follows:

Proof. Let H := (Hr,H;, Hr) be a commutative(c, €

)-neutrosophic ideal ofX. Then Tc(H;a), Ic(H;pB) and (1)45 II v = (1)
Fc<(H;~) are commutative ideals of for all o, 8 € (0, 1] and i B 0.8 !f x = 2,
v € 10,1). Hence a triple := (&7,&1,€r) in which r(z) = 0.25 :f i - 31
& :10,1] = P(X), a— Te(H;a), 02 ifz=4,
&r:[0,1] = P(X), B Ic(H; ),
Ep [0,1] — P(X), v — Fe(H:7) ] (1)68 :;ii(l)
~ ~ ~ ~ H](.’IZ‘) = ’ . o
is a neutrosophic cut-cloud @ := (Hr, H;, Hp). Therefore 022 if x € {2,3},
H := (Hr, Hy, Hr) is a commutative falling neutrosophic ideal 0.66 if z =4,
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and and
0 if £ =0, {0} if t €(0.84,1],
~ ) 067 ifxe{1,3}, . {0,3} if t € (0.76,0.84],
Hp(@) =9 031 ifz—2 & 0] = PX) 229 10" 179 4y it ¢ € (0.58,0.76),
0.24 ifz=4. X if £ € [0,0.58].
But H := (Hp, H;,Hp) is not a commutative(e, €)- Then&r(t), {r(t) andx(t) are ideals ofX for all ¢ € [0,1].
neutrosophic ideal oK since Hence the neutrosophic falling shadd := (HT, Hy, HF) of
: . & = (&1,&1,¢F) is a falling neutrosophic ideal k. But it
(3x4) %2 € Tc(H;0.4) and2 € Tc(H;0.6), is not a commutative falling neutrosophic ideal¥fbecause if
) € [0,0.27), 8 € [0,0.35) and~y € (0.76,0.84], thenép(a) =
but3 « (4« (4% 3)) =3 ¢ Tc(H;0.4). {0,3}, &1(B) = {0,3} andégr(y) = {0, 3} are not commutative

ideals ofX respectively.
We provide relations between a falling neutrosophic ideal and

a commutative falling neutrosophic ideal . Since every ideal is commutative in a commutatBé’ K -

» algebra, we have the following theorem.
Theorem 4.7. Let (2, 4, P) be a probability space and let
H:= (HT,HLHF) be a neutrosophic falling shadow of a neufheorem 4.9. Let (22, A, P) be a probability space and let
trosophic random sef := (¢7,&7,&r) on a BCK-algebra. If H := (Hr, H;, Hy) be a neutrosophic falling shadow of a neu-
H:= (HT, Hy, HF) is a commutative falling neutrosophic ideatrosophic random st := ({7, {1, {r) on a commutativé3C K -
of X, then it is a falling neutrosophic ideal df. algebra. IfH := (HT,HI,HF) is a falling neutrosophic ideal

. L. ) _ of X, then it is a commutative falling neutrosophic idealof
Proof. Let H := (Hr, H;, Hr) be a commutative falling neu-

trosophic ideal of 8BC K -algebraX. Thenér(wr), £7(wy) and Corollary 4.10. Let (Q, A, P) be a probability space. For any
¢r(wp) are commutative ideals of for all wr, wr, wr € Q. BC K-algebraX which satisfies one of the following assertions
Thusér(wr), &r(wr) andgF(wF) are ideals ofX for all wr, wy,
wp € Q. ThereforeH := (Hyp, H;, Hp) is a falling neutro-
sophic ideal ofX. O

Ve,y € X)(z <y = x <yx(yxx)), (4.5)
Ve,y e X)(x <y = x=yx*(yxx)), (4.6)

(

(
The following example shows that the converse of Theorem Evm Y EX) @ (zry) =yx(y*(zx(wxy))),  (47)
(

4.7is not true in general. Vo,y,2 € X)(v,y < z,2xy<zxz = x<y), (4.8)
. _ _ Vr,y, 2 € X)(z < < = 2 < 4.9
Example 4.8. Consider a seX = {0, 1, 2, 3,4} with the binary nY e Jeszzrys<zre T<Y), (4.9)

operation which is given in Table/ let # := (Hy,H;, Hr) be a neutrosophic falling shadow of

a neutrosophic random sét := (&7,67,&r) On X, If H =

Table 7: Cayley table for the binary operation “+” (Hr, H;, Hp) is a falling neutrosophic ideal ok, then it is a
commutative falling neutrosophic ideal &f.

* 0 1 2 3 4

0 0 0 0 0 0

1 1 0 0 1 0
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