Neutrosophic Sets and Systems, Vol. 56, 2023

University of New Mexico

gV
N1 a

Neutrosophic Overlap Function and Its Derived Neutrosophic
Residual Implication

Xingna Zhang !, Qingqing Hu 2 and Xiaohong Zhang 3*

1 School of Mathematics and Data Science, Shaanxi University of Science & Technology, Xi'an 710021, China;
221711032@sust.edu.cn
2 School of Electrical and Control Engineering, Shaanxi University of Science & Technology, Xi'an 710021, China;
bs1906001@sust.edu.cn
3 School of Mathematics and Data Science, Shaanxi University of Science & Technology, Xi'an 710021, China;
zhangxiaohong@sust.edu.cn

* Cotrespondence: zhangxiaohong@sust.edu.cn; Tel.: 029-86168320

Abstract: A new concept of neutrosophic overlap function is given, furthermore a neutrosophic
residual implication derived from it is also introduced. Firstly, we give new concept of
neutrosophic overlap function and some classical examples which are introduced on the lattice.
Secondly, the concept of representable neutrosophic overlap function and its pertinent examples
are given, meanwhile the general method of constructing representable neutrosophic overlap
function by using intuitionistic overlap function is given. Finally, neutrosophic residual implication
induced by neutrosophic overlap function and its basic properties are studied.
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1. Introduction

In 1998, smarandache added an independent membership degree of uncertainty to intuitionistic
fuzzy set (IFS)[1], thus putting forward the neutrosophic set(NS) initially. NS is such a robust formal
frame extending that concepts of typical set, fuzzy set, IFS and interval-valued IFS from
philosophical viewpoint. Because IFS and interval-valued IFS that can solely address incomplete
information, but can't address uncertainty and the lack of consistent information which exists in
reality. Hence, NS is introduced. Its uncertainty can be explicitly quantified, and its true affiliation,
uncertain affiliation and false affiliation are expressed independent. However, its application is hard
to solve the actual problems, some scholars have brought forward that notion of single-valued
NSJ2], as one specific case of NS. And those relevant contents of using single-valued NS to address
decision-making issues is as follows[3-8].

Since the triangular norm has a broad range of applications in solving pragmatic issues, it is
also important to study the wide range of forms of the triangular norm in applications. The overlap
function is a generalization of triangular norm that fulfils continuity[9]. Bustince et al. gave accurate
definition of overlap(grouping) function in[10,11]. Over the past period of time, overlap function
and grouping function evolved rapidly in theory and practice. See the following literature[12-16] for
the rich achievements in the field of theoretical research about overlap function and grouping
function. In decision problems, image processing and other fields of wide application see the
following literature[17-20]. In an effort to better handle inconclusive information, some scholars
extend the overlap function [12,21] into the IFS, while introducing the method at [22].
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Fuzzy implication and fuzzy residual implication play an integral part in traditional fuzzy
logic. Fuzzy implication [23] generalizes classical implication into fuzzy logic via the consideration
of truth values varying in [0, 1] as opposed to {0, 1}. Fuzzy implication is one of the important
components of fuzzy logic and acts as a very crucial part in some fields, such as image processing,
fuzzy control, data mining see the following literature [24-26], etc. Based on the wide application of
fuzzy implication, it is necessary to research it from the theoretical viewpoint [19]. There are a few
various models of fuzzy implication for example the R-implication induced by triangular norm[27],
(5-N)-implication induced by triangular conorm and fuzzy negation[28], etc. Because overlap
function is closely related to triangular norm, in view of the research of neutrosophic triangular
norm on neutrosophic fuzzy residual implication, and referring to the research of neutrosophic
triangular norm derived residual implication in Hu and Zhang [18], it is natural to consider the
neutrosophic residual implication(NRI) induced by neutrosophic overlap function.

The second section mainly introduces the basic knowledge that needs to be used, such as
overlap function, grouping function and NS etc. And in the third section, the new concept and
related examples of neutrosophic overlap function are given. In addition, the notions and relevant
examples of representable neutrosophic overlap function and non-representable neutrosophic
overlap function are presented, respectively. Furthermore, the new concept of neutrosophic
negation and De Morgan neutrosophic triple which can express the dual relationship between
neutrosophic overlap function and neutrosophic grouping function is introduced. The general
method of constructing representable neutrosophic overlap functions by intuitionistic overlap
functions is given. The fourth section focuses on NRI induced by neutrosophic overlap function,
and concludes that every NRI induced by neutrosophic overlap function must be a neutrosophic
implication. The final section summarizes the research content.

2. Preliminaries

Definition 2.1 ([29]) O is referred to as an overlap function, if the binary map O: [0, 1] x [0, 1]-[0, 1]
fulfils prerequisites below, Vs, te [0, 1]:

a) O fulfils exchangeability;
b) O(s, t) = 0 when and only when st = 0;

d) O(s, t) <1 O(u, v) if s <1 u, t <15

(
(
(c) O(s, t) =1 when and only when st = 1;
(
(e) O fulfils continuity.

Example 2.1 The bivariate functions below are overlap functions, Vs, te [0, 1]:
(@) O, (s,t)=min(s,ymax(s*,t*);

(b) O,(s,t)=s"t",forp>0and p=1;

2st
—, if s+t=0,
() Ops(s,t)=1s+t ;

0 , if s+t=0.

(d) Oy (s,1) = mind/s, £}

Definition 2.2 ([30]) The bivariate function G: [0, 1] x [0, 1]-[0, 1] is referred to as the grouping

function, when it fulfils prerequisites below, Vs, te [0, 1]:
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a) G fulfils exchangeability;
b) G(s, t) = 0 when and only when s=0 and t=0;

d) G(s, t) <1 G(u, v)if s<iu, t <o,

(
(
(c) G(s, t) =1 when and only whens=1 or t=1;
(
(e) G fulfils continuity.

Example 2.2 The bivariate functions below are grouping functions, Vs, te [0, 1]:
(@) G (5,t)=1-min(1-s,1-t)max((1-s)*,(1-1)*);
(b) G,(s,t)=1-(1-5)"(1-1)", forp>0 and p#1;

s+t—2st
_, if s+t#2,
(©) GDB(Srt): 2—-s—t ;

1, if s+t=2.

(d) G, (s,t)=1-min{§1-s,1-1t}.

Definition 2.3 ([31]) An affiliation function pe(s) and a non-affiliation function ve(s) portray an IFS E
in S. Sis a set that is not empty. And the IFS E be denoted as

E={(s, (s),ve(s))[s €S}
In which pe(s), ve(s) e [0, 1] and satisfies the term of 0< pe(s)+ve(s)< 1.

Definition 2.4 ([2]) Truth-affiliation function Tx(s), uncertainty-affiliation function Ue(s) and falsity
-affiliation function Fk(s) portray the single-valued NS E in S. S is a set that is not empty. And the
single-valued NS E is defined as

E={(s, T;(s), U, (5), F;(s))|s €S}
In which T&(s), Uk(s), Fe(s)e [0, 1] and satisfies the term of 0 < Tk(s)+UE(s)+FE(s) < 3.

Definition 2.5 ([32]) The overlap function is a map O: L>-=L on (L; <i) which fulfils monotonicity,
commutative and continuity, while it fulfils O(s, Or)= Or, Vse L; the grouping function is a map G:
L2-L on (L; <t) which fulfils monotonicity, commutative and continuity, while it fulfils G(s, 1r)= 1z,
Vse L.

Definition 2.6 ([18]) Define the set D" in the following way,
D ={s=(s,,5,,5,)|5,,5,,5, €[0,1]}.

If se D", as above, then s has three components s1, s2 and s.
Vs, te D”, where s= (s, sz, s3), t is analogous to s. <1 on D" is defined as the order relation below,
s<1 tiff s1< t, $2> £2, $32> 3.

Proposition 2.1 ([18]) (D*; <1) is a complete lattice.

Definition 2.7 ([18]) The supplement of z is written as below, Vse D*,
5= (s3, 1-52, 51).

In particular, 1o0= (1, 0, 0) and Op= (0, 1, 1) represent the maximum and minimum in (D*; <1),
respectively.
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Proposition 2.2 ([18]) sA1 t is defined as maximum lower bound of s, ¢, and expressed as inf(s, ); sV1 ¢

is defined as minimum upper bound of s, ¢, and expressed as sup(s, t), Vs, te D*.

3. Neutrosophic overlap function

This section proposes new concept of neutrosophic overlap function and provides relevant
examples, giving the concept and examples of representable and non-representable neutrosophic
overlap function. Finally, a new method for constructing representable neutrosophic overlap
functions through intuitionistic fuzzy overlap function(IFO) is proposed.

Definition 3.1 A neutrosophic overlap function is a map O: D*x D*-D* which fulfils prerequisites

below, Vs, t, u, ve D*:

(NO1) O fulfils exchangeability;
(NO2) O(s, t) <1 O(u, v) if s <1u, t <1 v;
(NO3) O(0p*, t) =0p* or O(s, 0p*) = Op%;
(NO4) O(1p+, 1) = 1p%

(NO5) O fulfils continuity.

Definition 3.2 A neutrosophic grouping function is a map G: D*x D*—D" which fulfils prerequisites

below, Vs, t, u, v € D*:

(NG1) G fulfils exchangeability;
(NG2) G(s, t) <1 G(u, v)ifs<iu, t<iv;
(NG3) G(1p*, t) =1p* or G(s, 1p*) = 1p%;
(NG4) G(0p*, Op*) = 0p~;

(NG5) G fulfils continuity.

Example 3.1 The following binary functions are neutrosophic overlap functions, Vs, te D*
(1) O (5/8) = (Opp (81,1), G (82 £2), G (85, £3))

= (min(slrt1)max(512/t12)r1_mjn(l_5211_tz)max((l_Sz)2r(1_tz)z)rl_min(l_5371_t3)max((l_53)2r(1_t3)2));

2) 0,(5,)=(0,(5,4,),6, (5,,1,), G, (55,1,)) = (5747, 1= (1=5,) (1~1,)" 1~ (1~s,)’ (1~ £,)"),, for p>0 and p1;

25,t, s, +t, —2s,t, s5+t;—2s;t
s+t 2-s,—-t, 2-5,—t,

(3) Opg(s,t) = (Opg(81,1), G (5,,1,), Gy (55,15)) = ( ), for s, =t #0,

s,zt, #1 and s, #t; #1;
(4) Omin (S/ t) = (Omin (Sl 4 tl)/Gmin (SZ/ tZ)IGmin (53’ t3))

= (min{\fs,,/,},1-min{/T-s,,\1-£,},1-min{/T-s,,\1-1,}).

Example 3.2 The following binary functions are neutrosophic grouping functions, Vs, te D*

(1) GmM (5/ t) = (GmM (Sl ’ tl)/ OmM (Sz ’ tz)/ OmM (53/ t3 ))

=(1-min(1-s,,1-t)max((1-s,)*,(1-t,)*, min(s,, t,)max(s,’, t,”), min(s,, £, )max(s,’, t,°)) ;

2 G, ()= (Gp (Slftl)lop (Szftz)fop (s5,t3)) =(1—-(1—-5)" (A1-1,)",s,"t,",s,"t;") , for p>0 and p=1;
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+t —2st 2s.t 2s.t
(3) Gop(5,t) = (Gog (51,1,), Op (5, £5), Oy (55, 1)) = (ot — =t “Sala, 950y gor g 2, 21,
2—s,—t, s,+t, s5+t,

s,zt, #0 and s, #t, #0;
(4) Gmin (S/ t) = (Gmin (Sl 4 tl )/ Omin (SZ 4 t2 )/ Omin (S3 4 t3 ))

= (1-min{\/1-s,,\1- £} min{\/s,, /1,3, min{,/5,, £, 1) -

Theorem 3.1 Let O is a bivariate operation on D, Vs, te D*
O(s,t) =(O(s,,1,),G,(5,,t,),G,(55,85)) .
Thus O is a neutrosophic overlap function, where O is the overlap function, Gi1 and G2 are grouping
functions on [0, 1].
Proof. Vs, u, ¢, ve D* in which s= (sy, s2, s3), t, # and v are analogous to s.

(NO1) Since Gt and Gz are grouping functions, O is the overlap function, then O(sy, t1) = O(t1, s1),
Gi(tz, s2) = Gi(s, t2) and Ga(fs, s3) = Ga(ss, £3), thus O fulfils exchangeability.

(NO2) Let s<1 u and t<1 v, then O(sy, t1) < O(un, v1), Gi(sz, £2) 2 Gi(uz, v2), Ga(ss, t3) = Gz(us, v3).
Therefore, O(s, t) <1 O(u, v).

(NO3) O(0p, t)= (O(0, f1), Gi(1, t2), G2(1, t3))=(0, 1, 1)= Op*, and O(s, Op~)= (O(s1, 0), Gi(s2, 1), Gz(s3,
1))=(0, 1, 1)= Op~.

(NO4) O(1p+, 107)=(0O(1, 1), G1(0, 0), G2(0, 0))= (1, 0, 0)=1p~.

(NO?5) Firstly, we prove left continuous. That is, prove that this equation O(s, Vieiti)= Vie1O(s, t)
holds. Because the overlap function and the grouping function are continuous, so O(s, Vieiti)=
vie1O(s, ti), Gi(s, Vietti= VieiGi(s, ti) and Ga(s, Vietti)= VieiGa(s, ti) is valid.

So we can get

O(s, v t;) = (051, V51, Gi (S5, Viati2), Gy (85, Vi i)
=(V,a O, 1), Via Gy (5,,1,),Via G, (85, 13))
=Vv,40(s,t)

In this way, show that O is left continuous.

Likewise, O(s, Aietti)= Aie10(s, ti) is simple to prove, state clearly that O is right continuous. To
sum up, O is shown to be a neutrosophic overlap function.

Theorem 3.2 G is a bivariate operation on D*, Vs, te D*
G(s,t) = (G(s,,1,),0,(s,,1,),0, (53/ ts)) .
Then G can be called the neutrosophic grouping function, where G is the grouping function, O1 and
Oz are overlap functions on [0, 1].
Proof. The procedure for proving analogy Theorem 3.1.

Above Theorem 3.1 supplies the measure for constructing neutrosophic overlap functions
using overlap function O and grouping functions Gi, G2 which are defined on [0, 1]. But it requires a
condition that O= (O, Gi, G2) holds. According to this condition, we bring in the concept of
representable neutrosophic overlap function.

Definition 3.3 A neutrosophic overlap function O is referred to as representable, when and only
when, there exists O which is an overlap function on [0, 1] and Gi1, G2 which are grouping functions
on [0, 1] satisfying, Vs, te D*

O(s,£) = (O(s,, 1), G, (5,,1,), G, (55, 15)) .
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Example 3.3 The representable neutrosophic overlap function is shown below, Vs, te D*

O(s,1) = (Opg (51,11),G, (55, 15), G (85, 15)) -
Proof. The first step verifies that O is a neutrosophic overlap function holds. Vs, u, t, ve D* in which
s= (s1, 52, s3), t, u and v are analogous to s.

(NO1) Let Gi= Gy, G2= Gmm (p=2) are grouping functions, O= Obs is an overlap function on [0, 1].
Since Obs(s1, t1)= Obs(t1, s1), Gp(s2, f2)= Gp(t2, 52), GmM(s3, t3)= Gmm(s3, t3), thus O fulfils exchangeability.

(NO2) Let s<1 u and t<1 v, then Obs(s1, 1)< Obs(u1, v1), Gp(s2, t2)> Gp(uz, v2), Gmm(ss, £3) > Gmm(us,
v3). Therefore, O(s, t) <1 O(u, v).

(NO3) O(0p, t)= (OpB(0, t1), Gp(1, t2), Gmm(1, t3))= (0, 1, 1)= Op*, and O(s, Op+)= (Ops(s1, 0), Gy(s2, 1),
Gmum(ss, 1))= (0, 1, 1)= Op~.

(NO4) O(1p~, 1p7)=(Ops(1, 1), Gy(0, 0), Gmm(0, 0))= (1, 0, 0)= 1p-~.

(NO5) Firstly, we prove left continuous. That is, prove that this equation O(s, Vieiti)= Vie1O(s, t)
holds. Because of an overlap function Ops and grouping functions Gy and Gmm are continuous, so
Obs(s, Vietti)= Vie1iOps(s, ti), Gp(s, Vieiti)= VieiGp(s, ti) and Gmm(s, Viett)= VieiGmm(s, ti) is valid.

So we can get

O(s, Vi t:) = (Opy (51, Via 1), G, (5, Via ti2), G (83, Via £3))
=(ViaOpp (81, 1), Vi Gp (CH S ATHERCHS),
=V,q0(s, 1))

In this way, show that O is left continuous.

Likewise, O(s, Nietti)= Aie1O(s, ti) is simple to prove, state clearly that O is right continuous. To
sum up, O is shown to be the neutrosophic overlap function.

Finally, it is simple to show that fulfils O(s, t)= (Obs(s1, t1), Gp(s2, f2), Gmm(s3, t3)), so it must be the
representable neutrosophic overlap function.

Definition 3.4 The neutrosophic overlap function O is known as standard representable, when and
only when, there exists G which is a grouping function on [0, 1] and O which is an overlap function
on [0, 1] satisfying, Vs, te D*

O(s,1) = (O(s,,1,),G(s,,1,),G(s5,t5)) -

Example 3.4 The standard representable neutrosophic overlap function is as follows, Vs, te D*
O(s,t) = (Opg (Sl’tl)’Gp (s5,1,), Gp (85.13)) -

Proof. This procedure for proving analogy Example 3.3.

Definition 3.5 The N-dual representable neutrosophic overlap function O by the following being
defined by, Vs, te D*
OC(s,1) =(O(s,,1,),G(s,,1,),G(55,15)) -
O and G has dual relation as follows,
O(s,t)=1-G(1-s,1-t).

Example 3.5 The N-dual representable neutrosophic overlap function is as follows, Vs, te D*
O(s,t) = (Op (51 s ) Gp (sz b ) Gp (53/ t; ) -
Proof. This procedure for proving analogy Example 3.3.

Definition 3.6 G is referred to as representable neutrosophic grouping function, when and only
when, there obtains the grouping function G and the overlap functions O1, Oz on [0, 1] satisfying, Vs,
te D*

G(s,t) =(G(s,,t,),0,(s,,1,),0,(s5,t5)) .
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Other concepts can be derived from the analogy of the neutrosophic overlap function.

In recent years, there have been many extensions of overlap functions. However, due to the
limitations of existing definitions in addressing practical issues by using intuitionistic fuzzy
information, scholars have proposed IFO. In the preceding paragraphs, the representable
neutrosophic overlap function is proposed and further the below propositions propose a method to
construct new representable neutrosophic overlap function(grouping function) with IFO
(intuitionistic fuzzy grouping function).

Proposition 3.1 Where s= (s1, s3), = (1, t3),Vs, te L. O is an IFO while satisfying O(s, t)= (O(s1, t),
Ga(s3, t3)), with O being an overlap function on [0, 1], G2 being a grouping function on [0, 1]. Suppose
G1is a grouping function on [0, 1] satisfying

0<0(s,, 1) +G,(5,,t,) +G,(s;,t;) <3.
Then O(s, t)= (O(s1, t1), Gi(sz, t2), Ga(s3, t3)) is called the representable neutrosophic overlap function,
Vs, te D*.
Proof. First, we can get O(s, )= (O(s1, t1), Gz(ss, t3)) which is an IFO, and then we add another
grouping function G, satisfying 0 < O(s1, t1)+ Gi(sz, t2)+ Ga(s3, t3) < 3.

Vs, u, t, ve D" in which s= (s1, s2, s3), t, u and v are analogous to s.

(NO1) Since O(s1, t1)= O(t1, s1), Ga(s3, t3)= Ga(ts, s3), Gi(s2, t2)= Gi(sz, t2), then O(s, t)= O(t, s), thus it
shown that O fulfils exchangeability.

(NO2) Let s<1 u and t<1 v, then O(s1, £1)< O(u1, v1), Ga(ss, t3)= Ga(us, vs), Gi(sz, t2)= Gi(uz, v2).
Therefore, O(s, t)<1 O(u, v).

(NO3) O(0p~, t)= (0O(0, t1), Gi(1, t2), G2(1, £3))= (0, 1, 1)= Op+, and O(s, Op*)= (O(s1, 0), Gi(sz, 1), Ga(s3,
1))=(0, 1, 1)= Op~.

(NO4) O(1p, 10)=(0(1, 1), G1(0, 0), G2(0, 0))= (1, 0, 0)=1p-~.

(NO?5) Firstly, we prove left continuous. That is, prove that this equation O(s, Vieiti)= Vie1O(s, t)
holds. Because the overlap function O and the grouping functions Gz, G1 are continuous, O(s, Vieiti)=
Vie10(s, ti), Ga(s, Vietti)= VieiGa(s, ti) and Gi(s, Vietti)= VieiGi(s, ti) is holding.

So we can get

O(s,viat;)) =(O(s,,Viatn), Gy (S5, Viat ), Gy (S5, Vi tis))
=(V,a O, 1), Via Gy (5, 1,),Via G, (85, 115))
O(s,t,)

In this way, show that O is left continuous.

=V.

iel

Likewise, O(s, Aietti)= Aie1O(s, ti) is simple to prove, state clearly that O is right continuous. To
sum up, O is shown to be the neutrosophic overlap function.

It is simple to show that satisfies O(s, t)= (O(s1, t1), Gi(sz, t2), Gz(s3, t3)), so O is a representable
neutrosophic overlap function.

Proposition 3.2 Where s= (s1, s3), t= (1, t3),Vs, te L. G is an intuitionistic fuzzy grouping function,

while satisfying the fact that G(s, t)= (G(s1, t1), Oz2(ss, £3)), with G being a grouping function on [0, 1],

02 being an overlap function on [0, 1]. Suppose O1 is an overlap function on [0, 1] satisfying,
0<G(s,,t,) +O,(5,,t,) +O,(s;5,t,) <3.

Then G(s, t)= (G(s1, t1), O1(s2, t2), Ox(s3, t3)) is a representable neutrosophic grouping function, Vs, te

D~

Proof. This procedure for proving analogy Proposition 3.1.
The dual relation between triangular norm and triangular conorm in relation to fuzzy negation

can be characterized by De Morgan triple, which is a proper expression for the relationship between
triangular norm, triangular conorm and fuzzy negation [18]. There are also corresponding studies
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on NS. Based on the close connection between triangular norm and overlap function, one can
naturally consider De Morgan neutrosophic triple about neutrosophic overlap function,
neutrosophic grouping function and neutrosophic fuzzy negation. First, neutrosophic fuzzy
negation as an extension of fuzzy negation can be denoted by the method below.

Definition 3.7 ([18]) A neutrosophic fuzzy negaton is a map N: D*>D" that fulfils prerequisites
below:
(a) N(t)>1 N(s), Vs, te D*such as t <i's;
(b) N(Op*) = 1o+
(c) N(1p7) = Op~.

N is referred to as the involutive neutrosophic negaton when and only when that fulfils
N(N(s))=s, Vse D".

A neutrosophic negaton Ng: D*—D* satisfies the following is said to be the involutive
neutrosophic negaton, where s= (s, s, s3), Vse D,

Ng(s1, s2, s3)= (53, 1-52, 51)

Further, we define such Ng as the standard neutrosophic negaton.

Definition 3.8 O, G and N are a neutrosophic overlap function, a neutrosophic grouping function,
and a neutrosophic negation, respectively.
For this triple (O, N, G) if the conditions below holding true, Vs, te D",
N(OGs, 1))= G(N(s), N(t));
N(G(s, t))= O(N(s), N(1))-
Then such the triple is referred to as De Morgan neutrosophic triple. In addition, O and G have a
dual relationship in relation to N.

Theorem 3.3 Suppose neutrosophic negaton N is involutory, that it fulfils N(N(s))=s, Vse D".
(a) Assume G is the neutrosophic grouping function, O is expressed in the following form

O(s, t)= N(G(N(s), N(1))).
Then O is the neutrosophic overlap function. Moreover, (O, N, G) is De Morgan neutrosophic triple.
(b) Assume O is the neutrosophic overlap function, G is expressed in the following form

G(s, t)= N(O(N(s), N(1))).
Then G is the neutrosophic grouping function. Moreover, (O, N, G) is De Morgan neutrosophic
triple.
Proof. (a) Suppose N, G are the involutory neutrosophic negaton and the neutrosophic grouping
function, respectively. Vs, u, t, ve D* in which s= (s, s2, s3), t, u and v are analogous to s.

(NO1) It is pretty simple to justify that O(s, f)= N(G(N(s), N(t))) = N(G(N(t), N(s)))= O(t, s), O
fulfils exchangeability.

(NO2) Let s<1 u and <1 v, O(s, t)= N(G(N(s), N(t))), O(u, v)= N(G(N(u), N(v))), because N is
non-increasing, then N(s) 21 N(u), N(t) 21 N(v). Moreover G(s, t) <1 G(u, v) and when s <1y, t <19, then
G(N(s), N(t)) 21 G(N(u), N(v)). Hence N(G(N(s), N(t))) <1t N(G(N(u), N(v))), then O(s, t) <1 O(u, v).

(NO3) O(0p~, t)= N(G(N(0p*), N(t)))= N(G(1p+, N(t)))= N(1p)= Op , similarly O(s, Op*)= N(G(N(s),
N(0p%)))=0p~.

(NO4) O(1p, 1p*)= N(G(N(1p*), N(1p~)))= N(G(0p, Op*))= N(Op*)= 1D,

(NO5) Firstly, we prove left continuous. That is, prove that this equation O(s, Vietti)= Vie1O(s, ti)
holds. As a result of O(s, Vieiti)= N(G(N(s), N(Vieit)))= N(G(N(s), AielN(ti)))= N(rie1G(N(s), N(t))) =
VieIN(G(N(s), N(t))) = Vie1O(s, ti). Then we could get O(s, Vieiti)= Vie1O(s, ti). In this way, show that
O is left continuous.

Likewise, O(s, Aietti)= Aie10(s, ti) is simple to prove, state clearly that O is right continuous. To
sum up, O(s, t) is shown to be the neutrosophic overlap function.

Moreover, (O, N, G) is the De Morgan neutrosophic triple.
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(b) Likewise, suppose O is the neutrosophic overlap function and that G can be shown to be the
neutrosophic grouping function, (O, N, G) would be the De Morgan neutrosophic triple.

Example 3.6 The following functions are the neutrosophic overlap(grouping) functions, which are
dual in relation to Ng, Vs, te D",

(1) O (5,8) = Opi (51 11), Gt (52 £5), Gt (85, £:)) ANA G (5,8) = (G (51, 11), Ot (52, £2), O (55, 15)) 5

In fact, Omm(N(s), N(t))= Omm((s3, 1-s2, 51), (t3, 1- f2, t1))= (Omm(ss, £3), Gmm(1- s2, 1- t2), Gmm(s1, t1)), then
N(Omm(N(s), N(1)))= N(Omm(ss, t3), Gmm(1- s2, 1- t2), Gmm(s1, t1))= (Gmm(s1, t1), 1-Gmm(1- s2, 1- ¢2), Omm(s3,
t3))= (Gmm(s1, t1), Omm(s2, t2), Omm(s3, t3))= Gmm(s, t). Thus, Omm and Gmm are dual with respect to Ng.
) O,(s,5)=(0,(s,,1,),G,(s,,1,),G, (s5,t;)) and G, (s,£) = (G, (5,,1,), 0, (5,,t,), 0, (55,15)) ;

(3) Ops(s,t) = (Opg(51,11), G (55, 2), G (85, t3)) and Gy (5, 1) = (G (51, 1,), Oy (5, 15), Op (55, 15)) 5

(4) Oy (5,8) = (Opin (51, 11), G (52£2), G (55,£3)) ANA G (5,8) = (G (51/11), O (5 £2), O (55, £3)) 5

(5) O(s,t) =(Opy (Slftl)/Gp (s2,1,), G, (s5,t5)) and G(s,t) = (G, (51,£,),0,(5,,1,),Opy (5, 13)) -

We give the following theorem for non-representable neutrosophic overlap function.

Theorem 3.4 Let O be a map on D* below, Vs, te D7,

0., ifs=0Dﬁort=0D*,

D

OGs,H) =11, if s=t=1_,

(s,t,,85t5,5,t;), otherwise.

Then O is a non-representable neutrosophic overlap function.
Proof. The first step is to verify that O is the neutrosophic overlap function. Vs, u, t, ve D* in which
s= (s1, s, s3), t, u and v are analogous to s.

(NO1) The proof that O fulfils exchangeability is very straightforward.

(NO2) Let s<1 u, t<1 v. The obvious one is O(s, t) <1 O(u, v).

(NO3) O(0pr, t)= O(s, 0p*)= (0, 1, 1)= Op~.

(NO4) O(1p, 1p7)=(1, 0, 0)=1p~.

(NOb) Firstly, we prove left continuous. That is, prove that this equation O(s, Vieiti)= VieiO(s, ti)
holds. As a result of O(s, Vieit)= (si*max(t), ss*max(ti), ss*max(t)); VieiO(s, ti)= (s1*h, ss*t, ss*t1)V
(s1*t2, s3*t3, 53™t3)V (51%3, 53*t3, 53%t3)= (s1*max(ti), s3*max(ti), ss*max(ti)). We can get O(s, Vietti)= Vie1O(s,
ti). Therefore, it is show that O fulfils left continuity.

Likewise, O(s, Aietti)= Aie10(s, ti) is simple to prove, state clearly that O is right continuous. To
sum up, O(s, t) is shown to be the neutrosophic overlap function.

And then, verify that for the representable neutrosophic overlap function O whether there has
the overlap function O and grouping functions G, Gz on [0, 1] fulfilling the form O= (O, Gy, G2).

Have s= (0.3, 0.5, 0.6), u= (0.3, 0.5, 0.2) and = (0.4, 0.5, 0.8) respectively. From O(s, )= (0.12, 0.48,
0.48) and O(u, f)= (0.12, 0.16, 0.16). We get Gi(s2, t2)= 0.48 and Gi(uz, t2)= 0.16, so Gi(uz, t2)# Gi(s2, t2).
Thus, Gi(s, t) is not independent from s3, which suggests that O is non-representable.

In addition, the neutrosophic grouping function G is the dual of O in relation to the standard
neutrosophic negaton Ng, defined as below, Vs, te D*,
OD*, ifs=t=OD*,
G(s,t) = 1, if s=1 ort=1_,,

(1-(1-s)1-t)1-(1-5s,)A-t,),1-(1-5,)(1-t;), otherwise.
Then G is a non-representable neutrosophic grouping function.

4. NRI derived from neutrosophic overlap function
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This section would bring in the concept of NRI on D" and research fundamental properties of
NRI. First, the notion of neutrosophic implication is introduced on D*.

Definition 4.1 ([18]) The map I: (D*)>=D" is known as the neutrosophic implication when it fulfils
the prerequisites below, Vs, u, t, v € D*:

(a) I is non-increasing for the first variable component (in relation to the order relation <1), which
means that when s<i1 u, there is I(s, t) 21 I(u, t);

(b) I is non-decreasing for the second variable component (in relation to the order relation <i),
which means that when t<i1 v, there is I(s, t) <1 I(s, v);

(c) I(Op*, Op*)=1p%;

(d) I(1p+, 1p%)=1p%;

(e) I(1p, Op+)= Op~.

Definition 4.2 Suppose I: (D*)>>D" is a binary map. A neutrosophic overlap function O exists which
enables the following condition to hold,
I(s,t)=sup{h|he D",0(s,h) <, £}.
Thus such I: (D*)2->D* is referred to as the NRI.
When I is a NRI derived from a neutrosophic overlap function O, it is written as Io.
Additionally, a neutrosophic overlap function O fulfils the residual principle, Vs, t, he D*:
h <1Io(s, t) iff O(s, h) <1 t.

Example 4.1 The functions below are NRIs derived from neutrosophic overlap functions in Example
3.1, Vs, te D7,

(1,0,0), if s, <t;,s,>t,and s; >t,,
1-t 1- 1-t 1-t¢
1, max{l — 21— max{l — 31— 31, if s, <t,s,<t,and s, <t,,
(L max{i - =2 (1_ )} O T \Shys <hand s, <t
1-t .
(1,0, max{1 - s, 21— (1_ ) -1, if s, <t,s,2t,and s, <1,
1
(1, max{1- 1_2 , (1_ ) =10}, if s, <t,,s, <t,and s, >1;,
2 2
1 s, t - 1- 1-t 1-
o (811 = (min: LS —12 max{l - by ,1- tzz},max{l— ’ 31 2}) if s, >#,s,<t,ands, <t,
5 1_52 (1-s,) 1-s, (1_ S3)
(mm(\ji1 —+3,0,0), if s, >t,,s, 2t,and s, > ¢,
(min b —12 ax{1- ’1_ 1—(1_ 51,0), if s, >t,s, <t,ands, >t,,
l
-t 1-t, .
(min: } 0, max{1— 21— -1, if 5, >t,s, >t, and s, <t;.
51 s 1_53 1-s,)*
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o T TR

I

s1 1-s, 1-s,

Al o0,
Sl

(£ 1- _\ll_tzlo),
s 1-s,

vizh,
3

s

t
(_1/011 -
IOp:z (S/ t) = S] 1 -

(1,1_\/1—5 1_\/1—t3)

1-s, = 1-s,
(1/010)/

J1-t
(11011_ 1 3)/

7

3

J1-t
(111_ 1 = /O)r

(1,0,0),

(1L1-(1-1,)%,0),
(1,0,1-(1-t,)%),
L1-(1-t,)"1-(1-1)"),

o 070 20,0,
(t12/1 - (1 - tz)z,O),
(t°,01-(1-t)"),
(t>,1-(1-t,)",1-(1-t)),
(min{l, 5.t 3 2t, —s,t, —s, ’ 2t, —s,t,
s —t 1—252+t2 1-2s, +t,
(ming1, 113,02 = 5h "5

25, -t 1 2s, +t,
st 2t, —s,t, —s,

min{l,—1-1}, ,0),
(min{ 25, —t, } 1-2s, +t, )
(min{l1, }O 0),
25
I, (5,1)= (1,2t2—52t2—s2 2t, — 3t3—s3),

1—252+t2 " 1-2s,+t,
=83t =S,
1 2s, +1t,
2t2_52t2_ 2 0)
1-2s,+t,

@, 02 )
@

(1,0,0),
(0,1,7)

if 51>\/Er52<1_ 1-t,ands, <1-.1-t¢,,
if s, >[t;,s,21-/1-t, ands, >21—/1-t¢,,
if 5, >4t,,5, <1-1-t, ands, 21—-/1-¢,,

if Sl>\/E’5221_ 1-t,ands, <1-1-t¢,,

if 5, <\ft,,5,<1-1-t, ands, <1- «f

if 5, <\Jt,,5,21-J1-t, ands, 21—/1-¢,,
if s, <\t;,s,21—J1-t, ands; <1—f1-1t,,

if 5, <\ft;,5,<1-1-t, ands, 21— 1/

if s, <t’s,>1-(1-t,) ands, >1-(1-t,)’,
if x, <y, <1-(1-t,)>ands, >1-(1-t,)7,
if x, <y’,5,>1-(1-t,)" ands, <1-(1-t,)7,
if x, <y’,s,<1-(1-t,)" ands, <1-(1-4)?,
if s, >t°,5,>1-(1-t,)’ ands, >1-(1-t,)7,
if x, >y,%,8, <1-(1-t,)>ands, >1-(1-4,)7,
if x, >y,%,8,>1-(1-t,)> ands, <1-(1-£,)7,
if x, >y,%,8, <1-(1-t,)" ands, <1-(1-t,)".

. 1 1 1 1 1
if s, >Et1152 <E+Etz and s, <E+§t3/
. 1 1 1 1 1
if s, >5t1'1>52 25+Et2 and s, <E+Et3'
. 1 1 1 1 1
if s, >Ef1/52 <E+Et2 and 1>S32§+Et3'
. 1 1 1 1 1
if 5, >Ef1,1>52 254—51‘2 and 1>s325+5t3,
. 1 1 1 1 1
if O<S1 SEtlfsz <E+Et2 and S3 <E+Et3,
if 0<s, 31f1,1>5221+1t2 and sg<l+1t3,
2 2 2 202

if 0<s, < ;t1,52<;+;t and 1>S32%+%t3,

if 0<s, g%i‘l,1>s2 21+%t2 and 1>s32%+1t3,

if s, =t, =0,s,=t,=1and s, =t, =1.

Theorem 4.1 Suppose O is the neutrosophic overlap function on D", Vs, te D7,

I,(s,t) =sup{h|he D", 0(s,h) <, t}.

Thus Io is a neutrosophic implication.
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Proof. Vs, u, t, h, ve D* with s= (s1, 52, s3), ¢, h, u and v are analogous to s.

(a) Let s<1 u and since O is non-decreasing, {hlhe D", O(s, h)<1 t} o1 {hlhe D*, O(u, h)<1 t} then
sup{hlhe D, h<i Io(s, t)}21 supihlhe D, h<i Io(u, t)}. Thus Io(s, t) 21 Io(u, t). In other words, the first
variable of Io regarding <1 is non-increasing.

(b) Let <1 v and since O is non-decreasing, {hlhe D", O(s, h)<1 t} <1 {hlhe D*, O(s, h)<1 v } then
sup{hlhe D, h<i Io(s, t)} <1 sup{hlhe D, h<i Io(s, v)}. Thus Io(s, t) <1 Io(s, v). In other words, the
second variable of Io regarding <1 is non-decreasing.

(c) Io(0p, Op*)= sup{h|he D*, O(0p, h)<100+} = 1p%

(d) Io(1p, 1p%)=supi{hlhe D*, O(1p+, h)<1 1p}=supi{hlhe D", h<11p+ = 1o

(e) Io(1p+, Op*)= sup{hlhe D", O(1p*, h)<1 Op}= supih|he D", h<i Op+} = Op~.,

The NRI has the following important properties.

Theorem 4.2 Assume that Io is NRI, O is neutrosophic overlap function on D*. Vs, t, he D", the
follows properties are valid,

(1) Io(Op~, t)=1p*;

(2) Io(s, 1p*)=1p%

Proof. Vs, t, he D" in which s= (s3, sz, s3), t and h are analogous to s.

(1) Io(Op*, t)= 1p~ is the same thing as Io(Op+, t)= sup{hlhe D*, O(0p+, h)<i t}= 1p+, then h= 1p- for
O(0p*, h) <1 t. Then this formula is proved.

The proofs of (2)—(4) is similar to the proof of (1).

(5) I is non-increasing for the first variable component (in relation to the order relation <i),
then Io(s, t) 21 Io(1p~, t) = t.

(6) Io(s, t)=1p~ iff s<i t. Let s<i t, O(1px, s)<1 £, then Io(s, t)= 1o~ In contrast, let Io(s, )= 1o+ thus
O(1p, s) <1 t, hence s <i t.

(7) s<a Io(t, h)iff t<1 To(s, h). Since s<i To(t, h), O(t, s)<1 h. Thus, t<ilo(s, h). Likewise, s<i To(t, h)
can be proved from ¢ <1 Io(s, h).

(8) s <1 Io(t, Io(s, t)). Since O(¢, s) <1 O(s, t), then s <1 Io(t, Io(s, t)).

Example 4.2 These concrete cases about NRI deduced from neutrosophic overlap function as shown
in Example 4.1 are given. And it is readily proved that NRI deduced from neutrosophic overlap
functions satisfy the properties characterised by Theorem 4.2.

Furthermore, for the non-representable neutrosophic overlap function, using the neutrosophic
overlap function got from Theorem 3.4 as an example, Vs, te D*,

1D*, ifs=0D*ort=0D‘;or s=t=1Dr,
I (s,£) =1 (1,[0,1], maxg’, 53y, if 5 <t
s, s,
: bt ,
(_/[0/ 1]/ max{_/_})/ lf Sl > tl'
s S, S,

Then it follows that Io(s, t) is a neutrosophic implication, while the properties from Theorem
4.2 is satisfied.
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5. Conclusions

As an important part of NS theory, neutrosophic logic plays an significant part in it.
Neutrosophic overlap function, neutrosophic grouping function and neutrosophic implication
which are crucial neutrosophic logic operators. For the first kind of inclusion relationship, the
definitions of neutrosophic overlap function (neutrosophic grouping function) on (D% <i) are
defined and related examples are given. At the same time, new definitions of representable and
non-representable neutrosophic overlap function are proposed. In the next place, based on the close
relationship between overlap function and triangular norm, a new description of neutrosophic
negation is offered through analogy research, then the dual relationship between neutrosophic
overlap function and neutrosophic grouping function on neutrosophic negation is described.
Moreover, we show that definition of neutrosophic implication is given based on (D*; <1) and the
basic properties of NRI are studied. Finally, the result that NRI induced by neutrosophic overlap
function must be neutrosophic implication is proved. Based on these results and some new results
[33-42], we consider applying them to generalized neutrosophic overlap function and neutrosophic
inference systems of the future.
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