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1. Introduction and Preliminaries

Zadeh [1] defined the concept of fuzzy set in 1965. After that, many authors have introduced
and discussed several notions of generalizations of this fundamental concept. In the year 1968
Chang [3| initiated and study fuzzy topological spaces. In particular, the concept of intu-
itionistic fuzzy sets (IFSs for short) was first investigated by Atanassov [4]. This concept was
extended and modified to intuitionistic L-fuzzy setting by Stoeva and Atanassov [5], which cur-
rently known by ”intuitionistic L-topological spaces”. Using the cocept of intuitionistic fuzzy
sets, the concept of intuitionistic fuzzy topological space was introduced by Coker [6}15,(16].
In diverse latest papers, F. Smarandache modified the concepts of intuitionistic fuzzy sets
and different styles of sets to obtained neutrosophic sets (NSs for short) [7]. F. Smarandache
and A. Al Shumrani obtained the concept of neutrosophic topology on the non-general and
standard interval [8,9]. Several authors was extended this principle with many applications
(see [10,|19H23]). Recently, Alomari and Smarandache [11,/12] introduce and discussed the
concepts of continuity in neutrosophic topology, neutrosophic closed and open sets in neu-

trosophic topological space, they also defined the notion of neutrosophic connectedness and
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neutrosophic mapping.

W. Al-Omeri et al, [13] introduce the concept of neutrosophic metric space. That is a gen-
eralization of intuitionistic fuzzy metric space due to Veeramani and George [17]. Zhang and
Huang [18] focused on this new notion of cone metric space and they discussed some fixed point
theorems for contractive type mappings. In 2019 wadei Al-Omeri et al. [13] introduced a new
concept known by "neutrosophic cone metric space” which is generalized the corresponding

concept of intuitionistic fuzzy metric space.

In intuitionistic fuzzy metric space, Bag et al |2] extended the concept of (0, ¥)-weak con-
traction, then by using the altering distance function he proved some fixed point theorems.
Metric fixed point and cone metric space results are played a remarkable role in the study of
(®, ¥)-weak contraction to neutrosophic cone metric space

The purpose of this paper is to introduce a new results about the property (P). In addition,
some fixed point consequences with the aid of combine all the principles of these papers for a
few contractive type mappings for such mappings in entire metric spaces on complete ordered

triangular neutrosophic metric spaces.

2. Historical Background

In this part, we have studied some basic notions such as continuous ¢-norm, induced topology
and neutrosophic cone metric space (NCMS, shortly) the which is defined as 7(X,E). A
sequence {u,,} in an neutrosophic cone metric space (X, =, 0, ), ¢) is said to be Cauchy when
every z > 0 and € > 0, there exists a natural number mg such that M (u,, un,,z) > 1 — € and
N (U, up, 2) < € for all m,n > mg. Also, (3,Z,0,Q),¢) is said to be complete NCMS when

each Cauchy sequence in NCMS is convergent with respect 7(%, Z).

Definition 2.1. [13] For any neutrosophic metric space (3, =, 0, ), <), the sequence {x,,} is

said to be neutrosophic cone contractive sequence if there exists ¢ € (0,1) such that

L 1< g ! 1)
:(61761n+17m)

E(€1n+1a €1n+42; m)
M

O(€1n11s€1nr2:m) < ¢O(€1, €141, m) for every n € ©.

Definition 2.2. [13] Let (X,Z,0,Q),¢) be a neutrosophic CM S and an identity mapping
k : 3 — X. Then k is said to be neutrosophic cone contractive if there exists 0 < ¢ < 1 such
that
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1 —-1< q(; -1)
E(k(e1), k(e2), m) ~ E(e1,€2,m)

O(k(e1),k(e2),m) < qO(e1, €2, m)

for each €1,€e9 € 3 and m > 0g. The constant ¢ is said to be contractive constant of k.

Definition 2.3. [14] For any neutrosophic CMS (X,E,0,),¢) and the mappings H, T :
Y, — ¥. Then the mapping H is called neutrosophic (®, ¥)-weak contraction with respect to
T if there exists an alternating distance function ® and a function ¥ : [0,00) — [0, 00) with

U(s) > 0 for ¥U(s) =0 and s > 0 such that

1 1
E(H(er), Hiea), H(es),m) lo) = ‘II(E(T(Q),T(GQ),T(eg),m)

D( —1lg). (2.1)

hold for all €1,e2,e3 € = and every m > O. If T is the identity map, then H is called

neutrosophic (®, ¥)-weak contraction mapping.

Example 2.4. Let ¥ = [0,00) and d(r,s) = |r — s|. Define the self-map I" on ¥ and 3 :
¥ X ¥ — [0,00), respectively by the formulas I', = /r, and 5(r,s) = exp(r — s), whenever
r > s and f(r,s) = 0 whenever r < s for all r,s € ¥. Then I is S-admissible

Definition 2.5. [13] Let (£, Z,0, @), <) be a neutrosophic cone metric space. The cone metric

(3, E) is said to be triangular when

1 1 1
-1

IA
|
—_
+
|
—_

E(u,v,n)

O(u,v,n) < O(u,w,n) + O(w,v,n) for all u,v,n € ¥ and n >0

A self-map H : ¥ — X is said to be orbitally continuous at e; when for every sequence
{(i)}i>1 with H*De; — b for few b € B, we have H* O+ — H,. By [14], here H™ ! =
H(H™). Finally, we define the orbit of H at e; by O(e1,00) := {e1, Her, Heq, ..., He1, ..}

We say that H has the strongly similar property whilst (H" 'y, H"y) € L« for each n > 1
and m > 2, where y € F(H™).

3. Existence result

In this part, we have studied some special mappings of discontinuity.
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Theorem 3.1. Let (X,2,0,Q,¢) be a complete ordered triangular NMS, 6 € (0,1) and H a
self-map on % satisfying

in { [1—ZE(Hu, Hv, t)]? [1 - Z(u,v,t)][1 — Z(Hu, Hv,t)] [1 —Z(v, Ho,t)]? }
EQ(HU Ho,t) 7 E(u, v, t)Z(Hu, Ho, t) " E2(v,Ho,t)
Cmin { (u, Hu, )2 [1 — Z(v, Hv, t)][1 — Z(u, Hv,t)] [1 — Z(v, Hu, t)]? }
=2(u, Hu,t) E(v, Hu, t)Z(u, Ho, t) T E2(v, Hu,t)
- 5 E(u, Hu, t)][1 E(v,?—[v,t)].

E(u, Hu, t)Z(v, Hv, t)
Thus, for all uw,v € X.if T has the strongly comparable property, then T has the property
(P). Moreover,If there exists ug € X such that (H™ ‘ug, H™ug) € S« for allm > 1 and H is

orbitally continuous at ug, then T has a fized point.

Proof. To prove that ‘H has the property (P). Let n > 2 be given and u € T(#H,). Since H
has the strongly comparable property, we can put z = H™ 'u and v = H™u in the condition.
Then we have
in { 1 —Z(H™u, H™ w02 [1 = ZE(H™ u, H™u, O)][1 — E(H™u, K, t)] }
2(Hmu, H™H o, t) E(H™  u, Hmu, ) E(H™u, H™Hu, t)
— E(H™ Y, H™u, )][1 — Z(H™u, H™ o, t)]
E(H™ Lu, H™u, ) E(H™u, H™Hu, t) ’

[1]

—_

Sé[

Therefore,

and so we get two cases.

c I [1— Z(u, Hu, t)]? < 5[1 — Z(H" Lu,u, 1)][1 — Z(u, Hu, t)]

ase % =2(u, Hu, t) - SE(H " u,u, t)=Z(u, Hu, t) '

1

We claim that ,—( Hu, ) =0. If —‘( W) —1>0. Then —‘( ’Hu,t) —1= m—l S
5E(Hm—1u,7{mu t) -1

Again, by putting 2 = H™ 2u and y = H™ v in condition, we obtain

e f1 - E(H™  u, H M, t))2 [1 = E(H™ 2w, H™ L, 0)][1 — E(H™ Lu, H™u, t)]
E2(HmLu, H™u,t) SE(H™ 2w, H™ L, ) Z(H™ Lu, H™u, t)
< 5[1 — E(H™ 2u, H™ L, t)][1 — E(H™ Lu, H™u, t)]

- E(H™ 2y, H™ L, ) Z(H™ Lu, H™u, t)
Again, we get two cases. Let
min { 1 —Z(H™  u, H™u, t))? < 5[1 — E(H™ 2u, H™ Y, t)][1 — E(H™ Yu, H™u, t)] } .
E2(H™ tu, H™u,t)  — E(H™2u, H™ Lu, ) Z(H™ Lu, H™u, t)
Ifm 1 =0, then ™ 'u = u and so u = H™u = Hu. Ifm 1>0,
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1
then smrm=r 2y — 1 < 5[E(Hrn T Tu )
[1—2H™ 2

P
— 1]. Now, let

JH™ L )][1 — E(H™ Lu, H™u, t)]
=(H™ 2, L, )2 (K Tw, Hw, £)
— E(H™2u, H™ L, )1 -

—_

S5[

(Hm—lu Hmu,t)]
E(H™2u, Hm 1, t)2 (Hm Lu, Hmu, t)
In this case we should have = 2u e i
u = Hu), because if =

= 0 or E(H™- 11u Hrut) —1 =0 (and so
ym— Qule ) —1>0and = lu ) —1>0, then we get 6 > 1
which is a contradiction. By continuing this process, we have
1 1 1
= —-1<9
=(u, Hu, t) E(’Hmu Hmtlu, t) - [
1
< 62
| EH™ 2, H

O Il
1
—1l<..< 5’”[
;1) } (
and so Hu = u

-1
=(u, Hu, t) }
which leads us to § > 1 which is a contradiction. Thus, in this case we obtain =

1
u,Hu,t) 1
Case TI 1= =0t w )L — E(u Hu )] ([ = EG T, w ][ — S(u, Hu, )]
S w0 (w Ha ) 70 B u, )E(u, Hu, 1)
In this case, we should have m 1=00r 50t Hu 3
L 1
lf F‘(Hm 1’LLH’lLt) 1 > 0 and W —

—1 =0 (and so u = Hu) In fact
we consequence that T'(Hm) C T'(#H). Therefore, H has the property
Now, define 41

1> 0, then 6 > 1 which is a contradiction. Therefore
Hup, = H  ug for all n > 0. If uyg = Upy—1 for some natural number

ng, then u,, = uy, for all n > ny and uyg is a fixed point of H. Suppose that u,, # u,—1 for all
n > 1. Now for each n > 1, by using the hypotheses, we can put v = u,,_1 and y = u,, in the
condition. Therefore we obtain

min { L R R R ) L
(uma um+17t) -
1

(umv Um+1, t)]
E(Um—1, Um, 1) Z(Um, Um+1,1) }
E(tm—1, Um, D)][1 — Z(tmy Um1,1)]
- E(Um—1, Ums ) E(Up, U415 )
Since 6 < 1

i { LSl O 1

2(uma um+17t) ’

-g

E(Um—1, Um, t)][1 —

E(tUm, Um+1, t)]
E(tm—1s Uy V) E (U Umnt1, 1) }
1~ St 1)
2 (U, Up 11, )
Hence
L« 5<H L 1).
=2 (U U1, 1) 2(Upy—1, U, )
By continuing this process we obtain
1

1
— —1<o™
I:‘2(/11“!7’“u’rn-i—lyt) < 2(
in Neutrosophic Theory

-1
=2(ug, u1,t) >7
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7

for all m > 1. Thus for each natural number k£ we have

( uwu’b-‘rlu >

L 1
52(UO,’U,1,75) '

Then, {u,} is a Cauchy sequence. If (X,Z,0,Q)

1

EQ (um) um+k7

m+k—1
—1< Z
6m
1-6

m-+k—1

2

( uo,ul,t) a 1)

<

,©) is a complete NMS, then there exists
v € ¥ such that u,, — v. Since H is orbitally continuous, tm+1 = Hy,, — Hy. This implies
that HU =v.0

Theorem 3.2. Let (3,=2,0,Q),©) be a complete ordered triangular neutrosophic metric space
c€[0,1), b>0, n a nonnegative integer and H a selfmap on ¥ satisfy the condition

[1 — E(Hu, H 20, 1))2

B2(HrHy, H A2 1)

[ — Z(H u, H o, t)]

+b

[1-

[1—Z(H "o, H 20, 1)]
E(H u, H+u, )2 (H Lo, Hi 2o, 1)
(Hu, K" 20, )][1 — E(H o, H u, t)]
(H™u, 20, t)

[1]

(1]

E(H o, Hrt L, 1)

for all u,v € Y. Suppose that there exists ug € ¥ such that (H™ 1xg, H™ug) € S« for all

m > 1. If H is orbitally continuous at ug or n = 0, then H has a fized point. Moreover, H
has a unique fixed point whenever b < 1. If ‘H has the strongly comparable property, then H

has the property (P).

Proof. Define vy = H" ug and 1,41 =

[1 —E(ul,u2,t)]2 [1

= Hx,, for all m > 1. Then

_ E(Hn-f—lu[)’ an-l-QUO7 t)]2

[1 — Z(H uo, H" g, t)]

=2 (/Hn+1U0, f)l_[n+2uO7 t)

<. [ H(/Hn-‘rluo Hn+2u[),t)]

- E(H ug, HHug, t)Z(H  ug, H 2, t)

+b[1 — E(H ug, H" 2ug, t)][1 — E(H M ug, H  ug, t)]
E(H uo, H'Hug, t)

=C

[1]

(1 — Z(H ug, H" M ug, t)][1 —

E(’H"‘Huo Hn+1uO t)

—

(Hn+1uO Hn+2u(), t)]

—_—
=)
—

(H"ug, 7-[”+1u0,
E(H ug, H" Mg, t)

]
E(H™ Lug, H' 20y, 1)
H (u17 U2, t)]

(H"Uo, H”+1UO, t)"(ul, ua, t)

W. F. Al-Omeri, The Property (P) and New Fixed Point Results on Ordered Metric Spaces
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If m —1 =0, then Hu; = us = u1 and so H has a fixed point. If 75(7“%”2,” —1> 0, then
1 1 ..
S 1< CEu D) 1. Similarly, we have.

[1 — E(UQ, U3,t)]2 _ [1 — E(H"+2UO,H”+3uo,t)]2
EQ(’U,Q,’U,g,t) :2<Hn+2U() H”+3UO,t)
[1 — E(H" g, H" 2 uo, )][1 — E(H"ug, H"Pug, t)]
- E(H”+1UO 7‘[”+2UQ t)E(H"+2uo Hn+3uO t)

N b[l _ E(H"+lu0 /Hn—i-duO t)][ (Hn+2’LL0 H”+2u0,t)]
E( "+1u0 H”+3UO, )E(HnJrZUO H"+2u0 t)
B C[l — E(H" Mg, H 2ug, )] [1 — ZE(H"2ug, H Bug, t)]

(%n+1u07 Hn+2u07 t):(Hn+2u07 Hn+3u07 t)

[1] [11

_ C[l - (u1>u27t)”1 — E’(u27 U3,t)]
E(Ul, Uz, t)E(UQa ug, t)
If m 1 =0, then Hus = ug = ug and so H has a fixed point. If _(u%u o) —1>0,
1 1 1 1 S
then m 1 < C[m — 1] and so W -1 <c [m — } By Contlnumg
this process we get that m —1< " [m — 1] for all m > 1. This implies that

{um} is a Cauchy sequence. Since (X,=Z,0,Q),¢) is a complete neutrosophic metric space,
there exists x € ¥ such that u,, — z. If H is orbitally continuous, then Hu,, — Hx. Hence,
Hr = x.

If n =0, then for each m > 2 we have

1 — ZE(Hz, H™uog, t)]? < C[l — E(z, Hz, H)][1 — E(Htm—2, H*Um_2,1)]
E2(Ha, H™ug,t)  — E(x, Ha, t)Z2(Hum—2, H*Up—2, 1)
1 —Z(z, H?um—2,)][1 — E(Hup—2, Hr, 1))

b
+ E(z, H*Um—2, t) E(Htm—2, Hx, t)

Since u,, — x, we have

1
E(Hz,z,t) E(

[l —E(z, Ha, t)]
)E(z, Ha, t)

zt) =0
x,t

and so Hx = z. Now, we show that H has a unique fixed point whenever b < 1. Let x and y

be fixed points of H. Then, we have

| 2 1 ?
<:<:cyt> - 1) :<E<Hn+1x,%n+2y,t> - 1)
[1— E(H" ", 1", )][1 — E(H™ Ty, ™y, 1)]

<

=¢ E(H”m 7—["+1x,t)E(H”+1y ’Hn+2y t)

L= SO ey O] — Sy W 1) Ly
E(H e, {2y, OE(H y, Ho e ) O\ E(,y,.t)

Hence, _(z ) — 1= 0 because b < 1. Thus, x = y and so ‘H has a unique fixed point. Finally,
we prove that H has the property (P) whenever H has the strongly comparable property. Let
m2 be given and y € T(Hm). We consider the following cases. Case I. n = 0. In this case,

W. F. Al-Omeri, The Property (P) and New Fixed Point Results on Ordered Metric Spaces
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we have
(s 1) = ; )
E(y, Hy,t) EH(H™ty), HA(H™1y), 1)
L E(H™ 'y, H™y, D[ = E(H™y, H" 1y, t)]
B E(HM Ly, Hmy, ) E(H™y, H™Hy, 1)
+b[1 —E(H™ y, H™ y, ][ = E(H™y, H™y, )]
E(HM Ly, Hm by, )E(H™y, H™y, 1)
=Sy D)l — E(, Hy, 0]
E(H™ 1y, y,t)=(y, Hy, t)
Ifm 1=0thenHy =y. Ifﬁ(myt) 1 >O,thenm—l SC<M—

1). By using a similar argument as in Theorem and continuing the process, we obtain

1 1 1
N — —1<ec|= -1
E(y, Hy, ) E(H™y, H™ 1y, t) [:(Hm‘ly,ﬂmy, t) }

1 1
302& —1}3...§cm[ﬁ—1].
E(H™ 2y, H™ Ly, 1) E(y, Hy, 1)

Since ¢ < 1, Hy = y.
Case II. n > 1 and m < n. In this case, choose a natural number x4 and an integer number
0 < v < m such that n + 1 = um + v. Then, we have H™(H™ Vy) = H" 1 (H"Yy) =y, and

SO

1 2 1 2
(1) oo s )
L= ZO0 Gy, 1 (), ][ = S (), K H ), )
— E(’Hn(’Hm v ),Hn+1(Hm uy 7t)E(’Hn—‘,—l(’Hm v )7’Hn+2(7_[m—uy)7t)
(L= S (), H 2 (), )1 = S (H ), HH (), )
E(HM(H™vy), Hr P2 (Hm—vy), SR (R —vy), H (R vy), 1)
[1-EH™ 'y, y. ][1 - E(y, Hy, t)]
E(H™ 1y, y, 1)E(y, Hy, 1)

— 1 = 0 then Hy = y.

+b

=C

If 1 > 0, then =

1 If 1 _ 1 _
E(y,Hy,t) E(z,Hy,t) E(H™y,H™Fyt)
c m — 1>. By using a similar argument as in Theorem [3.1] we obtain

1 1 1
R — —1<ec|= —1
E(y, Hy, 1) E(H™y, Hm Ty, t) [:(Hm‘lyﬂmy, t) }

1 1
302[H _1}3..5@[”_1].
E(H™ 2y, Hm Ly, t) E(y, Hy, t)

Since ¢ < 1, Hy = y. Thus, T(H™) C T(H). Therefore, H has the property (P). g
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Definition 3.3. Let (X,Z2,0,),¢) be a neutrosophic metric space and ‘H a selfmap on X.
Then, H is said to be a convex contraction of order 2 if there exist r,s € (01) and ¢ > 0 with
r + s < 1 such that

_1—1§T|:H1—1:| —|—S|:_1—1:|

E(H?u, H?v,t) E(Hu, Ho, t) =(u,v,t)
for all u,v € X. Also, H is said to be a convex contraction of order 2 if there exist r1, 79, $1, 82 €
(0,1) with r; + r2 + s1 + s2 < 1 such that

1 1 1
_1< _ _
=0 o) ST [E(u, Hu, 1) 1} T [E(Hu,?—[zu, ) 1}

1 1
| |
o [E(v, Ho, t) } o2 {E(Hv, H2v,t) }
Yu,v € X

Theorem 3.4. Let (3,Z,0,Q),©) be a complete order triangular NMS, r,s € (0,1) with

r+s <1 and H an orbitally continuous selfmap on ¥ satisfy the condition

1 1 1
_1< _ _
=00 o) [E(Hu,%v,t) 1] s [Em, o t) 1]

for all u,v € L«, then H has a unique fized point. Also, T(H) = T(H?).

Proof. Define u,, = H™ug for all m > 1, y =

1
Thus E(HZuwo, Huo 1)

in the condition. Thus, we obtain

1 1 B
g~ LT Sty — Loand 0 =r+s.

— 1 < y. Now, by using the assumption, we can put u = Hug and v = ug

1 1 1
—-1< -1 _ 1| <6
E(HSUO,HQUO,t) - T[E(HQUO,HUOJ) :| * S[E(UQ,HUQ,t) :| =Y

Now, by putting © = H?up and v = Hug in the condition, we get
: 1< ! 1 + ! 1
_ r _ sl -
E(H4U0, H?’UO, t) B E(HS’LLO, HQUO, t) E(HQUO, uo, t)
1
2 2
r 1| +rs|l=———-1|+s|=—5—- — 1| <.
- [E(HQUO,HUO,t) :| [E(UQ,HUOJ) :| [E(HQUO,Uo,t) :| =2y

N

Again, by putting v = H3ug and v = H?ug in the condition, we obtain

1 1 1
—1< —1 1
E(Hbug, Hiug, t) = {5(%4%,%3%,@ } T [E(HSUO,H%OJ) }
1
<(r -1 2|l m0——1
- (T + 1"8) [E(HQUO,HUO,t) :| trs [E(UO,HUO,t) :|
+ L 1] + L 1
T8 — S|l=——F—— —
E(’H2UO,HU0,t) E(UO,HUO,t)

:(7’3+2r8)[ ! . )—1} < oy,

E(/H2UQ,/HUO775) E(UO, Huo, t

W. F. Al-Omeri, The Property (P) and New Fixed Point Results on Ordered Metric Spaces
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By continuing this process, we get = +1u10,Hmu0, b 1 < 6 1y Vm > 3. This implies that

1 m—1 1 m—1 §i—2
-1< : : —-1) < 82y < — .
=2(Hmug, H™ug,t) = 2 (E?(’H%uo,wﬂuo,t) > = z; Y=1-¢"

i=n
for all m > n > 3. Hence, {u,,} is a Cauchy sequence. If there exists z € ¥ such that u,, — .
Then (X, E, 0, ), ) is a complete neutrosophic metric space. Since H is orbitally continuous,

Hum — Hx and so Hx = x. Now, we show that H mapping has a unique fixed point. Let v
and w be fixed points of H. Then

1 1 1 1
S S | S ) . S _- 1
E(v,w,t) E(H?v, H?w, t) =" E(Hv, Hw, t) ] s [E(v,w,t) ]
1
- -
(r+ S)E(v, w, t)

Since r + s < 1, we get Hv =v.

Theorem 3.5. Let (X,E,0,Q),0) be a complete order triangular neutrosophic metric space,
r1,72,51,52 € (0,1) with ry + 1y + s1 + s2 < 1 and H an orbitally continuous selfmap on X

satisfy the condition

1 1
- 1< |1 e |
E(Hu, Heo,t) =0 [E(u,Hu, t) } +r [E(”Hu,?—ﬂu,t) }

1 1
i [E(v,’ﬂv, - 1} M {E(M,H?v, B 1}

Yu,v € Y. If there exists ug € X such that H™ tug, H™ug) € X« Vm > 1, then H has a
unique fived point. Also T(H) = T(H?).

Proof. Define uy,, = H™ug, for all Vm > 1, and set y = — 1 Also,

1 1
E(uo 720 L S Huo )
put 0 =71 +r2 + 51 and A = 1so. We prove that

E(H™ ug, HMug,t) = \ N Y

for all m > 3. Note that

1 1 1
—1<L - —1 —1
E(H?’UQ, H2uy, t) =" |:E(u(), Hug, t) :| e |:E(HUQ, H2ug, t) :|

1
S S —1
T |:E(u03 %u(b t) :| M [E(HBUOa 7‘[211,0, t) :|

1
<1y 4 (r1+51)y + s2 [:(H?’uo Houod) 1].
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Hence, m —-1< (%)y Now, by using the assumption, we can put u = Hug and

v = H?ug in the condition. Thus, we obtain

E(HSuo,l Huo, 1) [E ’Huo,’quo, ) 1] ”2[5(%%01%%0,15) B 1]
te [5 H2uo, H3u0 ) } =(H3uo, ’H4u0 ) 1]
<ry+(ri+s )%—281@/4—8 [5(7'[3160 Hiuo D) 1].
Hence, m —-1< (%)y. Similarly, we have

1
E(HSUQ, 7‘[4UO, t)

1 1
—1 —1
E(H3uo, H?uo, t) ] e [E(?—[4u0,7{3u0,t) ]

—1§T1[

1 1
+ s —1 + s — —1
' [5(H4U0, H3up, t) } ? L(H%o, HAug, t) }
rtrat s

r1+ 1o+ 81 ny 1 1
1— 59 4 2 E<H5U0, H4UO, t) ’

< 7"11_7821/ + (r2 + 51)

2
Hence, =7t —1< (2 . Also, by using the assumption and putting u = H3uy and
E(HOuo,HAuo,t) A Y

v = H*ug in the condition, we obtain

1 1 1
1< 1 1
E(Houg, Houg, t) = * [E(H3uo,7{4uo,t) ] e [E(H4UO,H5UO,7§) ]

+
2

1 1
—1 —1
[ (HAug, Houo, t) ] +S2[E(H5u0,7-[6uo,t) ]

> (1]

Jy + (r2 + 81)blg(i)2y e [E(H%o 17-[6u0 t) 1}

- (Xf i

o (5)y+ (r2+s1) (%)y + (§)252 [5(7{5“0,17-[%0, £ 1”
-’
[

| /\

A\ 2 1
Jy+ (ra+s1)y+ (5) SQ[E(H%O,HGUOat) - 1”

> | >

)(r+1+7“2+81)v+(%)2 [ (’}-[5u01’}-[6u0, )_1”

Jr+1+r+ s1)%v + (A)?s2 [ (7'[5u0,17‘[6“07t) - 1”

[1]

| > | >

[1]

which implies

A

(5

1 1
)’ [E<H5uo,ﬂﬁuo,t> - 1] 1= () {Em%,ﬂﬁuo,w - 1} < (%

Hence

1 0.3
-1 <(=)y.
[E(H5u0,7-[6u0,t) ] <(3)
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By continuing the process, we get [E(’H%ol’f-[ﬁuot) — 1] < (%)m_2 for all m > 3. This implies

: <3 ! D) <SGy < A
22(Hug, H™ug, t) P E2(Hiug, Hit ug, t) . )\ 1 -9 Y

i=n

| /\

for all mn > m > 3. Hence {u,,} is a Cauchy sequence. Since (X,Z,0,),¢) is a complete
neutrosophic metric space, there exists x € ¥ such that u,, — x. Since H is orbitally contin-
uous, Hu,, — Hr and so Hr = x. Now, we show that H has a unique fixed point. Let v and

w be fixed points of H. Then,

1 1 1 1
1= 1< 1 S
=0, w,1) EHe0, Hew, ) [E(Hv,v,t) } T [E(”Hv,?—l%,t) ]

+

1 1
-1 _
o1 [E(w,Hw,t) ] 2 [E(Hw,?—ﬂw,t)
and so v = w. Now, we prove that T(H) = T(H?). Let v € T(H?). Then, we have

1 1 1 1
- - @ 1= - 1< - -
S Ho D) R e =T [E(Hv,?—[%,t) 1] T2 5020, 310, 1) 1]

1 1
g | omam |

=(T1+r2+81+82)[

_l’_

Z(v, Ho,t) 1]'

Since r + s < 1, we get Hv =v g

4. application

Example 4.1. Let ¥ = [0, 00), be endowed with d(u,v) = |u — v|, E(u,v,m) = dtasy and
O(u,v,m) = mi(d(u)v) for all u,v € ¥ and m > 0. Define the selfmap H on ¥ by Hu = 0

whenever 0 < u < 10, Hu = ©10 whenever 10 < v < 11 and Hu = 1.1 whenever v > 11. Then
by putting § = % Therefore, the condition of Theorem is satisfied for H.

Example 4.2. Let ¥ = [0,00), be endowed with d(u,v) = |u — v|, E(u,v,m) = Tty and
O(u,v,m) = mi(d( v) ) for all u,v € ¥ and m > 0. Define the selfmap H on X by Hu = 0

whenever 0 < u < 100, Hu = ul00 whenever 100 < « < 100.1 and Hu = 0.15 whenever
u© > 100.1. Then by putting § = % n = 0. Therefore, the condition of Theorem is satisfied
for H.

Example 4.3. Let ¥ = {1, 3,5}, be endowed with d(u,v) = |u—v|, E(u,v,m) = #(uv) and
O(u,v,m) = mi(s(’z)v) for all u,v € ¥ and m > 0. Define <= {(1,1),(3,3),(5,5)} the selfmap

H on X by H1 =3,H3 =1,H5 =5 Then, by putting ug =5, r = %and s = % , we conclude
that the condition of Theorem [3.4] is satisfied.
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Example 4.4. Let ¥ = {1, 3,5}, be endowed with d(u,v) = |u—v|, E(u,v,m) = #(uv) and
O(u,v,m) = mi(g(’Z?U) for all u,v € ¥ and m > 0. Define <= {(1,1),(3,3),(5,5)} the selfmap

H on X by H1 = 3,H3 = 1,H5 = 5 Then, by putting ug = 5, r; =ro = 51 = 59 = % , it is
easy to verify that H satisfies the conditions of the last theorem [3.5] and so H has a unique

solution.

Here the Cauchy sequence in neutrosophic metric space, complete neutrosophic metric space

and complete ordered triangular neutrosophic metric spaces examples are introduced.

Example 4.5. Let £ = 1 : n € N with the standard metric d(u,v) = |u—v|. For all p,v € &
and a € [0,00), be defined by

>
a+d(p,v)’

0, ifa=0
d(p, v)

o, v ) = Jka+ d(u,v)’
1, ifa=0

if a>0,
E(p,v,a) =

if a>0,k>0

if a>0.

T(:“Jv v, a) = d(lj): V)

for all p,v € ¥ and a > 0. Then (X, Z, ¢, T, x, <) is called complete neutrosophic metric space
on Y, Here x is defined by p* v = p,v and < is defined as pdr = min{l, u + v}. Define
o(p) = p, p(v) = v. Clearly 0(X) C p(2), Also for k = %, we get

a g e
E(O’(M),p(]/)7—) = 3 > = E(O’(,U,),p(l/)
3) T T dlo(0) o)~ o A
= — — vl — lwll
Example 4.6. For r > 0, let Z(y,r) = T+T|y||’ o(y,r) = T Y(y,r) = . Then (N, V,,$)
is an Neutrosophic norm space (NNS). Now,
lim r — 1 lon vl g gy D=9l
i T T | b g —p | b 7

u,lulgloo = =) = 1,%}/13100 O — Y1) = O’u,}/lgoor(y“ ~Yu,7) =0, asr — oo.

This shows that {y,} is a Cauchy sequence in the NNS (N, V, *, $).

Example 4.7. Choose H as natural numbers set. Give the operations * and <) as Triangular
norms (TN) px v = maz{0, u + v — 1} and Triangular conorms (TC) udv = p+ v — pv. for
all y,ve Hya >0

H, if p<v,

v

E’(M?”aa): 1% .
) /Lf V<M7
1%
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V_uaif pxr < v,
= _ Y
‘—‘(M’Vaa) w—v
] Zf v <,
x
v—p, if p<v,
E(p,v,a) =

w-v,if v<pm
Then, (H, N, *,<) is Neutrosophic metric space NMS such that N : H x H x R — [0, 1].

5. Conclusion

In this article, I gave some results about the property (P). Moreover, I study and provide
fixed point theorem for such mappings on complete ordered triangular neutrosophic metric
spaces (NMS). Also stated and proved some results which extensions from the reference section

of this paper of several results as in relevant items, as well as in the literature in general.
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