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Abstract. A significant area of module theory is the concept of free modules, projective modules and injective
modules. The goal of this study is to characterize the projective G-modules under a single-valued neutrosophic
set. So we define neutrosophic G-submodule as a generic version of projective G-submodule. It also describes
and derives fundamental algebraic properties including quotient space and direct sum of neutrosophic projective
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1. Introduction

The projective G-module in the abstract algebra plays a pivotal role to analyze the algebraic
structure G-module and its characteristics. Cartan and Eilemberge [16] introduced the concept
of projective modules that offer significant ideas through the theoretical approach to module
theory. The algebraic structure G-module widely used to study the representation of finite
groups developed by Frobenius G and Burnside [11] in the 19th century. Several researchers
have studied the algebraic structure in pure mathematics associated with uncertainty. Since
Zadeh [35] introduced fuzzy sets, fuzzification of algebraic structures was an important mile-
stone in classical algebraic studies. The notion of a fuzzy submodule was introduced by Negoita
and Ralescu [25] and further developed by Mashinchi and Zahedi [24]. This basic notion has
been generalized in several ways after Zadeh’s implementation of fuzzy sets [4,5]. In 1986
Atanassov [6] put forward intuitionistic fuzzy set theory in which each element coincides with
membership grades and non-membership grades. Biswas [9] applied the idea of the intuitionis-

tic fuzzy set to the algebraic structure group and K. Hur et.al. [21] additionally studied it. In
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2011 P. Isaac, P.P.John [22] studied about algebraic nature of intuitionistic fuzzy submodule
of a classical module.

The theory of neutrosophy first appeared in philosophy [30] and then evolved neutrosophic
set as a mathematical tool. In 1995, Smarandache [31] outlined the neutrosophicset as a
combination of tri valued logic with non-standard analysis in which three different types of
membership values represent each element of a set.The main objective of the neutrosophic set
is to narrow the gap between the vague, ambiguous and imprecise real-world situations. Neu-
trosophic set theory gives a thorough scientific and mathematical model knowledge in which
speculative and uncertain hypothetical phenomena can be managed by hierarchal membership
of the components “ truth / indeterminacy / falsehood ” [2}/3,32]. Neutrosophic set generalizes
a classical set, fuzzy set, interval-valued fuzzy set and intuitionistic fuzzy set that can be used
to make a mathematical model for the real problems of science and engineering. From a scien-
tific and engineering perspective, Wang et.al. [20] specified the definition of a neutrosophic set,
which is called a single-valued neutrosophic set. Several scientists dealt with the neutrosophic
set notion as a new evolving instrument for uncertain information processing and a general
framework for uncertainty analysis in data set [1,[7,|{17,28].

The consolidation of the neutrosophic set hypothesis with algebraic structures is a growing
trend in mathematical research. Among the various branches of applied and pure mathematics,
abstract algebra was one of the first few topics where the research was carried out using
the neutrosophic set concept. W. B. Vasantha Kandasamy and Florentin Smarandache |23]
initially presented basic algebraic neutrosophic structures and their application to advanced
neutrosophic models. Vidan Cetkin [12}13] consolidated the neutrosophic set theory and
algebraic structures, creating neutrosophic subgroups and neutrosophic submodules. F. Sherry
[18,[19] introduced the concept of fuzzy G-modules in which the concept of fuzzy sets was
combined with G-module and the theory of group representation. One of the key developments
in the neutrosophic set theory is the hybridization of the neutrosophic set with the algebraic
structure G-module. The above fact leads to inspiration for conducting an exploratory study
in the field of abstract algebra, especially in the theory of G-modules in conjunction with
neutrosophic set. In this paper we described neutrosophic projective G-submodule as the
general case of projective G-module and derived its algebraic properties.

The reminder of this work is structured as follows. Section 2 briefs about necessary pre-
liminary definitions and results which are basic for a better and clear cognizance of next
sections. Section 3 defines neutrosophic projective G-modules, algebraic extension of pro-
jective G-submodules and derive the theorems related to quotient space and direct sum of
neutrosophic G-submodules. A comprehensive overview, relevance and future study of this

work is defined at the end of the paper in Section 4.
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2. Preliminaries

In this section, we recall some of the preliminary definitions and results which are essential

for a better and clear comprehension of the upcoming sections.

Definition 2.1. [14] Let (G,x*) be a group. A vector space M over the field K is called a
G-module, denoted as Gy, if for every g € G and m € M; 3 a product (called the action of
G on M), g-m € M satisfies the following axioms

(1) 1g-m=m; VYm € M (lg being the identity element of G)

(2) (gxh) - m=g-(h-m); Yme M and g,h € G

(3) g- (kymy + kama) = k1(g - m1) + ka(g - m2);V k1, ke € K;my,mg € M 7.

Example 2.1. [18] Let G = {1,—1,4,—i} and M = C"™; (n > 1). Then M is a vector space
over C and under the usual addition and multiplication of complex numbers we can show that
M is a G-module.

Definition 2.2. [15] Let M be a G-module. A vector subspace N of M is a G-submodule if

N is also a G-module under the same action of G.

Definition 2.3. [15] Let M and M* be G-modules. A mapping f : M — M* is called a
G module homomorphism (Homg (M, M*)) if ¥V ki, ko € K,m1,mo € M, g € G satisfies the
following conditions

(1) f(kimi + kama) = k1 f(m1) + ka2 f (m2)

(2) flgm) = gf(m)

Definition 2.4. [10,29] A G-module M is projective if for any G-module M* and any G-
submodule N* of M*, every homomorphism ¢ : M — M*/N* can be lifted to a homomorphism
: M — M* or wot) = ¢ where 7 : M* — M*/N*.

Remark 2.1. A G-module M is projective if and only if M is M™ projective for every G-
module M*

Theorem 2.2. [29] Let M and M* be G-modules such that M is M* projective. Let N* be
any G-submodule of M*. Then M is N* projective and M is M*/N* projective.

Proposition 2.1. [29] Let M and M; be G-modules.Then M is @} ; M;-projective if and
only if M is M;-projective V i

Definition 2.5. [32,|34] A neutrosophic set P of the universal set X is defined as P =
{(n,tp(n),ip(n), fr(n)) : n € X} where tp,ip, fp : X — (70,1%). The three components

tp,ip and fp represent membership value (Percentage of truth), indeterminacy (Percentage
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of indeterminacy) and non membership value (Percentage of falsity) respectively. These com-

ponents are functions of non standard unit interval (70,17) [27].

Remark 2.3. [20,32]
(1) If tp,ip, fp : X — [0,1], then P is known as single valued neutrosophic set(SVNS).
(2) In this paper, we discuss about the algebraic structure R-module with underlying set
as SVNS. For simplicity SVNS will be called neutrosophic set.

(3) UX denotes the set of all neutrosophic subset of X or neutrosophic power set of X.

Definition 2.6. [26,[32] Let P,Q € UX. Then P is contained in Q, denoted as P C Q if
and only if P(n) < Q(n) Vn € X, this means that tp(n) < tg(n),ip(n) < ig(n), fr(n) >
fom), VneX.

Definition 2.7. [26,[33]|For any neutrosophic subset P = {(n,tp(n),ip(n), fr(n)) : n € X},
the support P* of the neutrosophic set P can be defined as P* = {n € X,tp(n) > 0,ip(n) >

Definition 2.8. [§] Let (G, *) be a group and M be a G module over a field K. A neutrosphic
G-submodule is a neutrosophic set P = {(n,tp(n),ip(n), fr(n)) : n € M} in Gy such that the

following conditions are satisfied;

(1) tp(on+70) > tp(n) Atp(0)
ip(on+16) > ip(n) Nip(0)
fe(on+70) < fp(n) Vv fr(0),
Vn,0e Mo, e K

(2) tp(&n) = tp(n)
ip(§n) > ip(n)
frEn) < frm)VEeGneM

Remark 2.4. We denote neutrosophic G-submodules using single valued neutrosophic set by
U(Gu).

Example 2.2. Consider the example for G-module M. Define a neutrosophic set

P={n,tp(n),ir(n), fr(n) :n € M}
of M where

1 fn=0 1 ifn=20 0 ifn=20
tp(n) = Z,f T i) = lf ! , fe(n) = Z,f !
0.5 ifn=#0 0.5 ifn+#0 025 ifn#0

Then P is a neutrosophic G-submodule of M.
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Definition 2.9. [8] Let P = {(z,tp(x),ip(x), fp(x)) : € X} € U({®™)). The support
P* of the neutrosophic G-submodule P can be defined as P* = {z € X,tp(z) > 0,ip(x) >
0, fp(z) < 1,Vx € G}

Proposition 2.2. If P € U(G)y), then the support P* € Gy .

Definition 2.10. [§] Let P € U(Gyr) and N be a G-submodule of M. Then the restriction
of P to N is denoted by P|x and it is a neutrosophic set of N defined as follows P|y(n) =

(77’ tP|N (7])7 iP\N (77)’ fP\N (77)) where
tpy () =te(n), ipy () =ir(n), friy(n) = fp(n), ¥ne N,

Proposition 2.3. [8] Let P € U(Gys) and N C M then P|y € U(Gn).

Definition 2.11. [8] Let M € G and N be a G-submodule of M. Then the neutrosophic
set Py of M/Ndefined as Py(n+ N) = {n+ N,tp,(n+ N),ipy,(n+ N), fpy(n+ N)},where

tpy(n+N)=Vtp(n+n):neN
ipy(n+ N)=Vip(n+n):neN

fex(m+N)=Afp(n+n):neN,VneM
Proposition 2.4. [8] Let M € Gy. Let N be a G-submodule of M. Then Py € U(Gyy/n)-

Proposition 2.5. [8] Let P € U(Gys) and Q € U(Gp+) where M and M* are G-modules
over the field K. Let r € [0,1], the neutrosophic set Q, = {n,tq,(n),iq,(n), fo,(n) :n € M*}
defined by tq.(n) = to(n) A, iq.(n) =ign) A1, fo,(n) = fon) V(1 —r)V ne M* bea

neutrosophic G-submodule.

Definition 2.12. [8] Let M and M* be G-modules over K and a mapping Y : M — M* is
a G-module homomorphism. Also P € U(Gyr) and @ € U(Gpr+). A homomorphism Y of M
on to M* is called weak neutrosophic G-submodule homomorphism of P into @ if T(P) C Q.
If T is a weak neutrosophic G-module homomorphism of P into ), then P is weakly
homomorphic to ) and we write P ~ Q.

A homomorphism T of M on to M* is called a neutrosophic G-module homomorphism

of P onto @ if Y(P) = @ and we represent it as P ~ Q.

3. Neutrosophic Projective G module

In this section we discuss the generalized notion of projective G-modules, called neutro-
sophic projective G-modules, and study several characteristics of projective G-modules in the

neutrosophic domain.
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Definition 3.1. Let M and M* be G-modules. Let P = {n,tp(n),ip(n), fr(n) : n € M} be
neutrosophic G submodule of M and Q = {n,tq(n),ig(n), fo(n) : n € M*} be neutrosophic
G-submodule of M™. Then P is said to be () projective, if the following conditions are satisfied;

(1) M is M* projective

(2) tr(n) <tq(v(n))

(3) ir(n) <iq(¥(n))

(4) fp(n) = fo(¥(n)), V¢ € Hom(M,M~), ne M

Theorem 3.1. Let P and @ be neutrosophic G-submodules of finite dimensional G-modules
of M and M* respectively and M is M* projective. Let {f1, 52, ..., On} be a basis for M*. If

(1) tP(TZ) < mzn{tQ(ﬁj)vj = 1727 7n}
(2) ir(n) < min{iq(B;);j =1,2,...,n}
(3) fp(n) =2 maz{fo(B;);j =1.2,...,n},VneM

Then P is Q)-projective.

Proof. Let Q = {n,ts(n),ig(n), f(n) : n € M*} be a neutrosophic G submodule of M*. Then
Vo, € M¥5 0,7 € K

(1) > to(m) A tg(n2)
(2) ig(om +7n2) > ig(m) Nig(n2)
(3) folom +71n2) < fo(m)V fo(ne)
(4) to(&n) = tr(n), iQ(én) =iqn), fo(én) < fon) Vne M*, §€G

1) tg(om + n2)

Also P is a neutrosophic G-submodule of M and M is M* projective G-module and 1 €
Hom(M, M*) be any G-module homomorphism. For any n € M, ¥ (n) € M*.
Q/J(n) =11+ aefe+ ...+ anfn, o € K, 8, € M*, i =1,2,....n

to((m) = tglarBi+azfa+ ...+ anfby)
> tQ(B1) Ng(B2) A
At (Bn)
= mini{to(p1), to(B2), ...,
tQ(Bn)}
> tp(n)
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Similarly iq(¢(n)) = ip(n)
fo(m) = folarBr+ azB + ... + anfn)
< fo(B1) Ntg(B2) A ... ANtg(Bn)
= maz{fQ(B1), fQ(B2),
5 fo(Bn)}
fr(n)

IN

. Pis Q projective.

Theorem 3.2. Let P € U(Gyy), Q € U(Gp+) and P is @ projective. If N* is a G-submodule
of M* and C € U(Gp~), then P is C-Projective if Q|n« C C

Proof. Given P is @) projective, then
(1) M is M* projective
(2) tr(n) < to¥(n),
ir(n) <iq(¥(n))
fr(n) = fo(v(n))
V€ Homg(M,M*), n € M. Since N* is a G-submodule of M*, by a theorem M is N*
projective. Let ¢ € Homg(M,N*) and 6 : N* — M* be the inclusion homomorphism. Then
bop=1
.. from the condition 2
tp(n) <tq(v(n)) = tq(0op)(n)
= tq(0(e(n))) = tq(e(n)).
Similarly ip(n) <ig(e(n)) and fp(n) > fo(p(n) ¥V n € M, ¢ € Homg(M,N¥).
Given C € U(Gn+), ¢(n) € N* and Q|y- C C

toin- () = talen) < tcle(n)

= tp(n) < to(e(n)). Similarly, ip(n) < ic(e(n)) and fr(n) > fo(e(n)). Hence P is C-

Projective.

Theorem 3.3. Let M and M* be G-modules where P and () are neutrosophic G-submodules
of M and M* respectively. Let r € [0,1], the neutrosophic set Q, = {n,tq, (1),iq,(n), fo.(n) :

n € M*} defined by tq, (n) = to(n) Ar, iq.(n) =iqn) AT, fo.(n) = fon)V(L—r)Vne M
be a neutrosophic G- submodule. If P is @), projective, then P is () projective.
Proof. Consider P as @, projective where r € [0,1]. Then

(1) M is M* projective
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(2)

p(n) <
<

n
ip(n

~—
|

Since Qr C Q, = tq, (¥(n)) < to(v(n),
io, (1)) <ig((n)) and

fo. (W) > fo(v()),¥ ¢(n) € M*.
= tp(n) < to((n),

ip(n) <ig(¥(n)) and

fe(n) = fo(v(n)) ¥ ne M.
.. P is Q projective.

Proposition 3.1. Let M = &} M; be a G-module where M/s are G-submodules of M. If
P, € U(Gp;) (1 <i < n), then the neutrosophic set P of M defined by tp(n) = A{tp, (m:) :

i=1,2,..,n} ip(n) = A{ip,(m:) i =1,2,

.on}and fp(n) = V{fp,(m) :i=1,2,...,n} where

n= Z;z?(m), n; € M;, is a neutrosophic G-submodule of M.

Proof. Let n,v € M where n = 32'="n;, and v = Y\=7 ;.

Each n;, v; € M; and 0,b € K.

Then by definition, on + 7v = Y>'=}[on; + Tv;] where on; + Tv; € M; (1 <i < n). Now

tp(on+1v) =

Y

Similarly ip(on + 7v) > ip(n) ANip(v)

Now consider

Now, for g e G,n e M

tp(gn)

A tPi(Qni + TVi)
A {tPi (ni)7tPi(Vi)}
{Atp(m)} AN R (1)}

tp(n) Ntp(v)

vV fp,(oni + Tvi)

VAL (i), fr,(vi)}

{V fam)} VAV fe(vi)}
fr(m)V fp(v)

= Atp(gm)
> A{tp(ni)}

= tp(n)
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Similarly ip(gn) > ip(n), fr(gn) < fe(n) .. P € U(Gum). 0

Definition 3.2. Let M = &}, M; be a G module where M/s are G-submodules of M. If P; €
U(Gn;) (1 <i<n)and P € U(Gu=gr_ m;) with tp(0) =tp,(0),ip(0) = ip,(0) and fp(0) =
fp,(0) ¥ i Then P is called the direct sum of P; and it is denoted as P = @' | P;.

Theorem 3.4. Let M = &} ;M; be G module where M/s are G submodules of M. Let
P e U(Gy) and Q; € U(Gyy,) such that Q = @ Q. Then P is @ projective if and only if
P is QQ; projective Vi.

Proof. Assume that P is Q-projective, then
(1) M is M projective
(2) tr(n) < tq(yv()),
ir(n) < ig(v(n)
fp(n) = fo(d(n)
v € Homg(M,M);n e M
To prove that P is @); projective where ¢ = 1,2,...,n, it is enough to prove the following
conditions.
(1) M is M; -projective
(2) tr(n) <tq,(¢(n)),
ir(n) <ig;(¢(n))
fr(n) = fo.(e(n))
where V ¢ € Homg(M, M;),n € M.
Here M is M = @}, M;-projective and by the the proposition M is M; projective V i =
1,2,....,n. Let ¢ € Homg(M,M;) and 0 : M; - M € Homg(M;, M) (inclusion) such that
Y =00p. ThenV ¢ € Homg(M, M;)

tp(n)

IA
~
Q

Similarly ip(n) < ig(p(n)) and

fe(m) = fo(¥(n))
= Jfo((@op)(n)
= fo(B(e(n))
= Jalem)
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Now ¢(n) € M; C M and n € M and consider

o) =0+0+...4+¢(1n)+..+0
Then

te(e(m) = tQ0+0+..+¢(m) +..+0)
= tQ,(0) Ntg,(0) A... Atg,o(n) A ... ANtg, (0)

= tq,(¢(n))

Similarly ig(¢(n)) = ZQZ( (n)) and
folen) = fo,(¢(n) v

= tp(n) <tgle(n)) = tQi(w(n))-
Also ip(n) <ig(p(n)) =iq,(»(n) and

fr(n) = fqle(n) = le( (n),V'n €M, p € Homg(M, M;).
Then P is Q); projective.

Conversely Assume that P is Q); projective where ¢ = 1,2, ..., n.Then

(1) M is M;-projective

(2) tp(m) < tq,(pi(m)),

p(m) <iq,(¢i(m) and
fP(m) 2 fQi(Qpi(m)’

vi € Homg(M, M;);m € M

~

To prove P is (Q projective, it is enough to prove the following conditions

(1) M is M projective
(2) tr(n) < to(d(n)),

ir(n) <iq(¥(n))
fe(n) > fo(¥(n)), ¥ € Homg(M, M);n € M

- Since P is Q; projective and proposition 2.1, M is M-Projective where M = @7_; M;.
2. :- Let v € Homg (M, M) where M = @ M, such that ¥V n € M,
() € M, ie. () =m+ne+ .. +n,,Vn € Mj;1 <i <nandm: M — M; be the
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projection map where i = 1,2, ..., n such that m;(¢(n)) = n;, V i., then

v(m) = m+m+..+nm,
V€ M,1<i<n
= m((n)) +m(@) + ...
et (Y (n))
= (moy)n)+ (mog)(n)+...+
(75 0 10)(n)
= o1(n) +p2(n) + ... + on(n)

Also

to(n) = toler(n)) +ioe2(n) + ... +
tq(en(n))
= Mtq.(pi(n):0<i<n}
[by the proposition

tp(n)

v

Similarly iq(v(n)) = ip(n) and

fo@m) = folei(n) + fole2(n)) +
o+ fo(en(n))
< V{fq.(pi(n) : 0 <i <n}

< fp(m)

.. Ais @ projective.

4. Conclusion

The study of G-module in a neutrosophic set domain using a single-valued neutrosophic set
provides a new step in the algebra sector and helps to analyze group action in application level
on a vector space. Projective G-modules expand the free G-modules class by maintaining a
portion of the free module’s primary properties. Neutrosophic projective G-module is one of
the most generalizations of classical projective G-module. This paper has developed, the notion
of projectivity of neutrosophic G-modules and its quotient and direct sum properties of M
projectivity. This analysis leads to the extension of the quasi projective module, neutrosophic

injective & projective modules and its features in neutrosophic domain.
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