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Abstract. The n-HyperSpherical Neutrosophic matrices (n-HSNMs), an extension of the Spherical Neutro-
sophic matrices, are proposed in this study. We investigate the basic properties of n-HSNMs and compare the
idea n-HSNMs with spherical fuzzy matrices. Then, it looks at the characteristics of specific mathematical
operations, like max-min, algebraic product, min-max, algebraic sum, and complement. Additionally, scalar
multiplication (nS)and exponentiation (S™)operations of an n-HSNM S are created and their advantageous
properties are illustrated using algebraic operations. Then, we present a new operation (@) on n-HyperSpherical
Neutrosophic matrices and look at the distributional rules that result from combining the operations (@, ®, A,
and V).
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1. Introduction

Khan et al. [5] and Im et al. [4] both established the notion of an intuitionistic fuzzy matrix
(IFM) to broaden the idea of Thomason’s [11] fuzzy matrix. Every element in an IFM is
represented by (fia,;,Va,,;) along with jia,;, Ve, € [0,1] and also 0 < piq,; + va,; < 1. As
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the introduction of IFM, a limited number of analysts have made major contributions to
the advancement of the IFM hypothesis [3,/7,8]. In such a situation, IFM fails to produce a
reasonable solution. In order to deal with this situation, we invented the notion of Pythagorean
fuzzy matrices (PyFM) by assigning membership degrees such as (,,; and non-membership
degrees such as (o,;, with the requirement that 0 < (7 =+ 97, < 1.

The design of picture fuzzy matrices (PFM) by Dogra and Pal citel is well-known, however
decision makers are limited in assigning values because to the conditions on 7q,;, C4;;, and

0,

desired features. Occasionally, the total of their membership degrees is more than 1. In such a

a;;- In 9], certain algebraic procedures on Picture fuzzy matrices are defined, as well as their
case, PFM fails to produce a plausible result. To illustrate this dilemma, we’ll use an example
that is both provisional and contradictory to membership degrees. 0.2,0.6 and 0.6, respec-
tively, are the choices. This is satisfying in the circumstance where their total is more than
1, and PFM fails to handle such data. In order to deal with such situations, the authors [10]
developed a new structure of Spherical fuzzy matrices (SFMs), which increase the degree mem-
berships 7q,;, Ca;; and dq,;; to a size that is somewhat larger than image fuzzy matrices. In

SEM, the degree memberships are fulfilling the follows: 0 < Cgij + 17(2”]_ + 53“ <1(n=>1).

Matrixes have a vital role in science and technology, as we all know. However, in some
cases, the conventional matrix theory fails to answer problems with uncertainties that arise
in an uncertain environment. In [6], fuzzy and neutrosophic relational maps were presented.
Square Neutrosophic Fuzzy Matrices with elements of a + Ib type, where a and b are fuzzy
numbers from [0, 1], are characterized by Dhar, Broumi, and Smarandache [2].

In this work, we extend the ideas of Spherical Neutrosophic matrices to n-Hyper Spherical
Neutrosophic matrix by assigning neutral membership degree say 7,,; together with positive
and negative participation measures say (q,; and dq,; with condition that 0 < (g, +ng, +d5,, <
3(n>1).

The following is structure of this work. In Section 2, n-Hyper Spherical Neutrosophic
matrices are characterized, as well as their algebraic operations and desired features. In Section
3, we define and study the algebraic characteristics of a new operation(@) on n-Hyper Spherical
Neutrosophic matrices. The results are relevant in Section 4, n-Hyper Spherical Neutrosophic
matrix and algebraic structure on this matrix. In Section 5, where we compose the paper’s

conclusion.

Definition 1.1. A Pythagorean fuzzy matrix (PFM) of order m x n is characterized as S =
((Caijs 0ai;)) Where (o, € [0,1] and ,,; € [0, 1] whether the membership and non-membership

values of the ij'" element in S fulfilling the requirement
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Definition 1.2. [9] A Picture fuzzy matrix (PFM) S with the formula, S = ((Ca;;+ %y, 6as; )

and non-negative real integers (4, 7a;;, 0a;; € [0, 1] fulfilling the requirement
O S Caij "’na” + 6aij S 17 \v/ iaj’

where (o,; € [0,1], 1q,; € [0,1] and d,,; € [0, 1] represent the degree of membership, degree of

neutral membership, and degree of non-membership respectively.

Definition 1.3. [10] A Spherical fuzzy matrix S with the formula, S = (<Caij,naij, 5%.>) of

a non-negative real integers (4., a4, 9a;; € [0, 1] fulfilling the requirement

Qg
0< G, +ma, +0, <1, Vi

where (g, € [0,1], 14,; € [0,1] and 6,,; € [0, 1] represent the degree of membership, the degree

of non-membership.

2. n-Hyper Spherical Neutrosophic matrices and their basic operations

The n-HyperSpherical Neutrosophic matrix and its algebraic operations are characterized
in this section and also demonstrated De Morgan’s rules over complement, commutativity,
Idempotency, absorption law, distributivity, and associativity.

Now we’ll describe Algebraic operations of n-HyperSpherical Neutrosophic matrices by lim-
iting the measure of negative membership, neutral membership, and positive membership while
retaining their total in the range [0, {/3].

In [5,6,9,10], we employ some basic notations to arrive at our main findings.

Definition 2.1. A n-Hyper Spherical Neutrosophic matrix (n-HSNM) M of the form, M =

({Cas;»Mas;» 0as; ) of a non negative real numbers (a,;, 7a,, day; € [0, 1] fulfilling the requirement
where (y,; € [0,1], 7g;; € [0,1], and dg,; € [0, 1] represent the degree of membership, the degree

of neutral membership, and the degree of non-membership.

The n-HyperSpherical Fuzzy matrix (n-HSFM) is a specific instance of the Neutrosophic
matrix (NFM). Because, Ca;;,7a,;, and dq,; € [0,1] imply that one also has (7 ,7g,,, and
5gij € [0,1] for n > 1, they are neutrosophic components and each n-HSFS is a NM. The
reciprocal, however, is false because if at least one component has a value of 1 and at least one of
the other two components has a value of > 0, as in the case of (,,; = 1 and 74,; > 0,d,,; € [0,1],
then ¢+, +5gij > 1 for (n > 1). The number of triplets ¢, n, § that are NFM components,

but not n-HSFM components, is infinite.
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When the neutrosophic components (g, = 0.9, 74,; = 0.4, ds;; = 0.5, for some given
ij*" element are used, they are not considered to be spherical fuzzy matrix components since
(0.9)% + (0.4)* 4 (0.5)* = 1.22 > 1. For (q,;,7a;, and dq,; € [0,1], there exist infinitely many
values whose sum of squares is strictly bigger than 1, hence they are neutrosophic components
rather than spherical fuzzy matrix components.

Let Np,xn represents the collection of all the n-Hyper Spherical Neutrosophic matrices.

Definition 2.2. The n-Hyper Spherical Neutrosophic matrices S and 7T are of the form,
§= (<Caij y Nagj s 504']' >) and T = (<Cbij s Mbsj s 517”- >) . Then
b S < T lff Vi’j’ Caij S Cbij777aij S nb” or nai]‘ 2 nbij76a¢j 2 61)
[ ] SC = (<6aij ) naij ) Caij >) .
o SAT = ((min (Ca;, G, ) - min (M, M) max (da,,, 0, ) )
o SVT = ((max (Ca; Cb;) » min (s Moy, ) » in (0o, O, ))-
0 S0 T = (G 4+, — Ty 50, + 55, 52,5, ) )
0 50T = (/S TG, GGl O, ) ).
Definition 2.3. The scalar multiplication operation over n-HSNM & and is characterized by
nS = (/1= [ =G 1" I, )"s 0,7 ).
Definition 2.4. The exponentiation operation over n-HSNM & and is characterized by
8" = (G, /1= 10—, /1 == 0, 1")).

Let Np,xn represents the collection of all the n-Hyper Spherical Neutrosophic matrices.

ij °

The algebraic product and algebraic sum of n-HSNMs’ are connected by the embracing

theorem.
Theorem 2.5. For S, T € Nyyxn, then SQT <S®T.
Proof. Let

ST = << *\L/C[}ij + G, — C&C&aﬁaunbijv5aij55n>>

and

Assume that,

N

Caijgbij = \ (Z-]- + Cgi] - C;:L”CIZJ
(i-e)Ca; (L =G ) + ¢, (1 =G ) = 0

Vv
o
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which is true as 0 < ggij <land 0< ng]_ <1 and

Nai;Moi; < My, + 1, — Nay, My,
(4-€)7a;; iy — ’(/773“ + 1y, — May My, = 0
which is true as 0 < n;‘ij <land 0< nl’}ij <1, and
5(12.].51%.3. < 7 5]}“ + 5Z}ij — 5{;1_]_ 5,?1_],

v
o

(i'e)daij(sbij - 7\1/(5(7111'3' + 51?”' o 531“5;}2']'

J

(i.e)8s (L= 0p )+ 6 (1—00) > 0,

which is true as
and
Hence, S® T <S&T. g

Theorem 2.6. For any n-Hyper Spherical Neutrosophic matriz p, then
() S®S8> 8.
(i) S®S < S.

Proof. (i) Let

Se&S = (<Caij777aij75(lij>) ¥ (<<aij’naij75aij>)
5®S << \ 2<aij - (C(lij)n7 (Uaij)n, (5aij)”>)
n 2Caij - (Caij)" = T\L/Caij + Caij(l — Caij) > Caij7 Vi, j

and

N

(77%-)” = naij7 VZ,]
(6ai,)" < by Vi

Thus, S & S > S. Similarly, we can also demonstrate that (ii) S® S < S.

Theorem 2.7. For S, T, U € Npyxn, then
i) SeT=Ta&S.
(ii)) S®@T=T®S.
(iii) (SoT)oU=S®(TOU).
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(iv) (S@T)RU=8 (T oU).

Proof. (i) Let

SoT

= (R, + Gy = GG gy 0,00, ) )

= TS
(ii) Let
SOT = ({(CuyCoe /i, + i, = Mo, 0 305, + 05, = 32,00, ))
= (o Gy 8, + e, = iy 3/, + 00, = 0,0,
= T®S.
(iii) Let

SoTyeu = ((({/ch, + G = Ca G My bis Sy, ) & (G Moy 8c)))

r n n
- [y -aa) +a - (v, + 6, - o) @
77aij T]bij T]Cij ) (5aij 66” (5Ciji|

= \/ Qij + Cb + CL] azg Cb C'LJ gz‘j gj Cb C'LJ azggb ng

Mai; "Tbi; Mei; » 5‘“]’ 6bij 5%}

= [, + G+ G, — GG, — G, — GG, + GGG

Maij i Meij s Oa; j 651‘3‘ Oc; J} :
Let us assume that
" n n
So(Tol) = [ o+ (VC;”;J. +(n - Cz’,”;jéééj) — Cay (’(/Céi-j +08; — C&%) )
naij 77bij ncij 9 5aij 5bi]‘ 5Cij]
- [\/ aij + Cb + Cw am <b gz’j Cnm Cb Cw ‘lm Cb Cm

Mai; "Tbis Mei» 5aij (5bij 501’]’] '

Thus, (S&T)®dU =S & (T @U). Similarly, we can also demonstrate that (iv) (SQT) QU =
S®(TelU). g

Theorem 2.8. For S, T € Nyxn, then
i Se(SaT)=>S.
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(i) S@SaT)<S

Proof. (i) Let

SP (8 ® T) = (<<a”777a”7 a1]>) @ (<Cai]’<bij7 7\1/773” + nb - 77%7717 ’ \/5az] + 5n

= |:\/Cau + <a” Cb” <aw [Cazj Cb” 77(11] \/na” + 771, - 773“7712].]7
)

’LJ

>

» \/5%14-5" —-6&35”]]

/e, + =Gl (31— 10— L= 1),
1)

a”(¢y—1—m 1—5n0}

S.

—gn

(7]

Hence S@® (S® T) > S. Similarly, we can also demonstrate that (i))S @ (S®T) < S.

The theorem that follows is self-evident.

Theorem 2.9. For S, T € Ny xn, then

i) SVT=TVS.
(i) SAT =T AS.

Theorem 2.10. For S, 7, U € Nyxn, then

i) Se(TvU)=(SaT)V(Sal).
(ii)) ST VU) =(SRT)V(S®U).
(iii) S (T AU)=(SOT)AN(SDU).
(iv) ST AU)=(SRT)AN(SRU).

Proof. We'll start by proving (i) and(ii) — (iv) may be demonstrated similarly.

(i) Let

Se(TVvU)

\/C” + max (Cb , cz]) — . max (Cb , Cw>

Ta;; - MaX (nbij ) ncij) ; O ;- MAX (5171.]. ) 5%) }

[’\”‘/max( +Cb ,Ca + Cm) _max< aUCb ’ ‘;Lij gj)’

min (77%' Tbiz» Nai; 77%‘) ; min (5% Ob;;» Oa; 5%) }

[\/max (Ca + Cb - Caucb ’Caij + Cgu N Cgijcgij)’

min (77%' Ty Mai;Mei; ) ; in (5% Oby;» Oaz; Ocy; ) }
(SeT)V(Sal).

)
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Theorem 2.11. For S, T € Nyuxn, then
i) (SAT)®(SVT)=SaT.

i) SAT)RSVT)=S®T.
(i) ( SOT)IN(SERT)=8ST.
(iv) (SeT)V(SERT)=SaT.

Proof. We'll start by demonstrating (i), and (i7) — (iv) may be demonstrated similarly.
(1) Let

(SAT)&(SVT) = [dmm(@z¢&)+nwxcaﬁ%)Imnﬁmﬁ%)-mw(@zx&)

max (naij , 771,”.) .min (77aij , nbij) ,  max (5%, , 5bij) .min (5% , 6bij) ]

= (e G, G s B, )
= SaT.

The operator complement obeys De Morgan’s principles in the following theorems for the

operation @, ®, V, A.

Theorem 2.12. For S, T € Npyxn, then
Q) (SeT)=8“®TC.
(i) (S@T)=8aT".
(iii) (S T)¢ <S8 TC.
(iv) (S®@T)?>8®TC.
Proof. We'll show that (éii), (iv), and (7), (¢9) are simple.
(iif) Let

SO = ({BusOuuys /e, + i, — iy /0, + G, — G,y )

SCeTC = << 7\7/532‘3‘ ™ 51?1’]’ — Oay; 51?;3' 2 Thais Moy » S b >) ’

Since

8as; O

IA

n n _ n n
ij 7{/ 5%‘ +5bij 6aij6bij

QG+ G GG 2 Gy
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Hence (S@ 7)Y <Sa@ TC.

(iv) Let
SeT)¢ = (< \/5% + 6, — 04, 5ﬁj,naijnbij,caij6bij>)
SCeT¢ = (<5aij5bij, 7(/77&]- + My, = M, Moy, \/CZZ-J- +Q, - %Cﬁj» :
Since
\/5 + 05— O OF > Gy,

Nag; b < '\‘/773” + 771777;-]- - Tllﬁ-ﬂﬁ.j

Caij Cbij — \/ aij + ng] a,” Cb

N

Hence (S®T)¢ >S“®7TC. g

Theorem 2.13. For S,T € Nyxn, then
(i) (89)¢ =s.
(i) (SVT)Y=8°ATC.
(iii) (SAT)¢ =8 Vv TC.
Proof. We'll prove only (i), (i) is self-evident.
S vV T - (<maX (ga” ’ Cb ]) ’ mln (T]aij } nbij) 9 min (5(11-]- 9 5b2‘j) >)
(S V T)C = (<m ( aijs 56”) , min (naijynbij) , max (Caij7 Cbz])>)
= SC = (<5a” ’ naw ’ Cam >)
¢ = (
((mi

= SCATC

6 bijs 77b” y Cb” >)
min ( aijo 6b”) ) min (nai]— 5 Ubij) , max (Caij7 Cb,‘j) >) .
Hence (SVT)¢ = S ATC. Similarly, we can also demonstrate that (i3i)(SAT)¢ = S¢ v TC.

0

We’ll show the algebraic characteristics of n-Hyper Spherical Neutrosophic matrices under

scalar multiplication and exponentiation using the definitions and

Theorem 2.14. If S, T € Nyxn, then n > 0,
i) n(SeT)=nS®nT, n>0.
(ii)) n1S ®na2S = (n1 + n2)S, ni,n2 > 0.
(i) (S@T)"=8"T", n>0.
(iv) 8P ® SF = St1+m2) ny ny > 0.
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Proof. According to the concept, for the two n-HSNMs S and 7T, and n,ny,ne > 0,

we have
(i) Let
nSeT) = n(< Gy + G, — GG, ?7~77bij75aij5bij>)
_ <<\/1 (1= ¢ Jrit— ¢ Im, [n--nbij]”a[5aij5bij]”>>
= (=10, @, = GG o) 000,17 )
nsenT = ({11l g™ ") & (/1= 1 G I b, 50,07) )
= (7= 0= G = G 1 Bl 1" [ 6, 1)
= (11— + G = G G Iy, 1" (B, 00,1 ))
= n(SaT).
(ii)Let

mSenT = ((({/1-0—ca)m )™ o, ) & (1= 11— G 1oy ™, [80,12) ))

- << T\L/l -[1- Cgij]n1+NQ7 [naij]nlJrnQ’ [5aij]n1+n2>>

= (n1+n2)S.

(i) Let

ST = :(qaijcbij)”,7\1/1—[1—n3ij+772,";j—n&jnaj]”, ’\l/l—[l—égij+5” —5%5@]"}
= | G G)" i g = = g 6

ST = [(Gub) {f1-l-m -0 —mg = (1= - ) (1 - )

*\1/1—[1—5gij}n+1—[1—5" Jn — (1—[1—5n ]n) (1—[1—5@_]71)}
= (((GasGo)" {1 = = =g 7, 1= 0= 0, 7= o, 1))

=(PeQ)"

(iv) Let

m®m2:[@y”"¢ =g 1= [ e = (1= (=g ) (1= 11— n2),

\/1 [1—op Jm+1—[1—dn ]n2—(1—[1—53;“]”1)(1—[1—5&]-]"2)}

N = R e )
Sl

_l’_
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Theorem 2.15. Suppose S, T € Nyxn, then n > 0,

(i) nS <nT.

(i) S* < T".
Proof. (i) Let S < T. Then, we have

Caij < Cbij Naij = Tbs; and 5%] > 0p bij Vi, J.
Now,
- < fi-n-g
M0y ]” = [my,]
(ii) Also,
[Caij]n 2 [Cbij]n
Yl-—[—mg " < Yl-[—-mn ]
o 1—[1—5&]]” < =r 1—[1—5&3_]" Vi,
O
Similarly, we can prove the following theorems.

Theorem 2.16. For S, T € Npyxn, then n > 0,

(i) n(SAT)=nSAnT.

(i) n(SVT)=nSVnT.
Theorem 2.17. Suppose S, T € Npyxn, thenn > 0,

1) (SAT)"=8S"ANT™

() (SvT)"=8"VvT".
Theorem 2.18. Suppose S, T € Npyxn, then n > 0,
(SeT)"#S"aT™
Proof. Let
sey = [(va, +a, -awa,)" ;/1 Sl g g, 6 1]
stoT = [dfice g - e (Yr-n-mn) L (- )

(3/1- [1—5;;”]71)" (3/1- [1—53;”]71) |
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Hence (S@T)"#S"®T".

3. New operation (@) on n-HyperSpherical Neutrosophic matrices

In this part, we describe and show the algebraic properties of a new operation(@) on n-
HyperSpherical Neutrosophic matrices. We also go through the Disstributivity rules in the

situation when the @, ®,V and A operations are combined.

Definition 3.1. A n-HyperSpherical Neutrosophic matrices S and 7 are of the form, § =
(<<aij ) naij ) 5&,'.7' >) and 7- = (<Cbij ) 77bij ) 5bij >) . Then

o/ Sayy o, 7\1/ Mag; + Tlby, \/ Oai; + b,
S@T — << \/ 2 ) 2 ) 2 °

Remark 3.2. Obviously, for every two n-HyperSpherical Neutrosophic matrices S and T,

then SQ7 is a n-HyperSpherical Neutrosophic matrix.

Simple illustration given: For SQT,
Caij + Cb” + 77a¢j + 77b” + 5“1’]’ + 61)”

0 <
- 2 2 2
< Caij + 77a¢j + 5a¢j + Cbij + nbi]' + 5b¢j
- 2 2
1 1
< —4-=1.
- 2 + 2

Theorem 3.3. For any n-HyperSpherical Neutrosophic matrix S, then SQS = S.

Proof. Let

sQs =

o+ a” o +"7a” i au>

n
< Ca” + Cam n naij + naij 5(711] + 5213 >
’ \/ 2 ’ 2

SIHCG Cn < Camana” — 77a”7 a” S 5(1”
Sas =38.

Remark 3.4. If v,w € [0,1], then vw < 5%, 8% < v+ w — vw.

Theorem 3.5. Suppose S, T € Npyxn, then
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i) (SeT)v(SaT)=SaT
(i) (SRT)A(SQAT)=8SeT
(iii) (S@T)A(SQT) =SaT
(iv) (S®@T)V(SQT) = saT

Proof. We'll show that (i) and (iii), as well as (ii) and (iv), may be demonstrated in the similar

manner. (i) Let

_ n/en no_¢noeno 2%
Lo+ op
min | &q,;0p,;, —
1, 2, 2

+ ¢

2

= (< 7{/ Cagy + oy — Gy oy, Mass My » Oa;Ob; >>

= SaT.

(iii) Let

S®T)A(SAT) = [min \/n +

n
max | 04, .0, (2
a;;j 9%

ij )

_/m /m
aijgbij’

n

2

o+

g

|

2

Ny + M,

n

e
_ ks

= §QT.

Hence proved.

2

n 627{] —"_ 5
’ 2

;

,min

,max

naij 77bij7

Na;;Mo;;

n n;,]:b” + 77{;

2

o/ May; 10

2

Remark 3.6. Under the n-Hyper Spherical Neutrosophic matrix operations of algebraic sum

and algebraic product, the n-Hyper Spherical Neutrosophic matrix forms a semi-lattice, as-

sociativity, commutativity, and idempotency. When @, ® and A,V,@ are combined, the dis-

tributive law also holds.

4. Applications

The results are relevant to the development of n-Hyper Spherical Neutrosophic semi-lattice

structure, n-Hyper Spherical Neutrosophic matrix, and algebraic structure on this matrix.

n
ij

n
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5. Conclusion

n-Hyper Spherical Neutrosophic matrices and their algebraic operations are characterized
in this study. Then various qualities are demonstrated, including associativity, idempotency,
distributivity, commutativity, absorption law, and De Morgan’s laws over complement. Lastly,
we established a new operation(@) on n-Hyper Spherical Neutrosophic matrices and studied
distributive laws in the situation of combining the operations of &, ®, A, and V. This find-
ing can be used to the n-Hyper Spherical Neutrosophic matrix theory in the future. The
conclusions of this work will be useful in the creation of the n-Hyper Spherical Neutrosophic
semilattice and its algebraic property. The applicability of the suggested aggregating operators
of n-HSNMs in risk analysis, decision making and many other fuzzy environments will need
to be studied in the future.
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