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Abstract: k-polar generalized neutrosophic set is introduced, and it is applied to BCK/BClI-algebras. The notions
of k-polar generalized subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalgebra and k-polar generalized
(¢, € Vq)-neutrosophic subalgebra are defined, and several properties are investigated. Characterizations of k-polar
generalized neutrosophic subalgebra and k-polar generalized (€, € Vg)-neutrosophic subalgebra are discussed, and
the necessity and possibility operator of k-polar generalized neutrosophic subalgebra are are considered. We show
that the generaliged neutrosophic g-sets and the generaliged neutrosophic € Vg-sets subalgebras by using the k-polar
generalized (€, € Vq)-neutrosophic subalgebra and the k-polar generalized (¢, € Vg)-neutrosophic subalgebra. A
k-polar generalized (€, € Vg)-neutrosophic subalgebra is established by using the generaliged neutrosophic € Vg-
sets, conditions for a k-polar generalized neutrosophic set to be a k-polar generalized neutrosophic subalgebra and a
k-polar generalized (g, € Vq)-neutrosophic subalgebra are provided.

Keywords: k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalgebra,
k-polar generalized (g, € Vq)-neutrosophic subalgebra.

1 Introduction

In the fuzzy set which is introduced by Zadeh [35], the membership degree is expressed by only one function so
called the truth function. As a generalization of fuzzy set, intuitionistic fuzzy set is introduced by Atanassove
by using membership function and nonmembership function. The membership (resp. nonmembership) func-
tion represents truth (resp. false) part. Smarandache introduced a new notion so called neutrosophic set by
using three functions, i.e., membership function (t), nonmembership function (f) and neutalitic/indeterministic
membership function (i) which are independent components. Neutrosophic set is applied to BCK/BCI-
algebras which are discussed in the papers [13, 19, 20, 21, 22, 26, 27, 30]. Indeterministic membership func-
tion is leaning to one side, membership function or nonmembership function, in the application of neutrosophic
set to algebraic structures. In order to divide the role of the indeterministic membership function, Song et al.
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[31] introduced the generalized neutralrosophic set, and discussed its application in BCK/BCl-algebras. Bor-
zooei et al. [8] introduced the notion of a commutative generalized neutrosophic ideal in a BCK-algebra, and
investigated related properties. They considered characterizations of a commutative generalized neutrosophic
ideal. Using a collection of commutative ideals in BCK-algebras, they established a commutative generalized
neutrosophic ideal. They also introduced the notion of equivalence relations on the family of all commutative
generalized neutrosophic ideals in BCK-algebras, and investigated related properties. Zhang [36] introduced
the notion of bipolar fuzzy sets as an extension of fuzzy sets, and it is applied in several (algebraic) structures
such as (ordered) semigroups (see [12, 7, 10, 28]), (hyper) BCK/BClI-algebras (see [0, 14, 15, 23, 16, 17])
and finite state machines (see [18, 32, 33, 34]). The bipolar fuzzy set is an extension of fuzzy sets whose
membership degree range is [—1, 1]. So, it is possible for a bipolar fuzzy set to deal with positive information
and negative information at the same time. Chen et al. [9] raised a question: “How to generalize bipolar
fuzzy sets to multipolar fuzzy sets and how to generalize results on bipolar fuzzy sets to the case of multipolar
fuzzy sets?” To solve their question, they tried to fold the negative part into positive part, that is, they used
positive part instead of negative part in bipolar fuzzy set. And then they introduced introduced an m-polar
fuzzy set which is an extension of bipolar fuzzy sets. It is applied to BCK/BCl-algebra, graph theory and
decision-making problems etc. (see [4, 2, 1, 3, 29, 5, 25]).

In this paper, we introduce k-polar generalized neutrosophic set and apply it to BCK/BClI-algebras to study.
We define k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € V¢)-neutrosophic subalge-
bra and k-polar generalized (¢, € V¢)-neutrosophic subalgebra and study various properties. We discuss char-
acterization of k-polar generalized neutrosophic subalgebra and k-polar generalized (€, € V¢)-neutrosophic
subalgebra. We show that the necessity and possibility operator of k-polar generalized neutrosophic subalgebra
are also a k-polar generalized neutrosophic subalgebra. Using the k-polar generalized (€, € \V¢)-neutrosophic
subalgebra, we show that the generaliged neutrosophic g-sets and the generaliged neutrosophic € Vg-sets sub-
algebras. Using the k-polar generalized (g, € V¢)-neutrosophic subalgebra, we show that the generaliged
neutrosophic g-sets and the generaliged neutrosophic € V¢-sets are subalgebras. Using the generaliged neu-
trosophic € Vg-sets, we establish a k-polar generalized (€, € Vq)-neutrosophic subalgebra. We provide
conditions for a k-polar generalized neutrosophic set to be a k-polar generalized neutrosophic subalgebra and
a k-polar generalized (g, € Vq)-neutrosophic subalgebra.

2 Preliminaries

If a set X has a special element 0 and a binary operation x* satisfying the conditions:
D Vu,v,w € X) (((u*xv)* (u*xw))* (wxv)=0),
I (Vu,v € X) ((u* (uxv))*xv=0),
M) (Vu € X) (u*xu=0),
IV) Vu,v € X) (uxv=0,vxu=0 = u=v),
then we say that X is a BCl-algebra. If a BCl-algebra X satisfies the following identity:
(V) (Vue X) (0xu=0),

then X is called a BC'K-algebra.
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Any BCK/BClI-algebra X satisfies the following conditions:

(Vue X)(ux0=mu), 2.1
Vu,v,w € X)(u<v = uxw <vkw, wxv < w*u), 2.2)
(Vu,v,w € X) ((u*xv) xw = (uxw)*v) (2.3)

where v < v if and only if v x v = 0. A subset S of a BCK/BClI-algebra X is called a subalgebra of X if
uxv € Sforall u,v € S.

See the books [I 1] and [24] for more information on BCK/BClI-algeebras.

A fuzzy set ;1 in a BCK/BCI-algebra X is called a fuzzy subalgebra of X if pu(u * v) > min{u(u), u(v)}
for all u,v € X.

For any family {a; | i € A} of real numbers, we define

: | max{a; | i€ A} if Ais finite,
\/{az [i€A):= { sup{a; | i € A} otherwise.

: | min{a,; | i € A} if Ais finite,
/\{al i€ A} = { inf{a; | i € A}  otherwise.
If A = {1,2}, we will also use a; V as and a; A as instead of \/{a; | i € A} and A{a; | i € A}, respectively.

3 k-polar generalized neutrosophic subalgebras

A k-polar generalized neutrosophic set over a universe X is a structure of the form:

i~ — _ _ z_ _ 7, 7/ < 1
E iy |7 € X0 I + T < 1 1)

where ZT, ET, Z] r and 7, r are mappings from X into [0, 1]’“. The membership values of every element z € X
in U7, {rr, {rr and { are denoted by

~ —~ ~ N (3.2)
lip(z) = ((m o lip)(2), (T2 0 lrp)(2), -+, (my 0 EIF)(Z)> ;
Ir(2) = ((m 0 e) (=), (m2 0 Lp) (=), -+, (mi 0 Tr)(2) )

respectively, and satisfies the following condition
(w0 Lrr)(2) + (w0 rp)(2) < 1

foralle =1,2,--- k.
We shall use the ordered quadruple L= (ZT, ET, ZI P, 7, F) for the k-polar generalized neutrosophic set in
(3.1).
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Note that for every k-polar generalized neutrosophic set L= (ZT, ZIT, ZI P, 7, F) over X, we have
(V2 € X) (6 < Up(2) + Orp(2) + Lrp(2) + Op(2) < 3) ,

thatis, 0 < (m; 0 07)(2) + (m; 0 Lyp)(2) + (w0 L1p)(2) + (mi0 lp)(2) < 3forall 2 € X andi = 1,2, --- , k.
Unless otherwise stated in this section, X will represent a BCK/BCl-algebra.

Definition 3.1. A k-polar generalized neutrosophic set L= (ZT, ZIT, Z]F, ZF) over X is called a k-polar
generalized neutrosophic subalgebra of X if it satisfies:

g[T(Z X y) = [T(Z) A ng
Vz, X N —~ —~ , 3.3
A (2 *y) Sfm(z) v e(y) ! G
Toeey) < T2 VInly) )
that is,
[ (mi0lr)(z*y) > (70 br)(2) A (i 0 Ir) (v)
{ (WioliIT)(Z*y) > (WzoflT)(Z)/\(WzofAlT)(y) 3.4
(i OfiIF) zxy) < (m OfIF)(Z) V (m; iglF)(Z/)
L (miolp)(z*y) < (molp)(2)V (miolr)(y)

fort =1,2,--- k.

Example 3.2. Consider a BC' K -algebra X = {0, «, 3, v} with the binary operation “x” which is given below.

= L O %
= L oo
= o ol
= OO0 o™
O™ L O

Let £ := (ZT, ZIT, EAI 2 7, F) be a 4-polar neutrosophic set over X in which ZT, ZIT, ZIF and ZF are defined as

follows:
( (0.6,0.7,0.8,0.9) if z =0,
-~ ] (0.4,0.4,0.8,0.5) if == a,
o X201, 20 { (0.5,0.6,0.7,0.3) if ==,
L (0.3,0.5,0.4,0.7) if z =7,
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( (0.7,0.6,0.8,0.9) if = =0,
~ 4 (0.6,0.4,0.7,0.5) if z = a,
br: X = 01, 2 { (0.5,0.5,0.4,0.8) if z =,
L (0.2,0.6,0.5,0.7) if z =1,
( (0.2,0.3,04,0.5) if z=0,
~ , (0.4,0.7,0.5,0.8) if z = a,
b : X = [0, 29 { (0.5,0.5,0.8,0.6) if z =B,
L (0.7,0.3,0.6,0.7) if z =17,
((04,0.4,0.3,02) if z=0,
~ 4 (0.8,0.7,0.5,0.3) if z =«
i X201, 2= { (0.6,0.5,0.6,0.6) if ==,
L (0.4,0.6,0.8,0.4) if z =7,

It is routine to verify that L= (ZT, ZIT, EAI 2 /, F) is a 4-polar generalized neutrosophic subalgebra of X.
If we take z = y in (3.3) and use (III), then we have the following lemma.

Lemma 3.3. Let L = <ZT, ZIT, Z[F, 7, F) be a k-polar generalized neutrosophic subalgebra of a BCK/BCI-
algebr X. Then

r(0) > Cr(2), Lrr(0) > rp(2)
o€ G00) < (), B0) < Br(2) ) | )

Proposition 3.4. Let L= (?T, ET, ZI 7, 7, F) be a k-polar generalized neutrosophic set over X. If there exists
a sequence {z,} in X such that lim ZT(zn) =1 = lim ZIT(zn) and lim le(zn) =0 = lim Zp(zn), then
n—oo n—o0 n—o0 n—00

Proof. Using Lemma 3.3, we have

n—oo n—o0

This completes the proof. ]

Proposition 3.5. Let L= (ZT, ZIT, Z] F 7, F) be a k-polar generalized neutrosophic subalgebra of X such that

(Vz,y € X) bz xy) 2 lr(w), Lir(z*y) 2 bir(y) ) . 3.6)
Crr(zxy) < Lie(y), Lr(z xy) < Lp(y)

Then L is constant on X, that is, {1, {11, rr and {r are constants on X.
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Proof. Since z x 0 = z for all z € X, it follows from the condition (3.6) that

), Ur(2) = Lrp(z % 0) > £17(0), (3.7)

Ur(2) = br(z % 0) > )
#(0), Up(z) = Up(z 0) < U5(0) (3.8)

> 07(0
Urr(2) = Lip(2 % 0) < &

for all z € X. Combining (3.5) and (3.7) induces KT( ) = ZT(O), Z[T(z) = ET(O), pr(z) = EF(O) and
EF( ) = EF(O) for all = € X. Therefore ET, EIT, EIF and /y are constants on X, that is, £ is constant on
X. OJ

Given a k-polar generalized neutrosophic set L = <l7T, EA[T, ZIF, 7, F) over a universe X, consider the
following cut sets.

U(ZT,VLT) —{ZGXMT( ) > fr},
U(lrr, i) = {ZGXMIT( ) > A},
L(Z]FyﬁIF) = {ZEX|ZIF( ) < Ak,
L(lp, i) :={z € X | lp(z) < Ap}

for Ay, iupp, frr, ip € [0, 1]%, that is,

U(lp,ip) == {z € X | (m;0lr)(2) > db foralli = 1,2, -+, k},

U(lrr,ir) i={z € X | (m; 0 Lyp)(2) > iy foralli = 1,2, , k},

L(lrp,igp) = {2 € X | (m; 0 lp)(2) < Ry foralli = 1,2, -, k},

L(lp,ip) ={z € X | (m; 0 lp)(2) < A foralli =1,2, -, k}
where iy = (np, ng, -+, nf), ur = (nm nir, -+, nip), fp = (nip, n%F, o, nip) and ip = (g,
nF,«~~ nk.). Tt is clear that U(ET,nT) ﬂl 1U(ET,nT) U(lrr,nr) = ﬂz lU(KIT,nIT) (&F,nlp) =

ml 1L(€]F,7”L[F) and L(ﬁF,TLF) ml 1L(€F,TLF> where

U(lr,nr)" = {z € X | (m; 0 br)(2) > it} },
U(EA ) i={z € X | (m OZIT)(Z) > g},
Lrp,yp) = {2 € X | (m 0 lrp)(2) < p),
L(lp,ip) = {z € X | (m; 0 lp)(2) < itf}

fort =1,2,--- k.

We handle the characterization of k-polar generalized neutrosophic subalgebra.
Theorem 3.6. Let L :— <2\T, ZIT, EF, 7, F) be a k-polar generalized neutrosophic set over X. Then Lisak-
polar generalized neutrosophic subalgebra of X if and only if the cut sets U(ZT, nr), U(ZIT, nrr), L(EF, nrr)

and L(ZF, fir) are subalgebras of X for all vy, fuyr, App, ip € [0, 1]%.

Proof. Assume that L is a k- -polar generalized neutrosophlc subalgebra of X. Let z,y € X. If z,y €
U(ET,nT) for all A € [0,1]%, then (7; o ET)(z) > n’. and (m; o KT)( ) > nbfori = 1,2,--- k. It fol-
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lows that R R R 4

(mi o lr)(z +y) = (mi o lr)(2) A (mi 0 br)(y) = ny
i=1,2,--- k. Hence z xy € U(lr,nr), and so U(Cr, i) is a subalgebra of X. If z,y € L({p, fup) for all
np € [0,1]%, then (m; 0 £)(2) < n' and (m; 0 £p)(y) < ni fori=1,2,--- k. Hence

(mi 0 Lp)(2 % y) < (mi o lp)(2) V (m; 0 ) (y) < ni

1=1,2,--- ,k,andso z x y € L(ZF, nr). Therefore L(ZF, nr) is a subalgebra of X. Similarly, we can verify
that U (¢, nyr) and L({;p, nyp) are subalgebras of X.

Conversely, suppose that the cut sets U (ZT, nr), U (Z[T, nrr), L(£ IF, nIF) and L(€ r, np) are subalgebras
of X for all Ay, fiyr, e, ip € [0, 1], If there exists o, 8 € X such that EIT(a x 3) < EIT( ) A EIT(ﬂ) that
is,

<7TZ' e} E[T>(Oé * 6) < (7'('1' o} EIT)(Oé) A (7Ti e} é[T)(B)
fori=1,2,--- ,k,theno, 3 € U(lyp,ur) and axf ¢ U(Cyp, uyr) where i, = (m;0017) () A (0l )(B)
for forz = 1,2,--- , k. This is a contradiction, and so

-~

Uz % y) > Urr(2) A lr(y)

for all z,y € X. By the similarly way, we know that ZT(z xy) > ZT(Z) A ?T(y) for all z,y € X. Now, suppose
that {r(a * 8) > lp(a) V Lp(5) for some «, f € X. Then

(i 0 Lp)(a* B) > (mi o lp)(a) V (m; 0 L) (B)

fori =1,2,--- k. If we take ni, = (m; 0 {p)() V (m; 0 £)(B) fori = 1,2,--- ,k, then o, B € L(lp, i)’
but a x 3 ¢ L(f r,nr)’, a contradiction. Hence

~

Up(z % y) < lp(2) V lp(y)

o~

for all z,y € X. Similarly, we can check that Z[F(Z xy) < lip(z)V Z[F(y) for all z,y € X. Therefore Lisa
k-polar generalized neutrosophic subalgebra of X. O]

Theorem 3.7. Let L :— (ZT, Z]T, ZIF, 7, F) be a k-polar generalized neutrosophic set over X. Then Lisa

k:-polar generalized neutrosophic subalgebra of X if and only if the fuzzy sets m; o ET, ; O 7, 1T, T O E and
oﬁﬁF are fuzzy subalgebras of X where (T; o 05 “)(z) =1—(m oép)( ) and (; oﬂﬁF)( )=1—(m OKIF)( )
forall z € X and i = k.

Proof. Suppose that Lis a k-polar generalized neutrosophic subalgebra of X. Forany i = 1,2,--- k, itis
clear that 7; o {1 and 7; o {; are fuzzy subalgebras of X. For any z,y € X, we get
(m; o Z})(z xy)=1—(mo ZF>(Z xy)=1—(mo ZF)(Z) V (m; 0 Zp)(y)
=1 = (molp)(2)) AL —(molr)(y))
= (m; 0 L) (2) A (mi 0 L5)(y)
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and

(Mo lsp)(z%y) =1 — (molip)(z%y) = 1 — (m;0 1p)(2) V (m; 0 1) (y)
= (1~ (molp)(2)) AL = (mi0lp)(y))
= (mi 0 6p)(2) A (mi 0 L) (y).

Hence 7; o EC and 7; o EC ¢ are fuzzy subalgebras of X .

Conversely, suppose that the fuzzy sets ; o ET, m; O /, T, T; O E and m; o E? r are fuzzy subalgebras of X
fort =1,2,--- ,kandlet z,y € X. Then

(mi 0 br)(2 % y) > (mi 0 br)(2) A (m; 0 Ir)(y),
(mi 0 rr) (2 %) > (mi 0 Lrr)(2) A (7 0 rr) (y)
forall: =1,2,--- , k. Also we have
1— (10 lp)(z %) = (mi 0 (5) (2 % y) > (w0 65)(2) A (0 63) ()
= (1= (m 0 lp)(2)) A (L= (m; 0 lp)(y))
1= ((m; 0 lp)(2) V (m; 0 Ip)(y))

and

(m5 0 Ep)(2 % y) > (13 0 5)(2) A (0 L) (y)
(1= (m 0 lrp)(2)) A (L= (m; 0 rr)(y))
1~ ((m; 0 Lrp)(2) V (m; 0 1p) (y))

which imply that (7; o {7)(z % y) < (m; 0 {)(2) V (m; 0 {r)(y) and

1— (moz\fp)(z*y) =

(w0 lrp)(z *y) < (w0 i) (2) V (mi 0 L) (9)
forall: =1,2,--- k. Hence Lisa k-polar generalized neutrosophic subalgebra of X . [
Theorem 3.8. If L= (ZT, Z[T, EAI 2 7, F> is a k-polar generalized neutrosophic subalgebra of X, then so are
oL = (ZT,ZIT,Z?T,ZCT> and OL = (%F,Z;,ZF,Z,F).

Proaf. Note that (m;0l17)(2)+(mi0l57)(2) = (miolrr)(2)+1—(miolrr)(2) = 1and (miol)(2)+(miol5)(2) =
(WZOEF)( )+ 11— (moép)( ) =1, that is, EIT( )+€IT( ) =1 and (p(z )+ZC( ) =1forall z € X. Hence
0L := (U, Upp, 5 ¢ ECT and OL = £§F, % o Up, 1F> are k-polar generalized neutrosophic sets over X. For
any 2,y € X, we get

(mi0 Fip) (2 #y) = 1= (w0 lir) (2 % y) < 1= (7m0 Lir)(2) A (i 0 L))
= (1= (m o lir)(2) V (1 = (w0 lrr) (1))
= (w0 L7)(2) V (s 0 ) (1),
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(Mo ls)(zxy) =1~ (molr)(zxy) <1—((m0lr)(2) A (m 0 lr)(y))
= (1~ (molr)(2)) V(1 — (molr)(y))
= (mi 0 (5)(2) V (mi 0 05)(y),

(o Cp)(zxy) =1 — (mo ijxz )21 ((mo Ur)(2) V (70 L) (y))
= (1 (m o lrr)(2)) A (1 — (m; 0 L) (y))
= (m; 0 65)(2) A (mi 0 Gp) (y),

and
(0 l3)(z4y) = 1= (m 0 lp)(z % y) 2 1= (w0 lp)(2) V (w5 0 O) (1)
= (1= (m 0 lp)(2)) A (1= (m; 0 IF)(y))
= (mi 0 05)(2) A (mi 0 £5) (1)
Therefore OL := (ZT, ZIT, @T, ?%) and & < P I a 7, F, ZIF> are kpolar generalized neutrosophic subal-
gebras of X. ]

Theorem 3.9. Let Ay x Ao x---x Ay C [0, 1]%, thatis, A; C[0,1])fori =1,2,--- k. LetS; == {S;, | t: € A}
be a family of subalgebras ofoor 1 =1,2,--- , k such that

x=1Js, (3.9)
t;€N;
(Vsi,ti € Az) (Si >t = SSi C Stl) (3.10)

fori=1,2,--- k. Let L= (ZT, EAIT, Z[F, ?F) be a k-polar generalized neutrosophic set over X defined by

(V2 € X) (3.11)

(mi 0 Ir)(2) = V{a € Ai | 2 € Sy} = (mi 0 L) 2), )
(miolip)(z) = N{ri€e N | z€S,,} = (m0lp)(2)

fori=1,2,--- k. Then L= (?T, EAIT, EA[F, ZF) is a k-polar generalized neutrosophic subalgebra of X.
Proof. Forany:=1,2,---  k, we consider the following two cases.

t; = \/{Qz €N | ¢ <t}andt; # \/{QZ e A | g <t}
The first case implies that

2 eU(lr,t) & (Y < t)(z € S,) & z€ ) Su

qi<t;

2 e Ul t:) < (Vg < t:)(z € Sy) &z € ﬂ Sqi-

qi<t;
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Hence U(ZT,t,-) = (S, = U(ET,ti), and so U(Z\T,ti) and U(@T,ti) are subalgebras of X for all i =

i<ty

1,2,..., k. Hence U(ZT,f) = N U(?T,ti) and U(ET,f) = N U(ZIT,tZ-) are subalgebras of X. For
i=1,2,....k i=1,2,....k
the second case, we will show that U((r,t;) = |J S, = U(lyr,t;) foralli = 1,2,... k. If z € | S,

qi>t qi>ti
then z € S,, for some ¢; > t;. Hence (m; o {;7)(z) = (m; o lr)(2) > ¢; > t;, and so z € U({r,t;) and
ze Ul t;). Ifz¢ |J S, then z ¢ S, for all ¢; > t,. The condition ¢; # \/{¢; € A; | ¢; < t;} induces

qi>t;
(ti — ei,t;) N A; = () for some ¢; > 0. Hence z ¢ S,, for all ¢; > t; — ;, which means that if z € S, then
¢ < t; —¢e;. Hence (m; 0 ly7)(2) = (molr)(z) < t; —e; < tiandso z ¢ U({yp,t;) = U(lp,t;). Therefore
U(lr,t;) =Ur,t;) € |J Sy, Consequently, U(lr,t;) = U(lrr,t;) = |J S, which is a subalgebra of X,

qi>t; qi>t;
and therefore U ((p,t) = () U(lp,t;) and U(lyp, 1) = U(l;r,t;) are subalgebras of X. Now, we
i=1,2,....k =12,k

consider the following two cases.

S; = /\{7’@ € Az ’ r, > Si} and s; 7é /\{7’1 € A,L | r; > Si}-
For the first case, we get

z € L(Ep,si) < (Vs <ri)(z€8,)ez¢e m Sris
T >8;
2 € L(lp,s;) & (Vs; <r)(z€8,) & 2€ [ S

T >S;

It follows that L(ZIF, Si) = L(Z\F, s;) = () S, which is a subalgebra of X. The second case induces

r;>8;

(siysi+ei)NA; =0 forsomee; >0.Ifz€ |J S, then z € S,, for some r; < s;, and thus (7; o Z[F)(Z) =

ri <8;

(w0 0p)(2) < r; < siie., 2 € L(lyp,s;) and z € L(lp,s;). Hene | S,, € L({1r,s;) = L(lp, s:).

r; <8;
If 2 ¢ (U S, then z ¢ S,, for all ; < s; which implies that z ¢ S, for all r; < s; + ¢;, that is, if

Ti<sg
z € S, thenr; > s; +¢;. Thus (m; 0 lrp)(2) = (m0lp)(2) > s +¢e; > s;and so 2z & L(lrp,s;) =
L(lp,s;). This shows that L({;p, s;) = L({p,s;) = | S, which s a subalgebra of X. Therefore L({f, §) =

r;<8;

N L(ZF, s;) and U(ZIF, )= N L(ZIF, s;) are subalgebras of X. Using Theorem 3.6, we know that
i=1,2,...k =12,k

L= <ZT, ZIT, ZI F 7, F) is a k-polar generalized neutrosophic subalgebra of X. O

4 k-polar generalized (¢, €\ ¢)-neutrosophic subalgebras

N 12 E\ & (1 2 EY ~ (1 2 k N 12
Let iy = (ng, ng, -+ ,np), e = (Mg, Nip, ==+, Nip), Np = (Mg, Nip, -+, njp) and np = (N, ng,

,n'}) in [0, 1]’C . Given a k-polar generalized neutrosophic set L= (ZT, KA[T, ZIF, 7, F) over a universe X,
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we consider the following sets.

T,(0r, fip) = {z € X | {r(2) + fp > 1},
IT,(Crr,hyr) = {z € X | {yp(2) + Ayp > 1},
[F,(Crp, i) i={z € X | {yp(z) + gp < 1},
Fy(lp, i) = {z € X | lp(2) + ap < 1},

which are called generaliged neutrosophic q-sets, and

Tevy(lr, fir) :={z € X | {r(2) > g or lp(2) + fp > 11,
ITEVq(ZITanT) ={ze X| Orr (2) > fyp or fIT( ) + furr > 1},
IFe(Cip iupp) i={z € X | {yp(2) < fgp or Up(2) + fupp < 1},
Fev(lp,ip) = {z € X | lp(2) < fp or lp(z) + p < 1}

which are called generaliged neutrosophic €\ q-sets. Then

k k
Ty(br, o) = ﬂTq(gTﬁT)i, IT (b, urr) = ﬂ ITy(rr, ur)’s

i=1 i=1
k k

[F,(l1p, iupp) = m IF,(Crp,ivrr)'s Fy(lp,iip) = ﬂ Fy(lp,ivp)’

i=1 i=1
and

k
Tevy(br,ir) = (| Tev(lr, i)' ITev(rr, ur) = (I Tew(lrr, iur)',

i=1 =1
IFey(lip ur) = (IFewq(lir,tir)'s Felp iip) = () Fevq(lr, i)'
=1 =1

where

(ET,nT) ={zeX|(m OKT)(Z) +nh > 1},
]Tq(EIT,nIT) ={zeX|(m oﬁfT)(z) +nbp > 1},
[F,(Crpyirr) = {2 € X | (mi 0 lrp)(2) + nip < 1},

(EF,np) ={zeX|(m oﬁp)(z) +nt < 1}
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and

Tevy(lr,fip) = {z € X | (mi 0 r)(2) > n or (m; 0 bp)(2) + nk > 1},
ITe(lrp,r) = {z € X | (m; 0 Lyp)(2) > niyoor (m; 0 Lyp)(2) + nbyp > 1},
IFevy(lrp,fup) = {2 € X | (w0 1p)(2) < nip or (w0 L) (2) + nip < 1},
Fev(lp,ip) = {z € X | (mi0lp)(2) < nk or (m; 0 lp)(2) + n’ < 1}.
It is clear that T@q(zz,ﬁT) = U(?T,le> U Tq(Z\T,ﬁT), I/\Tevq(z\[T,ﬁ[2> = U(Z[T,/T:UT> U ITq(Z]T,TAl[T),

[Fes(lrp,ivre) = L(Crp,ivre) U TE, (G, ivgre), and Feyg(Cp, fip) = L(lp, ) U Fy(Cp, fip).
By routine calculations, we have the following properties.

Proposition 4.1. Given a k-polar generalized neutrosophic set L := (ET, Cir lrp, b F) over a universe X, we

have
L Iffup, fuyp € [0,0.5)F, then Teyy(br, ir) = U(ly, ap) and ITeyy(Crp, Aur) = U(lrr, furr).
2. Iffup, g € [0.5,1]F, then IF ey ((rp, up) = L(lyp, fip) and Fe,(Cp, fip) = L(Up, Ap).
3. Iffup, fur € (0.5,1)F, then Teyy(br, ip) = T,(Ur, fvr) and IT eyq(Crr, fir) = ITy(Crp, ).
4. If up, e € [0,0.5)%, then IF ayy(Crp, Auup) = IF,((1p, firp) and Feay(Cp, fip) = F,(Up, ip).
Unless otherwise stated in this section, X will represent a BCK/BClI-algebra.

Definition 4.2. Let £ := (ZT, ZIT, Z[ F, 7, F) be a k-polar generalized neutrosophic set over X . Then L is called
a k-polar generalized (€, €\ q)-neutrosophic subalgebra of X if it satisfies:

T,ﬁT), (TS U(ﬁT,ﬁT) = Z*xyY E TE\/q(ngﬁT)a

14
Cip,hr), Y € U(ZIT7ﬁIT) = z*y &€ ITEVq(ZITvﬁIT)a

lip,nr), Yy € Lp,nyp) = 2%y € IFq(lip, Nr),
ZF7

ze U(
ze U(

4.1
z e L(
ZEL( TALF), yEL(zp,’fLF) = Z*yEFE\/q(ZF,ﬁF>
forall 2,y € X, fip, ayp € (0,1]F and Aup, App € [0, 1)".

Example 4.3. Consider a BC'[-algebra X = {0, 1,2, a, 3} with the binary operation “*” which is given below.

™R N R O
™o N = OO
S0 NO O
W R O~ Ol
—OQ ™R
SO Q Qo™
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Let £ := <ZT, ZIT, ZI i 7, F) be a 3-polar neutrosophic set over X in which ZT, ET, ZI r and 7,  are defined as
follows:

((0.6,0.5,0.5) if z=0,

R (0.7,0.7,0.2) if » =1,
Ir: X = 0,1, 2 i (0.7.0.8,0.5) if » =2,
(0.3,0.4,0.5) if » = a,

L (0.3,04,0.2) if z =B,

 (0.6,0.5,0.6) if z=0,

R (0.4,0.3,0.7) if 2 =1,
U X = [0,12, 2 — { (0.6,0.8,0.4) if z =2,
(0.7,0.4,0.1) if » = a,

L (0.4,0.3,0.1) if z =3,

((0.3,0.1,05) if = =0,

- (0.8,0.3,0.7) if » =1,
Dir: X = 0,1, 2 { (0.3,0.8,0.5) if » =2,
(0.7,0.9,0.6) if z = a,

L (0.8,09,0.7) if z =3,

((0.2,0.2,05) if =0,

R (0.3,0.9,0.8) if » =1,
U X = 0,1, 2> { (0.5,0.2,0.4) if » =2,
(0.6,0.4,0.6) if z = «,

L (0.6,0.9,0.8) if z =3,

It is routine to verify that L= (ZT, Z[T, ZI F, 7, F> is 3-polar generalized (€, € Vq)-neutrosophic subalgebra.

Theorem 4.4. If L = (ZT, KA]T, ZIF, 7, p) is a k-polar generalized neutrosophic subalgebra of X, then the

generaliged neutrosophic q-sets Tq(ZT, nr), ]TQ(Z[T, nr), ]FQ(Z[F, nr) and Fq(zp, ng) are subalgebras of
XfOI’ all ﬁT, /fLIT S (O, 1]k and ﬁF, TAL[F € [O, 1)k

Proof. Let z,y € T,({y,fr). Then {r(2) + Ay > 1 and lp(y) + Ap > 1, thatis, (m; 0 £7)(2) + ni > 1 and
(m; 0 lr)(y) +ni > 1fori =1,2,--- , k. It follows that

(7; © ZT)(z *y) + nk

Y]

(i 0 Cr)(2) A (7 0 br) (y)) +
((mi 0 br)(2) + ng) A (i 0 Ir) (y) + nr)' > 1

fori =1,2,--- k. Hence ZT(z*y) +7p > 1, thatis, zxy € Tq(z\T,ﬁT). Therefore Tq(ZT,ﬁT) is a subalgebra
of X. Let z,y € IF,(¢{;p,nr). Then (m;01r)(2) +ntp < land (w0 rp)(y) +nip < 1fori =1,2,--- k.
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Hence

(m; 0 Urp) (2 % y) +nbp < (w0 Lrp)(2) V (70 Lrp)(y)) + nip
= ((m; 0 Urr)(2) + np)'V (15 0 Urp) (y) + nyp)' < 1

fori =1,2,---,kand so pr(z*y) +fiyp < 1. Thus zxy € ]Fq(ZIF,ﬁIF) and IFQ(EF,ﬁIF) is a subalgebra
of X. By the similar way, we can verify that /7, (¢;r, nyr) and F,({r, np) are subalgebras of X. O

We handle characterizations of a k-polar generalized (€, € V¢)-neutrosophic subalgebra.

Theorem 4.5. Let L = (ZT, Z[T, ZI F, 7, F) be a k-polar generalized neutrosophic set over X. Then Lisa
k-polar generalized (€, €V q)-neutrosophic subalgebra of X if and only if it satisfies:

( lr(z %) > Mlr(2), lr(v), 05} \
(Vg € X) Cir(zy) > M (2), ir(y), 0.5} 42)
’ V ez y) < V{Tw(2), liely ) 0.5} |

Dol y) < V{Te(2), Bely), 03} /

that is,
[ (miolr)(zxy) > NM(m 0 lr)(2), (mi o Ir)(y), 0.5},
{ (75 0 i) (2 % y) = N(mi 0 lir)(2), (w5 0 Lr) (9), 0.5}, @3)
(7 0 i) (2 % y) < V(s 0 L) (2), (mi © L) (), 0.5},
L (miolp)(z*y) < V{(molr)(2),(miolr)(y),0.5}

forall z,y e Xandi=1,2,--- k.

Proof. Suppose that L= (ZT, ET, ‘ Fs l, F> is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X
andlet z,y € X. Foranyi = 1,2,..., k, assume that (7; o ?]T)(z) A (m; 0 ZIT)(y) < 0.5. Then

(ms 0 brp) (2 % y) > (mi 0 Lrp)(2) A (mi 0 Lrr) ()
because if (7; o ZIT)(Z *y) < (m; o EAIT)(z) A (m; o @T)(y), then there exists ni € (0, 0.5) such that
(13 0 Lrr) (2 % y) < nip < (w0 r7) (2) A (7 0 1) (y).

It follows that z € U(ET, nrr)tandy € U(Z[T,ﬂ]T)i but z*y ¢ U(ET,nIT)i. Also (ﬂioET)(z*y)jLn}T <1,
ie.,zxy & IT,({rr,nyr). Hence z x y ¢ IT ¢, ({17, nrr) which is a contradiction. Therefore

(mi 0 lrr) (2 % y) = N 0 Gr)(2), (m; 0 Lrr) (y), 0.5}

forall z,y € X with (m; o ET)(Z) A (m; 0 Z[T)(y) < 0.5. Now suppose that (7; o ZIT)(Z) A (0 ZIT)(y) > 0.5.
Then z € U(KIT, O5>Z and Y € U(f[T, 05)1, and so z * Yy € [TEVq<£IT: 05)z = U(EIT, 05)1 U [Tq(ng, 05)Z
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Hence z *y € U(ZIT, 0.5). Otherwise, (m; Z[T)(z xy)+0.5 < 0.5+ 0.5 = 1, a contradiction. Consequently,

(mi 0 Lrr)(z % y) = N\{(mi 0 lir)(2), (i 0 Lrr) (y), 0.5}

for all z,y € X. Similarly, we know that
(w0 br)(z % y) 2 \{(mi 0 Tr)(2), (w0 br)(4). 0.5}

forall z,y € X. Supposethatzp( W r(y) > 05. If Cp(zxy) > (p(z )\/EF( ) :=fip, then 2,y € L(lp, Aup),
Zxy & (ﬁp,np) and €F(z * y) +hp > 20p > 1,06, 2%y ¢ F, (€F,np) This is a contradiction, and so
Up(zxy) < \/{EF( ), 0r(y),0.5} wheneverﬁp( YWk (y /) > 0.5. Now assumethatép( )\/Ep( ) < 0.5. Then
2,y € L(EF,O 5) and thus z x y € Fe\/q(ﬁp,o 5) = L(ﬁF,O 5) U F, (EF,O 5). If zxy ¢ (@F,O 5), that is,
EF(z*y) > 0.5, thenEF(z*y) +05> 0.5 5+0 5=1,ie,2xy¢F, (€F,O 5). This is a contradiction. Hence
ép(z*y) < 0. 0.5 and soép(z*y) < \{lp(2),lp(y),0.5} WheneverEF( )W r(y) < 0.5. ThereforeEF(z*y)
\/{KF( ). r(y),0.5} forall z,y € X. By the similar way, we have €1F(z xy) < \/{EIF( ) KIF( ),0.5} for
all z,y € X.

Conversely, let L= <ZT, ZIT, Z[F, 7, F) be a k-polar generalized neutrosophic set over X which satisfies

the condition (4.2). Let 2,y € X and fip = (np, 07, -+ ,nf) € [0,1]*. If 2,y € U(lr, Air), then Uy (2) > Ay
and (7 (y) > fp. If (p(z % y) < fp, then £ (z) A lp(y) > 0.5. Otherwise, we get
lr(zxy) > \r(2), Ir(y), 0.5} = br(2) Alrly) = o,

which is a contradiction. Hence
Up(z % y) + g > 2 (z % y) > 2 \{lr(2), lr(y),05} = 1

andso z xy € T, (ET,nT) C Teyq (ET, nr). Similarly, if z,y € U(ET,ﬁIT), then z x y € [Tqu(ZIT, nyr) for
r = (npp, nip, -+ njp) € [0,1]F. Now, let 2,y € L({1p, nyp) for iy = (ngp, nz\F, ~omkn) e [0, 1]k
Then EIF( ) < n;F and lrr(y) g nip. Wlip(zxy) > nyp, then {;p(2) V €1p(2) < 0.5 because if not, then
Urp(z % y) < \{lp(2), lr(y), 05} < Cyp(2) V {p(y) < fuyp, which is a contradiction. Thus

ﬁjp(z*y)+nlp<2€fp(z*y <2\/{£1F EIF( ) 05}21

andso z xy € IF, (EIF,nIF) C IFEVq(EIF, nIF) Similarly, we know that if z,y € L(?F, np), then z x y €
Fy(lp,fip) C Fayy(lp,iip) for ip = (nk, nZ, .-+ nk) € [0,1]*. Therefore L is a k-polar generalized (€,
€ Vq)-neutrosophic subalgebra of X. ]

Using the k-polar generalized (€, € Vq)-neutrosophic subalgebra, we show that the generaliged neutro-
sophic g-sets subalgebras.
Theorem 4.6. IfE = (ZT, ZIT, ZIF, Zp) is a k-polar generalized (€, € \/q)-neutrosophic subalgebra of X,

then the generaliged neutrosophic q-sets Tq(ZT, nr), ITq(?IT, nr), IFQ(ZIF, nr) and Fq(zp, ng) are subal-
gebras of X for all iy, fiyr € (0.5,1]% and fip, irp € [0,0.5)F,
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Proof. Suppose that L= (ZT, Z\[T, ZIF, 7, F) is a k-polar generalized (€, € Vg)-neutrosophic subalgebra of

X. Letz,y € X. If 2,y € ITy({yp, ) for A € (0.5, 1)F, then Uy (2) + fyp > 1 and £yp(y) + fgp > 1. It
follows from Theorem 4.5 that

ZIT(Z *y) + ur = /\{ZIT<Z)7 ZIT(y), 6\5} + N
= /\{ZIT(Z) + nrr, ZIT(?J) + Ny, 0.5+ nr}
>1,

ie,zxy € ITQ(Z[T,ﬁ[T). Thus ITq(ET,ﬁIT) is a subalgebra of X. Suppose that z,y € Fq(ZF,’fLF> for
fir €[0,0.5)%. Then (7; 0 £r)(2) + ni < 1 and (m; 0 £r)(2) + n% < 1. Using Theorem 4.5, we have

(mi 0 Lp) (2 % y) +nfp < \/{(mi 0 r) (2), (mi © L) (y), 0.5} + nip
= \/{(mi 0 lr)(2) + nip, (ms 0 Cr) () + 0, 0.5 + 1}

<1

and thus z * y € Fy((p,p) forall i = 1,2,--- k. Hence zxy € (o, Fy(lp,p) = Fy(lp,np), and
therefore [, ({r,np) is a subalgebra of X. Similarly, we can induce that T, ({7, ny) and [ F,({;p,nrr) are
subalgebras of X for iy € (0.5,1] and 2p € [0,0.5)F. O

Using the generaliged neutrosophic € Vg-sets, we establish a k-polar generalized (€, € Vq)-neutrosophic
subalgebra.

Theorem 4.7. Given a k-polar generalized neutrosophic set L= (ZT, ZIT, ZI 2 7 F) over X, if the generaliged

neutrosophic €\ q-sets Tevq(ZT, nr), ITEVq(ZIT, nrr), [ Fey, (ZIF, nrr) and Fey, (ZF, ng) are subalgebras of
X for all iy, nrr € (0,1)F and np,nrp € [0,1)%, then L is a k-polar generalized (€, € \Vq)-neutrosophic
subalgebra of X.

Proof. Assume that there exist o, 5 € X such that
(m; 0 Or) (e B) < N\{(mi 0 Tr) (@), (m; 0 £r)(8), 0.5}
fori =1,2,--- k. Then there exists n’. € (0,0.5] such that
(mi 0 lr)(ax B) < nfp < N\{(m; 0 br) (@), (mi 0 lr)(B), 0.5

Hence o, 8 € U(ly, ir)i, and so o, B € (*_, U(lr, p)t = U(ZT,ﬁT) C T@q(ZT, fr). Since Teyq(lr, Air) is
a subalgebra of X, it follows that o * § € Tevq(ZT, ar) = Nh, Tevq(ﬁT, fr). Thus (7; o KT)(a * ) > nk
or (m; o ZT)(& x B) +nh > 1fori = 1,2,--- k. This is a contradiction, and thus (m; o ET)(z *y) >
N{(m; 0 ?T)(z), (m; 0 ZT)(y), 0.5} forall z,y € X andi = 1,2,--- , k. Now, if there exist , 5 € X such that

(7r; OfIF () > \/{ oé;p (iOZIF)(/B)aO~5}
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fort =1,2,---  k, then
(7 0 Lre) (o s B) > nipp 2 \[{(ms 0 1) (@), (mi 0 1) (8), 0.5} (44)

for some 1}, € [0.5,1). Hence a, 8 € L({;p, iup)’, and so o, B € N, L(lrr, ivrr) = L(lrp, pp) C
IFe ({1, fip). This implies that o« % 8 € IFey({1r, firp), and (4.4) induces o 8 ¢ L({;p,fyp)' and
(mi 0 Uyp) (o % B) + nip > 2nip > 1fori = 1,2, k. Thus a % 8 & 'y LUy, nyr)' = L(lrp, fipp)
and o * [ ¢ ﬂle IFq(EAIF, Nrp) = [Fq(EF,ﬁIF). Hence a x 5 ¢ IFevq(éAIF, nr) which is a contradiction.
Therefore

(w0 L1r) (2 % y) < \[{(mi 0 l1r)(2), (mi 0 i) (y), 0.5}

forforall z,y € X andi =1,2,--- |k, i.e, Z]F(z xy) < V{@F(z),@p(y),(ﬁ} for all z,y € X. Similarly,

we show that (m: 0 r7) (2 y) = A{(mi0ir)(2), (w0 ir)(y), 0.5} and (w0 L) (2 +y) < VA (mi0 k) (2), (mio
lr)(y),0.5} forall z,y € X and i = 1,2,--- k. Using Theorem 4.5, we conclude that £ is a k-polar
generalized (€, € Vq)-neutrosophic subalgebra of X. O

Using the k-polar generalized (€, € V¢)-neutrosophic subalgebra, we show that the generaliged neutro-
sophic € Vg-sets subalgebras.

Theorem 4.8. IfEA = (ZT, ZIT, ZIF, Zp) is a k-polar generalized (€, € \/q)-neutrosophic subalgebra of X,

then the generaliged neutrosophic €\ g-sets Ty, (Z\T, nr), ITeq, (ET, nr), ]Fevq(sz, np) and Fe\/q(zp, np)
are subalgebras of X for all iy, nyp € (0,0.5]% and ip, frp € (0.5, 1)".

Proof. Let z,y € ITa,y({rp, Auyr). Then
z € U((Z[T,ﬁIT)" orz e ]Tq(<Z]T,’fL[T)i
and
y € U((lyr,nyr)ory € IT,((rp, fuyp)’
forv =1,2,--- , k. Thus we get the following four cases:
() z € U((Lyr,ur)i and y € U((Lrp, urr)t,
(ii) z € U((rr, fupr) and y € IT,((Crp, Rupr)'s
(iii) z € IT,((Cyr, yr) and y € U((Crr, fupr)'
(iv) z € IT,((Cyp, fyr) and y € IT,((Crr, furr)'.

For the first case, we have z x y € ITEVq((ZIT, fgr)t fori =1,2,--- , kand so

k
ZxY € ﬂ ITG\/q(<€[T,’fAL[T)i = ITG\/q<€IT7IfLIT)-

i=1
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In the the case (ii) (resp., (iii)), y € IT,(({rr, Aur) (tesp., z € IT,((Crr, fupr)) induce Crp(y) > 1—niy > iy
(resp., {rr(2) > 1 —nbp > nip), thatis, y € U(({rp,nyr)" (resp., z € U((rr,fr)?). Thus z xy €
ITe((rr, ayp) fori =1,2,---  k which implies that

k
2y € (VI Tew((Lrr,iur) = ITesg(Crr, fur).

i=1

The last case induces ;7(z) > 1 — nip > nip and (r(y) > 1 — nig > nig, ie., 2,y € U((Crp, fuyr)' for
1=1,2,--- k. It follows that

k
ZxyY € m ITev((rr, ur)’ = ITevq(Crr, furr).

i=1

Therefore [ Te\/q(ZIT, nyr) is a subalgebra of X for all n;r € (0, 0.5]’“ . Similarly, we can show that the set
Tesq(lr,fir) is a subalgebra of X for all ir € (0,0.5]%. Let 2,y € Feyy({r, fir). Then

~

KF(Z) S ’fAlF or ZF(Z) + ﬁF < j_

and

by Theorem 4.5, and so z * y € L(ZF,ﬁF) C Fevq(éAF,ﬁp) IfﬁF( ) < fup or Ep( )+ < 1, then
Up(zxy) < \/{lr(2), lr(y), 05} < \/{ip,1 —itp, 05} = ip

by Theorem 4.5. Hence z * y € L({p,p) C Feyy(lp, fip). Similarly, if p(z) + ap < 1 and lx(y) <
then z xy € Feyy(bp,np). f lp(2) + np < 1 and lp(y) +np < 1, then

(2 y) < \/{lr(2), 05} <(i—np)v05=05<np

by Theorem 4.5. Thus z x y € L(ZF,ﬁp) C Fevq(zp, nr). Consequencly, Fevq(zp, np) is a subalgebra of
X for all ig € [0.5,1)". By the similar way, we can verify that I Fe,,({1r, Ti7r) is a subalgebra of X for all
hrp € 0.5, 1)F. 0
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5 k-polar generalized (¢, €\ ¢)-neutrosophic subalgebras

Definition 5.1. Let £ := (ZT, ZIT, ZI 2 7 p> be a k-polar generalized neutrosophic set over X. Then L is called

a k-polar generalized (q, €\ q)-neutrosophic subalgebra of X if it satisfies:

2 € T(lr,ivr), y € Ty(br,ivy) = 2%y € Teyy(lr,ivy),

z € ITq(Z[T,ﬁ[T), Y E ITq(ZIT,ﬂIT> = Z*YC ITEVq(ZITaﬁIT)a (5 1)
z € IFq(KIF,TALIF), Yy <€ [Fq(g[p,ﬁ[}?) = Z*xy € IFE\/q(EIF,ﬁ]F),

A FQ(ZF,ﬁF>, Yy < Fq(ZF,’fLF) = 2%y E FEVQ(ZF,TALF)
for all z2,Yy € X, ﬁT,TAL[T € (0, 1]k and ﬁp,ﬁ[p € [O, 1)k

Example 5.2. Let X = {0, 1,2, a, 5} be the BCI-algebra which is glven in Example 43. Let £ := (KT, 7, T
7, 17, L F) be a 3-polar generalized neutrosophic set over X in which KT, 7, T, 7, 7 and /, r are defined as follows:

(0.6,0.7,0.8) if z =0,

R (0.7,0.0,0.0) if = =1,
Ir: X = 0,17, 2 { (0.0,0.0,0.9) if » =2,
(0.0,0.0,0.0) if = = a,

L (0.0,0.0,0.0) if z =3,

((0.6,0.7,0.8) if z=0,

(0.7,0.0,0.0) if = =1,

O X = (0,1, 2 — { (0.5,0.8,0.9) if z =2,
(0.0,0.0,0.7) if z = «q,

L (0.0,0.0,0.0) if z =3,

( (0 ) if 2=0,

R (1 ) if 2 =1,
EIF:X—>[O,1]3,ZI—>{ (0.3,0.4,1.0) if z =2,
(0 ) if 2=,

L1 ) if 2= B,

(0 ) if 2 =0,

(0 ) if 2 =1,

Tr: X =0, 1],2»—>{ 8.0,0.2,0.1; iz:Q,
if z=q,

L (1 )

if z=p,

It is routine to verify that L= (ZT, EAIT, ZI I 7, F) is a 3-polar generalized (¢, € \VV¢)-neutrosophic subalgebra
of X.
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Using the k-polar generalized (¢, € V¢)-neutrosophic subalgebra, we show that the generaliged neutro-
sophic g-sets and the generaliged neutrosophic € V¢-sets are subalgebras.

Theorem 5.3. If L= (ZT, ZIT, ZIF, ZF> is a k-polar generalized (q, € \Vq)-neutrosophic subalgebra of X,

then the generaliged neutrosophic q-sets Tq(ZT, nr), [Tq(Z[T, nr), IFq(ZIF, nir) and Fq(zp, ng) are subal-
gebras of X for all iy, fyr € (0.5,1]F and fup, irp € [0,0.5)F.

Proof. Let z Y € T, (ZT,ﬁT) Then z x y € Tevq(ZT,ﬁT), and so z x y € U(ZT,ﬁT) orz*y € Tq(ZT,ﬁT).
Ifzxy € U(ET,nT) then (m; o Or)(z % y) > nin > 1 — ni since ni, > 0.5 forall i = 1,2, -+ , k. Hence
zxy €T, (ET, nr),and so 7, (ET, nr)isa subalgebra of X. By the similar way, we can verify that /T, (€ 17T
is a subalgebra of X. Let z,y € F, (fp,np) Then z x y € Fevq(EF,nF) and so z x y € L(ép,np) of
Z2xy € Fq(ZF,ﬁF). If zxy € L(Zp,ﬁp), then (m; o EF)(z xy) < nt < 1 —ni since nt, < 0.5 for all
i =1,2,--- k. Thus z xy € FQ(ZF,TALF), and hence Fq(z\p,ﬁp) is a subalgebra of X. Similarly, the set
IFQ(ZIF, nyr) is a subalgebra of X. O

Theorem 5.4. IfE = (ZT, ZIT, ZIF, ZF> is a k-polar generalized (q, € \Vq)-neutrosophic subalgebra of X,

then the generaliged neutrosophic €\ q-sets Tevq(ZT, nr), ]T@q(ij, nr), IFEVQ(ZIF, nyr) and F@q@, np)
are subalgebras of X for all iy, nyr € (0.5,1]% and fip, nyp € [0,0.5)k.

Proof. Let z,y € Tevq(ZT,ﬁT) for iy € (0.5,1]%. If 2,y € Tq(ZT, nr), then obviously z x y € Tevq(ZT,ﬁT).
If = € U(lr,ar) and y € T,(Cr,ir), then Op(2) + Ay > 20y > 1, ie., z € Ty(lp, ). It follows that
Z2xy € Tevq(@\T,fLT) We can prove z x y € T@q(ZT,ﬁT) whenever y € U(ZT,ﬁT) and z € Tq(ZT,’fLT)
in the same way. If 2,y € U(ET,nT) then ET( )+ np > 2ﬁT > 1 and ?T( )+ np > 207 > 1 and so
z,y €T, (ET, nr). Thus z xy € Tevq(éT, nir). Therefore Tevq(ET, nir) is a subalgebra of X for ny € (O 5,1]%.

Now, let 2 XA Fevq(fp,np) for ng € [0,0. 5)’c If z,y € F, (EF,nF) then obv10us1y Z2xy € Fevq(ﬁp,np)
If z € L(@F,np) and y € F(ﬁp,np) then KF( )—i—np < 2y < 1,ie, 2z € F(€F,np) Hence z x y €
F@q(zp,ﬁp) Similarly, we can prove that if y € L(@F,np) and z € F, (@F,np) then zxy € Fevq(ﬁp,np) If
z2,y € L(?F,np) then EF( )+ np < 2nF < 1and EF( )+ hp < 20p < 1, thatis, z,y € F, (Ep,np) Hence
2y € Fe\/q(z\p,’ﬁp). Therefore Fe\,q(fp, fir) is a subalgebra of X for all iy € [0,0.5)%. In the same way, we

can show that ITEVq(EAIT, fizr) is a subalgebra of X for 777 € (0.5, 1] and IFEVq(ZIF, nsr) is a subalgebra of
X for all A7 € [0,0.5). O

We provide conditions for a k-polar generalized neutrosophic set to be a k-polar generalized (¢, € Vq)-
neutrosophic subalgebra.

Theorem 5.5. For a subalgebra S of X, let L= (ZT, ET, Z] F, 7, p) be a k-polar generalized neutrosophic set
over X such that

—_~ o~ — o~ o~

Urr(2) > 0.5, Urp(2) <05, Ip(2) <0.5), (5.2)
0=1 1= (5.3)

o~

(Vz € S)(br(z) > 0.5, : B,
(V2 € X\ S)(lr(2) Ur(2), lip(2) =1 =Up(z

/—\
\_/
~—

Then L is a k-polar generalized (q, €V q)-neutrosophic subalgebra of X.
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Proof. Let z,y € T,(r, fir) = N, T, (¢r, ). Then (m;007)(2) +n > 1 and (m; 067 (y) +nip > 1 forall
i=1,2,--- k. Ifzxy ¢ S,thenz € X\ Sory € X\ S since S is a subalgebra of X. Hence (moZT)(z) =0
or (m; o 7)(y) = 0, which imply that n’ > 1, a contradiction. Thus z x y € S and so (m; o ZT)(Z xy) > 0.5
by (5.2). IfnT > 0.5, then (mofT)(z*y) +nb > 1,ie., zxy € T(KT,nT) forall i = 1,2,--- k. Hence
2%y € ﬂl 1T (ET,nT) =T (ET,nT) Similarly, if z,y € IT, (EIT,nIT) then z x y € ITq(ZIT,ﬁ]T). Let
2y € IF,(lip,nyr) = (V) IF,({1p, fiyp). Then (m; oem)< ) + i < Land (w0 [p)(y) + nip < 1
for all i = 1,2,-- K, Wthh implies that z x y € S. If nIF > 0.5, then (m o KIF)(Z * y) <05 < nip
forall i = 1,2,---,k which shows that z x y € ﬂl 1L(€IF,nIF) = L(ﬁ;p,nm) If n. < 0.5, then
(mi o lip)(2 + y) + njp < Lforalli = 1,2,--  kand so zxy € Ny IF, (e, i)' = LFy(Lrp, ).
Similarly way is to show that if z,y € F, (EF, nF) then z x y € Fe\/q(éF, nr). Therefore Lis a k- -polar
generalized (¢, € Vq)-neutrosophic subalgebra of X. O]

Combining Theorems 5.3 and 5.5, we have the following corollary.

Corollary 5.6. If a k-polar generalized neutrosophic set L = (ZT,ZIT,Z[F,Z F) satisfies two conditions

(5.2) and (5.3) for a subalgebra S of X, then the generaliged neutrosophic q-sets TQ(ZT, nr), ITQ(EIT, nrr),
IF,((;r,nir) and Fy({p, 1) are subalgebras of X for all i, iurr € (0.5,11F and g, ire € 10,0.5)%.

6 Conclusions

We have introduced k-polar generalized neutrosophic set and have applied it to BCK/BCI-algebras. We have
defined k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalge-
bra and k-polar generalized (g, € Vq)-neutrosophic subalgebra and have studid various properties. We have
discussed characterization of k-polar generalized neutrosophic subalgebra and k-polar generalized (€, €Vq)-
neutrosophic subalgebra. We have shown that the necessity and possibility operator of k-polar generalized
neutrosophic subalgebra are also a k-polar generalized neutrosophic subalgebra. Using the k-polar gener-
alized (€, € Vq)-neutrosophic subalgebra, we have shown that the generaliged neutrosophic ¢-sets and the
generaliged neutrosophic € Vg-sets subalgebras. Using the k-polar generalized (¢, € V¢)-neutrosophic sub-
algebra, we have shown that the generaliged neutrosophic g-sets and the generaliged neutrosophic € V¢g-sets
are subalgebras. Using the generaliged neutrosophic € Vg-sets, we have established a k-polar generalized (€,
€ Vq)-neutrosophic subalgebra. We have provided conditions for a k-polar generalized neutrosophic set to be
a k-polar generalized neutrosophic subalgebra and a k-polar generalized (g, € Vq)-neutrosophic subalgebra.
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