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Abstract: The aim of this article is to concentrate on the notion of closed neutrosophic domination
(CND) number ycl (G) of a neutrosophic graph (NG) with using effective edge, furthermore we gain
a few outcomes on this notion, the relation between yc! (G¢) and some other notions is acquired,

eventually the notion of (CND) number of (join neutrosophic graphs) is came in.
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1. Introduction

A graph is a nonempty set whose elements are called vertices or points. It also contains a set of
elements consisting of unordered pairs of vertices; these elements are called edges or lines [1]. There
are many relations between graph theory and other branches of mathematics such as Topology,
Algebra, Probability, Fuzzy and Numerical Analysis. In addition, there are relations with other
sciences such as Engineering, Computer Science, Chemistry, Physics, and Biology|[2]. The concept of
graph domination is one of the topics in graph theory, in which it is used in all the above sciences.
The first one who initiated this concept is Claude Berge in 1962[3] .

Ore [4] is the one who introduced the concepts of domination number and dominating sets. After
that, this notion started to appear in different kinds and forms. In mathematics, this concept
appeared in many fields including fuzzy graph, topological indices of graphs, etc. Additionally,
many new definitions in this concept have been used, depending on putting some conditions on the
dominating set. The concept of dominance which introduced by V.T.Chandrasekaran and
Nagoorgani, and all the concepts of dominant sets, independent set, dominant number, The total
dominant number in the fuzzy graph was developed by R.Parvathi and G.Thamizhenthi [5]. A.
Somasundaram introduced dominance in fuzzy graph using effective edges, relying on fuzzy
graph concept which introduced by Rosenfeld in 1975, which is consequently built on the basis of
the fuzzy sets proposed by Zadeh[6] in 1965 as a new mathematical framework for the visualization

of unreliability phenomena in a real-life situation[7].

The use of the intuitionistic fuzzy set also played an important role in the transition from
mathematics to computer, information science, and communication systems. Use combinatorial
optimization, physics, and statistical problem solving to see the graphs[8]. In 1998, Florentin

Smarandache [9]introduced the concept of Neutrosophic set which is a powerful general formal
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framework that generalizes the concept of fuzzy set and intuitionistic fuzzy set by treating with
indeterminate membership furthermore of truth and false memberships and then domination in
neutrosophic graphs was introduced by M.Mullai [10] . The variety of applications for graphs and
their domination sets are increased by appearing of SVNG since its domain is larger than that of FGs
and IFGs. SVNGs model the relationships much like any other type of graph. Hence, it is used to
address a variety of relationship-based issues. Where FGs and IFGs fail, it may mimic issues with

fluctuating and ambiguous information in the actual world[11].

This work aims to introduce the concept of Closed neutrosophic dominating set in neutrosophic
graphs which possess more properties than the traditional domination set concept and some other
related concepts was provided.
2.preliminaries

Definition 2.1 [12]. Let V be a non-empty set, a fuzzy graph G = (o, ) is a couple of functions
og:V — [01] and p: VxV — [0,1] such that p (x,v) = a(x)Aa(y) forallx,y €V,
where xy denotes the edge between the vertices x and y furthermore ¢ and p represent the
fuzzy vertices and fuzzy edges sets on V and E respectively. See figure (1A)
Definition 2.2 [11]. The form G=(V, E)is called an (IFG) where

)V ={v,, v, ...,v, J,where p;: V = [0,1] and ¥, : V—[0,1] such that p,is a membership
grade and ¥, is a non-membership respectively of every v; € V(i = 1,...,n),
and0< py (v; )+yy (1) <1

ii. E€SVxV where p,:VxV — [0,1], and ¥,:VxV — [0,1], are functions and

Pot Uy, V)< g W )Apy (W) , V2 (U, 0 )21 (V) VY (1))

and 0 < 1, (v!-, vj) + ¥, [vi-,vj-) <1,v (v!-,vj) € E (i,j =1,2,3,..,n) see figure (1B)

A(0.1) (0.1) B(0.4) J(0.8,0.6) F(0.3,0.2)
@ A

D(0.5) (0.4) (0.1,0.8)

A: Fuzzy graph B: Intuitionistic fuzzy graph

Figure :1

3. Single Valued Neutrosophic Graph (SVNG)[13].
Let G = (V,E) refers to a traditional graph, and G= (A, B) toa (SVNG) On G~
Definition 3.1. A single valued neutrosophic graph (SVNG) on vertices set V is
acouple G = (A,B) where A = (T, 14, F;) and B=(Ty, I5, F5) as follows:
1.The T, , 1, , F, :V —[0,1] are functions represent (truth, indeterminacy and falsity)

membership degrees respectively, for all v; €V, (i=1,...n), and 0 = T,(v;) + Ly (v;)+ F4(v;) =3
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2. The functions Ty, I, Fz: E SV xV = [0, 1], are satisfied the followings:
Ta(v;,v;) = Tu(vy) ATa(vy)

Ig(v;,v;) = Iy(v;) ALy(v;) and

Fﬂ[v!-,vj) = Fy(v,)VF, [vj—) forall v;, v; €V

whereTg, I, F5 semilarly represent the three types of membership degrees of each edge

respectively, and
0 = Ts(vy,v;) +Ig(v;, vp)+ Fg(v,v;) =3 forall (v,v;) €E , (i,j = 1,23,...,n)

Where A is denote the (SVN) vertex setof V, and B the (SVN) edge set of E, respectively. See
figure 2.

Notes;
i) B is symmetric (SVN) relation on A.
ii) When Tg;; = Ip;; = Fp;; =0for someiandj, then V; and V; are not adjacent vertices

otherwise there exists an edge v;v; € E

iii)  If at least one of the conditions in (1) and (2) is not satisfied, then G is not a (SVN) graph

Definition.3.2.[14]. Let G = (A4, B) be a (SVNG).
1) ¥ x €V the neutrosophic degree d(x) of xis

YT (xy) , Xig(xy) X Fs(xy), vy € V adjacent to x

1+T,4 (V;‘]+IA(U{]—FA(V{]
3

2) Forevery v; €V |v,| = is called cardinality of the vertex v;,

1+TA(XJ+IA(X]—FA(X]
3

Then |4] = |Z veA | is called vertex cardinality of G,

|Zx.ye;1 1+TB(J(J'J]Jr“g(x"ﬂ_'!"B(’r'y]| is known as edge cardinality of G.

Similarly, |e = xy| = :

Definition. 3.3.[15]. Let G = (A; B) be a (NG) on V. Then An edge 1,1, € E in G is said to be an

effective edge, if
Ts(vy,v5) = Ty(vy) AT,(v;)
Ig(vy,v3) = Iy(vy) Aly(vy) and
Fg(vy,v,) = Fy(v )VF,(vy) for vy, v, €V

Definition. 3.4. [15]: take G = (A, B) as a (NG), then

1) Gisrenowned as strong neutrosophic graph if ¥ v;v; € E' is an effective edge.
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2) Gisrenowned a complete neutrosophic graph if Vv, v; € V, 3e = v;v; is an effective

edge.
Definition. 3.5. [8]: A non-empty set § € V() is called an independent neutrosophic set (INS) if

Tg(xy) = Ig(xy) = Fg(xy) = 0 ,forallx,y€S

Definition. 3.6. N(x) refers to open neighborhood of x € V (G) is define as

N(x)={y € V/(x,y) isan effective edge}and

N[x] = N(x) U {x} is closed neighborhood of x.

Definition .3.7. ACSV(G) is called a neutrosophic vertex cover (NVC) of G if for each effective

Edge e = (x,y), atleastone of x or y belong to A .
The minimum neutrosophic cardinality (MNC) of all (MNVC) is called a neutrosophic vertex

covering number of G which denoted by @,(G).

Definition 3.8 [8]: Let G be underline graph of a neutrosophic graph G. The size mof G is a set
of alledgesin G* and denoted by m=IE (G*)|. Similarly, the order n=1V (G*)| of G"is the
number of vertices in in G*

Definition 3.9. Let G = (A, B) be NG then the neutrosophic size Sy and neutrosophic order 0y of G
are define as

Sy = (X Tg(wv), X1g(w,v), Y Fs(u,v)),Yuv € E and Oy =

ET(w), 2L (W ZF(u),vueV

Definition. 3.10. [16]. Let G = (A, B) be NG then theset D = 0,D € V(&) is known as a
neutrosophic dominating set (NDS) of Gif ¥ v € V — D ,3 avertex x € D such that
Ts(uy) = Ty () ATa (). Is(x.y) = 1y (x) AL, (¥), and Fp(x,y) = F, (x) VF,y (¥)
. The (MNC) for all minimum neutrosophic dominating set in G is called the neutrosophic
domination number (NDN) of G which is denoted by ¥y .
4. Closed neutrosophic domination number (CNDN) in neutrosophic graph.
Definition. 4.1 Let G be (NG) with a vertex set V, and Dk € V for some k € Z*, then Dk is called
closed neutrosophic dominating (CND) set of G if the followings satisfied:

1) vx €Dk, 3 ¥ € Dk such that x dominate y and

2) If Dk contains more than two vertices then the two vertices have not been adjacent to the

third one.
3) N[Dk]=V(G)

Algorithm for finding closed neutrosophic dominating set Dk can as follows:
Let V={x1,x2,...,xn}, and D& = {x1,x2, ..., xx,} EV
1) Choose x1€V(G), assume D1={x1}, if N[D1] = V(G) then D1 is said to be closed

neutrosophic dominating set, otherwise
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2) Choose x2€V-D1(may xland x2 are adjacent) put D2={x1,x2} if N[D2]=V(G), then D2 is
(CND) set, otherwise,
3) Choose x; €V-N[Dk-1), k=3, k € Z* such that N[DK]=V(G).
Definition. 4.2. A (CND) set Dk in a neutrosophic graph G is known as minimum closed
neutrosophic dominating (MCND) set if the number of Dk elements less than or equal of number of

vertices of each of other closed neutrosophic dominating set.
Definition. 4.3. Let G = (A, B) be a NG The minimum neutrosophic cardinality of all (MCND) sets

is known as closed neutrosophic domination number (CNDN) and denoted by ycl(G) were
YEl(G)= ((min (Zxe g I Ta (x), 14 (), E4 ()| , J¥€Dy, Dki is MCND stes).

Definition. 4.4. The (MCND) set with minimum neutrosophic cardinality is said to be ycl-set.
Example. 4.5. Consider the given neutrosophic graph G, in figure 2.

We note two (MCND) sets: Dk1={A, C, D, H} ={HJUN(B) and Dk2={I, ], B, D} = N(H)U{B} such that
N[Dk1] =V(G) and N[Dk2] =V(G).

[IDk1l1=|(1.7,2.4,1.7)| = 1.13333, | IDk2l I= |(2.1,2.1,1.6)| = 1.2

The closed neutrosophic domination number ycl=min {| |Dk111, | IDk21 1}

=min {1.13333,1.2} =1.1.333

A(0.3,04,0.6) F(0.60507 F0.4,06,03) (0.3,04,0.6)
04,0307

{0.3,0.4,0.6)
{0.5,0.5,0.7)
{0.5,0.4,0.6)

B(0.6.0.4,03) J H(0.7.06.0.3)

Iy

= ) —
D__ O g
= — -
D__ 5 D
™ Ly A
8 S i
(0.1,0.1.0.9) (030108 ~ ._ (0.3,0.4.03)
C (02,0504 G.(0.6,0.1,0.8)

Figure 2: single value neutrosophic graph

Preposition. 4.6. Let G be a neutrosophic graph, then every closed neutrosophic dominating set of G

is a neutrosophic dominating set of G.

Proof: It is clear a vertex set Dk & V(&) in a neutrosophic graph G is closed neutrosophic
dominating set if the following provisions satisfied:

1) vx €Dk, 3 y € Dk such that x dominate y and also if Dk contains more than two vertices
then the two vertices have not been adjacent to the third one.

2) N[Dk]=V(G), itis obviously Vx €Dk dominated by vertex ¥ € Dk ,thus Dk is a neutrosophic
dominating set of G.

Remark. 4.7.
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i)  The converse of proposition 4.6 is not always right, for instance in figure (2) where {B, D,
H} is a neutrosophic dominating set but not closed neutrosophic dominating set.

ii) Let G be a neutrosophic graph with (CND) set, then yN<ycl is not always true.
Preposition. 4.8. Let G=(A,B) be any (NG) , Where A=(T,, I, F,), B=(Tg, I5, F5) and H=(C,D) be any
maximal spanning tree of G, then every closed neutrosophic dominating set of H, is closed
neutrosophic dominating set of G and ¥ (G) =y, (H) if
for each non — adjacent pair x,y € D in H are non-adjacent in G
Proof: Let I, be closed neutrosophic dominating set of H. Since H is a maximum spanning tree of
G, we have A=C. thus, the vertices in ¥V — D, are dominated by at least one vertexin Dy, then if Dy,
contains three or more vertices, then the third one has not be adjacent to other vertices and
Ny[Dg] = V(H) = V(G) = N[Dy].Therefore y.;(G) = v (H).

Example: A graph H in a figure 3) below which is a maximal spanning tree of G, the sets D1= {A, C,
D, H} and D2={I, ], B, D} are closed neutrosophic domains in H and also in G

E (0.6,0.5,0.7) i (0.9,0.6,0.3) (0.5,0.4,0.6)

[0.3,0.4,0.6)

=]
W
e

1
2,
-
510.6,0.4,0.3) [ fo.5,0.9,0.4)
{0.5,0.4,0.4) (0.5,0.6,0.4)
((0.6,0.1,0.8) | {0.5,0.4,0.3)

Figure3: spanning tree H of single value neutrosophic graph in figure 2

Note: If the two vertices A and D were adjacent in the figure 2, the theorem would not be true
Preposition. 4.9. Let G = K~ be a complete neutrosophic graph and Dj, is closed neutrosophic
dominating set of Then, V' — Dy has a closed neutrosophic dominating set.

Proof: Given G = K, then every edge e € E(G) is an effective edge and each vertex v € V(G) is

dominating all others. Thus, a closed neutrosophic dominating set is contains only one vertex then
any singleton set of ¥ — Dy is closed neutrosophic dominating set. consequently ¥V — D has
closed neutrosophic dominating set

Preposition. 4.10. For any neutrosophic graph G= (A, B), Where A = (T, 14, F,), B= (Ts, I3, F5),
min|T, (%), 1;(x), F4(x)|<ycl(G)<more upper bound equality holds if

Ts(x, )< Ty (AT ), Is(x, y) <1Ig (O L(¥),F5(x, y) < Fy ()V Fy , Vx, yEV

Proof: Straight forward from the definition of a closed neutrosophic dominating set
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Preposition. 4.11. If G be a neutrosophic graph, every (IND) set of G is closed neutrosophic
dominating set.
Proof: Assume that S be (IND) set of G then it has two probabilities:
Casel: If S;, be a singleton, then it is obviously SK is closed neutrosophic dominating set.
Case2: If the vertices in SK are more than two and since

Ts(xy) = Tu() AT (), I5(x,y) < L,(x) AL (Y), F5 (x,y) = Fa(x) A Fy(Y), for any
X,V € Sg,thatswhy v z € V — 5, has at least an effective edge e in 5. Thus N [5;] = V(G) and for
each x € 5, belongstoV - N [5,]. consequentlyS; is closed neutrosophic dominating set.
Preposition. 4.12. Let G= (A, B) be neutrosophic graph without isolated vertex and
(Ty(x)=L(x)=F,(x))=cVvx € Vand c € [0,1] thenycl(G)<P- ay where ay isthe
neutrosophic covering number of G.
Proof: Let G= (A, B) be neutrosophic graph with no isolated vertex and V- be a neutrosophic
covering of G, then V — V- is independent neutrosophic set of G. Thus, ¥V — V- is closed
neutrosophic dominating set of G by proposition (4.5). Hence, ycl (G)< || V = V11 <P - ay.
Proposition. 4.13. For any neutrosophic graph G= (A, B), y,;(G) + 7. (G) < 2(0y).
Furthere, equality hold if
0< Tp(x,y) < TL(DATL(3),0 < Iz(x,y) < Li(x)AL(y),0 < Fs(x,y) > F(x)VE,(y),
vxyeE(G).
Proof: i) Since, y.;(G) = 0y itis trivial the inequality hold.
Since
0< Tg(x,y) = T (xIAT,(v),0 < Ig(x,v) #= Li(x)AL,(y),0 < Fg(x,y) = F(x)VF,(y),vx,y

€ E(G).

ie. T y) < TLOIAT,(¥). 1500, y) < LA, (), Fs (x,y) > F(x)VF4(y),v x,y € E(G)

then T,(xIAT,(v) — Ts(x,y) < T,(x)AT,(¥),
LN, () — I(xy) < Li()AL(Y),
Fy(X)AF (y) — F(x,y) < F(x)VE,(y),v x,y € E(G)
Then, y,,(G) = Oy .then, v, (G) + ¥, (G) = Oy + Oy = 20y.

Preposition. 4.14. Let G = KY then ycl (K}Y) = min|( T, ( x:), I, (x:), Fy(x:)) |, xi € V(G),i=1,2,...n

Proof: Let G= K} be complete (NG), then for each edge in G is an effective edge and each vertex in G
dominates to all others of G. thus, the closed neutrosophic dominating set is contains a single vertex
say DK={x}

such that N[DK] =V (G), and x has minimum neutrosophic value. Hence, the outcome is gained.

Preposition 4.15. Let G = (A, B) be a strong neutrosophic star, then ycl (G) =|( T4 (x), I(x), F4(x))I,
where x is a root vertex.

Proof: Let G = (A, B) be strong neutrosophic star and V (G) = {x, X1, x2, ... , xa|x is a root of G} , since
all edges of G are effectives and x a dominating x;.i = 1,2,..., n. thus, a closed neutrosophic

dominating set contains only one vertex such that N[x] = V(G). Hence, ycl (G)
=[(Ta(x), La(x), F4a(O)-
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Preposition. 4.16. Let G= K',, be complete bipartite (NG) with n, m vertices, then
yCl (KI-?.‘DI =

[( Ty(x), 14(x), Fy(x))] if eithern=1orm=1wherex EXorx€ Y
min|( T 4( xi), 1 5(x0), Fy(x0)) | + min|( To(yi), Ly (vi), F4(vi)) | if n,m = 2,wherex; € i=12,.n,yj € V,j=12,..m

Proof: Assume G = Knm onV(Knm) =X U Y ,where X={x1,x2, .., xn}and Y ={y1, y2, ...,
ymy}. Then there are couple of cases:

case 1: If either n=1 or m=1 then the graph is a star and the prove is hold by Preposition 4.9

case 2: If neither n=1 nor m=1. since for each x € X dominates to every ¥ €Y and the

contrariwise is true. Then, a (MCND) set of K, ,,, contains pair of vertices.

nm
Hence/ ]/Cl (Knl m) = I]liIll [: TA( If), I}-l (If)r FA (l‘)) | + IHH]I( Tf-l ( yf)r ]A (V‘)J FA (V‘)) |

where where x; € X,i=12,..n,¥j € Y,j = 1,2,...m. The prove complete.
Preposition. 4.17. Let G = (4,B) be a strong neutrosophic graph G=C," ,then
yel (€)=

[

2(-1
Min B2, |TA{x}-+35},fA(x}-+3=-},FA{:x}-+3=-)| j=12, .. mandn = 0,2(mod 3)

. : i o1
min |'[.T.=1'[.X)J ”.x);FA'[.xN + 2[3:]0 |(.TA(xj+3i+1}JI{xj+3i+l}J FA{x}'+3i+1}|
H

al_y =12, ..,nand n = 1{mod 3)
[(Ty(x), 1(x), Ey () | + Z:-}:u. |(:TA(%‘+3:‘+:}J f{xj+3i+:}1 Fﬂ{x}'+3i+2:}

Where taken j + 3i,j + 3i +1,j + 3i + 2 modulo n.

Proof: There are two cases depend on n as follows.
Case1.If n = 0,2 (mode3) , then let D, = [Ij+gi'j i=01,.., E] - l},j=1, 2...,n, one can

concluded that each one of the sets I; is minimum dominating set and it independent. thus,

according to proposition (4.5), it is closed neutrosophic dominating set.
Case 2.If n = 1(mode3) ,andlet Dy be minimum closed neutrosophic dominating set of C,,

Then there are two subcases:

iy If x; € Dy then (x;,4 or x;_;) vertex must be not belonged to D;,, then
. n .
Dj = [xj+l+3ij" = 0,1,_,_’ I;] —_ l},]=1, 2..., n,
ii)  If any two vertices in D, are not adjacent, then
. n .
Dj = [xj+2+3i”' = 0,1,_,_’ I;] — 1},]=1, 2..., n,

From the above cases the prove is done.

Preposition. 4.18. Let WY, ; be strong neutrosophic wheel with x as a center, then

ycl (Wriw+ 1) =( Ta(x), 14(x), F5(x)).

Proof: Let W', ; be a strong neutrosophic wheel, since all its edges are effective edge then x is
dominating to xi, i=1,2, ..., n. Then, the (CND) set DK = {x} such that N[DK] =V (WY, ).

n
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Hence, ycl (W, 1) =|( T4 (%), 14 (x), F4 (x))|

Preposition 4.19. For any strong neutrosophic graph G = (A, B), and x € v,d(x) = A(g)

then ycl<|Oy | — EyEN(leTj-l (). 1, (). F, ()] .

Proof: Let DK be a ycl - set of G and x be a vertex of G such that d(x) = A (G). Then, V — N(x)
is(CND) set, thus

IDKI < IV — N(x)l =In-A(G)!, take neutrosophic cardinality to both sides hence,
vel IOy | = Xyenyl Ta (). 14 (¥).Fo (0
5. Closed neutrosophic dominating set in some operation on neutrosophic graphs.
Definition. 5.1. [14]: Let G1 = (A1, B1) and G2 = (Az, B2) be any two neutrosophic graphs on
Vland V2 respectively

then G1 U G2 is neutrosophic graph on (V1 U V2 ) .defined as G=G1UG2=((A1uUA2), (B1UB2))

where:

(A1UA2)
(%)
(Tag (20), Iy (), Fpy (X)) IfxeV,and x € 1,
= (Taz (), 142 (x), Fg2 (X)) IfxeV,andx g V,
(max (T, (x),Typ (X)), max (I, (x), 145 (X)), min (Fy; (x), Fyy (X)) Ifxev, nV,

(B1UB2) (x, y) =

(To1 (x¥), 151 (x3), F31 (x3)) If xy € Ey and xy € E,
(Tg1 (x¥), I51 (x¥), Fg1 (x3)) If xy€ E, and xy & E,
(max(TBl (xy), Ty, (x) ), max (I, (x¥), Iz, (xy)) ,min (Fg, (xy),Fs,(xy) If xyeE; N E,

Example. 5.2. Consider G1 = (A1, B1) and G2 = (Az, B2) be any two neutrosophic graphs shown

in 4 below
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V20901060 Vap30507  Vap20200)
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Figured: A, B, C represent graph G1, G2, G1 U G2 respectively

Proposition. 5.3. Let G1 = (41, B1) and Gz = (Az, B2) be any two strong neutrosophic graphs
then
ycl (G1U G2) =
yel (G1) + ycl (G2) fvinvz=0
[Min[ycl (6] +yd (62— (V1 n v2)),yd (67) +yd (G1— (V1 n V2))} ifV1 N V2+#0,andVveE V1 N V2,v € Dk(GL U GZ)}

Where G{, G3 the G1. Gz after changing the (true, indeterminate, false) memberships of Vi N V2

under the union operation
Proof: Let Dk1 and Dk2 be a ycl - sets of G1 and G2 respectively.
Case 1. If V1 nV2=0, then Dk1 n Dk2 = @. Therefore, Dk = Dk1 U Dk2 is (CND) set of G = G1 U G2. Hence,
yel (G)=ycl (G1U G2) = | IDk1 U Dk2I| = | IDk1 + Dk21 1= ycl (G1) + ycl (G2).
Case 2. If V1 nV2#0, either Dk=Dk1uUD (G2 — (V1 N V2)3 or Dk=Dk2u D (G1 — (V1 n Vz))
Then ycl (G1U GZ)ME?L{ycl (G1) + ya [Gz —(V1n Vz)), yei (G2) + yal [G'L — (V1 n Vz))]
Definition. 5.4. Let G1 = (A1, B1) and G2 = (Az, B2) be any two (NG)s on Vland V2
respectively, the join of G1 and G2 is a neutrosophic graph
G =G1+ G2= (Al + A2, B1 + B2) where:
(A1 + A2)(x,y)=
(Tay 00,141 (x), Fpy (%)) If xeVyand x & V;
(Taz (X),145(x), Fyp (X)) IfxeV,andx € V,
(max(Ty; (x),Typ (x)) ,max (Ig; (x), 15 (%)), min (Fyy (x), Faq (x)) Ifxev, n1,
and
(B1+B2) (x, y)
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[Tm(IJ’)Jﬂl(IJ’)rFm(I}’)) If xy €E, and xy € E,
[Tm(IJ’)Jﬂl(IJ’)rFm(I}’)) If xy €E;, and xy € E;
(max(Tm(xy), Ts, (xy)), max (Ig, (x¥), Iz, (xy)), min (Fg,; (xy), Fg,(xy) Ifxy €E, N E,

{mm(TAl (x), Ty, (J’))r Inin(TAl (x), Ty (V))), max (Fgy (x),Fz,(y) Ifxy€E

where E' = {xi-yj edges|x!- €Viand y;, € Vz}
Example 5.5. In figure (5) below. Consider the graphs G1 = (A1, B1) and G2 = (A2, B2) be any two
(NG)s on V1and V2 then G1 + G2 is given in figure 3.3

D (0.2,0.5,0.6)
A (0.3,04,06) B(0.80.3,0.7)
{0.1,0.2,0.3)
G1=(A1,B1)
&)
_ N 3 3
0 (0.2,05,0.6) % 3 b '
AN &
P\ o 5
NS “!
4

A0.8,0.3,0.7)

(A0.9,0.5,0.6) F (0.5,0.4,0.6) A (0.3,04,0.6)
o3 o) (0.1,02,0.8)
(0.3,0.40.7)
G1+G2
G2-{A2,B2)
C
® ©

Figure5: A, B, C represent graph G1, G2, G1 + G2 respectivel

Observation. 5.6. Consider G1 and G2 be two strong neutrosophic graphs, and G = G1 + G2.
if V1 N V2 = @,For any x € V(G1) and y € V(G2) such that x and y have minimum neutrosophic

cardinality values, the set {x, y} is a closed neutrosophic dominating set in G1 + G2.Thus,

yel (6) =yel (61+62) = min| (T4 (x.), L (x), L () | + min | (Ta(3,), L (v,). 2 (3,))] . % € vien),

i=1,2,..|V(G1)|,and y; € V(G2),=1,2,..|V(G2)|

3 (0.2,0.5,08) (0.20.40.6) K
— 2020506 . i0.5,0.0,0.6)
=
= 05,04,0.6) AR 05,0.6)
o
. 1 080567
G1={A1,81) GrGz
Ga«{Az,B2)
| ©
(4) B)

Figure6: A, B, C represent graph G1, G2, G1 + G2 respectively

Theorem. 5.7.LetGl=(A;, B;)and G2=(4,, B,)be any two strong neutrosophic graphs on Vland
V2 respectively. Then, ycl (G) = ycl (G1 + G2) <min {ycl(G1), ycl (G2)}.
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Proof: Let S1 and S2 be a ycl - sets of G1 and G2 respectively, by definition of join two neutrosophic
graphs, we infer that S1 and S2 are (CND)sets of G. Hence ycl (G) = ycl (G1 + G2) <min {1511, 1521} =
min {ycl (G1), ycl (G2)}.

Theorem. 5.8. Let G = (A, B) be a strong (NG) on V with |V| = n, then:

) ycl(G)=|A(x)| ifand onlyif G= K or G= K¥ + UX, Hi forSome k = 1 ,and strong
neutrosophic connected graph H1, H2, ..., Hk.

i) ycl (G)=min|A(x,)| x,; € V(G) if and only if G= K¥
i) ycl (6)=|0Y| ifand onlyif G= KY;

iv) ycl (G)=[0F| -min|A( x;) | x, € V(KY) ifand onlyif G= KY¥ U KY , .

Proof:

i) Suppose that G = K¥ + UX_, Hi for some k > 1, and strong neutrosophic connected graph
H1, H2, ..., Hk, select x € V (K1'), since V (G) = N[x]. then ycl (G) =|A(x)].

Conversely, assume that ycl (G) = A(x) and let x € V (G) such that{x} is a closed neutrosophic
dominating set of G. If G # K1’ ,then V (G) - {x} = N (x).

Consequently, G = K{' + U;':z , Hifor some k> land strong connected neutrosophic graph H1, H2,...,
Hk. Hence, (i) is satisfied.

ii) When n =2, the (CND)set is a singleton, thus by (i)

ycl (G) = A(x) If and only if G = K.

iii) If G = KY; itis obviously Dy = V(G) i.e. ycl (G)= OY . Suppose that G# KY; .IfG=

KX ,n=2, then ycl (G) =min|A( x ;) [#0} . contradiction, suppose that G # K, ,n=2 and let the vertex x
adjacent the vertex y in G construct a closed neutrosophic dominating set {x ;, x5, X5, ..., X }inG
suchthat x ; = x and x, # y.Then K<n- 1 vertices, thus ycl (G) < OF, a contradiction. then, (iii)
is proved.

v)  Now if n>3. Suppose that ycl (G) =|0) | - |A(x) | then Az(G)>1.

assume that Az (G) > land let x € V (G) such that dg (x) = Az (G) construct closed neutrosophic
dominating set {x1,x2,...,.xk} in G such that x ; = x and x, € V(G) — N[x]. Then k<n-2, then

yel (G) # |0 | - |A(x) |, a contradiction. Thus, Az (G) =1 thereforeG = K U K} , .The converse

is directly.

6. Inverse Closed Neutrosophic Domination (ICND) in Neutrosophic Graphs

1

In this section, the notion of invers closed neutrosophic domination (ICND) ¥~ in neutrosophic

graph is introduced. some interesting relationships are known between closed neutrosophic
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domination and inverse closed neutrosophic domination.
in addition inverse closed neutrosophic domination in the join of new graphs discussed.
Definition. 6.1. Let D, be a minimum closed neutrosophic dominating set in G. If V — D,

contains a (CND) set D' of G then D, is said to be inverse closed neutrosophic dominating
set according to Dg. An inverse closed neutrosophic domination numberyc~* of G which is

defined as yei™* = (min {Lrven, +1Ta(x), 1y (x), Fy ()1}, Dg ™ ! is minimum inverse closed
neutrosophic dominating set of G. and minimum invers closed neutrosophic dominating set has
minimum neutrosophic cardinality is called yei~* — set of G

Example. 6.2. Let G=CY as in the figure

Observation. 6.3. Let G = (A, B) be neutrosophic graph of n = 2 vertices. if there is inverse closed

neutrosophic dominating set in G. then
i) min|(T,(x,), L, (x;),Fy(x, )| <ya~t < 0y, x; €V — Dy where Dy, is

minimum closed neutrosophic dominating set of G

ii) Not necessary yel < yer =t

Example 6.4. Consider the following graph G = (4,B)

B(0.3,0.2,0.7) 9

F{05.08032)

10.5,0.3,0.5)
{0.1,0.2,0.5)

F(0.7,0.3,05) (0.1.0.8,0.6)

D(0206,04)
Figure7: Inverse closed neutrosophic dominating set

A minimum closed neutrosophic dominating sets are:
D, ={A,D} and D;i = {B,E} OR Dzl ={C,F} then

YeiDg = [0.2,0.6,0.4| + |0.2,0.6,0.4| = 0.8 and ye—Dg; = 1(0.3,0.2,0.7)] + |(0.7,0.3,0.5)|
= 0.76667
]’cf_lﬂm =1(0.1,0.8,0.6)| + |(0.5,0.8,0.3)| =1.1 then yc~* = min(0.76667,1.1) = 0.76667
then ye = ye ™!

Proposition 6.5. Let G= (A, B) be a strong neutrosophic graph of n = 2 vertices. then,
yer"H(G) = min| (T, (x), (I,(x), (Fy(x))|,x €V — Diwhere D is minimum closed

neutrosophic dominating set of G, if and only if either G=K2' OR G=K2' + H for some
strong neutrosophic graph H.
Proof: Let Dy be a Yo — set of G.
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Case 1. If G=G=K%'  Then V(G) =2 then of the two vertices belong to D and the other belong to

Dit e, ya=(G) = min| (T, (x), (I,(x), (F, (x|, x € Dt

Case 2. If G=K¥' + H, since G is strong neutrosophic graph then each of the vertices of K2 is
adjacent with the all vertices of H, then obviously yei™*(G) = min| (T, (x), (I,(x), (F,(x))].x €
D;t

Conversely Suppose that yci™*(G) = min| (T, (x), (I,(x), (F4(x))],x € V — Dy, i.e. a minimum

inverse closed neutrosophic dominating set contains exactly one vertex say, Dy~ * = {x}, then a

minimum closed neutrosophic dominating set Dy of G has only one vertex ,if G = K2, then

V — {x} = N(X).Hence, G=K3' + H, for some strong neutrosophic graph H. see figure 6

Theorem. 6.6. Let G= (A, B) be a strong neutrosophic graph of 1 = 2 vertices. then,

yei=1(G) = |0Y | — |A(x)|, x € Dy if and only if GZ strong neutrosophic star

Proof: Let D' bea ya~* —setof G and ya~2(G) = |0Y| — |A(x)|. Let x € Dy  V(G). Then

N[x] = V(G)thatis (x,y) effective edge forall y € V(G) — {x},

we claim that (Tg (v, 2),15(v,z), F5(y.2z)) = (0,0,0),v v,z € V(G) — {x}suppose that

3y,z € V(G) — {x} such that

Tg (v, 2) = (TaOIA(Ta(2) , I3(y.2) = La(NAUa(2) and (Fp(y,z) = (Fa(y) V (Fa(2) i (y,2)
is effective edge, thus x,z € N[y] € N[D, ' — {z}] then D, ' —{z} isya ! —setof G, a
contradiction. Hence G=K1',,_,. Conversely, consider G=K{',,_,it is clear that {x} is

yer=t — set of G then Dy~ ' = V(G) — {x}.therefore, yci=*(G) = p¥ — A(x).x € Dg.

Example. 6.7. Consider a strong neutrosophic graph G=K{', in figure 6.2. a minimum closed
neutrosophic dominating set Dy = {x} and a minimum inverse closed neutrosophic dominating set
V — {x}, then ya(K¥,_; ) =(1.2,1.8,2.5) -(0.2,0.3,0.7) = (1,1.5,1.8)

5 (0.4,0.5,0.3)
(o]

(z0'c0C0)

n(0.1,0.5,0.9) A(0.203,07)  C(030205)

0.1,0.3,0.9) (0.2,0.2,0.7)

_(£0'€0T0)

£(0.2,0.3,0.1)
>

Figure8: lllustration theorem 6.2 (f\’j‘f‘,)
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Theorem. 6.8. Let G, = (4,,B,) and G, = (4,, B,) be any two strong neutrosophic graphs, then a
minimum inverse closed neutrosophic dominating set D,,~* of G, + G, contains at most two

vertices

Proof: Let Dyy and Dp» are minimum closed neutrosophic dominating set of G; and

G, respectively, we know that a minimum closed neutrosophic dominating set Dy, of join any two
strong neutrosophic graphs G; + G, contains at most couple of vertices. Then, there exist two cases:
Case 1.If Dy = {x} (contains a single vertex) is closed neutrosophic dominating set of G, + G,.
If x € V(G,) then has n-1 neighborhood in G;. Thus, assume that if there are §; and §, be the sets
contains all vertices have n — 1 neighborhood in G; and G, respectively

S, = {x;:deg(x;) =n—1,x;, € G;} and §, = {y;:deg(y;) = m— 1,y; € G,}, therefore

D' ={x.x, € G, — {x} or Dy"' = {y,,; € G,}. Hence, a minimum inverse closed
neutrosophic dominating set D, ~* contains one vertex .Similarly if {x} € G, if not, then it is

clearly D~ *contains two vertices.

Case 2. If Dy = {x,y}(contains two vertices) is minimum closed neutrosophic dominating set of
Gy + G,.If x € V(Gyy and y € V(G,). Since Dy = {x,y} is minimum closed neutrosophic

dominating set of G; + G,. Then, for any vertex x; € V(G;) — Dp and y; € V(G,) — Dy , then
theset A = {x,,y,} € V(G, + G,) — Dy, is minimum closed neutrosophic dominating set of

G, + G, which is inverse closed neutrosophic dominating set of G; + G,. Hence ,from above cases
the result is obtained.

Theorem. 6.9. Let G, = (4,,B,) and G, = (4,, B,) be any two strong neutrosophic graphs. If

ya~ Gy + G;) = |(Ta(x), 14 (x), Fy (x))],

then yei(Gy) = [(Ty(xy), 14 (1), Fy O] or ya(Gyy = [(Ty(v1). 14 (1), Fa(y )| where

xy EV(Gy + G3), x4 €EV(G,) and y; € V(G,) with minimum neutrosophic value

proof: Given G, and G, two strong neutrosophic graphs. Let D, ~* = {x} be minimum inverse

closed neutrosophic dominating set of G; + G, then ,a minimum closed neutrosophic dominating
set D of G; + G, alsocontained one vertex , therefore Dp; or Dg, contains one vertex, i.e.

Remark 6.10. The propositions converse of theorem 6.4 is not true in general.

Example 6.11. Consider two strong neutrosophic graphs G,=K{, and G,=p7 note that
yei(Gyy = |(T4(x), I,(x), Fa(x)], x is rote vertex but a minimum inverse closed neutrosophic
dominating set of G, + G, contains two vertices, i.e. Y™ (G, + Go) # [(T(x), [ (x), Eq(x)]

Proposition 6.12. Let G; andG, be two strong neutrosophic graphs such that
(Ta1 (0), Ly (00, Fay () = (c,c,¢) , c € [0,1] and (Tap (), Lo (V). Fa2 (1)) = (k. k. k) , k € [0,1]
,then yai (G, + Gy) = [(T4(x),1,(x),F4(x)| if and only if one of the following is hold:

) yeaGy) = Ty (%), 1ay (0), Fay ()] or yeau(Gy) = [(Ta2(¥), La2 (¥), Faz (¥))

ii)  ye(Gyy = |(Ta(x,), 14(x,),F4(x,)| and G; has at least two minimums Yl - sets;

iii)  ye(Gy) = [(Ta(vy), Ly(v,),Ey (v ) |and G, has at least two minimums yel - sets;
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Proof: Assume that (i) holds and Dy, = {x,;} €S V(G,), Dg, = {¥,} €V (G,) are minimum closed

neutrosophic dominating sets in G;and G, respectively ,then Dy, and Dy, are minimum closed

neutrosophic dominating set in G, + G,, Since Dy S V(G, + G,) — Dy, , thus Dy is

ycl™! —set of (G + G,). Now suppose that (ii) hold. Let Dy, ={x,} and Dy, = {x,} are

minimum closed neutrosophic dominating set of G, then Dy, and Dg; are minimum closed
neutrosophic dominating set of G; + G

Since Dy, € V(G; + G,) — Dy, therefore, Dy, is minimum inverse closed neutrosophic
dominating set of G, + G,. Hence, D, is ycl™! — set of (G + G). Similarly, if (iii) holds.

Conversely, suppose that Dz = {x} bea ycl ™! — set of (G, + G,). ie,

yel Y6, + G,) = |(T4(x),14(x),F4(x)| then by proposition 6.4

yei(Gy) = [(Ty(x1), Lo (x1), Fa (x )| or

yeu(Gy) = [(Ta(1) La(), Ea (v, if veuGyy = [(Ta(x1), Lo (x1), Fa(x ) [then Dy ={x,} is
minimum closed neutrosophic dominating set of Gy + G, since Dgi" has only one vertex thus a

minimum closed neutrosophic dominating set (Dg» ) of G;contains one vertex then (i) is done.

Suppose that Dy, contains at least two vertices, then yei(Gy) = |(T4(x,), [y (x,), Fa(x,)], let

Dz = {x} be aminimum inverse closed neutrosophic dominating set of (G; + G5), since

V(G2) € Ng, +¢,[x] and D, atleast two vertices, x & V(G3).thus, x € V(G,),necessarily {x}

isa ycl — set in G, , therefore G, has at least two a

ycl — sets and (ii)holds. by the same way we prove (iii)
Corollary. 6.13. Let G = (A4,B) be any neutrosophic graphs. then
yei YG, + Hy = |(T4(x),1,(x),E,(x))], x has minimum neutrosophic value if and only if

G=KYN,n=2o0rG=H,+H for some strong neutrosophic graphs H, and H satisfying one of

the following:
i) yeadh = [(Ta(xq) L(x), Fa(xy)| and yecHy) = [(Ta(r ) La(v), Fa(y)|-
ii)  ye(Hy = |(Ty(xy), Ly(x,),Fy(x,)| and H has at least two ycl — sets.
iii)  yer(Hy) = [(Ta(yy ) Li(vy), Fa(y,)| and Hy has at least two ycl — sets.
Proof: Suppose that yci™*(G) = |(T,(x), I, (x),Fy(x))], since

yerm (kY)Y = (min| (T, (x), (I, (x),(F,(x))]), x € V(kY) — Dg,, where Dg; is minimum closed

neutrosophic dominating set of kY and n = 2.

Assume that G = kY

mne

suppose, ¥ei~H(kN) = [(T4(x), I,(x), Fy(x))],-then, there exist two distinct
vertices x; and x, of G such that {x;} and {x,} are ycl — sets of G.

Moreover, ( Xy,%,) is effective edge, put H =< {x{,x,}> and H, =G —{x,,x,}. Then

G = H, + H. Furthermore, {x,} and {x,} are distinct ycl — sets in H. Consequently, (ii)holds.

iv)  Similarly, the converse follows immediately from theorem 6.9
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Theorem. 6.1.4. Let G; = (4,,B,) and G, = (4,, B,) be any two strong neutrosophic graphs.
Then, a minimum inverse closed neutrosophic dominating set of & + 5 contains two vertices.

IDE!| = 2 ifand only if any of the following is hold:

(i) |Dgy| = 2 and |Dg,| = 2 vertices, where Dy; and Dy, are minimum closed

neutrosophic dominating sets of G, and G, respectively.

(i) |Dg;|=1and Dy, | =2, G = ki + (kY +U; H;) for some components H; of G;
Proof: Suppose that a minimum inverse closed neutrosophic dominating set of G; + G, contains
two vertices, i.e., |D§LL| = 2. Then, a (MCND) set Dy of Gy + G5 either has one vertex or two
vertices, then there are couple of cases:

Casel: If |Dg| = 2 thenitisclear that |Dgy| = 2 and |Dg>| = 2 , where Dg; and Dy, are

minimum closed neutrosophic dominating set of G; and G, respectively
Case2:If |Dy| = 1then |Dg | =1 or D =1 ,ie

yei(G1) = min|Ty(x;), 1, (x,), Fa(xy) | or yei(Ga) = min|T,(yy), Ly (1), Fa(vy)]
Suppose that yci(G1) = min|T,(x;),1,(x1),Fy(x;)], then Gy = {x;} +U; H;, then for some

component H; of G;. Thus, a minimum invers closed neutrosophic dominating set of
({x,} +U; H; + G3) Contains two vertices with minimum neutrosophic value, i.e.,
ya ' (Gy + Gy) =yt ({x 3 U H; + Gz)=2§=1 X;, X; € V(G + G3) — Dy . Necessarily, D,

and a minimum closed neutrosophic dominating of [Uj hﬂ] contains two vertices. This, means that,

in particular
Conversely, assume the first condition is true then a minimum closed neutrosophic dominating set

of Gy + G, contains two vertices say Dy = {x,,%,} , x; EV(G)and y, € V(G;).

Let x; € V(G1)— {x1}, v; € V(G2) — {¥,}. Then, Dz* = {x,,¥,} is minimum closed

neutrosophic dominating set of V(G + G;) — Dy, thus Dz 'is minimum inverse closed
neutrosophic dominating set of G; + G, Contains a couple of vertices.

|Dz}| = 2.hence the result is done.

Now if (ii) hold, let Dy; = {x,} € V(G1) be a closed neutrosophic dominating set of Gj.
then D, is closed neutrosophic dominating setin G, + G, consider

(G + G3) — {x13=(Gy — {x1}) + G3) , by our imposition (G; — {x;}) * kY +U; H;
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for some components H; of G4,thus a minimum closed neutrosophic dominating set of

(Gy — {x,}) contains at least a pair of vertices say |Dy| = 2. Nowif |Dx|= 2 and |Dg,|= 2,

then a minimum closed neutrosophic dominating set of (G; — {x;}) + G5) contains two vertices,
thus a minimum inverse closed neutrosophic dominating setof 4 + G also contain two vertices.

Hence the prove is done.

Conclusion

Dominating sets can be used to model many other problems, including many relating to computer
communication networks, social network theory, land surveying, and other similar issues.
Determining the domination number for graphs and finding minimum dominating sets could thus
prove very useful. Therefore, this study focused on the closed dominant sets, which are more in
control of the network graphs, and theorems related to this concept presented and reinforced with
necessary examples and graphics.
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