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Abstract: The objective of this article is to introduce a new hybrid model of neutrosophic N-soft set
which is combination of neutrosophic set and N-soft set. We introduce some basic operations on
neutrosophic N-soft sets along with their fundamental properties. For multi-attribute decision-
making (MADM) problems with neutrosophic N-soft sets, we propose an extended TOPSIS
(technique based on order preference by similarity to ideal solution) method. In this method, we first
propose a weighted decision matrix based comparison method to identify the positive and the
negative ideal solutions. Afterwards, we define a separation measurement of these solutions. Finally,
we calculate relative closeness to identify the optimal alternative. At length, a numerical example is

rendered to illustrate the developed scheme in medical diagnosis via hypothetical case study.
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1. Introduction

In contemporary decision-making science, multi-attribute decision-making (MADM) phenomenon
plays a significant role in solving many real world problems. To deal with uncertainties, researchers
have introduced different theories including, Fuzzy set (FS) [54] that comprises a mapping
communicating the degree of association and intuitionistic fuzzy set (IFS) [10, 11] that comprises a
pair of mappings communicating the degree of association and the degree of non-association of
members of the universe to the unit closed interval with the restriction that sum of degree of
association and degree of non-association should not exceed one. Smarandache [46, 47] introduced
neutrosophic sets as an extension of IFSs. A neutrosophic object comprises three degrees, namely,
degree of association, indeterminacy, and the degree of non-association to each alternative.

Smarandache's Neutrosophic Set [50] is a generalization of Intuitionistic Fuzzy Set, Inconsistent
Intuitionistic Fuzzy Set (Picture Fuzzy Set, Ternary Fuzzy Set), Pythagorean Fuzzy Set (Atanassov’s
Intuitionistic Fuzzy Set of second type), g-Rung Orthopair Fuzzy Set, Spherical Fuzzy Set, and n-
Hyper-Spherical Fuzzy Set; while Neutrosophication is a generalization of Regret Theory, Grey
System Theory, and Three-Ways Decision. In 1999, Molodtsov [32] presented the notion of soft set as
an important mathematical tool to deal with uncertainties. In 2007, Aktas and Cagman [6] extended
the idea of soft sets to soft groups. In 2010, Feng et al. [18, 19] presented several results on soft sets,
fuzzy soft sets and rough sets. In 2009 and 2011, Ali et al. [7, 8] introduced various properties of soft
sets, fuzzy soft sets and rough sets. In 2011, Cagman et al. [12], and Shabir and Naz [51] independently

presented soft topological spaces. Arockiarani et al. [9], in 2013, introduced the notion of fuzzy
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neutrosophic soft toplogical spaces. In 2016, Davvaz and Sadrabadi [16] presented an interesting
application of IFSs in medicine. Nabeeh et al. [33, 34] worked on neutrosophic multi-criteria decision
making approach for IoT-based enterprises and for personnel selection used the neutrosophic-
TOPSIS approach in 2019. Chang et al. [35] worked towards a reuse strategic decision pattern
framework-from theories to practices. Garg and Arora [20]-[23] introduced generalized intuitionistic
fuzzy soft power aggregation operator, Dual hesitant fuzzy soft aggregation operators, a novel scaled
prioritized intuitionistic fuzzy soft interaction averaging aggregation operators and their application
to multi criteria decision-making. Peng and Dai [36] presented some approaches to single-valued
neutrosophic MADM based on MABAC, TOPSIS and new similarity measure with score function.
Hashmi et al. [24] introduced m-polar neutrosophic topology with applications to multi-criteria
decision-making in medical diagnosis and clustering analysis. In 2019, Naeem et al. [29] presented
pythagorean fuzzy soft MCGDM methods based on TOPSIS, VIKOR and aggregation operators. In
2019, Naeem et al. [30] established pythagorean m-polar fuzzy sets and TOPSIS method for the
selection of advertisement mode. In 2019, Riaz et al. [37] introduced N-soft topology and its
applications to multi-criteria group decision making (MCGDM). Riaz and Hashmi [38] introduced
the concept of cubic m-polar fuzzy set and presented multi-attribute group decision making
(MAGDM) method for agribusiness in the environment of various cubic m-polar fuzzy averaging
aggregation operators. Riaz and Hashmi [39] introduced the notion of linear Diophantine fuzzy Set
(LDEFS) and its applications towards multi-attribute decision making problems. Riaz and Hashmi [40]
introduced soft rough Pythagorean m-polar fuzzy sets and Pythagorean m-polar fuzzy soft rough sets
with application to decision-making. Riaz and Tehrim [41, 42, 43] substantiated the idea of bipolar
fuzzy soft topology, cubic bipolar fuzzy set and cubic bipolar fuzzy ordered weighted geometric
aggregation operators and their application using internal and external cubic bipolar fuzzy data. Riaz
and Tahrim [44] introduced the concept of bipolar fuzzy soft mappings with application to bipolar
disorders.

Smarandache [48] introduced a unifying field in logics: Neutrosophic Logic. Neutrosophy,
Neutrosophic Set, Neutrosophic Probability and Statistics. Smarandache [49] introduced
Neutrosophic Overset, Neutrosophic Underset, and Neutrosophic Offset. Similarly for Neutrosophic
Over-/Under-/Off- Logic, Probability, and Statistics.

Soft sets provide binary evaluation of the objects and other mathematical models like fuzzy sets,
intuitionistic fuzzy sets and neutrosophic sets associate values in the interval [0,1]. These models fail
to deal with the situation when modeling on real world problems associate non-binary evaluations.
Non-binary evaluations are also expected in rating or ranking positions. The ranking can be
expressed in multinary values in the form of number of stars, dots, grades or any generalized
notation. Motivated by these concerns, in 2017, Fatimah et al. [17] floated the idea of N-soft set as an
extended model of soft set, in order to describe the importance of grades in real life. In 2018 and 2019,
Akram et al. [1]-[3] introduced group decision-making methods based on hesitant N-soft sets and
intuitionistic fuzzy N-soft rough set.

The technique for the order of preference by similarity to ideal solution (TOPSIS) was initially
developed by Hwang and Yoon [26] in 1981. The core idea in the TOPSIS method is that selected
alternative should have least geometric distance from positive ideal solution and maximum

geometric distance from negative ideal solution. Positive ideal solution represents the condition for
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best solution whereas negative ideal solution represents the condition for the worst. In 2000, Chen
[13] extended the TOPSIS method to fuzzy environment and solved a decision making problem based
on fuzzy information. Later, in 2008, Chen and Tsao [14] developed interval-valued fuzzy TOPSIS
method. TOPSIS method in intuitionistic fuzzy framework was proposed by Li and Nan [31] in 2011.
Joshi and Kumar [28] discussed TOPSIS method based on intuitionistic fuzzy entropy and distance
measure for multi-criteria decision making. Recently, in 2016 Dey et al. [15] employed TOPSIS method
for solving decision making problem under bipolar neutrosophic environment. In 2013, Xu and
Zhang [53] developed a novel approach based on maximizing deviation and TOPSIS method for the
explanation of multi-attribute decision making problems. In 2014, Zhang and Xu [55] presented an
extension of TOPSIS in multiple criteria decision making with the help of Pythagorean fuzzy sets.
Chen and Tsao [14] proposed interval-valued fuzzy TOPSIS method and its experimental analysis in
2016. In 2018, Akram and Arshad [4] presented a novel trapezoidal bipolar fuzzy TOPSIS method for
group decision-making. In 2019, Akram and Adeel [5] presented TOPSIS approach for MAGDM
based on interval-valued hesitant fuzzy N-soft environment. In 2019, Tehrim and Riaz [45] presented
a novel extension of TOPSIS method with bipolar neutrosophic soft topology and its applications to
multi-criteria group decision making (MCGDM). Riaz et al. [56]-[57] introduced novel concepts of
soft rough topology with applications to MAGDM.
The goal of this paper is to present a new hybrid model "neutrosophic N-soft set" and their
applications to the decision making (DM). Neutrosophic N-soft set is the generalization of N-soft set,
fuzzy N-soft set and intuitionistic fuzzy N-soft.
The comparison analysis of the proposed model with some existing models is given in Table 1.

Sets Parametrization =~ Non Binary Truth Falsity Indeterminacy

Evaluation =~ Membership Membership

Fuzzy set [54] X X X
Intutionistic X X v
fuzzy set [10]
Neutrosophic x X v v
set [46]
Soft Set [12] v X X X X
N-soft Set [17] v X
Fuzzy N-soft v v X X
Set[1]
Intutionistic v v v X
N-soft Set [3]
Neutrosophic v v v v
N-soft Set
(Proposed)

Table 1: Comparison with other existing theories
The rest of paper is organized as follows. In Section 2, we recall some fundamental concepts of N-
soft set, fuzzy neutrosophic set and fuzzy neutrosophic soft set. In Section 3, we propose our new
hybrid model fuzzy neutrosophic N-soft set along with their examples. We also present some basic

operations on fuzzy neutrosophic N-soft set with illustrations. We also investigate fundamental
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properties of the proposed model by using defined operations. In Section 4, we construct relations
by using fuzzy neutrosophic N-soft set and define composition of fuzzy neutrosophic N-soft sets
using relations. We also define some new choice functions and score functions in connection with
fuzzy neutrosophic N-soft sets. In Section 5, we proposed DM method for medical diagnosis by the
model. In Section 6, we give a numerical example of this diagnosis method via conjectural case study.
In Section7, we conclude with some future directions and give suggestions for future work.
2. Preliminaries

In this segment, we review some essential definitions and a few aftereffects of N-soft and
neutrosophic sets that would be accommodating in the following segments.
Definition 2.1 [54] A fuzzy set ¥ in X is assessed up by a mapping with X as domain and
membership degree in [0,1]. The accumulation of all fuzzy sets (FSs) in the universal set X is
signified by 9(X).
Definition 2.2 [46,47] A neutrosophic set (NS) P over the universe of discourse X is defined as

P = (¢, (Te(®), Ip(¢), Fp(9))): ¢ € X}
where Tp,Ip, Fp: X -]70,1*[ and ~0 < Tp(@) + Ip(p) + Fp(p) < 3*.
The mapping Tp stands for degree of membership, Ip is the degree of indeterminacy and Fp is the
degree of falsity of points of the given set. From philosophical perspective, the neutrosophic set takes
the entries from some subset of |70, 1*[. But it many actual applications, it is inconvenient to utilize
neutrosophic set with entries from such subsets. Therefore, we consider the neutrosophic set which
takes the entries from some subset of [0,1].
Definition 2.3 [9] Let X be a space of objects (points). A fuzzy neutrosophic set (FNS) P in X is
dispirit by a truth-membership function Tp, an indeterminacy membership-function I, and a
falsity-membership function Fp. In mathematical form, this collection is expressed as
P = {(¢, (Tp(9), Ip(9p), Fp(@))): ¢ € X, Tp, Ip, Fp € [0,1]}
with the constraint that sum of Tp(@), Ip(¢) and Fp(e) should fall in [0,3] i.e.
0 < Tp(p) +Ip(p) + Fp(e) <3
Definition 2.4 [32] Let X be the set of points and E be the set of attributes with £ in E. Assume that
P(X) denotes collection of subsets of X. The pair ({,£) is said to be a soft set (SS) over X, where {
is a function given by ¢:L - P(X)
Thus, an SS is expressed in mathematical form as
(€, £) ={(,¢(£):¢ € L}.
Definition 2.5 [9] Let X be the initial universal set and E be the set of parameters. We consider the
non-empty set £ € E. Let P(X) signifies the set of all NSs of X. The accretion Q, is called the
neutrosophic soft set (NSS) over X, where Q is a function given by Q: £ - P(X). We can write it as
Qp = {6 {@, Ty (@), Loy (9), Frey(@)): 0 € X}): € € E}
Notice that if Q,(&) = {{(¢,0,1,1): ¢ € X}, then NS-element (£,Q,(§)) does not seem to appear in the
NSS Q. The set of all NSSs over X is symbolized by NS(Xg).
Definition 2.6 [17] Let X be a set of points and E be a set of attributes with £ in E. Let § =
{0,1,2,---,N — 1} be the set of ordered grades where N € {2,3,---}. The N-soft set (NSS) on X is
denoted by ({,£,N) where {: £ - 2¥*Y is a map characterized by
() = (o, ””L(f))
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V(p € X,f € L,’I"’L(f) € g
Definition 2.7 [17] A weak complement of N-soft set (¢, £, N) is another N-soft set ({%, £, N) gratifying
(NI =0 ¥EX
Definition 2.8 [17] A top weak complement of N-soft set ({,L,N) is an N-soft set ({*, £, N), where
L) = {Z(f) = (@N-1), ifrgg@) <N-1
" (€)= (9,0), ifreg(@) =N-1
Definition 2.9 [17] A bottom weak complement of N-soft set ({,L,N) is one more N-soft set ({,, L, N),

where

_ {(6) = ((p’ 0)' lf”’”L(g)((P) >0,
(G LNy = {((f) =@ N=1), ifr(e) = 0.

3 Neutrosophic N-soft Set

In this section, we propose a novel structure neutrosophic N-soft set (NNSS), which is blend of NS and
NSS. We present some definitions and operations on NNSS too. Some properties of NNSS associated
with these operations also have been set up.
Definition 3.1 Let X be the initial universe set, E the set of attributes and § the aggregate of
ordered grades. We consider non-empty subset £ of E.Let P(X X §) be the collection of all NSSs of
XX G. A neutrosophic N-soft set (NNSS) is signified by (4,€, N), where Q = ({,£,N) is an NSS. If
there is no ambiguity, we can abbreviate it as A, represented by the mapping

AL > P(Xx Q)
Mathematically,
A ={(& T T (§) = {Up Ty (9) Ly (9D, Frgy (@), 726y (9)), 71 € G,
p €X T, I, Fp€[01]},§ € E}
In short form, we may write
A ={(& T(§):$ € E}
where
I(6) = {{e, Ty (0), Ly (@), Freey (@) 7oy (9)): 7 € G0 € X, Ty, I, Fr € [0,1]3

The accretion of all NNSSs is denoted by NNS(X).
Our proposed structure is more generalized then other existing models. The existing models are

special cases of our proposed model, as shown in Table 2

Neutrosophic N-soft Set (Proposed) & (o Trey (9, Iy (@), Frey(0)), 716 (@)
Intutionistic N-soft Set [3] & (@, Ty (9,0, Frey (@), 726y ()
Fuzzy N-soft Set [1] & (@, Ty (9),0,0), 715 (9))
N-soft Set [17] & 72 (9)

Table 2: Comparison with N-soft set and it's other existing generalization

Example 3.2 Let X = {@,,9,} and E = {{;,¢,,&3}. Consider E 2 L = {§;,§,}. Define N8SS as 1, =
{(&,Tp(é)): ¢ € L,i = 1,2}, where 8SS is given in Table 3 below:

(¢.£,8) & $2
P1 6 3
0] 4 5
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Table 3: Tabular representation of 85S
Now, we define N8SS as
I:(§1) = {({¢41,0.8,0.5,0.1),6), ({¢,,0.6,0.2,0.9),4)}

It (&) = {({¢1,0.5,0.7,0.3),3), ({¢,, 0.7,0.4,0.8),5)}
The tabular representation of N8SS is given in Table 4.

At 31 $2
» ((0.8,0.5,0.1),6) ((0.5,0.7,0.3),3)
@, ({0.6,0.2,0.9),4) ((0.7,0.4,0.8),5)

Table 4: Tabular representation of N8SS

Remarks:
1. Every N2SS (4,0Q,2) is generally equal to NSS.

2. Any arbitrary NNSS over the universe X can also be thought of as N(N + 1)-soft set. For example
an N8SS can also be treated as an N9SS for the grade 8 is never used as can be seen in Table 4.

This observation may be extended on the parallel track.

Now, we head towards presenting some arithmetical notions related to NNSS.
Definition 3.3 Let A, Ay ENNS(X). A, is said to be NNS- subset of Ay, if
LEM,
Tr) (@) < Tace) (@),
L&) (@) = Tneee) (@),
Friey (@) = Farey (),
726 (@) < 7 (@)
VEEE,p € X,r; €G. We demonstrate itby A; E A);. Ay, is said to be NNS- superset of A,.

Example 3.4 Let X = {¢,,¢,} and E = {&,§,,&3}. Consider E 2 L = {£;,&,}. Consider N8SS 1, as
given in Example 3.2. Let M = E. Define N8SS A, as

Aae = {0 T (§)): 6 € M, 1= 1,2,3}
where 8SS is given in Table 5 below.

$1 $2 $3
(€, M,8)
01 7 4 6
@, 5 7 3
Table 5: Tabular representation of 8SS
Now, we define N8SS

The(€1) = {({(1,0.9,0.4,0.0),7), ({¢2,0.7,0.1,0.8),5)}
e (&) = {({91,0.6,0.5,0.2),4), ({92, 0.9,0.3,0.8),7)}
The(&5) = {({¢1,0.8,0.5,0.1),6), ({¢3, 0.5,0.7,0.3),3)}

having tabular form
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A $1 $2 $3
@ ({0.9,0.4,0.0,7) ((0.6,0.5,0.2),4) ((0.8,0.5,0.1),6)
®; ({0.7,0.1,0.8),5) ((0.9,0.3,0.8),7) ({0.5,0.7,0.3),3)

Table 6: Tabular representation of N85S
It can be seen from Table 4 and Table 6 that A; E A,,.
Definition 3.5 Let Ay, Ay ENNS(X). Then A, and A;, are said to be NNS- equal, if
L=M,
Triey (@) = Tace) (@),
L) (@) = I (@),
Feey (@) = Fargey (@),
726 (@) = 7m @) (@)
VEEE, @ €X,r; €G. Wedemonstrate it by A, = Ay,.
Definition 3.6 Let A, ENNS(X). If T, (@) = 0,1l (@) =1, Fre(@) =1 and 745 (p) =0, VE €
E, 9 € X, r; € G; then A is called null NNSS and symbolized by 4.
Example 3.7 Let X = {¢,,¢,} and E = {{;,&,,&}. Consider E 2 L = {£3,&,}. Define null N8SS as
Ar, = (50 Ty (§0): & € L,1 = 1,2} where
I, (§1) = {({(91,0,1,1),0), ({92, 0,1,1),0)}
I (2) = {({91,0,1,1),0), ((¢2,0,1,1),0)}

The tabular form given in Table 7

qub 3t $2
(pl ((01111)'0) ((0,1,1>,0)
®2 (0,1,1),0) ((0,1,1),0)

Table 7: Tabular representation of null N8SS

Definition 3.8 Let A, ENNS(X). If T, (¢) = 1,1, () = 0,F. () =0 and 7, (@) =N —1,
vé € E,p € X, 7, € G, then A, is called absolute NNSS and symbolized by 4;.
Example 3.9 Let X = {¢;,¢,} and E = {&,§,,&3}. Consider E 2 L = {£,,&,}. Define absolute N8SS
as Az = {(&,T:(&)): & € L,i = 1,2} where

[£($1) = {({91,1,0,0),7), ({92, 1,0,0),7)}

[£($2) = {((91, 1,0,0),7), {92, 1,0,0),7)}
having tabular representation that is given in Table 8:

A & $2
®1 ((1,0,0),7) ((1,0,0),7)
(pZ ((1'01())'7) ((1'0!0)t7)

Table 8: Tabular representation of absolute N8SS
Proposition 3.10 Let Ay, A, Apr ENNS(X). Then,
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1. A, E Az
2. Ay E Ay
3. A C A,
4. Ay EA; and A, S Ay = Ay E Ay
Proof. The proof follows directly from definitions of related terms.
Proposition 3.11 Let Ay, A;, Apr ENNS(X). Then,
1. A = A; and A, = Ay = Ay = Ay
220 EAy and Ay, E A 2 A = Ay,
Proof. Straight forward.
Definition 3.12 Let A, ENNS(X). Then weak complement of NNSS A, is symbolized by AS and defined
as
2f = (¢ T)):§ € B}
where
It = {((@, Fre)(@) 1 — HL({’)((/))'TL({)((/’))"VLC({) (@):p € X}
Here 47& £)(9) denotes weak complement defined in Definition 2.7.
Example 3.13 Let X = {@4,¢,} and E = {£,¢,,&}. Consider E 2 £ = {§;,,}. Define complement
of N8SS 1, given in Example 3.2 as A$ = {(&;, T5(&)):& € L,i = 1,2} i.e.
TE(ED) = {({¢1,0.1,0.5,0.8),5), ({95, 0.9,0.8,0.6),7)}
TH(&,) = {({(¢1,0.3,0.3,0.5),4), (¢, 0.8,0.6,0.7),2)}

The tabular form is given in Table 9.

A i &
0, ((0.8,0.5,0.1),5) ((0.5,0.7,0.3),4)
0, ((0.6,0.2,0.9),7) ((0.7,0.4,0.8),2)

Table 9: Tabular representation of weak complement of N85S

Proposition 3.14 Let 1, ENNS(X), then

L D # 2.

2. 26, # Az

3. 25 # A,
Proof. Straight forward.
Definition 3.15 Let 4, ENNS(X). Then top weak complement of NNSS A is symbolized by A; and
defined as

3= {1 € E)
Where,
I7 ={({p, Fre) (@)1 — Iy (), Ty (9)), 776y (@)): ¢ € X}

where, 4/'[( 5 (@) denotes top weak complement defined in Definition 2.8.

Example 3.16 Let X = {@4,¢,} and E = {£,¢,,&}. Consider E 2 £ = {§;,§,}. Define complement
of N8SS A, givenin Example 3.2 as A; = {(§;, [/ (§)):& € £,i =12} ie.

I7 (&) = {({p1,0.1,0.5,0.8),7), ({¢,0.9,0.8,0.6),7)}
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[7 (&) = {({¢4,0.3,0.3,0.5),7), ({¢, 0.8,0.6,0.7),7)}

In tabular form given in Table 10.

7y $1 $2
o ((0.8,0.5,0.1),7) ((0.5,0.7,0.3),7)
®; ({0.6,0.2,0.9),7) ((0.7,0.4,0.8),7)

Table 10: Tabular representation of top weak complement of N8SS
Proposition 3.17 Let 1, ENNS(X). Then,
1. (A" # Ag.
2. Xy = Az
3. 4; = Ay
Proof. The proof follows quickly from definitions of relevant terms.
Definition 3.18 Let 1, ENNS(X). Then bottom weak complement of NNSS A, is symbolized by A, and
defined as follows
Ar, ={(§,I,):§ € E}
where
I, = {0, Frey(0),1 = Loy (@), Tre) (@), i), (0)): @ € X}
Here 7, (¢) denotes top weak complement defined in Definition 2.9.
Example 3.19 Let X={p,,¢,} and E ={{,§,,&}. Consider E 2 L ={£,&,}. Bottom weak
complement of N8SS A, defined in Example 3.2 as A, = {(;, I, (£)): & € £,i = 1,2} where
Ip. (&) = {({(¢1,0.1,0.5,0.8),7), ((¢,0.9,0.8,0.6),7)}
Iy (&2) = {({¢1,0.3,0.3,0.5),7), ({2, 0.8,0.6,0.7),7)}

In tabular form the bottom weak complement of N8SS is given in Table 11.

Ag, & &
0, ((0.8,0.5,0.1),0) ((0.5,0.7,0.3),0)
o ((0.6,0.2,0.9),0) ((0.7,0.4,0.8),0)

Table 11: Tabular representation of bottom weak complement of N85S
Proposition 3.20 Let 1, ENNS(X). Then,
L (). # e
2. (Agy)se = Az
3. g, = Agy
Proof. Straight forward.
Definition 3.21 Let Ay, Ay ENNS(X). Then difference of A, and A,; is symbolized by A;\15; and
is defined as
A\ = {E U@ Tronamee (@) Leenae e (@) Freonae @) (@) 7 cionme (9)):
¢ €X}):§ € E}
where Ty (@), Leenaee) (@) and Frepaee) (@) are defined as
T (@) = min{T, &) (@), Fare) (@)}
I e (@) = max{ll ) (9),1 — D) ()}
Frenaee) (@) = max{Fp (@), Tare) ()}
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726 (@) — @) (@), U 1) (@) > 1) (@),

/;,v =
z©w© (@) {()_ otherwise

Definition 3.22 Let 4,45 ENNS(X). Then addition of A, and A, is symbolized by A; @ Ay,
and is defined as
A @ A = {E AU, Trnyom© (@) Leyome (@), Froome (@) mr@eme (@) ¢ €X}):$ € E}
where Te@a) (9D, Leyonme (@) and Frgeme (@) are given as
Trey@mce) (@) = min{T ) (@) + Tar) (9)1}
Leoyonm @ (@) = min{ly g (@) + ) (@)1}
Fryome (@) = min{F g (@) + Fare) (9),1}
@ @) = {”I;L(_s)lﬁﬂ) + v (@), i];gﬁ 726 (@) + 1) (@) <_N -1,
, &) (@) + (@) =N -1
Definition 3.23 Let A, A5 € NNS(X) be expressed as A; = (13,Q4,N) and A, = (4,,Q5,N;)
where Q; = ({3,£L,N;) and Q, = ({;, M, N;) are NSSs. Then their restricted union is symbolized by
(A4, Q4, N,) Ug (A,,9Q,,N;) and defined as (w,Q; Ug Q,, max(N;,N,)) where Q; Ug Q, = (W, LN
M, max(Ny, N,)) i.e.
(A1, Qq, Np) Ug (A, Qp, Ny )
= { Al Ty (@) V Tarey (0, Ly (@) A lpeey (@), Frey () A Faeeey (90)), 726y ()
Ve (@)@ € XN:é e Lnm}
Example 3.24 Consider again A;, A5, as given in Examples 3.2 and 3.4 respectively. The restricted

union A; Lk Ay, is given in Table 12.

Ag Ug Apg 1 &
?, ((0.9,0.4,0.0),7) ((0.6,0.5,0.2),4)
®, ((0.7,0.1,0.8),5) ((0.9,0.3,0.8),7)

Table 12: Tabular representation of restricted union of two N8SSs

Definition 3.25 Let A, 45 € NNS(X) be expressed as A; = (13,Q4,N) and A, = (4,,Q,,N;)
where Q; = ({1, £,N,) and Q, = ({;, M, N;) are NSSs. Then their extended union is symbolized by
(A1, Q4,Ny) Ug (A5,9,,N;) and defined as (w,Q; Ug Q,, max(N;,N,)) where Q, UcQ, =(W,LU
M, max(Ny, N,)) i.e.

(A1, Qq, No) Ug (A2, Q5, Np) = {(&, {0, Ty (@) V Ty (@), L) (@) A Lpeey (90), Friey (@) A Fageey (@),

726 (@) Ve (@)@ € XP:§ € LU M}
Example 3.26 Consider again A;, A5, as given in Examples 3.2 and 3.4 respectively. The extended

union A; Ug 4y, is given in Table 13.

AL U£ A’M {1 62 63
0, ((0.9,0.4,0.0),7) ((0.6,0.5,0.2),4) ((0.8,0.5,0.1),6)
0, ((0.7,0.1,0.8),5) ((0.9,03,0.8),7) ((0.5,0.7,0.3),3)

Table 13: Tabular representation of extended union of two N8SSs
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Theorem 3.27 Let A, A3 ENNS(X). Then their extended-union Ay Ug Ay is the smallest NNSS containing
both A; and Ay.
Proof. Straight forward.
Definition 3.28 Let A, A5 € NNS(X) be expressed as A; = (13,Q4,N) and A5 = (4,,Q,,N;)
where Q; = ({3,£L,N;) and Q, = ({;, M, N;) are NSSs. Then their restricted intersection is symbolized
by (41, Q4, N;) Mg (A, Q,, N;) and is defined as (y, Q; LUk Q,, min(N;, N;)) where Q; Mg Q, = (Y, LN
M, min(Ny, N,)) i.e.

(A1, Q4, N2) Nz (A2, Q2, N1) = {(§, {U{@, Tey (@) A Tariey (@), L) (0 V Doy (0), Fr) (@) V Fargey (),

) (@) A (@)@ € X}):§ € LT M}

Example 3.29 Consider again A, A, as given in Examples 3.2, 3.4 respectively. The restricted

intersection A; Mg 4, is given in Table 14.

Az Ny Ape 31 &
0, ((0.8,0.5,0.1),6) ((0.5,0.7,0.3),3)
0, ((0.6,0.2,0.9),4) ((0.7,0.4,0.8),5)

Table 14: Tabular representation of restricted intersection of two N8SSs
Theorem 3.30 Let A, Ay ENNS(X). Then their restricted-intersection Ay Mg App is the largest NNSS
contained in both A; and Ay.
Proof. Straight forward.
Definition 3.31 Let A, A5 € NNS(X) be expressed as A, = (13,Q4,N) and A, = (4,,Q,,N;)
where Q; = ({3, L,N;) and Q, = ({;, M, N;) are NSSs. Then their restricted intersection is symbolized
by (43,Q4,Ny) Mg (A3,Q;,N;) and defined as (y,Q; Ng Q,, min(Ny, N;)), where Q, N Q, = (Y, LU
M, min(Ny, N,)) i.e.
(A1, Q1, N3) Mg (A2, Q2, Np) = {(§, {({@, Ty (@) A Ty (0, Loy (@) V Dne ey (90, Frey (@) V Fagey (9)),
726 (@) Ay (@) € X}): & € L UM}
Example 3.32 Consider again A.,4;; as given in Examples 3.2, 3.4 respectively. The extended

intersection A, Mg A, is given in Table 15.

A Mg Ay 31 & &3
01 ((0.8,0.5,0.1),6) ((0.5,0.7,03),3) | ((0.8,0.5,0.1),6)
®, ((0.6,0.2,0.9),4) ((0.7,0.4,0.8),5) | ((0.5,0.7,0.3),3)

Table 15: Tabular representation of extended intersection of two N8SSs
For any two NNSS A, and A;; over same set of points X and using the operations defined above,
we conclude the following proposition:
Proposition 3.33 Let 4, and A,; be two NNSS
(1) AUy = A
(2) Ag Ug Ape = Ap Ug A
(B) A Nr iy =4
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(4) Ac Mg Ape = Ape N A
(5) ApUgAry = Ar
(6) AL NrAry = Ary
For any three NNSS 4, , 4;; and 4, over same set of points X and using the operations defined
above, we conclude the following proposition:
Proposition 3.34 Let 1, , 4;; and A, be three NNSS

(1) Ag Ug (Aae Ug Ay) = (Ap Ug App) Ug Ay

(2) e Mg (Aae Mg Ay) = (AL Nz Apr) Nz Ay

(3) Ag Ug (Aa Mz Ax) = (A Ug Apr) Nz (A Ug Ay)

(4) A Ny (Aae Ug Ax) = (A Nz Apg) Ug (A Mz Ay)
Definition 3.35 Let A, A5 € NNS(X) be expressed as A; = (13,Q4,N) and A, = (4,,Q5,N;)
where Q; = ({3, L,N,) and Q, = ({,, M,N;) are NSSs. Then AND Operation symbolized by
(A1, 94, N3) A (A3,Q5,Ny) or shortly A, Adyy and is defined as (44,84, Ny) A (A3, Q3, Np) = (A, £ X

M, min(Ny, N,)), where degree of membership , indeterminacy and non-membership are given as

follows:
Taccee (@) = min{T e (@), Tore )y (9D}
{Iegey (@) +aee (@)}
]I:K(firfj)((p) = > —
Frccgip (#) = max{Fr (), Facey (9D},
Tac(6p (@) = max{ry g (@), ey (@)1, VS € L,§; €M
forall ¢ € X.

Definition 3.36 Let A, 1) ENNS(X) be two NNS be expressed as A, = (4;,Q;,N) and Ay =
(13,Q,,N;) where Q; = ({;,£L,N,) and Q, = ({,, M, N;) are NSSs. Then OR operation is symbolized
by (41, Q4,N,) V (4,,Q,,Ny) or shortly A,V Ay, and is defined as (41, Qq, No) V (4,5, Q, N1) = (A, L X

M, min(Ny, N;)), where degree of membership ,indeterminacy and non-membership are given as

follows:
Treigp (@) = max{Tree (9D, Tacs ()3
(g (@) +ace ()}
Tocgi6 (@) = ——
Frecsig(9) = min{F e (9), Facee) (9D}
P56 (@) = Min{rr ey (), e (@)} VS € LS €M
forall ¢ € X.

Definition 3.37 The Truth-favorite of an NNSS 1, is denoted by A, =A 1, and is defined by

Tri) (@) = min{T, 5 (@) + L) (@)1}
Iy (@) =0
Friey (@) = Farey (@)
L&) (p) = M (&) (@)
forall ¢ € X, ¢ € L.

M. Riaz, K. Naeem, I. Zareef and D. Afzal, Neutrosophic N-Soft Sets with TOPSIS method



Neutrosophic Sets and Systems, Vol. 32,2020 158

Definition 3.38 The Falsity-favorite of an NNSS A is denoted by Ay =V A, and is defined by

Trey (@) = Tace) (@)
I (@)=0
Frey (@) = min{F £ (@) + L. (@), 1}
726 (@) = @) (@)
forall ¢ € X,é € L.
Proposition 3.39 Let A, be an NNSS, then
1. AR A, =A A,
2. VYA, =V A,
Proof. Follows immediately from definitions.
Definition 3.40 Let A, ENNS(X). Then scalar multiplication of A, with a is symbolized by 1, @ a
and is defined as
A ® a={({{o, Tre) (@) ® a, 15 (0) ® a,Fre)(0) ® a), 7.5 (9) ® a): ¢ € X):

£ € E)
where T;50q(9) )0 (@)Fre)0e (@) and 71 (@) ® a are defined by

T () ® a = min{T, ) (¢) X a, 1}
Iz () ® a = min{l; ) () X a, 1}
Frie) (@) ® a = min{F, ) (¢) X a,1}

_(Tro@) xa, if0s7rpg(@) Xxa<N-1,
o) B a (N -1 otherwise

Definition 3.41 Let A, ENNS(X). Then scalar division of A, by a is symbolized by A,/a and is
defined as

Aefa = {(& U Toe (@) Iy (@), Friey () ), vy (@) @): @ € XD): € € E}
where T;£7,(9), 1570 (@) Fr 570 (9) and rﬁ(g)(<p)70{ are defined by

Teey(@)/a = min{T ) (@) /a, 1}
Ieeey(9)/a = min{lz ) (9)/a, 1}
Friy(@)/a = min{F ) (¢)/a, 1}

ree(@)/a, if0<rpe(@)/a<N-1,

/V“L(g)((p)/a - (N -1, otherwise

rre(@)/a, if0<rpe(@)/a<N-1,
N —1, otherwise

”’“L(f)((l’ﬂ“ = {
4 Relations On Neutrosophic N-Soft Sets
Definition 4.1 Let A, and A,; be two NNSSs defined over the universe (X,£) and (X, M)
respectively. Neutrosophic N-soft relation R is defined as R(¢;, &) = A.(&) Ngr Axe (&), V¢ € L and
V¢ €M, where
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R: NV - P(X)
is an NNSS over (X,N'), where ' E L X M.
Definition 4.2 The composition o of two neutrosophic N-soft relations R, and R, is defined by
Ry o R)(An) = R, (L, m) N R,(m,n)
where R, is neutrosophic N-soft relations from A, to A, over the universe (X,£) and (X, M)
respectively and R, is neutrosophic N-soft relations from A, to A, over the universe (X, M) and
(X, V') respectively.
Definition 4.3 Let R, is neutrosophic N-soft relation over the universe (X,£) and &, is
neutrosophic N-soft relation over the universe (X,M). The union and intersection of R, and R,
defined as below
(%1 U Rp) (L, m) = max{R, (L, m), R, (L, m)}
(R N Ry)(Lm) = min{R, (L, m), Ry (L, m)}

where R,;: L x M - P(X) and R,: L x M - P(X).
Definition 44 Let 1, in (X,£) be a neutrosophic N-soft set. Let R for A; to Ape. Then max-min-
max composition of neutrosophic N-soft set with A, is another neutrosophic N-soft set A;; of (X, M)
which is denoted by % ¢ ;. The membership function, indeterminate function, non-membership
function and grading function of 4,; are defined, respectively, as

T, (M) = max{min(T, (1), T, ([, m))},

It02, (m) = min{max (I (1), I (L, m))},

Fgoa, (m) = min{max(F. (D), F, (L, m))},

P oz, (M) = mlax{min(rﬁ(l),/r“ﬁ(l, m))},

vieLmeM,r; €G.
Definition 4.5 Let A; be a neutrosophic N-soft set. Then the choice function of A, is defined as

CA) =r+ T, -1, - F,
Definition 4.6 Let 1, and A,; be two neutrosophic N-soft sets. Then the score function of A, and
Ay is defined as
Sim = C(Ar) = C(Ay)

Definition 4.7 Let A, be a neutrosophic N-soft set. We define score function for A, as

SL=’VVi+Ti—HiIFi

5 Application of Neutrosophic N-Soft Set to Medical Diagnosis

In this Section, we discuss the execution of N-soft set and neutrosophic set in medical diagnosis . In
some previous studies of the neutrosophic set and neutrosophic soft set, there are many examples of
medical diagnosis but all of them have lack of parameterized evaluation characterization. First we
propose Algorithm 1 as given below.

Algorithm 1

Step 1: Input a set B of patients, a set § of symptoms as parameter set and a set D of diseases .
Step 2: Construct a relation £(p © §) between the patients and symptoms.

Step 3: Construct a relation a relation (S < D) between the symptoms and the diseases.

Step 4: Compute the composition relation Jt(*8 & D) the relation of patients and diseases by using
Definition 4.4.
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Step 5: Obtain the choice function of 9t by using Definition 4.5.

Step 6: Choose the highest choice value of patient corresponding to disease gives the higher
possibility of the patient affected with the respective disease.

Flow chart portrayal of Algorithm 1 is given in Figure 1:

[ setofdoctors [,
[Setofsympioms |

s -

Figure 1:Flow chart representation of Algorithm 1

Now we demonstrate how neutrosophic N-soft set (NNSS) can be efficiently employed in multi-
criteria group decision making (MCGDM). First of all, we propose an extension of TOPSIS to NNSS.
In this study, we choose TOPSIS because our goal is to solve a medical diagnosis decision making
problem. Since medical diagnosis involves similarities (in symptoms) and TOPSIS method is most
appropriate method for handling such problems. A detailed study of TOPSIS may be found in [26].
The procedural steps of Neutrosophic N-soft set TOPSIS Method to examine critical situation of each
patient is given in Algorithm 2.

Algorithm 2 (Neutrosophic N-soft set TOPSIS Method)

Step 1: Constructing weighed parameter matrix H by using ranking values obtained in Step 4 of

Algorithm 1 composition relation 9t(f © D) and relates it with linguistic ratings from Table 26.

711 712 Tin
121 7112 Ton

H="a T2 = T |=[Tilnxn
Tm1  Tm2 Pmn

Step 2: Creating normalized decision matrix B. Throughout from now, we shall use

L,={123,--,n} VnEeN

b, = —U

—_— 1
Y ‘/Z;crl:ﬂ"l?j
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bll b12 bln
b21 b12 b2n

B =|bjy by, by | = [bij]mxn
bml bm2 bmn

Step 3: Creating weighted vector W = {W;, W,, W3, ---,W,,} by using the expression

1
W = kazljwk'wk = —Xi%1 by 2)
Step 4: Constructing weighted decision matrix p.
(M1 M1z o Han g
Hz1 M1z = Hon
u=\lin Bz tin | = [Wi]mxn
Hm1 Hmz = Hmn
where Wij = “’]bl] (3)

Step 5: Finding positive ideal solution (PIS) and negative ideal solution (NIS) by using the Equations

PIS = {uf, 13, 13, uf -, iy} = {max(uy;): i € Ly} (4)
NIS = {uy, pz, p3, -, -} = {min(ug): i € Ly} ()
Step 6: Calculate separation measurements of PIS (§;") and NIS (S;") for each parameter by using the
equations
St = \/2;!:1 (Wij — 1% Vi€lLpy (6)
and
s = Jz;-;l (g — 1) Vi€ L )

Step 7: Calculating of relative closeness of alternative to the ideal solution by using the equation

= Si_i;, 0<Cr <1, Vi€Lp, 8)

Step 8: Ranking the preference order.
Flow chart portrayal of neutrosophic N-soft set TOPSIS method is shown in Figure 2.
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Set of doctors

identify the
problem Set of symptoms

Set of diseases

Calculate
sepration
measurements

Find PIS and
NISs

onstruct
wighted
decision
vector

R AL e

Figure 2: Flow chart of neutrosophic N-soft set TOPSIS method

5.1 Numerical Example

Now we employ the above Algorithm 1 to find the decision factor about the following top four
deadliest diseases in the world. Due to the following risk factors, these diseases progress slowly. Here
is some detail about these diseases:

D;: Coronary artery disease (CAD)

CAD occurs when the vessels that transfer blood towards heart become narrowed. CAD leads to

heart failure, arrhythmias and chest pain. Risk factors for CAD are

High blood High cholesterol Smoking
pressure
Family history Diabetes Obesity
of CAD

Table 16: Risk factors for CAD

D,: Stroke
This fatal disease occurs when some artery is in brain blocked or leaks. The risk factors for Stroke are:
High blood [Being female Smoking
pressure

Family history |Being American| Being African
of stroke
Table 17: Risk factors for Stroke

D3: Lower respiratory infections (LRI)
This disease occurs due to tuberculosis, pneumonia, influenza, flu, or bronchitis. Risk factors for LRI

contain
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Poor air quality | Asthma Smoking

Weak immune HIV Crowded child-care

system settings
Table 18: Risk factors for LRI
D,: Chronic obstructive pulmonary disease (COPD)

This disease is a long-term, progressive lung disease that makes breathing difficult. Risk factors for

COPD are

Family history Lungs irritation

History of respiratory infections Smoking

Table 19: Risk factors for COPD
Ds5: Trachea, bronchus and lungs cancers
Respiratory cancers incorporate diseases of the bronchus, larynx, lungs and trachea. The risk factors

for Trachea, bronchus and lungs cancers involve

Use of coal for Tobacco |Poor air quality

cooking usage

Family history of | Smoking | Diesel fumes

disease

Table 20: Risk factors for Trachea, bronchus and lungs cancers
Core in certain sense is the most basic part occurring in the considered knowledge. Core can be
translated as the arrangement of most trademark some portion of knowledge, which cannot be
abstained from when decreasing the data. The core risk factor of all diseases discussed above is
"smoking". For computational purpose, let's decide the grading values depending upon the degree

of membership function as in Table 21:

Degree of membership Grading values
function

T=0 0
0<T=<02 1
02<T<04 2
04<T<06 3
06 <T=<08 4
08<T<1.0 5

Table 21: Ranking scale

Table 22 yields relation between symptoms and patients:
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e Headache(s,) Shortness of breath(s,) Angina(s;)
P ((0.7,0.2,0.5),4) ((0.6,0.3,0.4),3) ((0.4,0.6,0.5),2)
P, ((0.9,0.3,0.1),5) ((0.7,0.4,0.3),4) ((0.8,0.5,0.2),4)
Ps ((0.6,0.6,0.4),3) ({0.5,0.5,0.8),3) ((0.2,0.4,0.8),1)
s ((0.2,0.5,0.8),1) ((0.3,0.1,0.7),2) ((0.7,0.1,0.3),4)

Table 22: Relation between symptoms and patients

The relation between the symptoms and the diseases is given in Table 23:

SIR @1 @2 @3 ®4-
Headache(s,) ((0.8,0.4,0.2),4) | ((0.9,0.2,0.1),5) | ((0.6,0.3,0.4),3) | ({0.7,0.5,0.3),4)
Shortness of ({0.1,0.8,0.9),1) | ({0.2,0.9,0.8),1) | ((0.5,0.7,0.5),3) | ((0.3,0.7,0.6),2)
breath(s,)
Angina(s;) ((0.5,0.7,0.5),3) | ((0.4,0.6,0.6),2) | ({0.3,0.5,0.7),2) | ({0.9,0.1,0.1),5)

Table 23: Relation between the symptoms and the diseases

The composition relation of patients and diseases in Table 24:

m Dl @2 93 94

Py ((0.7,0.4,0.5),4) ((0.7,0.2,0.5),4) ((0.6,0.3,0.5),3) ((0.7,0.5,0.5),4)
P2 (¢(0.8,0.4,0.2),4) ((0.9,0.3,0.1),5) ({(0.6,0.3,0.4),3) ({(0.7,0.5,0.2),4)
P3 ((0.6,0.6,0.4),3) ((0.6,0.6,0.4),3) ({0.6,0.6,0.4),3) ({0.60.4,0.4),3)
Ps ((0.5,0.5,0.5),3) (¢(0.4,0.5,0.6),2) ((0.3,0.5,0.7),2) ({(0.7,0.5,0.3),4)

Table 24: Composition relation of patients and diseases
Table 25 gives choice values of the relation 9t:

N D D, D3 Dy

P1 3.8 4 2.8 3.7

P 4.2 5.5 29 4

P3 2.6 2.6 2.6 2.8

Pa 2.5 1.3 1.1 3.9

Table 25: Choice values of relation 9t
From Table 25, we conclude that the patients p; and p, are likely to be suffering from D, whereas

p3 and p, are suffering from D,.
In order to examine the intensity level of the disease of the patients, we use neutrosophic N-soft

TOPSIS method which is demonstrated in Algorithm 2. First, we decide the grading values as a

function of linguistic terms as Table 26:
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Linguistic Terms Grading Values
Undetermined (U) 0
Very Stable (VS) 1
Stable (S) 2
Grave (G) 3
Critical (C) 4
Very Critical (VC) 5

Table 26: Linguistic terms for evaluation of parameters

Now we construct weighted parameter matrix by using Step 9 and Table 26 as

IS
N W Ul

1
|
| =
|
|

Creating normalized decision matrix B by using Equation 1

0.57 0.54 0.54 0.53
0.57 0.68 0.54 0.53
B=1043 041 054 0.40
l0.43 0.27 0.36 0.53J

w W b
N W W W
QOO0
A <O

)
a9
e e e s ]

[ [
| |
= |
i i

Now by using Equation 2 construct weight vector
W = {W,, W,, W,, W,} = {0.58,0.14,0.14,0.14}
By using Equation 3 the weighted decision matrix p is

0.33 0.07 0.07 0.07
0.33 0.09 0.07 0.07
u=1{025 0.06 0.07 0.06
0.25 0.04 0.05 0.07

The positive ideal solution (PIS) and negative ideal solution (NIS) by using the Equations 4 and 5 as
PIS = {0.33,0.09,0.07,0.07}
NIS = {0.25,0.04,0.05,0.06}

The separation measurements of PIS and NIS for each parameter by using the Equations 6 and 7 are

S =011
Sy =0.06
§3 =0.02
Sy =0.01
Sy =011
S, =0.06
S§3 =0.03
Sy =0.02
The relative closeness of alternatives to the ideal solution by using Equation 8 are
¢ =05
¢S =05
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Ranking the preference order is
Cf=cf=cy=cf
which indicates that condition of patient p, is most critical. The pictorial representation of the

rankings of the patients is demonstrated with the assistance of a chart as given in Figure 3.

Ranking of patients

pl p2 p3 p4

Figure 3: Ranking of patients w.r.t. intensity level of disease

5. Conclusion

The purpose of this work is to lay the foundation of theory of neutrosophic N-soft set as a hybrid
model of neutrosophic sets and N-soft sets. We established some basic operations on neutrosophic
N-soft sets along with their fundamental properties. We introduced the notions of NNS-subset, null-
NNS, absolute-NNS, complements of NNS, truth-favorite, falsity-favorite, relations on NNS,
composition of NNSS and score function of NNS. We explained these concepts with the help of
illustrations. We presented a novel application of multi-attribute decision-making (MADM) based on
neutrosophic N-soft set by using Algorithm 1. We proposed neutrosophic N-soft sets TOPSIS method
as demonstrated in Algorithm 2 for MADM in medical diagnosis. We defined separation
measurements of positive ideal solution and negative ideal solution to compute a relative closeness
to identify the optimal alternative. Lastly, a numerical example is given to illustrate the developed
method for medical diagnosis.

This may be the starting point for neutrosophic N-soft set mathematical concepts and information
structures that are based on neutrosophic set and N-soft set theoretic operations. We have studied a
few concepts only, it will be necessary to carry out more theoretical research to recognize a general
framework for the practical applications. The proposed model of neutrosophic N-soft set can be
elaborated with new research topics such as image processing, expert systems, soft computing

techniques, fusion rules, cognitive maps, graph theory and decision-making of real world problems.
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We hope that this study will prove a ground-breaking and will open new doors for the vibrant
researchers in this field.
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