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1. Introduction

Fuzzy set theory |1] has many real-world applications, but it is not suitable for simulate
an indeterminate issue in an abstract situation. By giving indeterminates representation,
neutrosophic theory has advanced an important concept. One of the essential aspects in
practically all problems in the real world is uncertainty or indeterminacy. Fuzzy theory is used
to model uncertainty, whereas neutrosophic theory is employed to represent indeterminacy.
In 1995, F. Smarandache created the concept of neutrosophy to represent problems involving
indeterminates. For further background on neutrosophy and neutrosophic algebraic structures,
see [2H6]. By assuming that the result of ”interaction” between two elements of a non-empty
set is a non-void set of elements, one is obviously generalizing the definition of a group. (and not

only one element, as for groups), A hypergroup was first proposed in 1934 at the eighth congress
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of Scandinavian mathematicians by the French mathematician Frederic Marty [7]. The rule
that describes such a structure is known as a ”hyperoperation”, and the theory of algebraic
structures with at least one multi-valued operation is recognized as the Hyperstructure Theory.
Marty’s motivation to introduce hypergroups is that the quotient of a group modulo any
subgroup (not necessarily normal) is a hypergroup. This theory has been studied in the
following decades and nowadays by many mathematicians. As a generalization of algebraic
hyperstructures, Vougiouklis, in 1990, at the fourth A.H.A. congress [89] introduced the notion
of H,-structures.

Our paper presents a connection between hypergroups, fundamental groups and neutrosophy
and it is constructed as follows: After an Introduction, in Section 2, we present some definitions
related to (weak) hyperstructures that are used throughout the paper. In Section 3, we use the
concept of neutrosophic H,-group, defined by the authors in [10] and classify its complete parts
and its (strongly) regular relations. Finally, in Section 4, we find the fundamental neutrosophic

group of neutrosophic H,-groups.

2. Complete parts and regular relations in neurtosphic H, -groups

We use the notion of neutrosophic H,-group, defined by the authors in [10] and classify its
complete parts as well as its (strongly) regular relations. For basic definitions about algebraic
hyperstructures we refer to [11-14]. In neutrosophy, < X >, < antiX >, and < neutX > are
paired two by two, as well as all three at once, to create the NeutroSynthesis. Neutrosophy
lays out the universal relationships between < X >, < antiX >, and < neutX >. < X > is
the thesis, < antiX > the antithesis, and < neutX > the neutrothesis (neither < X > nor
< antiX >, but the neutrality in between them).

Definition 2.1. [4] Let B be a nonempty set. A neutrosophic quadruple B-number is
an ordered quadruple (b1, boT,b3l, by F') where by, ba, b3, by € B and T,1, F have their usual
neutrosophic logic meanings.

The set of all neutrosophic quadruple B-numbers is denoted by NQ(B), that is,
NQ(B) = {(bl, 042T, b3 1, b4F) 1 b1,bo,b3,b4 € B}

Let (H ,+) be an H,-group with identity “ 0” and define “®” on NQ(H ) as follows:
(1, 22T, w31, 24 F) ® (y1,y2T, y3l, ysF)
={(a,bT,cl,dF): a € x1+y1,b € xa+ys,c€x3+ys,deExs+ys}
Throughout this section, (H,+) is an H,-group with identity “0” and 04 0 = 0.

Theorem 2.2. [10/ Let H be any set with a hyperoperation +. Then (NQ(H),®) is a
neutrosophic quadruple H, -group if and only if (H,+) is an H,-group with identity ‘0 € H 7
and 0+0=0.
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Theorem 2.3. [10/ Let H be any set with a hyperoperation +. Then (NQ(H),®) is a
neutrosophic quadruple hypergroup if and only if (H,+) is a hypergroup with identity 0 € H”
and 04+ 0 =0.

Theorem 2.4. Let (H,+) be an H,-group with identity ‘0”7, 0+ 0 = 0 and X be a non
empty subset of NQ(H). Then X is a complete part in NQ(H) if and only if there exist
Ay, A9, A3, Ay C H such that X = {(a,bT,cl,dF) :a € A1,b € Ag,c € Az, d € Ay} and that
A; is a complete part in H fori=1,2,3,4.

Proof. Let X be a complete part in NQ(H). Then there exist A;, Aa, A3, A4 C H such that
X ={(a,bT,cl,dF) :a € A1,b € Ag,c € A3,d € Ay}. We prove that A; is a complete part in
H and the others are done in a similar manner. Let x € A1 NP # (). Then there exist x; € H
with ¢ = 1,2,...,k such that x € 1 + ...+ x. Let y € Ag, z € Az and w € Ay4. It is clear
that

(x,yT, zI,wF) € X N ((x1,yT, zI,wF) ® (x2,0T,0I,0F) & ... D (x,0T,0I,0F)).

The latter and having X a complete part in NQ(H) imply that ((z1,y7T,zI,wF) @
(22,07,01,0F) ... ® (zx,07,01,0F) C X. Consequently, we get x1 + ...+ z C Aj.

Conversely, let Ay, Ag, A3, Ay C H be complete parts in H , X = {(a,bT,cl,dF) :
a € Ay,b € Ay,c € As,d € Ay} and (a,bT,cl,dF) € X N ((x1,nT,z11,unF) @ ... D
(g, yx T, zx L, wiF)). Thena € AjN(x1+...+x), b € AsN(y1+...+yk), c € AiN(z1+. . .+2k)
and d € Ay N (w1 + ...+ wg). Having A; a complete part in H for i = 1,2,3,4 implies that
r1+... .+, CAL,n+ ...ty CAg, 21+ + 2, C Az and wy + ... +wi, € Ay. The latter
implies that (x1, 17T, 211, w1 F) & ... D (vg, yp T, 2L, wp F) C X. o

Corollary 2.5. Let (H,+) be an H, -group with identity ‘0” and 0+0 = 0 and A be a complete
part in H . Then NQ(A) is a complete part in NQ(H).

Proof. By setting A; = Afori=1,2,3,4and X = {(a,bT,cl,dF) :a € A;,b € Ag,c € A3,d €
Ay}, Theorem asserts that NQ(A) = X is a complete part in NQ(H). 0

The authors in [15/16] considered the set of arithmetic functions H and defined a hyper-

operation + on it as follows:
n
o+ B(n) = {ald) + B(3) - djn}.

Let 04(n) = 0 for all n € N. It is clear that 0, + 0, = 0,. The authors proved that (H,+) is a

hypergroup with identity 0, and characterized all complete parts in H as: S = |J A, where
reM
M is a non empty subset of the set of complex numbers C and A, = {a € H : a(1) = r}.
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Proposition 2.6. Let (H,+) be the hypergroup of arithmetic functions under the above hy-
peroperation. Then (NQ(H),®) is a neutrosophic hypergroup.

Proof. The proof follows from Theorem 0

Proposition 2.7. Let (H,+) be the hypergroup of arithmetic functions defined in [16] and X
be a complete part in NQ(H). Then there exist non empty subsets M; of C with i =1,2,3,4
such that X = {(a,bT,cl,dF) : a € S1,b € Sa,c € S3,d € Sy} and S; = Upen, Ay for
1=1,2,3,4.

Proof. The proof follows from Theorem 0

Corollary 2.8. Let (H,+) be the hypergroup of arithmetic functions defined in [16] and r be
any complex number. Then NQ(A,) is a complete part in NQ(H).

Let (H,+) be an H,-group with identity “0”, 0 + 0 = 0 and R; be a relation on H for
i=1,2,3,4. We define p on NQ(H) as follows:

(a,bT,cl,dF)p(a’,b'T,c'I,d' F) < aRja’,bRaob', cR3c, dRyd’.

Proposition 2.9. Let (H,+) be an H,-group with identity 0” and 0+ 0 = 0. Then p is
an equivalence relation on NQ(H) if and only if R; is an equivalence relation on H* for

i=1,2,3,4.

Proof. The proof is straightforward.

Theorem 2.10. Let (H,+) be an H,-group with identity “0” and 04+ 0 = 0. Then p is a
reqular relation on NQ(H) if and only if R; is a regular relation on H fori=1,2,3,4.

Proof. Let p be a regular relation on NQ(H) and a,a’ € H with aRja’. Then
(a,0T,0I,0F)p(a’,0T,0I,0F) (as OR;0 for i = 2,3,4). We need to show that a + zRia’ + z
and  + aRix + o for all x € H. We prove that a + zRia’ + . Let b € a + x. Then
(b,0T,01,0F) € (a,0T,0I,0F) & (z,0T,0I,0F). Having (a,0T,0I,0F)p(a’,0T,0I,0F) and p
a regular relation on NQ(H) imply that

(a,0T,01,0F) & (z,0T,0I,0F)p(a’,0T,01,0F) & (x,0T,0I,0F).

The latter implies that there exist (y,07,0I,0F) € (a’,0T,01,0F) & (x,07T,0I,0F) such that
(2,07,01,0F)p(y,0T,01,0F) for every (z,07,0I,0F) € (a,07,0[,0F) @ (x,07,01,0F). We
get now that for every z € a + x there exists y € @’ + x such that zRyy. Thus, R; is a regular
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relation on H . In a similar manner, we can prove that R; is a regular relation on H for
1=2,3,4.

Conversely, let R; be a regular relation on H for i =1,2,3,4,
(a,bT,cl,dF)p(d,b'T,cI,d F) and (x,yT,2I,wF) € NQ(H).
We need to show that
(a,bT,cl,dF) ® (z,yT,zI,wF)p(a',b'T,/I,d' F) ® (z,yT, 21, wF).

Let (e, fT,g9I,hF) € (a,bT,cl,dF)® (x,yT,zI,wF). Thene € a+z, f €b+y, g € c+ 2z and
h € d+w. Having aRia’, bRob', cR3c, dR4d' and R; a regular relation on H for i =1,2,3,4
imply that a + xRia’ + x, b+ yRab' +y, ¢ + zR3c + 2, d + wR4d' + w. The latter implies
that there exist ¢/ € o' +z, f' € b +y, ¢ € ¢ + 2, K € d + w such that eR1€’, fRof’,
gR3g and hR4h'. We get now that (¢/, f'T, ¢'I,W'F) € (',b'T,d1,d'F)® (z,yT, zI,wF) with
(e, fT,gI,hF)p(e, f'T,¢d'I,WNF). o

Theorem 2.11. Let (H,+) be an H,-group with identity “0” and 04+ 0 = 0. Then p is a
strongly regular relation on NQ(H) if and only if R; is a strongly regular relation on H  for
1=1,2,3,4.

Proof. Let p be a strongly regular relation on NQ(H) and a,a’ € H with aRja’. Then
(a,0T,01,0F)p(a’,0T,0I,0F) (as OR;0 for i = 2,3,4). We need to show that a + tRid +
and = + aRzlx +a' for all x € H. We prove that a + szla’ + = and the other is done in
a similar manner. Let b € a + . Then (b,07,01,0F) € (a,07,01,0F) & (z,07,0I,0F).
Having (a,07,01,0F)p(a’,0T,01,0F) and p a strongly regular relation on NQ(H) imply that
(a,0T,0I,0F) & (x,0T,0I,0F)p(a’,0T,01,0F) & (z,0T,0I,0F). The latter implies that for all
(y,0T, 0I,0F) € (a',0T,0I,0F) & (x,0T, 01, 0F) and for all (z,0T,0I,0F) € (a,0T,0I,0F) &
(,07,0I,0F), we have (z,07,0I,0F)p(y,0T,0I,0F). We get now that for every z € a + x
and for all y € @’ + x such that zRyy. Thus, R is a strongly regular relation on H*. In a
similar manner, we can prove that R; is a strongly regular relation on H for ¢ = 2,3, 4.
Conversely, let R; be a strongly regular relation on H for i =1,2,3,4,

(a,bT,cl,dF)p(a',b'T,dI,dF) and (z,yT,z2I,wF) € NQ(H). We need to show that
(a,bT,cl,dF) & (z,yT, zI,wF)p(d',0'T,dI,d'F) & (z,yT,2I,wF). Let (e, fT,gI,hF) €
(a,0T,cl,dF) @ (z,yT,zI,wF). Thene € a4+ 2z, f € b+y, g € c+zand h € d+ w.
Having aRia’, bRob', cR3c', dR4d’ and R; a strongly regular relation on H for i = 1,2,3,4
imply that a + aRyd +x, b+ szgb’ +y, c+ tRsd + z, d + wRyd + w. The latter im-
plies that for all ¢’ € o' + =, ff € V +y, ¢ € ¢ + 2, ¥ € d + w, we have eR1€’, fRaof’,
gR3g and hR4h'. We get now that (¢/, f'T, ¢'I,W'F) € (/,0'T,d1,d'F)® (z,yT, zI,wF) with
(e, fT,gI,hF)p(e, f'T,d'I,WNF). o
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Example 2.12. Let Q be the set of rational numbers, (H, +) be the hypergroup of arithmetic
functions and define the strongly regular equivalence relation R; for ¢ = 1,2,3,4 on H as

follows:
aRiy & a(l) =v(1) +¢q€Q,
and for ¢ = 2,3,4
aliy & a(l) =~(1).

Applying Theorem we get p a strongly regular equivalence relation on NQ(H), where p

is defined as follows:

(a, BT, AL, AF)p(o, BT, +' I, N'F)

& a(l)=ad(1)+¢9€Q,B(1) =p'(1),7(1) =+'(1), A1) = N(1).
3. Fundamental group of neutrosophic quadruple H, -groups

In this part, we investigate the fundamental relation on neutrosophic H wv-groups and
determine its fundamental neutrosophic group..
In [3], Akinleye et. al. conducted their investigation of neutrosophic quadruple algebraic
structures on quadruple numbers based on the set of real numbers. And they proved that
if G is a group of real numbers then NQ(G) = {(g1, 92T, 931, 94F) : g1,92,93,94 € G} is a

neutrosophic group under the operation “@®” given by:
91,927, 931, 9 F) & (91", 92'T’ 95'1, 94" F) = (91 + g1, (92 + 92)T, (93 + 93))1, (94 + 94') F).
The following theorem generalizes their result to any group.

Theorem 3.1. Let G be a set with operation + and 0 € G. Then (NQ(G),®) is a group if
and only if (G,4+) is a group.

Proof. The proof is similar to that of Theorem 2.1 in [3].

Proposition 3.2. Let (G,+) and (G',+') be isomorphic groups. Then (NQ(G),®) and
(NQ(G"),®") are isomorphic neutrosophic groups.

Proof. Let (G,+) and (G’,+') be isomorphic groups. Then there exists a group isomorphism
f:G—= G Let ¢: NQ(G) = NQ(G’) be defined as follows:

¢((a,bT, cl,dF)) = (f(a), f(O)T, f(c)I, f(d)F).

One can easily see that ¢ is a group isomorphism.
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Definition 3.3. [13] For all n > 1, we define the relation £, on a semihypergroup (H,o) as

follows:
n
xfpy if there exist aq,...,a, in H such that {z,y} C [] a;
i=1
and we set B = |J By, where p1 = {(z,z) | = € H} is the diagonal relation on H*.

n>1

This relation was established by Koskas [17] and studied by many authors. Clearly, the
relation [ is reflexive and symmetric. Denote by £* the transitive closure of 5.

Throughout this section, 3, 3* are the relations on H and Sy, 3y are the relations on

NQ(H).

Theorem 3.4. Let (H,+) be an H,-group with identity ‘0” and 0 + 0 = 0 and let
a,a’ bV, c,d,d,d € H. Then (a,bT,cl,dF)Bn(a, VT, 1,d'F) if and only if afa’, b8V,
cfc and dBd'.

Proof. Let (a,bT,cl,dF)Bn(a’,b/T,dI,d'F).  Then there exist (x;,yT,z I, w;F) with
i = 1,...,k such that {(a,0T,clI,dF),(a",b'T,dI,dF)} C (x1,)1T,21,unF) & ... ®
(g, yx T, zx I, wi F'). The latter implies that a,a’ € x1 + ... + x, bV € y1 + ... + yi,
c,d €zx1+...+z,and d € wy + ...+ wg. Thus, aBd’, bBY, ¢S and d,d’ d’.

Conversely, let afa’, bBb, ¢S’ and dfd'. Then there exist kq, ko, ks, ks € N and z1,...,zk,,
YLy ooy Ykgs Zlse- s Zhgy Wiy- .., Wk, € H such that a,a’ € z1 + ...+ xp,, b, € y1 + ... + Yk,
e,d € z1 4+ ...+ 2z, and d,d € wy + ... + wy,. By setting k = max{ki, ko, k3, k4} and
x; = 0for by < i < k,y; =0for kg < i <k, z; = 0 for ks < i < k and w; = 0 for
k4 < i < k and using the fact that x € 0+ 2Nz +0 for all z € H, we get a,a’ € x1 + ...+ x,
b € y1+ ... +yr, ¢, € 21+ ...+ 2, and d,d € wy; + ... + wg. The latter implies
that {(a,bT,cl,dF), (d',0'T,/1,dF)} C (x1, 1T, z21L,unF)® ... (g, yp T, 211, wi F). Thus,
(a,bT,cl,dF)Bn(a VT, 1,d'F). o

Theorem 3.5. Let (H ,+) be an H}-group with identity 07 and 0 +0 = 0 and let
a,a’ b, c,d,d,d € H. Then (a,bT,cl,dF)Bx(a',b'T,dI,d'F) if and only if af*a’, bp*V,
cB*c and dp*d'.

Proof. Let (a,bT,cl,dF)px(a',b'T,c'I,d'F). Then there exist (z;,yT, 21, w,F) € NQ(H)
with ¢ = 1,...,k such that

(a,bT, cI,dF)pn(x1, 1T, z1l, i F), (i, yi T, 2, wi F) BN (g1, Yis1 Ty zigr [, wi F) for i =
...,k = 1 and (ap, ypT, zxd, wi F)Bn(a', VT, 1,d'F). Theorem implies that aB8z1,
xiBrisy fori=1,...,k—1, ziBd, bBy1, yiPfyir1 fori =1,... .k — 1, yp. BV, c¢Bz1, z;Bzi+1 for
i=1,....k —1, 28, dpwy, w;Bw;y1 for i = 1,...,k — 1, wgBd. Thus, af*d’, bF*V, cf*
and dp*d'.
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Conversely, let a8*a’, b3*V, ¢*c’ and dfB*d’. Then there exist x;,y;, z;, w; € H such that
aBry, zifriy for i = 1,... 0k — 1, xpBd, bBy1, yiByiv1 for i = 1,....0 — 1, y BV, cBa,
2ifziy1 for i = 1,....,m — 1, 2,8, dBwi, w;Bw;11 for i = 1,...,s — 1, wsBd'. By setting
t = max{k,l,m,s} and x; = a' for k <i <t,y; =V fort <i <t 2z =c form <i <t and
w; = d' for s < i < t. The latter implies that

(a, 0T, cl,dF)BN (1, nT, 21, un F), (i, T, 21, wi F) BN (@ig1, yia T, ziv1 L, wig 1 F),
fori=1,...,t—1 and
(xt7 ytTa Zt[, th)ﬁN (alv b/Tv C/Ia d/F)
Thus, (a,bT,cl,dF)sx (', 0T, d1,d'F). o

Theorem 3.6. Let (H ,+) be an H}-group with identity 0” and 0+ 0 = 0. Then
Q(H)/By = NQ(H/B).

Proof. Let ¢ : NQ(H)/Bn — NQ(H/B*) be defined as

¢(BN ((a, bT' eI, dF))) = (6"(a), B*(0)T, B*(c)1, B*(d) F).

Theorem implies that ¢ is well-defined and one-to-one. Also, it is clear that ¢ is onto. We

need to show that ¢ is a group homomorphism. Since
Br((a,bT,cl,dF)) & By ((d' 6T, I,d F)) = Bx((x,yT, 21, wF))

where (z,yT,zI,wF) € (a,bT,cl,dF) ® (a/,b'T,dI,dF) = (a+ d,(b+ V)T, (c+ ), (d+
d')F), it follows that ¢(5% ((a,bT,cl,dF)) B gy (d/,0'T,dI,d'F))) = ¢((x,yT,zI,wF)) =
(6%(x), B* ()T, B*(2)1, B*(w)F). Having §*(x) = p*(a) B p*(d), B*(y) = B(b) B p*(¥),
B*(z) = B*(c) B p*(c) and B*(w) = B*(d) B p*(d) imply that (8% ((a,bT,cl,dF)) &
A VT, 1, d'F))) = ¢(Bx((a, 0T eI, dF)) & ¢(By (o', 0T, 1, d'F))). o

Theorem 3.7. Let (H,+) be an H-group with identity “0” and 0+ 0 = 0. If G is the fun-
damental group of H* (up to isomorphism) then NQ(G) is the fundamental group of NQ(H)

(up to isomorphism).

Proof. Since G is the fundamental group of H (up to isomorphism), it follows that H/f* = G.
The latter and Proposition imply that NQ(H/p*) = NQ(G). Theorem completes the
proof.

Example 3.8. Let (H,+) be the hypergroup of arithmetic functions defined in [15] with the
group of complex numbers (C,+) under standard addition as a fundamental group (up to

isomorphism). Then (NQ(C), +) is the fundamental group of NQ(H) up to isomorphism.
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Corollary 3.9. Let (H,+) be an H,-group with identity “0” and 0+ 0 = 0. If H has a
trivial fundamental group then NQ(H) has a trivial fundamental group.

Proof. The proof is straightforward by applying Corollary 0

Example 3.10. Let H; = {0,1} and define (Hi,+1) as follows:

+110] 1
0 (0] 1
1 1| H

Then (NQ(H1),®) is a quadruple H,-group. Since 0,1 € 1 +; 1, it follows that xSy for all
x,y € Hy. Thus, H; has trivial fundamental group. Corollary asserts that (NQ(Hy), ®)

has trivial fundamental group.

Theorem 3.11. Let (H,+) be an H,-group with identity ‘0” and 04+ 0 = 0 and wy be the
heart of H . Then NQ(wp) is the heart of NQ(H).

Proof. Let wy = {x € H : *(x) = (*(0)} be the heart of H . Having wygm) =
{(a,bT,cI,dF) € NQ(H) : Byx((a,bT,cl,dF)) = B3 (0,07,0,0F)} and applying Theorem
we get that 8*(a) = B*(b) = B*(c) = B*(d) = B*(0). Thus, wygw) = {(a,bT,cl,dF) €
NQ(H) :a,b,c,d € wg} = NQ(wn). 0

Example 3.12. Let (H,+) be the hypergroup of arithmetic functions defined in [15]. Then
NQ(Ap) is the heart of NQ(H).

4. Conclusion

This paper connected neutrosophic H,-groups and neutrosophic groups by means of com-
plete parts and regular relations. More precisely, it used the complete parts and the funda-
mental relation of H, -groupls to reach its main results that are summarized in Theorems 4.6
and 4.7. The results were supported by non-trivial illustrative examples. For future research,
it is interesting to find a connection between other types of neutrosophic H,-structures and
neutrosophic algebraic structures. One can investigate the connection between neutrosophic
H, -rings and neutrosophic rings or the connection between neutrosophic H,-modules and
neutrosophic modules.
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