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Abstract: This article aims to propose a new type of single-valued neutrosophic(SVN) covering-based rough 

sets over two universes by using Wang’s single-valued neutrosophic covering rough sets. Wang’s model is 

based on one universe but the proposed model is based on two universes and thus the new model gives a new 

perspective for decision-making on uncertain problems. First, we define SVN β-neighborhood, which is 

considered as a mapping from the universe to the set of SVN sets in another universe and study its properties. 

Then we investigate the properties of the new type of SVN covering-based rough set model over two universes. 

Also, we give a necessary and sufficient condition under which two SVN β-coverings generate the same SVN 

covering lower and the upper approximation. In addition, we also present the matrix representation of SVN 

covering lower and upper approximation operators over two universes for solving real-life-based multi-criteria 

decision-making problems.  

Keywords: SVN sets; SVN β-neighborhood; SVN covering-based rough set; MCDM 

 

 

1. Introduction 

The discovery of fuzzy set (FS), introduced by Zadeh[1] has been regarded as the finest discovery that is utilized 

to solve vague and uncertain information with an aid of a membership function. The FS concept provides a new 

perspective for the decision-makers to address the issues that cannot be tackled by using traditional 

mathematical tools. Due to the novelty of FS, it can be employed in various practical applications given in [2-6]. 

To realize the importance of the non-membership value along with the membership value of an attribute in a 

universe, Atanassov[7] introduced the intuitionistic fuzzy set(IFS). To handle more complexity that arises in 

various real uncertain decision-making problems; the FS concept has been further extended by introducing 

interval-valued fuzzy set [8], interval-valued intuitionistic fuzzy set [9], picture fuzzy set [10], spherical fuzzy 

set [11], hesitant fuzzy set [12], Pythagorean fuzzy set [13], etc.   

In our previous discussion, we were mainly concerned with fuzzy sets and their various extensions to address 

uncertain and vague information. But, all these types of fuzzy sets are not capable to model the indeterminate 

information present in human cognition. To fill up this gap, Smarandache[14] introduced the notion of 

neutrosophy as a new branch of philosophy. Later on, he introduced the neutrosophic set (NS) [15] as an 

extension of IFS. In NS, every object in the universe is characterized by the three membership functions called 
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the truth-membership function ( AT ), indeterminate-membership function ( AI  ), and the falsity membership 

function ( AF  ) with a restriction , , : 0,1A A AT I F X       and      0 3A A AT x I x F x     . 

Later on, Wang et al.[16] introduced the single-valued neutrosophic set(SVNS) as an instance of NS. For 

handling decision-making problems under a neutrosophic environment, the decision-makers face problems 

while deciding due to the involvement of non-standard unit intervals. So, SVNS is introduced where the 

non-standard unit interval is replaced by a standard unit interval. The concept of SVNS has been extensively 

used in numerous decision-making problems (see the references [17-21]). Also, we would like to discuss some 

other important topics that are useful for the further development of the proposed study as follows: fixed point 

results in orthogonal neutrosophic metric spaces [22]; contractive and weakly compatible mappings in 

neutrosophic metric spaces are utilized in solving nonlinear differential equations [23]; some new aspects of 

fixed point theory under the intuitionistic fuzzy set and neutrosophic set [24]; fuzzy b-metric like spaces [25]; 

new aspects in fuzzy fixed point theory [26]; pentagonal controlled fuzzy metric spaces and its application [27]. 

In 1982, the Polish mathematician Pawlak [28] proposed another useful mathematical tool known as the 

rough set(RS) theory. Like FS, RS is another kind of generalization of a classical set. In RS, every subset of the 

universe is characterized by lower and upper approximations (see [29]). Also, in RS, the concept of equivalence 

classes is the key issue to form two approximations. It can be useful in discovering the hidden data, modeling 

information systems, eliminating the redundant data, and applied in data analysis, pattern recognition, data 

mining, intelligent systems, medical diagnosis, machine learning, and many more (see the references [30-34]). 

RS deals with crisp approximation space. But, we encounter some information system that contains fuzzy 

characteristics. To cope with such an issue, a rough set is combined with different types of fuzzy sets and obtain 

new hybrid structures and their associated applications are as follows: rough fuzzy sets and soft rough sets [35], 

intuitionistic fuzzy rough sets and their topological properties [36], interval-valued intuitionistic rough set [37], 

generalized interval-valued fuzzy rough set and its decision-making approach [38], etc. Furthermore, with the 

combination of rough set and neutrosophic set, many theories and their practical implications are proposed in 

[39-46].  

Pawlak’s rough set model is based on partition or equivalence relation. There exist many applications in real life 

where the notion of an equivalence relation is restrictive. To overcome such difficulties, Yiyu et al.[47] 

introduced the covering-based rough set model as an extension of classical RS. In [48], Kong et al. proposed the 

covering-based fuzzy rough sets and their properties. By introducing the fuzzy  -covering and fuzzy 

 -neighborhood, Ma [49] presented two types of fuzzy covering RS models. Zhang et al.[50] introduced fuzzy 

 -covering  ,I T fuzzy rough set model and its application in MADM problem. In [51], Zhang et al. defined 

the TOPSIS-WAA method built upon a covering-based fuzzy rough set. Zhou et al.[52]defined three types of 

fuzzy covering-based RS models. Furthermore, Yang et al. introduced some types of covering based rough sets 

[53]; Deer et al. investigated the properties and interrelationships of fuzzy covering-based rough set models 

[54]; fuzzy information system based covering based rough sets are prosed in [55]; fuzzy covering-based rough 

set on two different universes and its application is successfully executed by Yang [56]; Zhan et al. [57] initiated 

the PROMETHEE EDAS method via covering-based variable precision fuzzy rough sets [58]; MADM method 
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under the hesitant fuzzy   -covering rough sets setting is successfully applied in [59]; TOPSIS method for 

MADM via covering-based spherical fuzzy rough set model is given in [60]. For further extension of the hybrid 

covering-based rough set model, Zhan et al.[61] defined covering-based intuitionistic fuzzy rough sets and their 

application in the MADM problem; two types of intuitionistic fuzzy covering rough sets in the MCGDM 

problem are defined by Wang et al.[62]; two types of single-valued neutrosophic rough sets and their 

decision-making approach are proposed in [63]; in [64], Wang et al. introduced a new type of single-valued 

neutrosophic covering rough set model. Some more recent works are based on neutrosophic covering rough set 

model proposed in [65-68]. 

The objectives of this paper are furnished below: 

 The purpose of this article is to propose a single-valued neutrosophic covering-based rough set model 

over two universes by using Wang’s approach given in [63]. 

 Construction of SVN  -neighborhood operators on two universes and study their properties. 

 Construction of SVN  -covering lower and upper approximation operators over two universes. 

 Matrix representation of SVN  -neighborhood and SVN  -covering lower and upper 

approximation operators over two universes and studied some propositions on them. 

 A new type of MCDM problem is solved under the proposed study with the help of an algorithm. 

To visualize the effectiveness of the proposed study over the existing theories, see the following Fig 1. 

 

 

 

 

 

 

 

       [49-56, 58] 

              [57] 

         [61-62]  

        

      

       

 

      [63, 64, 66, 68]       [Proposed]  

 

 

 

                   Fig 1. A brief diagrammatic presentation of the proposed study  

2. Preliminaries 

In this section, we give some basic concepts that are useful for the proposed study. 

   Various Types of Covering Based Rough set Model Under 

Single Universe Based 
 Two Universes Based 

  Fuzzy Set 

Intuitionistic Fuzzy Set 

  Single-valued Neutrosophic Set 
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Definition 2.1 [29] Let  be a universal set and R be an equivalence relation on. Then the pair (, R) is called a 

Pawlak approximation space. Let 1 2, ,..., n   are the equivalence classes generated by R. Therefore, R 

generates a partition / R  1 2, ,..., n    on. 

Definition 2.2 [69] Let  be a universal set and C be a family of non-empty subsets of. If   C, then C is 

known as a covering of . Also, the pair (, C) is called a covering approximation space. 

Definition 2.3 [16] A single-valued neutrosophic set (SVNS) defined on  is an object of the form given 

below: 

      , , , :T I F         , where  T  is the degree of truth-membership,  I   is 

the degree of indeterminacy-membership, and  F  is the degree of falsity-membership such that 

       , , 0,1T I F      and      0 3T I F        for all  . The family of SVNS 

over  is denoted by
 SVNS 

 .  

Definition 2.4 [63] Let 
 SVNS 

 denotes the family of SVNS in  and , ,p q r  be a SVN number. 

Then, for  1 2, ,...., kM M M 


with
jM 

 SVNS 
  1,2,..,j k , a SVN  -covering of , if for 

all  , there exists jM 


such that  jM   . The pair ( ,


) is called a SVN  -covering 

approximation space. 

Definition 2.5 [63] Let 


be a SVN  -covering of , where  1 2, ,...., kM M M 


. For any  , 

the SVN  -neighborhood 







 of  induced by 


can be defined as 

  :j jM M


  


   


  

It is to be noted that  jM       ,
j jM MT p I q   and  

jMF r  , where , ,p q r  is 

a SVN number. 

 

3. Construction of SVN β-covering Approximation Space over Two Universes 

In this section, we first introduce the notion of SVN β-neighborhood, and then we define a type of SVN 

covering-based rough set model over two universes. Here  ,X Y denotes the family of all mappings from 

X toY . 
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Definition 3.1 Let G


be a SVN β-covering of the universe X where  1 2 3, , ,......, pG G G G G


. For 

any x X , the SVN β-neighborhood x



 of x  induced by G


can be defined as: 

 : , 1,2,..,x i i
G G G x i p




  

 
     

  



 .

 

By introducing : ( )x X SVN Y


  , we define a new type of SVN covering-based rough set model over two 

universes.

 
By Wang’s [63] approach, If G



be a SVN β-covering of the universe X for some  , ,    where 

 , , 0,1    such that 3     , we do not sure that f G
 
 
 



is a SVN β-covering overY . To support 

this claim we give an example in the following: 

Example 3.2 Let  1 2 3 4, , ,X x x x x and  1 2 3, ,Y y y y be two universal sets and  ,f X Y such 

that    1 2 1f x f x y  , and    3 4 2f x f x y  . Let  1 2,G G G


, where 

1

1 2 3 4

0.3,0.2,0.2 0.4,0.1,0.3 0.3,0.1,0.3 0.3,0.3,0.4
, , ,G

x x x x

 
  
 

 

2

1 2 3 4

0.4,0.3,0.4 0.3,0.4,0.3 0.4,0.2,0.4 0.3,0.3,0.4
, , ,G

x x x x

 
  
 

 

It is to be noted that G


is a SVN β-covering of X , where  0.3,0.3,0.4  . 

Now,     
 

   
1

1

1 1 1 1 1 1 2 0.4,0.1,0.2
x f y

f G y G x G x G x


     

    
 

   
1

2

1 2 1 1 3 1 4 0.3,0.1,0.3
x f y

f G y G x G x G x


     

    
 1

3

1 3 1

x f y

f G y G x


  0 

 1

1 2

0.4,0.1,0.2 0.3,0.1,0.3
,f G

y y

 
  
   

Similarly,     
 

   
1

1

2 1 2 2 1 2 2 0.4,0.3,0.3
x f y

f G y G x G x G x
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1

2

2 2 2 2 3 2 4 0.4,0.2,0.4
x f y

f G y G x G x G x


     

    
 1

3

2 3 2

x f y

f G y G x


  0 

 2

1 2

0.4,0.3,0.3 0.4,0.2,0.4
,f G

y y

 
  
   

Therefore,      1 2,f G f G is not a SVN  -covering ofY . 

Based on the above example, a natural question arises that under what condition f G
 
 
 



is a SVN  -covering 

ofY for which G


 is a SVN  -covering of X . For further investigation we discuss the following: 

Proposition 3.3 Let X and Y be two universes and  , ,    where  , , 0,1    such 

that 3     and the family of all surjective mappings from X to Y be denoted by ( , )Sur X Y , 

where ( , )f Sur X Y . Then we consider the following: 

(1) If G


 is a SVN  -covering of X , then f G
 
 
 



is a SVN  -covering ofY . 

(2) If H


is a SVN  -covering ofY if and only if 
1f H  
 
 



is a SVN  -covering of X . 

The converse of the Proposition (1) does not hold. To hold the converse of Proposition (1), we give the 

following necessary condition: 

Theorem 3.4 Let :f X Y be a bijection from X to Y  ,  , ,    where  , , 0,1    such 

that 3     and G


 be a family of SVN sets on X . Then G


is a SVN  -covering of X iff f G
 
 
 



is 

also a SVN  -covering ofY . 

Definition 3.5 Let X and Y be two non-empty finite universal sets and ( , )f Sur X Y . Let 

 1 2, ,...., mG G G G


be a family of SVN  -covering for some  , ,    . For all x X , we define 

the SVN  -neighborhood x



 as: 

    :x i if G G x
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In [50], the SVN  -neighborhood of x X was defined in ,X G
 
 
 



but in the proposed study, we define 

this in , ,X Y G
 
 
 



. For better understanding, we consider the following example: 

Example 3.6 Let :f X Y be a surjection, where  1 2 3 4 5 6, , , , ,X x x x x x x ,  1 2 3 4, , ,Y y y y y and 

 

 

 
1 1 3

2 2 5

3 4

4 6

, ,

, ,

,

,

y x x x

y x x x
f x

y x x

y x x

 



 


 

 

Let,  1 2 3 4, , ,G G G G G


be a SVN set over X , where  

1

1 2 3 4 5 6

0.3,0.5,0.4 0.4,0.2,0.6 0.2,0.4,0.5 0.3,0.5,0.6 0.5,0.6,0.3 0.3,0.4,0.2
, , , , ,G

x x x x x x

 
  
 

 

2

1 2 3 4 5 6

0.4,0.3,0.2 0.5,0.3,0.4 0.3,0.3,0.5 0.3,0.4,0.5 0.6,0.3,0.2 0.5,0.3,0.3
, , , , ,G

x x x x x x

 
  
 

 

3

1 2 3 4 5 6

0.5,0.2,0.3 0.4,0.3,0.4 0.6,0.5,0.3 0.4,0.2,0.1 0.4,0.5,0.6 0.4,0.5,0.3
, , , , ,G

x x x x x x

 
  
 

 

4

1 2 3 4 5 6

0.4,0.3,0.5 0.5,0.3,0.4 0.6,0.4,0.4 0.3,0.4,0.5 0.5,0.5,0.4 0.3,0.4,0.2
, , , , ,G

x x x x x x

 
  
 

 

 1

1 2 3 4

0.3,0.4,0.4 0.5,0.2,0.3 0.3,0.5,0.6 0.3,0.4,0.2
, , ,f G

y y y y

 
  
 

 

 2

1 2 3 4

0.4,0.3,0.2 0.6,0.3,0.2 0.3,0.4,0.5 0.5,0.3,0.3
, , ,f G

y y y y

 
  
 

 

 3

1 2 3 4

0.6,0.2,0.3 0.4,0.3,0.4 0.4,0.2,0.1 0.4,0.5,0.3
, , ,f G

y y y y
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 4

1 2 3 4

0.6,0.3,0.4 0.5,0.3,0.4 0.3,0.4,0.5 0.3,0.4,0.2
, , ,f G

y y y y

 
  
 

 

For  0.2,0.6,0.6  , G


and f G
 
 
 



are SVN  -coverings over X and Y respectively. 

Suppose  0.3,0.4,0.3  , then we calculate the SVN  -neighborhood x



 for each x X as follows: 

 

1

0.3,0.4,0.3

1 1 1

0.4,0.3,0.2 0.6,0.2,0.3 0.4,0.3,0.3
x

y y y



    

 

2

0.3,0.4,0.3

x



  , 

 

3

0.3,0.4,0.3

x



  , 

 

4

0.3,0.4,0.3

3

0.4,0.2,0.1
x

y



  , 

 

5

0.3,0.4,0.3

x



   

 

6

0.3,0.4,0.3

4 4 4 4

0.3,0.4,0.2 0.5,0.3,0.3 0.3,0.4,0.2 0.3,0.4,0.3
x

y y y y



     

Proposition 3.7 Let  ,f Sur X Y and  1 2 3, , ,....., mG G G G G


be a SVN  -covering for 

some  , ,    . Then we consider the following properties: 

(1)   x f x





  for each x X . 

(2) Let f be injective and for all , ,x y z X , if   x f y





  and   y f z





  , 

then   x f z





  . 

(3) For each  , ,    , where  , , 0,1    and 3     , we can write the following: 

   : , and i=1,2,..,mxi if G G x x X



 

    
 

  

(4) If 1 20      , then 

1 2

x x

  

    for all x X . 

Proof. (1) For each x X , 

  x f x


 =  
 

  
i

i

G x

f G f x


 
  
 
 = 

 
    

i
i

G x
f G f x


 = 

    
 

* 1

*

i
i

G x x f f x
G x

  

 
  

 
 

                                                                     
 

 
i

i
G x

G x
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(2) We have   x f y



 

 
i

i
G x

G y





    and   y f z



 

 
i

i
G y

G z





   . Then for 

each 1,2,..,i m ,    G x G yi i    and    y zG Gi i    . Thus, 

  
 

 
i

x i
G x

f z G z








    . 

(3) By definition 3.5,    x iG xi f G





    .  

Then    : , and i=1,2,..,mxi if G G x x X



 

    
 

  

(4) For each x X , 1 2            1 2: :i i i if G G x f G G x    .  

Then,          
1 2

1 2: :x xi i i if G G x f G G x
 

 
 

        for all x X . 

Proposition 3.8 Let X and Y be two finite universes,  , ,f Sur X Y f be injective and 

 1 2 3, , ,....., mG G G G G


be a SVN  -covering for some  , ,    . For all ,x y X ,

  x f y





  iff y x

  

   . So   x f y





  and   y f x





  if and only if y x

  

   . 

Proof.     x f y


 =  
 

 
i

i

G x

f G y


 
  
 
 =

 
  ( )

i
i

G x
f G f y





  .  

We have,    :i if G f G G x 
  

   
  



   :i if G f G G y 
  

    
  



. 

Since,   x f y





  , 

  
   

 
 
 

 
 
 

   i
G xix

G x Ii G xiIG x Fi G xiFG xi

i f G f y
Tf y T

T T f G f y T
























    , 

  
   

 
 
 

 
 
 

   i
G xix

G x Ii G xiIG x Fi G xiFG xi

i f G f y
Tf y T

I I f G f y I
























    , 

and 
  

   
 
 
 

 
 
 

   i
G xix

G x Ii G xiIG x Fi G xiFG xi

i f G f y
Tf y T

F F f G f y F
























     

Again, for z X , 
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i i
G x G yi ix y
I IG x G yi i
F FG x G yi i

f G f z f G f z
T T

f z f z

T T T T 

 

 

 

 
 

 

 

 

      

    
 
 

   
 
 
 

   
  

i i
G x G yi ix y
I IG x G yi i
F FG x G yi i

f G f z f G f z
T T

f z f z

I I I I 

 

 

 

 
 

 

 

 

      

    
 
 

   
 
 
 

   
  

i i
G x G yi ix y
I IG x G yi i
F FG x G yi i

f G f z f G f z
T T

f z f z

F F F F 

 

 

 

 
 

 

 

 

      

Therefore, for z X , y x

  

   . 

  :  For any ,x y X , we have y x

  

   , 

  x f y

T 




  y f y

T  




 , 
  x f z

I 




  y f y

I  




 , 
  x f y

F 




  y f y

F  




  

Therefore,   x f y





  . 

Proposition 3.9 Let  ,f Sur X Y , f be injective and  1 2 3, , ,....., mG G G G G


be a SVN 

 -covering for some  , ,    . For all , ,x y z X , if   yf x N


 and   zf y N


 , 

then   zf x N


 . 

Proof. For all , ,x y z X ,  

    y y x yf x N N f x N N
   


   

     and     z z y zf y N N f y N N
   


   

     . 

Then x y zN N N
    

  and      x zN f x N f x
 


 

  . Therefore,   zf x N


 . This completes 

the proof. 

4. Construction of Single-valued neutrosophic covering based approximation operators over Two 

Universes 

In this section, a new type of SVN covering based rough set model over two universes for neutrosophic subsets 

is defined and its properties are explored: 

Definition 4.1 Let X and Y be two non-empty finite universes, ( , )f sur X Y and G


be a SVN 

 -covering on X for some  , ,     . For each  A f Y , we define the SVN covering lower 

approximation  *G A


and SVN covering upper approximation  
*

G A


as follows: 
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* ( ) ( ) ( )
( ) ( ) ( )

( ) , 1 , , :
x x x

A y A y A y
y Y y Y y YN f y N f y N f y

G A x x T T I I F F x X    
  

        
               

        



 

 
     

*

( ) ( ) ( )
( ) ( ) ( )

( ) , , 1 , 1 :
x x x

A y A y A y
y Y y Y y YN f y N f y N f y

G A x x T T I I F F x X    
  

          
                 

          



 

If    
*

*G A G A
 

, then A is called the SVN covering based rough set. 

Example 4.1.1 Let us consider the two finite universes as  1 2 3 4 5, , , ,X x x x x x , 

 1 2 3, ,Y y y y and  

 

 
1 1 2

2 3 4

3 5

, ,

: , , ,

,

y x x x

f X Y f x y x x x

y x x




  
 

. 

Let  1 2 3 4, , ,G G G G G


, where  

1

1 2 3 4 5

0.3,0.4,0.5 0.6,0.7,0.4 0.4,0.5,0.6 0.8,0.4,0.7 0.5,0.5,0.6
, , , ,G

x x x x x

 
  
 

 

2

1 2 3 4 5

0.2,0.6,0.4 0.5,0.4,0.4 0.6,0.3,0.7 0.5,0.6,0.4 0.3,0.7,0.5
, , , ,G

x x x x x

 
  
 

 

3

1 2 3 4 5

0.7,0.6,0.4 0.5,0.4,0.6 0.6,0.4,0.5 0.7,0.5,0.6 0.3,0.6,0.5
, , , ,G

x x x x x

 
  
 

 

4

1 2 3 4 5

0.6,0.5,0.6 0.5,0.6,0.7 0.6,0.4,0.5 0.4,0.6,0.5 0.5,0.6,0.4
, , , ,G

x x x x x

 
  
 

 

 1

1 2 3

0.6,0.4,0.4 0.8,0.4,0.6 0.5,0.5,0.6
, ,f G

y y y

 
  
 

 

 2

1 2 3

0.5,0.4,0.4 0.6,0.3,0.4 0.3,0.7,0.5
, ,f G

y y y

 
  
 

 

 3

1 2 3

0.7,0.4,0.4 0.7,0.4,0.5 0.3,0.6,0.5
, ,f G

y y y

 
  
 

 

 4

1 2 3

0.6,0.5,0.6 0.6,0.4,0.5 0.5,0.6,0.4
, ,f G

y y y
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Clearly, for 0.2,0.7,0.7  , G


and f G
 
 
 



are SVN  -coverings of X and Y respectively. 

 

1

0.2,0.7,0.7

1 1 1 1 1

0.6,0.4,0.4 0.5,0.4,0.4 0.7,0.4,0.4 0.6,0.5,0.6 0.5,0.5,0.6
x

y y y y y



    
 

 

2

0.2,0.7,0.7

1 1 1 1 1

0.6,0.4,0.4 0.5,0.4,0.4 0.7,0.4,0.4 0.6,0.5,0.6 0.5,0.5,0.6
x

y y y y y



    
 

 

3

0.2,0.7,0.7

2 2 2 2 2

0.8,0.4,0.6 0.6,0.3,0.4 0.7,0.4,0.5 0.6,0.4,0.5 0.6,0.4,0.6
x

y y y y y



    
 

 

4

0.2,0.7,0.7

2 2 2 2 2

0.8,0.4,0.6 0.6,0.3,0.4 0.7,0.4,0.5 0.6,0.4,0.5 0.6,0.4,0.6
x

y y y y y



    
 

 

5

0.2,0.7,0.7

3 3 3 3 3

0.5,0.5,0.6 0.3,0.7,0.5 0.3,0.6,0.5 0.5,0.6,0.4 0.3,0.7,0.6
x

y y y y y



      

For 

1 2 3

0.3,0.5,0.6 0.4,0.5,0.6 0.6,0.4,0.3
, ,A

y y y

 
  
 

 

 *

1 2 3 4 5

0.5,0.5,0.6 0.5,0.5,0.6 0.4,0.4,0.6 0.4,0.4,0.6 0.7,0.5,0.6
( ) , , , ,G A x

x x x x x

 
  
 



 

 
*

1 2 3 4 5

0.5,0.5,0.4 0.5,0.5,0.4 0.6,0.6,0.4 0.6,0.6,0.4 0.3,0.4,0.4
( ) , , , ,G A x

x x x x x

 
  
 



 

Thus,    
*

*G A G A
 

 

 

Some properties of SVN covering-based rough set model over two universes can be presented through the 

following proposition: 

Proposition 4.2 Let X and Y be two non-empty finite universes and  ,f Sur X Y . Let 

 1 2 3, , ,....., mG G G G G


be a SVN  -covering on X for some  , ,    , 

where  , , 0,1    and  3. For each , ,A B X Y     
 , we have the following statements: 

   
*

*(1) ,G Y X G  
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* *

* *2 ,

c c

c cG A G A G A G A
   

    
  

   

 

             
* * *

* * *3 ,G A B G A G B G A B G A G B 
     

     

       
* *

* *(4) , ,If A B then G A G B G A G B  
   

 

             
* * *

* * *5 ,G A B G A G B G A B G A G B 
     

     

 
 

 
   

 
 

 
 

 
   

( ) ( ) ( ) ( )

*

*

( ) ( )

6 , 1 , 1

1 ,

x x x x

x x

A y A y
N f y N f y N f y N f y

A y
N f y N f y

For each x X if T T T I I I and

F F F for all y Y then G A G A

   

 

   

 

      

    
 

. 

Proof.  

(1) For each x X , 

 * ( )G Y x 


     
 ( ) ( ) ( )

( ) ( ) ( )

, 1 , , :
x x x

Y y Y y Y y
y Y y Y y YN f y N f y N f y

x T T I I F F x X X x    
  

        
               

        

 

 
     

 
*

( ) , , 1 , 1 :( ) ( ) ( )
( ) ( ) ( )

G x x T T I I F F x X xy y yy Y y Y y Y
N f y N f y N f yx x x
                    

          
           

               



 

Hence  

   
*

* ,G Y X G  
 

 

(2) For each x X , 

 
     

     

*
( ) ( ) ( )

( ) ( ) ( )

( ) ( )
( ) ( ) ( )

( ) , 1 , , :

1 , , 1 , 1

c c c

x x x

x x x

c

A y A y A yy Y y Y y Y
N f y N f y N f y

A y A y
y Y y Y y YN f y N f y N f y

G A x x T T I I F F x X

x T T I I F

  

  

  

  

  

  

        
               

        

      
              

      



 

 

( )

*

*

:

1 ( )

( )

A y

c

F x X

G A x

G A x

   
  

   

 

 
  
 





Similarly, 
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*

*

c

cG A x G A x
 

  
 

 

  

Then,        
* *

* *,

c c

c cG A G A G A G A
   

    
  

   

       

 

(3) For each x X , 

 * ( )G A B x 




     

   

 

( ) ( ) ( )
( ) ( ) ( )

( ) ( )
( ) ( )

( )

, 1 , , :

, 1 1 ,

x x x

x x

x

A B y A B y A B y
y Y y Y y YN f y N f y N f y

A y B y
y Y

N f y N f y

y Y N f y

x T T I I F F x X

x T T T T

I

  

 



  

 



  





        
              

        

       
               
        



 

  

     
( ) ( ) ( ) ( )

( ) ( ) ( )

:

,
x x x

A y B y A y B y
y YN f y N f y N f y

x X

I I I F F F F    


 
 
 

 
           

                
           

=    * *( ) ( )G A x G B x
 

  

and 

 
   

 

   

*

( ) ( )
( ) ( )

, , 1 ,
( ) ( )

( ) ( )
:

1
( )

( )

( )

,
x x

A y B y
y Y N f y N f y

X

x T T I I
A B y A B yy Y y Y

N f y N f yx x
x

F F
A B yy Y

N f yx

G A B x

x T T T T 

 



 


    
  



  


     
    
    
        

   
   
   
    

   
      

   




 





   

   

   

( ) ( )
( ) ( )

( ) ( )
( ) ( )

* *

,

1 1 , :

1 1

( ) ( )

x x

x x

A y B y
y Y N f y N f y

A y B y
y Y N f y N f y

I I I I x X

F F F F

G A x G B x

 

 

 

 





 
 
 
 

        
                 
         

 
        

                
         


 



            
* * *

* **
, ,Then G A B G A G B G A B G A G B 

     

     

     4 ,If A B then A Y B Y  for each y Y . For every x X , we have 
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* ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

( ) , 1 , , :

, 1 , , :

x x x

x x x

A y A y A y
y Y y Y y Y

N f y N f y N f y

B y B y B y
y Y y Y y Y

N f y N f y N f y

G A x x T T I I F F x X

x T T I I F F x

  

  

  

  

  

  

        
               

        

      
              

      



 * ( )

X

G B x

  
 
  




 

        

 

and 

 
     

     

*

( ) ( ) ( )
( ) ( ) ( )

( ) ( )
( ) ( ) ( )

( ) , , 1 , 1 :

, , 1 , 1

x x x

x x x

A y A y A y
y Y y Y y YN f y N f y N f y

B y B y
y Y y Y y Y

N f y N f y N f y

G A x x T T I I F F x X

x T T I I F

  

  

  

  

  

  

          
                 

          

      
           

      



 

( )

*

:

( )

B yF x X

G B x

   
   

   




 

Then,        
* *

* * ,G A G B G A G B 
   

. 

(5) Since A A B  , B A B  , A B A and A B B , then from (4) we can write 

   * *G A G A B
 

 ,    * *G B G A B
 

 ,    
* *

G A B G A
 

 and    
* *

G A B G B
 

 . 

Therefore,  *G A B 


    * *G A G B
 

 ,      
* * *

G A B G A G B
  

  . 

(6) This proof is obvious. 

Proposition 4.3 Let X and Y be two non-empty finite universes and ( , )f Sur X Y . Again, let 

 1 2, ,..., pG G G G


be a SVN  -covering on X for some  , ,    , 

where  , , 0,1    and 3.     For M   Y , where   Y denotes the family of all subsets of 

Y and  0,1 , we have the following results: 

(1)    
* *

Y XG M G M 
 

   

(2)    * *Y XG M G M 
 

   

Proof.  (1) For any x X , 
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*

YG M x


 =

     

     
 

 

( ) ( ) ( )

( ) ( )

( )

, 1 , 1

, 1 , 1

Y Y Y

x x x

x x x

x

M y M y M y
y Y y Y y YN y N y N y

M y M y M y
y Y y Y y YN y N y N y

M y
y Y N y

T T I I F F

T T I I F F

T T

  

  



  

  

  

  



  

  



        
              
        

        
                  

        


 



  

     

   

( )

( )

, 1 1 ,

1 1

x x x

x x

M y
y Y y Y y YN y N y N y

M y
y Y y YN y N y

T I I I

F F F

  

 

 



  

 

  

 

                   
                                                         

       
                

        

  
*

G M x 

  
  
    






Thus,    
* *

Y XG M G M 
 

   

(2) For every z X , 

  * YG M z 




     

     
 

 

(z) (z) (z)

(z) (z)

(z)

1 , ,

1 , ,

1

Y Y Y

x x x

x x x

x

M M M
z Y z Y z YN z N z N z

M M M z
z Y z Y z YN z N z N z

M
z Y N z

T T I I F F

T T I I F F

T T

  

  



  

  

  

  



  

  



      
            

      

      
                

      

   
     

  


  

     

   

  

(z)

(z)

*

1 , ,
x x x

x x

M
z Y z Y z YN z N z N z

M
z Y z Y

N z N z

T I I I

F F F

G M z

  

 

 





  

 

  

 

               
                                              

       
            
       






 

Hence,    * *Y XG M G M 
 

   

5. Matrix Representation of SVN Covering-Based Approximation Operators  

In this section, we have investigated the matrix representations of SVN covering-based lower and upper 

approximation operators and performed some matrix operations on them. Also, the algorithmic representation 

helps to calculate the matrix operations through the computer. 

 

Neutrosophic Sets and Systems, Vol. 53, 2023                                                                               497



 

 

Somen Debnath, Single Valued Neutrosophic Covering-Based Rough Set Model Over Two Universes and Its Application in 

MCDM     

 

Definition 5.1 Let    , ,
ij ij ijij p p pm n m n

P p T I F
 

  and    , ,
jk jk jkjk q q q

n l
Q q T I F


  be two SVN 

matrices. Then, we perform the following two operations on  ij m n
P p


 and  jk n l

Q q


 as follows: 

         
1 1 1

, 1 , 1
ij jk p jk p jkij ij

n n n

ik p q q qm l j j j
P Q r T T I I F F

   
           , 1,2,..,i m ; 

1,2,.., lj   

        
1 1 1

1 , ,
ij jk p jk p jkij ij

n n n

ik p q q qm l j j j
P Q s T T I I F F

   
          , 1,2,..,i m ; 

1,2,.., lj   

 

Definition 5.2 Let  1 2, ,..., mX x x x and  1 2, y ,..., ynY y be two finite universal sets 

and ( , )f Sur X Y . Then the Boolean matrix under SVN environment is denoted by  f ij m n
Z z


 , where 

 

   

1,0,0 ,

0,1,1 ,

i j

ij

i j

when f x y
z

when f x y

 
 


 

Definition 5.3 Let  1 2, ,..., mX x x x be a non-empty finite universe and  1 2, ,..., nG G G G


be a SVN 

 -covering on X for some  , ,    , where  , , 0,1    and 3.     Then 

  j i m nG

Z G x


 is a matrix representation of G


. Also, the Boolean matrix  ij m n
Z t 

 is called a SVN 

covering based  -matrix representation of G


, where 

 

 

1,0,0 ,

0,1,1 ,

j i

ij

when G x
t

otherwise

 
 


 

Example 5.3.1 Let  1 2 3 4 5, , , ,X x x x x x and  1 2 3, y , yY y be two non-empty finite universes 

and :f X Y , where  

 

 

 

1 1 4

2 2

3 3 5

, ,

,

, ,

y x x x

f x y x x

y x x x




 
 

. 

Let  1 2 3, ,G G G G


, where 

1

1 2 3 4 5

0.3,0.6,0.5 0.4,0.6,0.4 0.6,0.3,0.5 0.7,0.5,0.6 0.4,0.3,0.2
, , , ,G

x x x x x
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2

1 2 3 4 5

0.4,0.6,0.3 0.5,0.8,0.5 0.6,0.4,0.3 0.7,0.5,0.6 0.7,0.3,0.4
, , , ,G

x x x x x

 
  
   

3

1 2 3 4 5

0.2,0.3,0.4 0.5,0.3,0.6 0.6,0.4,0.5 0.4,0.6,0.5 0.3,0.4,0.5
, , , ,G

x x x x x

 
  
   

For  0.2,0.9,0.7  , G


is a SVN  -covering of X . 

Now, 

     

     

     

     

     

31 2

1

2

3

4

5

1,0,0 0,1,1 0,1,1

0,1,1 1,0,0 0,1,1

0,1,1 0,1,1 1,0,0

1,0,0 0,1,1 0,1,1

0,1,1 0,1,1 1,0,0

yy y

f

x

x

Z x

x

x

 
 
 
 
 
 
 
  

, 

     

     

     

     

     

31 2

1

2

3

4

5

0.3,0.6,0.5 0.4,0.6,0.3 0.2,0.3,0.4

0.4,0.6,0.4 0.5,0.8,0.5 0.5,0.3,0.6

0.6,0.3,0.5 0.6,0.4,0.3 0.6,0.4,0.5

0.7,0.5,0.6 0.7,0.5,0.6 0.4,0.6,0.5

0.4,0.3,0.2 0.7,0.3,0.4 0.3,0.4,0.5

GG G

G

x

x

Z x

x

x

 
 
 
 
 


 







 

For   0.4,0.5,0.6   

 

     

     

     

     

     

31 2

1

2

30.4,0.5,0.6

4

5

0,1,1 0,1,1 0,1,1

0,1,1 0,1,1 1,0,0

1,0,0 1,0,0 1,0,0

1,0,0 1,0,0 0,1,1

1,0,0 1,0,0 0,1,1

GG G

x

x

Z x

x

x

 
 
 
 
 
 
 
  

 

Proposition 5.4 Let X and Y be two non-empty finite universes, and ( , )f Sur X Y . Let G


be a SVN 

 -covering on X for some  , ,    , 

where  , , 0,1    and 3.     Then  
T

f
G f G

Z Z Z
 
 
 

   . 

Proof. The proof is simple and straight forward. 

Example 5.4.1 Considering the example 5.3.1, we have 
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31 2

1

2

3

4

5

0.3,0.6,0.5 0.4,0.6,0.3 0.2,0.3,0.4

1,0,0 0,1,1 0,1,1 1,0,0 0,1,1 0.4,0.6,0.4 0.5,0.8,0.5 0.5,0.3,0.6

0,1,1 1,0,0 0,1,1 0,1,1 0,1,1 0.6,0.3,0.5 0.6,0.4,0.

0,1,1 0,1,1 1,0,0 0,1,1 1,0,0

GG G

f G

x

x

Z x

x

x

 
 
 

 
 

  
 
 

    

     

     

3 0.6,0.4,0.5

0.7,0.5,0.6 0.7,0.5,0.6 0.4,0.6,0.5

0.4,0.3,0.2 0.7,0.3,0.4 0.3,0.4,0.5

 
 
 
 
 
 
 
  

            =

                 

     

0.3,0,0,0.7,0 , 1,0.6,0.3,1,0.3 , 1,0.4,0.5,1,0.2 0.4,0,0,0.7,0 , 1,0.8,0.4,1,0.3 , 1,0.5,0.3,1,0.4 0.2,0,0,0.4,0 , 1,0.3,0.4,1,0.4 , 1,0.4,0.5,1,0.5

0,0.4,0,0,0 , 0.6,1,0.3,0.5,0.3 , 0.5,1,0.5,0.6,0.2 0,0.5

        

               

           

,0,0,0 , 0.6,1,0.4,0.5,0.3 , 0.3,1,0.3,0.6,0.4 0,0.5,0,0,0 , 0.3,1,0.4,0.6,0.4 , 0.4,1,0.5,0.5,0.5

0,0,0.6,0,0.4 , 0.6,0.6,1,0.5,0.1 , 0.5,0.4,1,0.6,1 0,0,0.6,0,0.7 , 0.6,0.8,1,0.5,1 , 0.3,0.5,1,0.6,1 0,0,0.6

    

            ,0,0.3 , 0.3,0.3,1,0.6,1 , 0.4,0.6,1,0.5,1

 
 
 
 

   

0.7,0.3,0.2 0.7,0.3,0.4 0.4,0.3,0.4

0.4,0.3,0.2 0.5,0.3,0.3 0.5,0.3,0.4

0.6,0.5,0.4 0.7,0.5,0.3 0.6,0.3,0.4

 
 

  
 
 

 

Proposition 5.5 Let  1 2, ,..., mX x x x and  1 2, y ,..., ynY y be two non-empty finite universal sets 

( , )f Sur X Y and  1 2, ,..., lG G G G


 be a SVN  -covering on X for some  , ,    , where 

 , , 0,1    and 3.     If Z be a  -matrix representation of G


, 
fZ be a matrix representation 

of f , and 
G

Z  be a matrix representation of G


, then 

    i

T
T

xf j
G

m n

Z Z Z y








 
    

 
 . 

Proof. This proof is simple and obvious. 

Example 5.5.1 With reference to example 5.3.1 and the continuation of example 5.4.1, we have 

 ix jy
 

 
 

=

     

     

     

     

     

0,1,1 0,1,1 0,1,1

0,1,1 0,1,1 1,0,0

1,0,0 1,0,0 1,0,0

1,0,0 1,0,0 0,1,1

1,0,0 1,0,0 0,1,1

 
 
 
 
 
 
 
  



0.7,0.3,0.2 0.4,0.3,0.2 0.6,0.5,0.4

0.7,0.3,0.4 0.5,0.3,0.3 0.7,0.5,0.3

0.4,0.3,0.4 0.5,0.3,0.4 0.6,0.3,0.4
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1,0.3,0.4 1,0.5,0.4 1,0.5,0.4

0.4,0.3,0.4 0.5,0.3,0.4 0.6,0.5,0.4

0.4,0,0 0.4,0,0 0.6,0,0

0.7,0.3,0.4 0.4,0.3,0.4 0.6,0.3,0.4

0.7,0.3,0.4 0.4,0.3,0.4 0.6,0.3,0.4

 
 
 
 
 
 
 
 

 

Proposition 5.6 Let  1 2, ,..., mX x x x and  1 2, y ,..., ynY y be two non-empty finite universal sets 

( , )f Sur X Y and  1 2, ,..., lG G G G


 be a SVN  -covering on X for some  , ,    , where 

 , , 0,1    and 3.     If Z be a  -matrix representation of G


, 
fZ be a matrix representation 

of f , and 
G

Z  be a matrix representation of G


, then for each X   Y , we have 

   *

T
T

f X
G

G X Z Z Z Z

  
     

  




,    
*

,

T
T

f X
G

G X Z Z Z Z

  
     

  




where

  
1X i n

Z X y


 . 

Proof. It is obvious. 

Example 5.6.1 In a continuation of example 5.5.1, we can obtain  *
G X


and  
*

G X


as follows: 

 *

1,0.3,0.4 1,0.5,0.4 1,0.5,0.4

0.4,0.3,0.4 0.5,0.3,0.4 0.6,0.5,0.4 0.3,0.4,0.5

0.4,0,0 0.4,0,0 0.6,0,0 0.2,0.5,0.6

0.7,0.3,0.4 0.4,0.3,0.4 0.6,0.3,0.4 0.5,0.7,0

0.7,0.3,0.4 0.4,0.3,0.4 0.6,0.3,0.4

G X

 
 
 
  
 
 
 
 



.4

 
 
 
 
 

 

0.2,0.5,0.4

0.5,0.5,0.4

0.5,0,0

0.3,0.3,0.4

0.3,0.3,0.4
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*

1,0.3,0.4 1,0.5,0.4 1,0.5,0.4

0.4,0.3,0.4 0.5,0.3,0.4 0.6,0.5,0.4 0.3,0.4,0.5

0.4,0,0 0.4,0,0 0.6,0,0 0.2,0.5,0.6

0.7,0.3,0.4 0.4,0.3,0.4 0.6,0.3,0.4 0.5,0.7,0

0.7,0.3,0.4 0.4,0.3,0.4 0.6,0.3,0.4

G X

 
 
 
  
 
 
 
 



.4

0.5,0.5,0.6

0.5,0.7,0.6

0.5,1,1

0.5,0.7,0.6

0.5,0.7,0.6

 
 
 
 
 

 
 
 
 
 
 
 
 

 

Clearly,    
*

*
G X G X
 

 

6. Application of SVN Covering Based Rough Set Model over Two Universes in MCDM Problem 

Multiple-criteria decision-making (MCDM) is a scientific approach that is useful to evaluate an optimal 

alternative under certain criteria or attributes. It is taken care of while evaluating the multiple conflicting 

criteria. Due to the uncertainty involved in many decision-making problems, makes the decision model more 

complex, and to overcome such type and reach a better decision, we need to consider a multiple-criteria model 

that provides a better option for the decision-makers to select the best option.  Over the years, a variety of 

methods and approaches are developed to implement MCDM in many fields to enhance the decision-making 

approach. According to the traditional approach to MCDM, we select the best alternative according to the 

attribute values. But in modern MCDM methods, the selection of the best alternative is done according to the 

profit/loss type attribute values. So, the modern MCDM approaches are more flexible and powerful than the 

traditional approaches. The MCDM methods include TOPSIS, DEA, AHP, ANP, MULTIMOORA, etc. 

In this section, we put forward an attempt to initiate a new approach to MCDM problems based on SVN 

covering-based rough set over two universes. For this, we describe the following MCDM problem: 

Let  1 2, ,..., mX x x x be the set of m patients and  1 2, ,...., nY y y y be the set of n diseases. Again, 

let  1 2, ,..., lG G G G


be the set of diagnosis set, it is also known as SVN  -covering on X for 

some  , ,    , where  , , 0,1    and 3.     Let ( , )f sur X Y  such 

that   , 1,2,..., 1,2,...,i jf x y where i m and j n   . We claim that f partitions X into n classes. 

Therefore, to identify the disease of patients through diagnosis, the set of doctors (experts) specifies a suitable 

diagnosis scores line according to the symptoms of all the patients. For this, we set a 

suitable
     

1 1 1 1 1 1, ,
j i j i j i

m n m n m n

i j i j i j
G x G x G x

T I F      

      
            

      
   . It can be easily verified that 
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G


is a SVN  -covering on X . Afterward, we obtain 

 
                    1 1 1

, ,
k i k i k ii i j i i j i i j

k j
G x G x G xx X x f y x X x f y x X x f y

f G y T I F
          

  
      

   
  



which denotes the 

degree of criteria 
kG


to the diseases jy . Also,    
 

i

k

x j k j

G x

y f G y








 
    

 




denotes the possibility of the 

patient xi having a disease y j . 

Moreover, for a given criterion M over a SVN set of the universe Y , the SVN covering-based lower 

approximation  *
G M


of M denotes the neighborhood degree of M and 
ix



 . And the SVN 

covering-based upper approximation  
*

G M


of M denotes the degree of intersection of M and
ix



 . If 

  * iG M x 


and   
*

iG M x 


, then the patient xi does not satisfied with the attribute M . 

Otherwise, if   * iG M x 


 and   
*

iG M x 


, then the patient xi satisfies the criteria.  

To implement the MCDM process, we consider the following steps: 

Input: Assuming the SVN information system , ,X Y G
 
 
 



over two universes for MCDM problem 

, ( , )f Sur X Y and a criteria value  , ,    , where  , , 0,1    and 3.    
 

Computations: 

 

Step 1: Construct a SVN covering-based rough set model over two universes. 

Step2: Calculate the SVN covering-based lower approximation  *
G M


and the SVN covering-based upper 

approximation  
*

G M


for the criterion M (defined by the SVN set of the universe Y ) provided by the hospital. 

Step 3: If   * iG M x 


  
*

iG M x 


, then the patient ix cannot be diagnosed to detect the disease 

jy under the critical value  . 

Step 4: 
If   * iG M x 



  
*

iG M x 


, then the patient ix be diagnosed to detect the disease jy under 

the critical value  . 

Step 5: Rank the alternatives to select the patient who needs a diagnosis to detect a certain disease. 
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Output: Ranking orders of all the alternatives.
 

 

7. Conclusions and Future Scope 

The notion of a single-valued neutrosophic  -covering set is introduced by Wang et al.[63], which makes a 

connection between a single-valued neutrosophic set and a covering-based rough set. Using this concept, in this 

paper, a new type of SVN covering-based rough set model over two universes is developed. We also introduce 

SVN  -covering rough set model over two universes with an aid of SVN  -neighborhood and studied some 

of its properties. Furthermore, we have presented the matrix representations of the SVN covering-based lower 

and upper approximation operators. Finally, we give a method for MCDM under the SVN  -covering-based 

lower and upper approximation operators over two universes. 

In the future, to handle more critical decision-making problems, we can extend the proposed model by replacing 

the SVN covering information with the refined single-valued neutrosophic(RSVN) and quadripartitioned 

single-valued neutrosophic(QSVN) covering information and use them to develop TOPSIS, AHP, 

MULTIMOORA method in the MADM, MCDM, MCGDM, MAGDM problems. Topology and Entropy-based 

study in the same setting can also be possible to develop soon. To handle the parametric information, we can add 

the flavor of the soft set and hypersoft set in the present study to make it more flexible to encounter the uncertain 

information in a sophisticated way.  
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