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Abstract:

The objective of this paper is to answer the open problem proposed about the validity of
phi-Euler’s theorem in the refined neutrosophic ring of integers Z(I;,1;). This work
presents an algorithm to compute the values of Euler’s function on refined neutrosophic
integers, and it prove that phi-Euler’s theorem is still true in Z(I4, I3).

On the other hand, we present a solution for another open question about the solutions of
Fermat's Diophantine equation in refined neutrosophic ring of integers, where we

determine the solutions of Fermat's Diophantine equation X" +Y" = Z";n > 3 in Z(Iy, ).

Key Words: refined Neutrosophic integer, Neutrosophic Euler's function, Neutrosophic

Fermat's equation

1. Introduction

Neutrosophy is a new generalization of fuzzy ideas by considering three membership

states (truth, falsity, and indeterminacy) founded by Smarandache in 1995 [1].
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In the literature [2], the indeterminacy element I was used to build some interesting
extensions of algebraic rings. By adding I (with a logical property I = I) to any ring R, we
get R(I) the corresponding neutrosophic ring as follows:

R(I) ={a + bl;a,b € R}[2].

In [3], Agboola et.al, proposed the structure of refined neutrosophic rings.

As a natural development, neutrosophic number theory was studied in [4,6], where we can
find neutrosophic congruencies, Diophantine equations, primes, and neutrosophic Euler’s
theorem.

In [5], Ibrahim et.al, proposed the basic ideas in refined neutrosophic number theory,
where they defined congruencies, Pell’s equation, and divisibility in Z (I, ;). On the other
hand, an interesting open question has been asked as follows:

Define phi-Euler’s function in Z(Iy,1;)? Is Euler’s theorem still true ?.

Through this paper, we aim to solve this problem by proving that Euler's theorem is still
true in refined neutrosophic number theory.

Also, we find all possible solutions for The non-linear Fermat's Diophantine equation
X"+ Y™ =Z7Z"n = 3, which was proposed as an open question in [7].

For more results and findings of neutrosophic number theory and algebraic structures, see

[8-15].
For definitions and basic concepts in refined neutrosophic number theory, see [5].

Main discussion :

First of all, we will give an example to explain our idea.
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Example :

Let Z(I;,1;) be the refined neutrosophic ring of integers, consider x = (3,1, —I;)eZ (I, I3).
To compute the value of ¢(x), we have to know the number of refined neutrosophic
integers:

¥y = Vo, Y111, ¥213), with the property :

{gcd(x, y) = (1,0,0)
O0<y<x

According to the definition of (gcd) in refined neutrosophic ring of integers, we get

ged(3,y0) =1, ged(2,y0 +y2) =1, ged(3,y0 +y1 + ¥,) = 1.Also, y < x implies that:

0<ys+y, <2

{ 0<y<3
0<yo+y;+y, <3

The possible values of y, are {1,2}. The possible values of y, + y, are {1}.The possible

values of yg +y; + ¥, are {1,2}. This implies that we get the following solutions :
y=(100), y=(11,0), y=(20,1), y=(21,—1)

So, p(x) = 4 which is equal to ¢(3) X ¢(2) X ¢(3). Now, we are able to study the general

case.

Definition:

Let 0 < x = (xg, x111, x,15)€Z (14, I;), we define Euler’s function as follows:

o(x) =y = 0o, y111,y212)€Z (13, I): ged(x, y) = (1,0,0)and 0 < y < x}|.

Theorem::

Let x = (xq,x1I1,x,1;) be any positive refined neutrosophic integer, hence: ¢(x) =

P(xg) X P(xg + x2) X @(xg + X1 + Xx3).
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Proof:

0<y<x

Let y = (¥o,¥111,¥212) be a refined neutrosophic integer with {gc d(x,y) = (1,0,0)

We have, (yo<xo, Yo+y2<Xo+ X3 Yo+ Y1 +¥2<x0+x +x) and (gcd(xy,yo) =
ged(xg + x3,¥0 +¥2) = ged(xg +x1 + x2,¥0 + ¥4 +¥2) = (1,0,0). This implies that we have
@ (x9) ways to chosey,, @(xo+ x;) ways to chose y, + ¥y, and @(xo + x; + x;) ways to
chose yg +y; +y,. By using the essential concept in combinatory, we get ¢(x) =
®(x0) X @(xo + x2) X (X + x1 + X2).

Example:

Let x = (4,0,21,), we have :

) =2 ¢(4+2)=¢6)=2,0(4+0+2) =9¢(6) =2

Hence ¢(x) =2x2x2=8.

0<y<x

We shall find the 8 refined neutrosophic integers with the property {gc d(x,y) = (1,0,0)

Let Yy = o111, y212) ’ we have

Yo <4, gcd(yy,4) =1=1y,€{1,3}
Yo+ Y2 <6, ged(yo+y,,6)=1=y,+y, €{1,5}
Yot Y1 +¥2<6, gcd(yo+y; +¥2,6) =1=y,+y, +y, €{1,5}

The possible solutions are:
1) y = (1,0,0).

2) y = (1,—41,,41,).

3) y = (1,0,41,).

4) y = (1,41, 0).

5) y = (3,0, —21,).
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6) y = (3,411, _212).
7) y = (1,—41,21,).

8) y = (1,0,21,).

The following theorem clarifies how to compute natural powers in Z(Iy, I,).

Theorem :

Let x = (x9,x111,x,13) € Z(I1,1,), let n be any positive integer, hence x™ = (xg,I1[(xo +
x1 +x2)" — (o + x2)"], Iz [(xg + x2)™ — xg ).

Theorem:

Let Z(I;,1;) be the refined neutrosophic ring of integers. Let x = (xg,x114,%21,), ¥y =
Vo, V111, ¥212) € Z(I1, 1) with ged(x, y)=1, hence x?©) = 1(mod y).

Proof:

According to the assumption , we have :

xO) = x@W)XPWo+y2) X Yo+y1+Y2) — (xé”(”,ll[(xo +xp + 2,)20) — (x50 + 2,) 2], L[ (g +

X)) — xg’(y)])_

Now, let’s compute the following :

xP) = [xg’(yo)]<p(y0+yz)><tp(yo+y1+yz) = 1900ty X00+Y1+Y2) (mod y,) = 1(mod y,) -
(That is because gcd(xg,yo) = 1)

(X0 + %)) = [(xg + x,)PVotY2)|PGI*X0Go+y1+Y2) = 1 (mod y, + y,).

(That is because gcd(xy + x2,¥9 +¥,) = 1)

(xg + %1 + %)P0) = [(xg + x1 + x,)PC0+Y1+2)]000)X0G0+Y2) = 1 (mod y, + y, + y3).
(That is because gcd(xg + x1 + X2, Y0 + Y1 +¥2) = 1).

We get that:

xg’(y) = 1(mod yy),

xg @+ o + 22099 = x| = (0 + )@ = 1(mod yo +72),
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xg’(y) + [(xo + x,)?™) — xgp(y)] +[(xg + 21 + x)PP) — (30 + x)?P) = (%0 + %1 + x,)?W) =

I(mody, +y1 +¥2),

Under the definition of congruencies in refined neutrosophic rings we can write:
x?®) = (1,0,0) (mod y).

This implies that Euler’s theorem is true in Z (I, I,).

Definition : [7]

Let R be a ring, F = (X,Y,Z) be a triple, where X,Y,Z € R. F is called a general Fermat's
triple if and only if X" + Y™ = Z"; for all integersn >3 .

This is equivalent to the condition that (X, Y, Z) is a solution of Fermat's equation.
Theorem :

Let Z(I,,1,) be the refined neutrosophic ring of integers. The Equation X™ +Y" =Z™";n >
3 has only 27 solutions.

Proof:

xOn + yon = Zon (1)
xn + Y"=7I"s (xo + xz)n + (yo + yz)n = (ZO + Zz)n (2)
(o +x1 +x2)"+ (Yo +y1 +y2)" = (20 + 21 +2)" ... (3)

Now, solutions of (1) is.

Xo =Y0 =20 =0..(a)
Xg = Zg = 1'3’0 =0 (b)
Vo=29=1,x5=0..(c)

solutions of (2) is.

x0+x2=y0+y2=20+22=0...(d)
Xo+tx,=20+2,=1y,+y,=0..(e)
Yot Y, =29+ 2, =1x5+x,=0..(f)

solutions of (3) is.
x0+x1+x2 :y0+y1 +y2 :ZO+Zl +ZZ = O(g)
x0+x1 +x2 :ZO+Zl +Z2 = 1,y0 +y1 +y2 = O(h)
y0+y1+y2 :ZO+Z]_ +ZZ = 1,x0+x1+x2 = O(l)
We discuss possible cases.
Casel. If (a),(d),(g), then X =Y = Z = (0,0,0).
Case2. If (a),(d), (h), then X = (0,1,0),Z = (0,1,0),Y = (0,0,0).
Case3. If (a),(d), (i), then X = (0,0,0),Z = (0,1;,0),Y = (0,1;,0).

Cased. If (a),(e),(g), then X = (0,—14,1,),Z = (0,—1,1,),Y = (0,0,0).
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Caseb. If (a), (e),(g), then X = (0,-1;,1,),Z = (0,0,1,),Y = (0,0,0).
Case6. If (), (€), (h), then X = (0,0,1,),Z = (0,0,1,),Y = (0,0,0).

Case?. If (a), (f), (g), then X = (0,0,0),Z = (0,—1I,1,),Y = (0, —1I, I,).
Case8. If (@), (f), (h), then X = (0,1;,0),Z = (0,—1I,1,),Y = (0, -1, I,).
Case9. If (@), (f), (i), then X = (0,0,0),Z = (0,0,1,),Y = (0,0, 1,).
Casel0. If (b),(d), (g), then X = (1,0,—1,),Z = (1,0,—1;),Y = (0,0,0).
Casell. If (b),(d), (h), then X = (1,1;,—1,),Z = (1,1,—1;),Y = (0,0, I).
Casel2. If (a),(d), (i), then X = (1,0,—1,),Z = (1,13,13),Y = (0,1, 0).

Casel3. If (b), (e),(g), then X = (1,—1;,0),Z = (1,—1;,0),Y = (0,0,0).

Caseld. If (b), (e), (h), then X = (1,0,0),Z = (1,0,0),Y = (0,13, 0).

Casel5. If (b), (e), (i), then X = (1,—1,0),Z = (1,0,0),Y = (0,1;,0).
Casel6. If (b),(f),(g), then X = (1,0,-1,),Z = (1,-1,,0),Y = (0,1, I,).
Casel?. If (b),(f),(h), then X = (1,1;,1,),Z = (1,0,0),Y = (0,14, [,).
Casel8.If (b), (f), (i), then X = (1,0,—L),Z = (1,0,0),Y = (0,0, ,).
Casel9. If (¢),(d), (h), then X = (0,1;,0),Z = (1,1,—1,),Y = (1,0, —1,).
Case20. If (¢),(d),(g), then X = (0,0,0),Z = (1,0,—1,),Y = (1,0, —1,).
Case2l. If (¢),(d), (i), then X = (0,0,0),Z = (1,1,—1,),Y = (1,1, —1,).
Case22. If (¢),(e),(g), then X = (0,—1;,15),Z = (1,—1;,0),Y = (1,0, —1,).
Case23. If (a), (e), (h), then X = (0,0,—1,),Z = (1,0,0),Y = (1,0, —1,).
Case24. If (¢), (e), (i), then X = (0,—13,13),Z = (1,0,0),Y = (1,1, I,).
Case25. If (¢), (f),(g), then X = (0,0,0),Z = (1,-1;,0),Y = (1,—13,0).
Case26. If (¢), (f), (h), then X = (0,1;,0),Z = (1,0,0),Y = (1,—14,0).

Case27. If (¢), (f), (i), then X = (0,0,0),Z = (1,0,0),Y = (1,0,0).

Conclusion

In this paper, we have defined the Euler's function in the refined neutrosophic ring of

integers (I;,1;) , as well as, we have presented an algorithm to compute the values of this
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function.

Also, we have proved that Euler's famous theorem is still true in the case of refined
neutrosophic number theory.

In particular, we have determined the possible solutions of Fermat's equation in the refined
neutrosophic ring of integers.

As a future research direction, we aim to study the Euler's theorem in n-refined
neutrosophic number theory and n-cyclic refined neutrosophic integers, as well as Fermat's

equation in these rings.
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