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Abstract: The objective of this paper is to solve two open problems about the group of units
of some 2-cyclic refined neutrosophic rings asked by Sadiq. Where it provides a
classification theorem for these rings, and uses this classification property to give a full
answer of these open questions.

Also, this work presents a novel algorithm to find all imperfect neutrosophic duplets and
triplets in many numerical 2-cyclic refined neutrosophic rings by using the classification
isomorphisms.

1. Introduction

Neutrosophic logic as a new generalization of fuzzy logic concerns with indeterminacy in
science and real life problems [1]. Neutrosophy was proposed by Smarandache [6] for these
logical purposes.

Laterally, neutrosophy was applied to algebra and algebraic structures, were we find many
algebraic structures defined by using an indeterminacy element (I) such as neutrosophic
rings, neutrosophic spaces, neutrosophic modules, and matrices [2-5].

The concept of n-cyclic refined neutrosophic ring was presented firstly in [7], and studied
widely in [8-9].

In [10], Sadiq has studied the group of units problem for 2-CRNR rings, where he proved
that it is isomorphic to 3 times direct product of Z, . Also, he presented the following open

research problems: [10]:
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Open problem 1: If the ring R with no zero divisors, then is the group of units of R,(I) is
isomorphic to U(R) X U(R) X U(R).

Open problem 2: Find a homomorphism between R,(I) and the direct product X R X R .
Open problem 3: Is the group of units of the 2-cyclic refined ring of real numbers
isomorphic to R* X R* X R* .

This motivates us to continuo these efforts to classify the group of units of 2-cyclic refined
rings, and to prove the validity of Sadiq's open problems.

On the other hand, we classify all imperfect duplets and triplets in the ring of 2-cyclic
refined neutrosophic integers by solving many related Diophantine equations.

We denote the 2-cyclic refined ring by 2-CRNR.

2. Preliminaries

Definition 1.2:

Let (R+,X) be a ring and I;1 < k < n be n sub-indeterminacies. We define R,(I)={ay +
a,I + -+ ayl, ; a; € R} to be n-cyclic refined neutrosophic ring.

Operations on R, (I) are defined as:

n n
Z pil; + Z q:l;
=0 =0
n n
= Z(Pi +q)l; 'Zpili
i=0 i=0

n n n
X Z q;l; = z (pi X q;)I;1; = z (P X 4;) (4] moan)
=0 ij=0 ij=0

Example 2.2:

(a) The 2-CRNR of integers is defined as follows:

Zo(D) = {ty + t1 1, + t,1,; t; € Z3.

(b) Addition on Z,(I) :

(a+bly+cl))+ (m+nl;+th) =(@+m)+1,(b+n)+L(c+t).
(c) Multiplication on Z, (1) :

(a + bl + cl,)(m + nly + tl;)= am + anl; + atl, + bml; + bnl, + btl; + cml, + cnl; + ctl,
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= am+ L (an+ bm+ bt + cn) + I,(at + bn + cm + ct) .

Where 1, = [(1+1moaz) = 12, 212 = 242 moa 2) = 12, 11l = (142 mod 2) = 1-

Definition 3.2:

Let R be a ring, a duplet (x,y) is called an imperfect duplet with x acts as an identity if and
only if xy = yx =y.

A triple (x,y,z) is called an imperfect triplet with x acts as an identity if and only if xy =
YX =Y,XZ =2ZX = Z,Zy = YZ = X.

3. Main discussion

Theorem 1.3 : Let Z be the ring of integers, and S = {(by, b1, b;); b; € Z and b, — b, € 2Z},
then (S,+,.) Isasubringof Z X Z x Z.

Proof: It is clear that S # @

Vx,y€S,x =(ayay,a,),y = (by,by,by), where b; —b,,a; —a, € 2Z

x+y=1(ag+by,a; +by,a, + by),xy = (aghy, arby,a,by)

We have: (a; +b;) —(ay +by) =(a; —ay) +(by —by) €2Z,thus x+y €S

Also, aib; —ayb, = a;b; +ayb, —ab, —azb, = ay(by + by) —by(a; +a,) . By the
assumption, we have b; — by, a; — a, € 2Z, hence

by + by, a, + a, € 2Z, this implies a, (b, + b;) — b,(a; + a;) € 2Z and x.y € S.

Theorem 2.3: Let Z,(I) be the 2-CRNR of integers, then Z,(I) = S.

Proof:

Define f:Z,(I) = S; f(ag + a1 l; + a,1,) = (ag, a9 + ay + ay, ay — a; + a,).

It's clear that fis well defined. On the other hand we have:

(a). fisinjective, ker f = {ag + a;I; + a1, € Z,(I); f(ap + a11; + a;1,) = (0,0,0)}, hence.
ap=0, ap+a;+a, =0, ay—a; +a, =0, thus a; = a; = a,, this means that ker f =
{0s}.

(b). f is surjective, Vy = (ag,ay,a;) €S, we have: a; —a, €2Z, hence x =ag+

I (“1;“2) +1, (“1“‘+‘2“°) € Z,(D).

This is because a; — a,, a; + a, —2a, € 2Z.
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a;—a a,+az—2a a;—a a,+az—2a
Now, we compute f(x)=(a0,a0+ 12 24+ ; 2 ay — 12 24 ; 0):

(ap,ay,a;) =y
(c). fis a homomorphism because clearly f preserves addition and multiplication, thus
S=Z,().
Theorem 3.3: Let R be a of real numbers, R,(I) be the corresponding 22-CRNR of real
numbers, then R,(I) = R3.
Proof. Define f:R,(I) — R3; f(ay + ail; + a,1;) = (ag,ap + a; + az, a9 — a; + a,).
f is well defined and bijective. (the proof is exactly similar to the previous theorem).
f is ahomomorphism. V x,y € Ry(I) ,x = ag + a;I; + ay1,,y = by + b1y + b, 1.
x+y=ay+by+ (a; + bl + (a; + by)I;.
f(x+y)=(ag+bg,ap+by+a; +by +a, +by,ayg+by—(a; +by) +a, +by)
fGx+y) = (ap, ap + a1 + az, a9 — ay + az) + (bg, bg + by + by, by — by + bz) = f(x) + f(¥).
xy = agbg + (a1bg + agby + ayby + a1by)I; + (a1bg + agb, + a1by + ayby)I;
f(xy) = (apbg, agby + a;by + aghy + a;by + ayby + agh, + a;by + az by, agby

— (aibg + aghy + azby + +a,b,) + aybg + agb, + a1by + ayby)
fxy) = (ag, a0 + a1 + az,ag — ay + az). (bo, by + by + by, b — by + by) = f(x). f () ,
hence R,(I) = R3.
Answers to the open questions
The following theorem answers the open question 3.
Theorem 4.3: Let U (R2 (I)) be the group of units of the 2-CRNRR,(/), then U (Rz (I)) =
R*.
Proof.
According to the previous theorem, R,(I) =R XR xR, hence. U (R,(I)) =U (R) xU
(R) xU (R) = R*.
The following remark answers the open question 2.
Remark 5.3: If R is a ring, and R, (/) is the corresponding 2-CRNR, hence the map

f: Rz([) > RXRX R,f(ao + a111 +a212) = (ao,ao + aq + a,,ag — aq + az),
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Is a ring homomorphism (the proof is similar to Theorem 3.2). Thus the answer to the open
question 2 is yes. Remark that f is not supposed to be an isomorphism, check Theorem 1.3
for example.
The first question is still open, but we can solve the problem in a special case for the ring of
integers modulo n, with odd n.
Theorem 6.3: Let R be the ring of integers modulo n, with an odd integer n, then R,(I) =
Zy X Zn X Zn
Proof. . Define f:R,(I) = Z, X Z, X Zy; f(ag + a11; + ay13) = (ag, a9 + a1 + a5, a9 — a; +
a,).
It's clear that f is a well defined homomorphism, by a similar argument of the previous
theorem, we should prove that f is a bijective map.
ker f ={ay + a1, + ayl, € R,(I); f(ap + a.l; + a,l;) = (0,0,0)}, hence.
a, =0..(1)
as+a;+a,=0..(2)
ag—a,+a, =0 ... (3)
From equation (2) and (3), we get 2a, = 0, By the proposition of the theorem, n is odd,
this means that gcd(2,n)=1 and 2 cannot be a zero divisor, thus 2a, =0 = a, = 0.
This implies that a; = 0, and ker f = {(0,0,0)}.
f is surjective:
Vy = (ag,a4,a3) €EZy, X Zy X Z, , we have x=ay+ 11((a1 + a2)2‘1) + Iz((al +a, —
2a0)271) € Ry (D).
That is because 2 is a unitin Z,, and 27! is existed.
Now, we compute
f@x) = (ap, (a1 — az)27" + (ay + az + 2a0)27" + ag, ap + (a; — az)27"
+ (ay + ay +2a9)27Y)
= (ag,a;27 ' —a,27 '+ a;27  + a,27t —2a927 + ag, a0 —a; 27  + 27 + 27 + @27t
—2ay27h)

= (a0,2a12_1,2a22_1) = (ao, aq, az).
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So that, R,(I) = Z,, X Z,, X Z,,.
Theorem 7.3: If R = Z,, the ring of integers modulo n with an odd integer n, we have:
U (Ry(D) =U (Z,) XU (Z,) XU (Z).
The proof holds directly by the previous result.
Theorem 8.3: If R = Z the ring of integers, Z,(I) be the corresponding 2-CRNR, then
Z,(I) has exactly 8 forms of imperfect duplets.
Proof. We have Z,(I) = S; S ={(ay,ay,a,); a; € Zand a; — a, € 2Z}.
To find imperfect duplets in Z,(/), it is sufficient to compute duplets in S:
Let x = (ag,a4,a;),y = (bg, b1, b;) be an imperfect duplet in S, with y acts as an identity,
we have.
aghy = ag ag=00rby,=0
x.y=x=>{a1b1 = ﬁ{al =0orb; =0.
a,b, = a, a,=0o0rb, =0
The possible imperfect duplets are:
(1).x = (0,0,0),y = (by, by, b)
(With b; — b, € 27)
(2). x =(0,a4,a3),y = (b, 1,1)
(With a; —a, € 27)
(3)- x=1(0,0,a;),y = (b, by, 1)
(With a, is even and b, is odd)
(4). x =(ap,0,a;),y = (1,b1,1)
(With a, is even and b, is odd)
(5). x = (ag,a1,0),y = (1,1,b)
(With a4 is even and b, is odd)
(6). x = (ap,a1,a),y = (1,1,1)
(With a; —a, € 22)
(7). x =(ap,0,0),y = (1,by1,b3)
(With by — b, € 27)

(8) X = (0, al,O),y = (b0: 1: bZ)
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(With a, is even and b, is odd)
Thus, the imperfect duplets in Z,(I) are the converse image of the duplets in S, according
to the isomorphism

f(ag + a1l + ay1y) = (ag, a9 + a4 + ay, a9 — ay + ay).

fYayg + a l; + ayly) = (ao + al;az I + a1+a§_2a° 12), so that the duplets of Z,(I)are:

(1). X = O,y = bO + blll + bz[z
(With b, — b, € 27)

a—
2

a;+a;
2

2—2b,
I

az
I+ >

(2). X = Iz,y:b0+

—a a by—1 b1+1-2b
). x="h+2Ly=b+=—hL+——1
(With a, is even and b, is odd)
(4. x =ao+ 221 + 220, y = 1 22, 4 20,

(With a, is even and b, is odd)

a,—2ag 1+b,—-2(1) I
2

2

(5). x=ao+2L + Ly=1+—2I+

(With a4 is even and b, is odd)
(6). X = Qg + alll + azlz,y =1

by+by—2
2

(7). X = ao - aolz,y =1 + b1;b2 11 + 12

(With b, — b, € 22)

8). x = %Il + %Iz,y = by + 1_2b2 I + 1++b22—2bo I

(With a4 is even and b, is odd)

Theorem 9.3: Let R be the ring of real numbers, R,(I) be its 2-CRNR, then R,(/) has
exactly 8 forms of imperfect duplets.
Proof. We have R,(I) = R X R X R with the isomorphism:

f: Rz([) >R XR XR,f(aO +a111+a212) = (ao,ao +a1 +a2,a0 —aq +a2).
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For determining the imperfect duplets in R, (), it is sufficient to find dupletsin R X R X R
and go back to R,(I) by the inverse isomorphism.

The imperfect dupletsin R X R X R are:

(1. x = (0,0,0),y = (bo, b1, b7)

(2). x=1(0,ay,a2),y = (bo, 1,1)

(3). x =(0,0,az),y = (by, b1, 1)

(4). x = (ao,0,a),y = (1,b1,1)

(5). x = (ap,a1,0),y = (1,1,b3)

(6). x = (ap,a1,a2),y = (1,1,1)

(7). x = (ao,0,0),y = (1,by,b)

(8). x =(0,a4,0),y = (bo, 1,b;)

ThusR,(I) has 8 forms of imperfect duplets.

Remark 10.3: To find any imperfect duplets inR,(/), we should compute the inverse image

of the corresponding dupletin R X R X Ras follows:

a, —a, a, +a; — 2ag
L +
2 ! 2 2

f(ap,a1,a;) = ag +
Example 11.3: Let's, take a duplet with form:x = (2,0,3),y = (1,5,1), it is clear x.y = x.

The corresponding duplet in R, (1) is:

0= f) =242 L+ Sy = fTU) = 1+ 20 + 21,

Remark 123: that x.y; =244l +4l, =21 =3, =3l =Sl —L -l =2—>I, —
1

EIZ = xl.

Theorem 13.3: Let Z,(I) be the 2-CRNR of integers, then it has exactly 14 forms of
imperfect triplets.

Proof.

Let x,y,z be a triplet in S, then we have:

xXy=yx=x,yz=1zy =z ,xz=2zx =Y,so that, (x,y),(y,z) are imperfect dupletsin S.

We discuss the 8 forms of imperfect duplets to find the desired imperfect duplets:
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Form 1: x = (0,0,0),y = (bg,b1,b;),z =(0,0,0) it is a triplet if and only if xy = z, thus
,y = (0,0,0).

(the first tripletis x = y = z = (0, 0,0)).

Form 2: x = (0,a4,a;),y = (by,1,1),z = (0,cy,c3) it is a triplet if and only if xz =y, thus
,bg=0,a,c; = 1,a,¢, = 1.

the possible triplets are:

x =(0,1,1),y = (0,1,1),z = (0,1,1).

x=1(0,1,-1),y=(0,1,1),z=(0,1,—-1)

x=1(0,1,-1),y=(0,1,1),z=(0,1,—-1)

x=(0,-11),y=(0,11),z=(0,—-1,-1)

Form 3: x = (0,0,a;),y = (bg,b1,1),z = (0,0,c;) it is a triplet if and only if xz =y, thus
,bp=by=0,,a, =c, =1.

the possible triplets are:

x=1(0,0,1),y =(0,0,1),z = (0,1,1).

x=1(0,0,-1),y =(0,0,1),z=(0,1,-1)

Form 4: x = (ag,0,a4),y = (1,b1,1),z = (¢, 0,¢y) it is a triplet if and only if xz =y, thus
,00Co = ac; = 1,b; = 0.

the possible triplets are:

x=(101),y=(,01),z=(1,0,1)

x =(=1,0,1),y = (1,0,1),z = (—=1,0,1).

x=(1,0-1),y=(1,01),z=(1,0,—-1)

x=(-1,0,-1),y=(1,01),z=(-1,0,—-1)

Form 5: x = (ag,a4,0),y = (1,1,b;),z = (cp,¢4,0) it is a triplet if and only if xz = y, thus
,00C0 = 1,a4¢1 =1,b, = 0.

the possible triplets are:

x=(1,1,0),y = (1,1,0),z = (1,1,0)

x=(-1,-1,0),y = (1,1,0),z = (-1,—1,0).

x=(-1,1,0),y=(1,10),z=(-1,1,0)
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x=(1,10),y=(,1,-1),z=(1,-1,0)
Form 6: x = (ag,a1,a;),y = (1,1,1),z = (cp, ¢y, ¢3) it is a triplet if and only if xz=1y,
thus, agcy = a1 = ayc, = 1.
the possible triplets are:
x=01,1,1),y=01,1,1),z=(1,1,1)
x=(1,1-1),y=(1,11),z=(1,1,-1)
x=01,-1,1),y=(>1,1,1),z=(1,-1,1)
x=(0-1,11),y=(01,1,1),z=(-1,1,1)
x=0-1,-11),y=(1,1,1),z=(-1,—-1,1)
x=01,-1,-1),y=01,11),z=(1,-1,-1)
x=(-1,1,-1),y=>1,11),z=(-1,1,-1)
x=(-1,-1,-1),y=(1,11),z=(-1,-1,-1)
Form 7: x = (ay,0,0),y = (1,by,b;),z = (cy,0,0) it is a triplet if and only if xz=1y,
thus,agcy = 1,b; = b, = 0.
the possible triplets are:
x=(1,00),y =(1,0,0),z=(1,0,0)
x=(-1,0,0),y =(1,0,0),z=(-1,0,0)
Form 8: x =(0,a4,0),y = (bg,1,b;),z = (0,c1,0) it is a triplet if and only if xz =y,
thus,a,c; = 1,by = b, = 0.
the possible triplets are:
x=(0,1,0),y =(0,1,0),z = (0,1,0)
x = (0,—1,0),y = (0,—1,0),z = (0,1,0).
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