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Abstract. Neutrosophic cubic fuzzy sets (NCFSs) involve interval valued and single valued neutrosophic sets,

and are used to describe uncertainty or fuzziness in a more efficient way. Aggregation of neutrosopic cubic fuzzy

information is crucial and necessary in a decision making theory. In order to get a better solution to decision

making problems under neutrosophic cubic fuzzy environment, this paper introduces an aggregating operator to

neutrosophic cubic fuzzy sets with the help of Bonferroni mean and geometric mean, and proposes neutrosophic

cubic fuzzy geometric Bonferroni mean operator (NCFGBMu,v) with its properties. Then, an efficient decision

making technique is introduced based on weighted operator WNCFGBMu,v
w . An application of the established

method is also examined for a real life problem.
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—————————————————————————————————————————-

1. Introduction

Fuzzy set [1] deals with fuzziness in terms of degree of truthness or membership within the

range of interval [0, 1]. The traditional fuzzy sets are not efficient when the decision makers

face more complex problems and it is difficult to quantify their truth values. Y.B.Jun et al. [2]

introduced the notion of cubic sets which represents the degree of belongingness or certainty

by interval valued fuzzy sets and single valued fuzzy sets simultaneously. Therefore, cubic sets

are made up of two parts, where the first one is the interval valued fuzzy sets which represents

belongingness in a particular range of interval, and the second one is exact belongingness or

fuzzy sets.
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˜

Smarandache [3] introduced the philosophical idea of neutrosophic sets (NS) which is formu-

lated from the general concept of fuzzy sets and many real life applications are avaliable under

NS. Ajay, D., et al. used neutrosophic theory in fuzzy SAW method [4] and Abdel-Basset.M

et al. utilized neutrosophic sets to asseses the uncertainty of linear time-cost tradeoffs [5] and

also they applied to resource levelling problem in construction projects [6]. Further, biploar

neutrosophic sets have been used in medical diagnosis [7] and decision making suituations [8].

Moreover, Y.B.Jun et al. [9] and M.Ali et al. [10] effectively utilized cubic fuzzy sets to the

neutrosophic sets and introduced the concept of neutrosophic cubic fuzzy sets (NCFSs) with

some basic operations. Therefore the hybrid form of neutrosophic cubic fuzzy set may be

more adequate to address problems of more complexity using interval valued and exact val-

ued neutrosophic information and it has been broadly used in the fields of MCDM [12–19].

Neutrosophic cubic fuzzy sets contain more information than general form of NS and therefore

NCFSs provide better and efficient solution in MCDM.

Aggregating the fuzzy information plays an important role in decision theory and in partic-

ular decision making in real life problems. Variety of aggregating operators exist, but very few

aggregating operators are available under neutrosophic cubic fuzzy numbers such as Heronian

mean operators [21], Einstein Hybrid Geometric Aggregation Operators [22, 23], Dombi Ag-

gregation Operators [24], weighted arithmetic averaging (NCNWAA) operator and weighted

geometric averaging (NCNWGA) operator [25]. Still the Bonferroni geometric mean aggregat-

ing operator has not been studied in NCF environment. So the main purposes of this study

are: (1) to establish a neutrosophic cubic fuzzy Bonferroni weighted geometric mean operator

WNCFBWGMu,v
w .(2) to develop an MCDM method using WNCFBWGMu,v

w operator to

rank the alternatives under NCFS environment.

The content of the paper is organized as follows. Section 2 and 3 briefly introduce the basic

concepts and operations of neutrosophic cubic fuzzy sets. The concepts of Bonferroni mean and

geometric Bonferroni mean are explained in section 4. The neutrosophic cubic fuzzy geometric

Bonferroni mean NCFGBMu,v and weighted neutrosophic cubic fuzzy geometric Bonferroni

mean WNCFGBMu,v
w operators are established and examined with their properties in section

5. An MCDM method based on WNCFGBMu,v
w is presented in section 6. Finally conclusions

and scope for future research are given in section 7.

2. Neutrosophic Cubic Fuzzy Set

Definition 2.1. [9] Let X be a non empty universal set or universe of discourse. A neutro-

sophic cubic fuzzy set S̃ in X is constructed in the following form:

S = {x, 〈T (x), I(x), F (x)〉 ; 〈Tλ(x), Iλ(x), Fλ(x)〉 |x ∈ X}
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where T (x), I(x), F (x) are interval valued neutrosophic sets; T (x) = [T−(x), T+(x)] ⊆ [0, 1] is

the degree of truth interval values; I(x) = [I−(x), I+(x)] ⊆ [0, 1] is the degree of indeterminacy

interval values; F (x) = [F−(x), F+(x)] ⊆ [0, 1] is the degree of falsity interval values; and

〈Tλ(x), Iλ(x), Fλ(x)〉 ∈ [0, 1] are truth, indeterminacy, and falsity degrees of membership values

respectively. For convenience, a neutrosophic cubic fuzzy element in a neutrosophic cubic fuzzy

set (NCFSs) S̃ is simply denoted by S̃ = {〈T, I, F 〉 ; 〈Tλ, Iλ, Fλ〉}, where 〈T, I, F 〉 ⊆ [0, 1] and

〈Tλ, Iλ, Fλ〉 ∈ [0, 1], satisfying the conditions that 0 ≤ 〈T+, I+, F+〉 ≤ 3 and 0 ≤ 〈Tλ, Iλ, Fλ〉 ≤
3.

˜

Definition 2.2. [10] Let S̃ be a neutrosophic cubic fuzzy set in X given by

S =
{[
T−(x), T+(x)

]
,
[
I−(x), I+(x)

]
,
[
F−(x), F+(x)

]
; 〈Tλ(x), Iλ(x), Fλ(x)〉 |x ∈ X

}
S̃ is said to be internal NCFSs if T−(x) ≤ Tλ(x) ≤ T+(x), I−(x) ≤ Iλ(x) ≤ I+(x), F−(x) ≤
Fλ(x) ≤ F+(x)∀x; S̃ is said to be external NCFSs if Tλ(x) /∈ [T−(x), T+(x)] , Iλ(x) /∈
[I−(x), I+(x)] , Fλ(x) /∈ [F−(x), F+(x)]∀x.

˜

Definition 2.3. Let S̃ be a neutrosophic cubic fuzzy set in X. Then the support of neutro-

sophic cubic fuzzy set S̃∗ is defined by

S∗ =
{[
T−(x), T+(x)

]
⊃ [0, 0],

[
I−(x), I+(x)

]
⊃ [0, 0],

[
F−(x), F+(x)

]
⊂ [1, 1];

〈Tλ(x) > 0, Iλ(x) > 0, Fλ(x) < 1〉 |x ∈ X}

˜

Definition 2.4. [25] Let S̃ be a non empty neutrosophic cubic fuzzy number given by

S = {x, 〈T (x), I(x), F (x)〉 ; 〈Tλ(x), Iλ(x), Fλ(x)〉 |x ∈ X}

=
{[
T−(x), T+(x)

]
,
[
I−(x), I+(x)

]
,
[
F−(x), F+(x)

]
; 〈Tλ(x), Iλ(x), Fλ(x)〉 |x ∈ X

}
,

˜

then its score, accuracy and certainty functions can be defined respectively, as follows:

s(S) =

[4+T−(x)−I−(x)−F−(x)+T+(x)−I+(x)−F+(x)]
6 + [2+Tλ(x)−Iλ(x)−Fλ(x)]

3

2
, (1)

˜a(S) =
[(T−(x)− F−(x) + T+(x)− F+(x)) /2 + Tλ(x)− Fλ(x)]

2
, (2)

˜c(S) =
[(T−(x) + T+(x)) /2 + Tλ(x)]

2
; ˜ ˜ ˜s(S), a(S), c(S) ∈ [0, 1] (3)

3. Operations on NCFNs

Let Ai(x) =
{[
T−i , T

+
i

]
,
[
I−i , I

+
i

]
,
[
F−i , F

+
i

]
; 〈Tλi, Iλi, Fλi〉 |x ∈ X

}
(i = 1, 2, 3, · · ·n) and

Aj(y) =
{[
T−j , T

+
j

]
,
[
I−j , I

+
j

]
,
[
F−j , F

+
j

]
; 〈Tλj , Iλj , Fλj〉 |y ∈ Y

}
(j = 1, 2, 3, · · ·n) be two col-

lections of NCFNs. Then the following operations are defined [25]:
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(1) Union

Ai(x) ∪Aj(y) =
{[
min(T−i , T

−
j ),max(T+

i , T
+
j )
]
,
[
max(I−i , I

−
j ),min(I+i , I

+
j )
]
,[

max(F−i , F
−
j ),min(F+

i , F
+
j )
]

; 〈max(Tλi, Tλj),min(Iλi, Iλj),min(Fλi, Fλj)〉
}

(2) Intersection

Ai(x) ∩Aj(y) =
{[
max(T−i , T

−
j ),min(T+

i , T
+
j )
]
,
[
min(I−i , I

−
j ),max(I+i , I

+
j )
]
,[

min(F−i , F
−
j ),max(F+

i , F
+
j )
]

; 〈min(Tλi, Tλj),max(Iλi, Iλj),max(Fλi, Fλj)〉
}

(3) Complement

Aci (x) =
{[
F−i , F

+
i

]
,
[
1− I−i , 1− I

+
i

]
,
[
T−i , T

+
i

]
; 〈Fλi, 1− Iλi, Tλi〉 |x ∈ X

}
(4) Ai(x) ⊆ Aj(y) if and only if

[
T−i , T

+
i

]
⊆
[
T−j , T

+
j

]
,
[
I−i , I

+
i

]
⊇
[
I−j , I

+
j

]
,
[
F−i , F

+
i

]
⊇[

F−j , F
+
j

]
and Tλi ≤ Tλi, Iλi ≥ Iλj , Fλi ≥ Fλj∀x ∈ X, y ∈ Y.

(5) Ai(x) = Aj(y) if and only if Ai(x) ⊆ Aj(y) and Ai(x) ⊇ Aj(y) i.e.
[
T−i , T

+
i

]
=[

T−j , T
+
j

]
,
[
I−i , I

+
i

]
=
[
I−j , I

+
j

]
,
[
F−i , F

+
i

]
=
[
F−j , F

+
j

]
; 〈Tλi, Iλi, Fλi〉 = 〈Tλj , Iλj , Fλj〉

(6) For ω > 0

ωAi =
{[

1−
(
1− T−i

)ω
, 1−

(
1− T+

i

)ω]
,
[(
I−i
)ω
,
(
I+i
)ω]

,
[(
F−i
)ω
,
(
F+
i

)ω]
;

〈1− (1− Tλi)ω , (Iλi)ω , (Fλi)ω〉}

(7) For ω > 0

(Ai)
ω =

{[(
T−i
)ω
,
(
T+
i

)ω]
,
[
1−

(
1− I−i

)ω
, 1−

(
1− I+i

)ω]
,[

1−
(
1− F−i

)ω
, 1−

(
1− F+

i

)ω]
; 〈(Tλi)ω , 1− (1− Iλi)ω , 1− (1− Fλi)ω〉

}
(8) Algebraic Sum

Ai(x)⊕Aj(y) =
{[
T−i + T−j − T

−
i T
−
j , T

+
i + T+

j − T
+
i T

+
j

]
,
[
I−i I

−
j , I

+
i I

+
j

]
,[

F−i F
−
j , F

+
i F

+
j

]
; 〈Tλi + Tλj − TλiTλj , IλiIλj , FλiFλj〉

}
(9) Algebraic Product

Ai(x)⊗Aj(y) =
{[
T−i T

−
j , T

+
i T

+
j

]
,
[
I−i + I−j − I

−
i I
−
j , I

+
i + I+j − I

+
i I

+
j

]
,[

F−i + F−j − F
−
i F

−
j , F

+
i + F+

j − F
+
i F

+
j

]
; 〈TλiTλj , Iλi + Iλj − IλiIλj , Fλi + Fλj − FλiFλj〉

}
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4. Geometric Bonferroni Mean

Bonferroni proposed the concept of Bonferroni mean (BM) which is defined as follows:

Definition 4.1. [11] Let si(i = 1, 2, . . . , n) be n number of positive crisp data. For any

u, v ≥ 0,

Bu,v(s1, s2, . . . , sn) =

 1

n(n− 1)

n∑
i,j=1,
i 6=j

(
sui s

v
j

)
1

u+v

(4)

We call Eq.(4) as the Bonferroni mean (BM) operator. Especially, if v=0, Eq.(4) reduces to

the generalized mean operator given by

Bu,0(s1, s2, . . . , sn) =

 1

n

n∑
i=1

sui

 1

(n− 1)

n∑
j=1,
i 6=j

(
s0j
)


1
u+0

=
1

n

n∑
i=1

sui

) 1
u

(5)

If u = 1 and v = 0, the above equation produces the very known arithmetic mean (AM):

B1,0(s1, s2, . . . , sn) =
1

n

n∑
i=1

sui (6)

With the usual notion of geometric mean and the BM , the geometric Bonferroni mean

operator is formulated.

Definition 4.2. Let u, v > 0, and si(i = 1, 2, . . . , n) be a collection of non negative crisp

numbers. If

GBu,v(s1, s2, . . . , sn) =
1

(u+ v)

n∏
i,j=1,
i 6=j

(usi + vsj)
1

n(n−1) (7)

then GBu,v is called the geometric Bonferroni mean (GBM).

Obviously, the GBM statisfies the following properties:

(1) GBu,v(0, 0, . . . , 0) = 0

(2) GBu,v(s1, s2, . . . , sn) = s if si = s, for all i = 1, 2, . . . , n.

(3) GBu,v(s1, s2, . . . , sn) ≥ GBu,v(t1, t2, . . . , tn) if si ≥ ti ∀i that is, GBu,v is monotonic.

(4) Min(si) ≤ GBu,v ≤ Max(si).

Furthermore, if v = 0, Eq.(7) generates the geometric mean:

GBu,0 (s1, s2, . . . , sn) =
1

u

n∏
i,j=1,
i 6=j

(usi)
1

n(n−1) =

n∏
i=1

(si)
1
n (8)
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5. Neutrosophic Cubic Fuzzy Geometric Bonferroni Mean

Definition 5.1. Let S̃i =
{[
T−i , T

+
i

]
,
[
I−i , I

+
i

]
,
[
F−i , F

+
i

]
; 〈Tλi, Iλi, Fλi〉

}
be a collection of

neutrosophic cubic fuzzy numbers (NCFN). For any u, v > 0,

NCFGBMu,v
(
S̃1, S̃2, ..., S̃n

)
=

1

u+ v

 n⊗
i,j=1,
i 6=j

(
˜ ˜(uSi ⊕ vSj)

1
n(n−1)

)
is called the neutrosophic cubic fuzzy geometric bonferroni mean operator.

Theorem 5.2. Let u, v > 0 and S̃i =
{[
T−i , T

+
i

]
,
[
I−i , I

+
i

]
,
[
F−i , F

+
i

]
; 〈Tλi, Iλi, Fλi〉

}
be a col-

lection of neutrosophic cubic fuzzy numbers (NCFN). Then the aggregated value is calculated

using the operator NCFGBMu,v

NCFGBMu,v
(
S̃1, S̃2, ..., S̃n

)
=

1

u+ v

 n⊗
i,j=1,
i 6=j

(
˜ ˜(uSi ⊕ vSj)

1
n(n−1)

)

=


1−

1−
n∏

i,j=1
i 6=j

(
1− (1− T−i )u(1− T−j )v

) 1
n(n−1)


1

u+v

,

1−

1−
n∏

i,j=1,
i 6=j

(
1− (1− T+

i )u(1− T+
j )v

) 1
n(n−1)


1

u+v

 ,

1−

n∏
i,j=1
i 6=j

(
1− (I−i )u(I−j )v

) 1
n(n−1)


1

u+v

,

1−
n∏

i,j=1
i 6=j

(
1− (I+i )u(I+j )v

) 1
n(n−1)


1

u+v

 ,

1−

n∏
i,j=1
i 6=j

(
1− (F−i )u(F−j )v

) 1
n(n−1)


1

u+v

,

1−
n∏

i,j=1
i 6=j

(
1− (F+

i )u(F+
j )v

) 1
n(n−1)


1

u+v

 ;

〈
1−

1−
n∏

i,j=1
i 6=j

(1− (1− Tλi)u(1− Tλj)v)
1

n(n−1)


1

u+v

,

1−
n∏

i,j=1
i 6=j

(1− (Iλi)
u(Iλj)

v)
1

n(n−1)


1

u+v

,

1−
n∏

i,j=1
i 6=j

(1− (Fλi)
u(Fλj)

v)
1

n(n−1)


1

u+v〉 .

(9)
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˜

Proof. . Using the operational laws on NCFN described in section (3), we have

uSi =
{[

1−
(
1− T−i

)u
, 1−

(
1− T+

i

)u]
,
[(
I−i
)u
,
(
I+i
)u]

,
[(
F−i
)u
,
(
F+
i

)u]
;

〈1− (1− Tλi)u , (Iλi)u , (Fλi)u〉}

˜vSj =
{[

1−
(

1− T−j
)v
, 1−

(
1− T+

j

)v]
,
[(
I−j

)v
,
(
I+j

)v]
,
[(
F−j

)v
,
(
F+
j

)v]
;

〈1− (1− Tλj)v , (Iλj)v , (Fλj)v〉}

˜ ˜uSi ⊕ vSj =
{[

1− (1− T−i )u(1− T−j )v, 1− (1− T+
i )u(1− T+

j )v
]
,
[
(I−i )u(I−j )v, (I+i )u(I+j )v

]
,[

(F−i )u(F−j )v, (F+
i )u(F+

j )v
]

; 〈1− (1− Tλi)u(1− Tλj)v, (Iλi)u(Iλj)
v, (Fλi)

u(Fλj)
v〉
}
.

Next, we have the following equation which has been derived by Xu and Yager [28].

n⊗
i,j=1,
i 6=j

(
˜ ˜uSi ⊕ vSj

) 1
n(n−1)

=


 n∏
i,j=1,
i 6=j

(
1− (1− T−i )u(1− T−j )v

) 1
n(n−1)

,
n∏

i,j=1,
i 6=j

(
1− (1− T+

j )u(1− T+
j )v

) 1
n(n−1)

 ,
1−

n∏
i,j=1,
i 6=j

(
1− (I−i )u(I−j )v

) 1
n(n−1)

, 1−
n∏

i,j=1,
i 6=j

(
1− (I+i )u(I+j )v

) 1
n(n−1)

 ,
1−

n∏
i,j=1,
i 6=j

(
1− (F−i )u(F−j )v

) 1
n(n−1)

, 1−
n∏

i,j=1,
i 6=j

(
1− (F+

i )u(F+
j )v

) 1
n(n−1)

 ;

〈
n∏

i,j=1,
i 6=j

(1− (1− Tλi)u(1− Tλj)v)
1

n(n−1) , 1−
n∏

i,j=1,
i 6=j

(
1− (Iuλi) (Ivλj)

) 1
n(n−1) ,

1−
n∏

i,j=1,
i 6=j

(
1− (F uλi) (F vλj)

) 1
n(n−1)

〉 .

(10)

˜

Using NCF operational laws, Eq.(10) yields neutrosophic cubic fuzzy geometric bonferroni

mean operator NCFGBMu,v(S1, S̃2, · · · , S̃n) given by Eq.(9). In addition, it satisfies the

D. Ajay, Said Broumi, J. Aldring ; An MCDM Method under Neutrosophic Cubic Fuzzy Sets
with Geometric Bonferroni Mean Operator



Neutrosophic Sets and Systems, Vol. 32, 2020 194

following conditions1−

1−
n∏

i,j=1
i 6=j

(
1− (1− T−i )u(1− T−j )v

) 1
n(n−1)


1

u+v

,

1−

1−
n∏

i,j=1,
i 6=j

(
1− (1− T+

i )u(1− T+
j )v

) 1
n(n−1)


1

u+v

 ⊆ [0, , 1],


1−

n∏
i,j=1
i 6=j

(
1− (I−i )u(I−j )v

) 1
n(n−1)


1

u+v

,

1−
n∏

i,j=1
i 6=j

(
1− (I+i )u(I+j )v

) 1
n(n−1)


1

u+v

 ⊆ [0, 1],


1−

n∏
i,j=1
i 6=j

(
1− (F−i )u(F−j )v

) 1
n(n−1)


1

u+v

,

1−
n∏

i,j=1
i 6=j

(
1− (F+

i )u(F+
j )v

) 1
n(n−1)


1

u+v

 ⊆ [0, 1];

0 ≤ 1−

1−
n∏

i,j=1
i 6=j

(1− (1− Tλi)u(1− Tλj)v)
1

n(n−1)


1

u+v

≤ 1,

0 ≤

1−
n∏

i,j=1
i 6=j

(1− (Iλi)
u(Iλj)

v)
1

n(n−1)


1

u+v

≤ 1,

0 ≤

1−
n∏

i,j=1
i 6=j

(1− (Fλi)
u(Fλj)

v)
1

n(n−1)


1

u+v

≤ 1

˜

which completes the proof of the theorem.

We discuss some of the important properties of the NCFGBMu,v:

(1) Idempotency: Suppose the colletive data of neutrosophic cubic fuzzy numbers

Si =
{[
T−i , T

+
i

]
,
[
I−i , I

+
i

]
,
[
F−i , F

+
i

]
; 〈Tλi, Iλi, Fλi〉

}
(i = 1, 2, 3, · · ·n) are equal, for
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˜ ˜

any u, v > 0, the aggregate operator be

NCFGBMu,v(S1, S̃2, ..., S̃n) = NCFGBMu,v(S, S̃, ..., S̃)

=
1

u+ v

 n⊗
i,j=1,
i 6=j

((
˜ ˜uS ⊕ vS

) 1
n(n−1)

)

=
1

u+ v

 n⊗
i,j=1,
i 6=j

(
(u+ v) S̃

) 1
n(n−1)


=

1

u+ v

(
(u+ v) S̃

)n(n−1)
n(n−1)

= S̃

(11)

(2) Commuatativity: Let S̃i(i = 1, 2, 3, · · ·n) be a collection of neutrosophic cubic num-

bers. For any u, v > 0,

NCFGBMu,v
(
S̃1, S̃2, ..., S̃n

)
= NCFGBMu,v

(
˜̇S1,

˜̇S2, . . . ,
˜̇Sn

)
(12)

Let
(

˜̇S1,
˜̇S2, . . . ,

˜̇Sn

)
be any permuation of

(
S̃1, S̃2, ..., S̃n

)
. Then

NCFGBMu,v
(
S̃1, S̃2, ..., S̃n

)
=

1

u+ v

 n⊗
i,j=1,
i 6=j

(
˜ ˜(uSi ⊕ vSj)

1
n(n−1)

)

=
1

u+ v

 n⊗
i,j=1,
i 6=j

(
(u ˜̇Si ⊕ v ˜̇Sj)

1
n(n−1)

)
= NCFGBMu,v

(
˜̇S1,

˜̇S2, . . . ,
˜̇Sn

)
(3) Monotonicity: Let S̃i (i = 1, 2, 3, · · ·n) and S̃j (j = 1, 2, 3, · · ·n) be two collections

of neutrosophic cubic numbers. For any u, v > 0, if [T−i , T
+
i ],⊆ [T−j , T

+
j ], [I−i , I

+
i ] ⊇

[I−j , I
+
j ],
[
F−i , F

+
i

]
⊇ [F−j , F

+
j ];Tλi ≤ Tλj , Iλi ≥ Iλj , Fλi ≥ Fλj (∀i, j = 1, 2, 3, . . . n),

Then

NCFGBMu,v
(
S̃i

)
≤ NCFGBMu,v

(
S̃j

)
(13)

(4) Boundedness: Let S̃i =
{[
T−i , T

+
i

]
,
[
I−i , I

+
i

]
,
[
F−i , F

+
i

]
; 〈Tλi, Iλi, Fλi〉

}
(i =

˜

1, 2, 3, · · ·n) be a collection of neutrosophic cubic fuzzy numbers, and let

S−i =
{
inf

([
T−i , T

+
i

])
, sup

([
I−i , I

+
i

])
, sup

([
F−i , F

+
i

])
;min (Tλi) ,max (Iλi) ,max (Fλi)

}
,

S̃+
i =

{
sup

([
T−i , T

+
i

])
, inf

([
I−i , I

+
i

])
, inf

([
F−i , F

+
i

])
;max (Tλi) ,min (Iλi) ,min (Fλi)

}
.

For any u, v > 0,

S̃−i ≤ NCFGBM
u,v
(
S̃i

)
(i = 1, 2, 3, . . . n) ≤ S̃+

i (14)
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Thus the boundedness is easily obtained.

If parameters u and v are modified in NCFGBMu,v, then a special case can be obtained as

follows:

If v → 0, then by equation (9), we have

NCFGBMu,v
(
S̃1, S̃2, ..., S̃n

)
=

1

u+ v

 n⊗
i,j=1,
i 6=j

((
˜ ˜uSi ⊕ vSj

) 1
n(n−1)

) =
1

u

n⊗
i=1

(
˜(uSi)

1
n

))

=


1−

(
1−

n∏
i=1

(
1− (1− T−i )u

) 1
n

) 1
u

, 1− 1−
n∏
i=1

(
1− (1− T+

i )u
) 1
n

) 1
u

 ,
 1−

n∏
i=1

(
1− (I−i )u

) 1
n

) 1
u

, 1−
n∏
i=1

(
1− (I+i )u

) 1
n

) 1
u

 ,
 1−

n∏
i=1

(
1− (F−i )u

) 1
n

) 1
u

, 1−
n∏
i=1

(
1− (F+

i )u
) 1
n

) 1
u

 ;

〈
1− 1−

n∏
i=1

(1− (1− Tλi)u)
1
n

) 1
u

, 1−
n∏
i=1

(1− (Iλi)
u)

1
n

) 1
u

, 1−
n∏
i=1

(1− (Fλi)
u)

1
n

) 1
u
〉 .

which we call the generalized neutrosophic cubic fuzzy geometric mean (NCFBGMu,v).

5.1. Weighted Neutrosophic Cubic Fuzzy Bonferroni Geometric Mean

Generally weighted aggregating operator plays a significant role in decision-making pro-

cesses to aggregate information. Therefore we propose a weighted aggregate operator based

on neutrosophic cubic fuzzy bonferroni geometric mean (WNCFGBMu,v
w ).

Definition 5.3. Let S̃i =
{[
T−i , T

+
i

]
,
[
I−i , I

+
i

]
,
[
F−i , F

+
i

]
; 〈Tλi, Iλi, Fλi〉

}
˜

be a collection of

neutrosophic cubic numbers (NCN), and w = (W1,W2, . . . ,Wn)T the wieght vector of S̃i =

S1, S̃2, . . . , S̃n, where wi indicates the importance degree of S̃i such that wi > 0 and
∑n

i=1wi =

1 (i = 1, 2, 3, . . . , n). For any u, v > 0,

WNCFGBMu,v
w

(
S̃1, S̃2, ..., S̃n

)
=

1

u+ v

 n⊗
i,j=1,
i 6=j

((
˜u(Si)

wi ˜⊕ v(Sj)
wj
) 1
n(n−1)

) (15)

is called the weighted neutrosophic cubic fuzzy geometric bonferroni mean operator.

Theorem 5.4. Let u, v > 0 and S̃i (i = 1, 2, 3, . . . , n) be a collection of neutrosophic cubic

fuzzy numbers (NCFN), whose weight vector is wi = (W1,W2, . . . ,Wn)T , which satisfies that
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wi > 0, and

˜

i=1wi = 1 (i = 1, 2, 3, . . . , n). Then the aggregated value using the operator is
∑n

WNCFGBMu,v
w (S1, S̃2, ..., S̃n) =

1

u+ v

 n⊗
i,j=1,
i 6=j

((
˜u(Si)

wi ˜⊕ v(Sj)
wj
) 1
n(n−1)

)

=


1−

1−
n∏

i,j=1
i 6=j

(
1− (1− (T−i )wi)u(1− (T−j )wj )v

) 1
n(n−1)


1

u+v

,

1−

1−
n∏

i,j=1,
i 6=j

(
1− (1− (T+

i )wi)u(1− (T+
j )wj )v

) 1
n(n−1)


1

u+v

 ,

1−

n∏
i,j=1
i 6=j

(
1− (1− (1− I−i )wi)u(1− (1− I−j )wj )v

) 1
n(n−1)


1

u+v

,

1−
n∏

i,j=1
i 6=j

(
1− (1− (1− I+i )wi)u(1− (1− I+j )wj )v

) 1
n(n−1)


1

u+v

 ,

1−

n∏
i,j=1
i 6=j

(
1− (1− (1− F−i )wi)u(1− (1− F−j )wj )v

) 1
n(n−1)


1

u+v

,

1−
n∏

i,j=1
i 6=j

(
1− (1− (1− F+

i )wi)u(1− (1− F+
j )wj )v

) 1
n(n−1)


1

u+v

 ;

〈
1−

1−
n∏

i,j=1
i 6=j

(1− (1− (Tλi)
wi)u(1− (Tλj)

wj )v)
1

n(n−1)


1

u+v

,

1−
n∏

i,j=1
i 6=j

(1− (1− (1− Iλi)wi)u(1− (1− Iλj)wj )v)
1

n(n−1)


1

u+v

,

1−
n∏

i,j=1
i 6=j

(1− (1− (1− Fλi)wi)u(1− (1− Fλj)wj )v)
1

n(n−1)


1

u+v〉 .

(16)
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Proof. The proof is identical with the proof of theorem (5.2) and therefore is omitted.

6. An application of weighted neutrosophic cubic fuzzy geometric bonferroni mean

operator to MCDM problems

In this section, we propose an algorithm for MCDM method based on neutrosophic cubic

fuzzy geometric Bonferroni mean operators and illustrate it with a numerical example.

Algorithm. Let Ãi = {γ̃1, γ̃2, . . . , γ̃n} and C̃j = {η̃1, η̃2, . . . , η̃m} be collections of n al-

ternatives and m attributes respectively. According to the appropriate weight of attributes

(ωj)
T = {ω̃1, ω̃2, . . . ω̃m} is determined, which satisfies the condition that ω̃j > 0 and̂ ∑

ω̂j = 1.

˜

Then the following steps are used in process of MCDM method.

Step 1. Construct neutrosophic cubic fuzzy decision matrix D = [Nij ]n×m.

Step 2. The decision matrix is aggregated using NCFGBMu,v or WNCFGBMu,v
w to

m attributes.

Step 3. Utilize the score formula (Eq.1) to calculate the values of s(Ai)

Step 4. The n alternatives are ranked according to their score values

6.1. Numerical Example and Investigation

An illustrative example on the selection problem of investment alternatives is adapted

(Ref. [25, 26]) to validate the proposed MCDM method with NCF data. A company wants a

sum of money to be invested in an industry. Then the committee suggests the following four

feasible alternatives: (a) γ̃1 is a textile company; (b) γ̃2 is an automobile company; (c) γ̃3 is a

computer company; (d) γ̃4 is a software company. Suppose that three attributes namely, (1) η̃1

is the risk; (2) η̃2 is the growth; (3) η̃3 is the environmental impact; are taken into the evalua-

tion requirements of the alternatives. The weight vectors of the three attributes η̃j(j = 1, 2, 3)

are (ω̂j)
T = (0.32, 0.38, 0.3) respectively. Then the experts or decision makers are asked to

evaluate each alternative on attributes by the form of NCFNs. Thus, the assessment data can

be represented by neutrosophic cubic decision matrix D = [Sij ]m×n.

step 1. Neutrosophic cubic fuzzy decision matrix D = [Sij ]4×3

D =



[0.5, 0.6], [0.1, 0.3],

[0.2, 0.4]; 〈0.6, 0.2, 0.3〉

)
,

[0.5, 0.6], [0.1, 0.3],

[0.2, 0.4]; 〈0.6, 0.2, 0.3〉

)
,

[0.2, 0.4], [0.7, 0.8],

[0.8, 0.9]; 〈0.3, 0.8, 0.9〉

)
[0.6, 0.8], [0.1, 0.2],

[0.2, 0.3]; 〈0.7, 0.1, 0.2〉

)
,

[0.6, 0.7], [0.1, 0.2],

[0.2, 0.3]; 〈0.6, 0.1, 0.2〉

)
,

[0.3, 0.4], [0.6, 0.7],

[0.8, 0.9]; 〈0.3, 0.6, 0.9〉

)
[0.4, 0.6], [0.2, 0.3],

[0.1, 0.3]; 〈0.6, 0.2, 0.2〉

)
,

[0.5, 0.6], [0.2, 0.3],

[0.3, 0.4]; 〈0.6, 0.3, 0.4〉

)
,

[0.3, 0.5], [0.7, 0.8],

[0.6, 0.7]; 〈0.4, 0.8, 0.7〉

)
[0.7, 0.8], [0.1, 0.2],

[0.1, 0.2]; 〈0.8, 0.1, 0.2〉

)
,

[0.6, 0.7], [0.1, 0.2],

[0.1, 0.3]; 〈0.7, 0.1, 0.2〉

)
,

[0.3, 0.4], [0.6, 0.7],

[0.7, 0.8]; 〈0.3, 0.7, 0.8〉

)
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˜

˜

˜

˜

˜

˜

˜ ˜ ˜ ˜

˜ ˜ ˜ ˜

˜

˜

˜

˜

˜ ˜ ˜

˜

˜ ˜ ˜ ˜

step 2. The decision matrix is aggregated by WNCFGBMu,v
w (Si1, S̃i2, S̃i3)(i = 1, 2, . . . n)

operators (Using Eq.16) to the three (η̃j , j = 1, 2, 3) attributes.

If we take the parameter values u = v = 1, then using Ãi = WNCFGBM
(1,1)
w , we get

the following values

A1 = {[0.7345, 0.8126] , [0.0881, 0.1861] , [0.1453, 0.2523] ; 〈0.7951, 0.1453, 0.2093〉} ,
A2 = {[0.7951, 0.8635] , [0.0790, 0.1307] , [0.1453, 0.2093] ; 〈0.8124, 0.0790, 0.1642〉} ,
A3 = {[0.7378, 0.8287] , [0.1307, 0.1861] , [0.1195, 0.1876] ; 〈0.8126, 0.1674, 0.1703〉} ,
A4 = {[0.8124, 0.8635] , [0.0790, 0.1307] , [0.0881, 0.1674] ; 〈0.8491, 0.0881, 0.1453〉} .

step 3. Utilizing Eq.(1), the score values s(Ai) are found

s(A1) = 0.8130, s(A2) = 0.8527, s(A3) = 0.8244, s(A4) = 0.8702.

step 4. Since the values s(A4) > s(A2) > s(A3) > s(A1), the rank of alternatives are in

the order of γ̃4 > γ̃2 > γ̃3 > γ̃1.

From the results, we could see that the ranking order and the best choice of alternatives

are the same as the results in [25,26].

If the parameters u = v = 2 , then using Ãi = WNCFGBM
(2,2)
w , we get the following

aggregate values

A1 = {[0.7306, 0.8111] , [0.0950, 0.1940] , [0.1542, 0.2619] ; 〈0.7916, 0.1542, 0.2204〉} ,
A2 = {[0.7916, 0.8563] , [0.0847, 0.1376] , [0.1542, 0.2204] ; 〈0.8055, 0.0847, 0.1757〉} ,
A3 = {[0.7371, 0.8283] , [0.1376, 0.1940] , [0.1354, 0.1945] ; 〈0.8111, 0.1797, 0.1841〉} ,
A4 = {[0.8055, 0.8563] , [0.0847, 0.1376] , [0.0950, 0.1797] ; 〈0.8395, 0.0950, 0.1542〉} .

Then we calculate the score of the alternatives s(A1) = 0.8059, s(A2) = 0.8451, s(A3) =

0.8165, s(A4) = 0.8621.

Since s(A4) > s(A2) > s(A3) > s(A1), the order of the rank is γ̃4 > γ̃2 > γ̃3 > γ̃1.

As the values of parameters u and v change according to the subjective preference of the

decision maker, we can find that the ranking order of the alternatives are the same, which

indicates that the proposed method can obtain the most optimistic results than the existing

MCDM methods based on GBM [29]. For a detailed comparision, we represent the scores of

each alternatives in Fig.1 by changing the values of parameters u, v between 0 and 10.
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(a) Scores of alternative γ̃1 (b) Scores of alternative γ̃2

(c) Scores of alternative γ̃3 (d) Scores of alternative γ̃4

Figure 1. Scores of alternative γ̃i obtained by WNCFGBMu,v
w

7. Conclusions

In this paper, we have applied geometric Bonferroni mean to neutrosophic cubic fuzzy

sets. A new aggregating operator NCFGBMu,v has been established and its properties are

discussed. The MCDM method is developed based on the weighted operator WNCFGBMu,v
w

and is verified with a numerical example where four alternatives are ranked under three criteria.

The graphical representation of the results depicted above shows that the ranking of the

alternatives remains unaffected when the parameters are changed due to subjective preferences.

This proves that the method is objective and moreover the result obtained, when compared

with the results of existing techniques, shows that the proposed method is more effective

in dealing with neutrosophic fuzzy information. In future, NCFGBMu,v operator could be

applied to various other MCDM methods.
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