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Abstract:

The objective of this paper is to study the basic concepts of real refined
neutrosophic analysis by using the refined neutrosophic AH-isometry, where
refined neutrosophic real famous functions such as polynomials, exponents,
Gamma functions and logarithmic refined neutrosophic real functions will be
presented and discussed in terms of formulas and theorems. Also, many related
examples will be illustrated.
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Introduction and Preliminaries

The concept of refined neutrosophic algebraic structure was released in 2020 by
neutrosophic rings, groups, spaces, modules and matrices [1-10].

The main idea behind the refined neutrosophic algebraic structures is that they are
considered as a new generalization of classical and neutrosophic structures and
other similar structures respectively [11-15]. Also, the refined neutrosophic
functions were suggested and discussed.

The Element I can be split into 13,1, satisfying the following;:
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RP=Ll=0L1L-l,=1-1,=1,.
The structure R(I,1,) ={a+bl;+cl;;a,b,ceR} is «called the refined
neutrosophic field of reals. Let f:R(I3,I;) - R(I;,I;) be a function with one
variable, ie.,f = f(X);X € R(I,I;) then f is called a refined neutrosophic real
function with one refined neutrosophic real variable.
To study the analytical properties of this type of functions we must use the refined
AH-Isometry defined in [7] as follows:
T:R(I,I,) > R X R X R
T(a+ bl +cl,) =(a,a+b+c,a+c)
And its inverse is defined as follows:
T~ R xR XR - R(I;,I,)
T Y(a,b,c) =a+ (b—0c)l; + (c —a)l,

Example:
Let f:R(Iy,1;) » R(I14,1,) be a function defined as follows:

FX) =X2+LX—1,;X =xo + x,1, + x50, € R(Iy, 1)
By using the refined AH-Isometry we can turn f into three classical real functions:

TIf(X)] =TX?) + TUITX) = T(12)

= (x§, (xo + x1 + x2)%, (%o + x2)%) + (0,1,0) (x0, %0 + 21 + 22, %o + %x2)

—(0,1,1) = (x3, (xo + %1 +x2)% +xg +x; +x, — 1, (xg + )% — 1)
So that, the refined neutrosophic real function f has been splat into three classical
real functions:

g:R - R;g(xo) = x5
h:R > R;h(xg+x +x3) = (g +x; +x)* +x0+2x; +x, — 1
LR - R;1(xg+x,) = (xg +x3)%— 1

In this work, we use the previous algebraic AH-isometry to define and study the
real refined neutrosophic real analysis and functions as a continuing of efforts
released to study neutrosophic analysis [16-18].

Main Discussion
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Definition:

The neutrosophic real function f:R(I3,I;) = R(Iy, ;) is called:
(a) Continuous if and only if corresponding functions g, h,l are continuous on R.
(b) Differentiable if and only if g, h,l are differentiable.

(c) Integrable if and only if g, h,[ are integrable.

Example:
Take f:R(I;,I,) » R(I, 1) ; f(X) = X2 — I, + 21,
T(F(X)) = (x3, (xo + x1 + x2)?, (%0 + x2)%) — (0,1,0) + 2(0,1,1)
= (xg, (xo + x4 + %)% + 1, (x0 + x2)% + 2)

We have:
g:R > R; g(x) = x¢ is continuous, differentiable and integrable on R.
h:R - R;h(xy + x; + x3) = (xo + X, + x,)?> + 1 is continuous, differentiable and
integrable on R.
LR - R;1(xg + x3) = (xo + x2)* + 2 is continuous, differentiable and integrable on
R.
Thus f is continuous, differentiable and integrable on R(I;, I).
Now let’s compute the derived function of f by using the refined AH-Isometry:
g’ (xg) = 2xg,h" (xg + x1 + x3) = 2(x¢ + x1 + x), ' (%9 + x3) = 2(xy + x3), thus:
flX) = T‘1(2x0, 2(xg + x1 + x3), 2(xo + xz))

= 2x0 + [1[2(xg + 21 + x3) — 2(xg + x2)] + L,[2(xp + x3) — 2x0]

= 2xy + 201y + 22,1, = 2X
Same result can be found by direct computing where:
F/(X) = 2X.

Now let’s integrate f directly:
1
jf(X)dX = §X3 + (=1 + 21)X

The second is to integrate f by using refined AH-Isometry as follows:
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x3
fg(xo)dxo = ?O,f h(xg + x; + x5)d(xg + x4 + x5)

_ (xo + x1 +x)°

+ (xg +x, + xz),f [(xo + x2)d (%o + x32)

3
+ 3
= —(xo 3x2) + Z(XO + xZ)
So:
xg (xo + 2, +x,)3 (%o + x2)3
([ ronacn) = (2SI G 4y ), 2T 4 200+ 1)
Thus:
XS (xo +x1 + x,)3 (xo + x3)3
[ reodon =17 (3 FEREED 4 g ), T 4 200 +37)
X5 (xo + x1 + x,)3 (xo + x3)°
:?‘l'll 3 +(x0+x1+x2)_T_2(x0+x2)

Xo + x3)3 x3

It is easy to catch that:
X3
T(ff)=T<?—11X+12X>=(fg,fh,fl)

Let R(I,I;) ={a+ bl; + cl,;a,b,c € R} be the refined neutrosophic field of reals,

Definition:

we say that ag + a;l; + ayl, <y by + b1l; + by1, it and only if ay < by, a9 + a4 +
a, < byg+ by + by,ay+ a, < by + b,.

Theorem 1:

The previous relation is a partial order relation.

Proof:

Let x=a¢+a;ly +ayl,,y=>by+ by +by1,,z=cy+cly +c,l, €ER(, 1) , we
have:

x < x because ay < ag,ap+a; +a, <ay+a;+a,,ay+a,<ay+a,

Assume that x <y and y<xso: ay<bgay+a; +a, <by+b;+by,a,+a, <

b0+b2 and bosao,bo'i‘bl'i‘bzSa0+a1+a2,b0+bzsao+a2 which means
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that ay = by,ay + a, + a, = by + b; + b,,ay + a, = by + b,, we conclude that a, =
by,a; = b;,a, = b, so x =y

Suppose that x <y and y <z so:ay < by, a9 +ay +a, < bg+by+bya9+a, <
bo + b,and by < co, by + by + b, < g+ ¢q + ¢z, by + by < ¢y + ¢, which yields ay <
Co, Qo+ a; +a, <cy+cy+cy,a0+a, <cy+c, which means that x < z

Finally, we conclude that <j is a partial order relation.

Computing Refined Neutrosophic Powers in R(I4,1;)
we call (ag + ail; + ayl;)t™htnelz; 0 a. a,,ny,ny,n, € Ra refined neutrosophic
power. Here will present a theorem helps in finding such powers:
Theorem:
(ag + a1y + ayIy)otmlitnal
= ag® + [(ag + ay + ax)™*"* 2 — (aq + az)"0* 2]l
+ [(ag + ap)™*™2 — a;°|1,
Proof:
Taking refined AH-Isometry to the left side yields:
T[(ag + a11; + a,ly)totmhnalz] = (a3°, (ap + ay + ax)™ ™* 2, (ay + a,)™0""2)
Now taking inverse isometry T~ we get:
(ap + a1, + a,l,)totmhtnel — T‘l(ag", (ap + a; + a,)™t™M*mz (g, + az)”°+”2)
= ag" + [(ap + a; + ax)™* ™ * "2 — (ay + ap)™0* 2]l
+ [(ag + az)™*"2 — a;°|1,
Example:
let xy=@+2l—2L)"h+2  we have: T(xy)=T[(3+ 2I; —2I,)*1+22] =
(3,3,1)@*3 = (1,0,1), which yields that:
xy =T71(3,81,1) = 3480l — 21,

1
If our result is right, then (3 + 80I; — 21,)1*1*2l2 should be equal to 3 + 21; — 2I,.

1 1
Let vy = (3 + 801, — 2I,)1+1+202 then T(yy) =T|(3+80I, — 212)1+’1+ZIZ] =

(1,1,1)

(3,81,1)@43) = (3,81,1)(1%%) =(3,3,1)
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So: YN = T_1(3,3,1) =3+ 211 - 212
Refined Neutrosophic Trigonometric Functions:
Here we are going to present some definitions and theorems related to refined

neutrosophic trigonometric functions which are functions in 6y =6y + 6:1; +

0,1,;64,601,0, ER

Theorems:

Let R(I1,1;) be refined neutrosophic field of reals then:

1. sin(fy + 0,14 + 0,1,) = sin B, + [sin(8y + 6, + 6,) — sin(Hy + 0,)]1; + [sin(6, +
6,) —sin 6,1,

2. cos(6y + 0,11, + 6,1,) = cos By + [cos(8y + 01 + 0,) — cos(0y + 6,)]I; + [cos(By +
0,) — cos 6,1,

3. tan(6, + 6,1; + 0,1,) = tan 6, + [tan(6, + 6, + 6,) — tan(6, + 6,)]I; + [tan(6, +
6,) —tan6y]1,

4. sin?(0y + 011; + 6,15) + cos?(6y + 0,1, + 6,1,) = 1

5. =1 <sin(@y + 6:1; + 0,1;) <1

6. —1<cos(fy+ 6, +6,1,) <1

Proof:

660+6111+6212—e_(60+6111+0212)

1. Sil’l(@o + 6111 + 9212) = ;lz =-1

2i
ebot0111+0:1, __ 5 —(60+6011,+6,17)

2i

T[Sin(90 + 9111 + 9212)] =T

— l(eeo — 3_90 990"'91"'92 — e—(90+91+92) 390"'92 — e—(90+92))
2i ’ ’
So:

1
SIH(QO + 91[1 + 9212) — Z_iT_l(ego — e_go,e90+91+92 _ e_(90+91+92),690+92 _ e—(90+92))

ebo — o=6o ebot01+6, _ 5=(00+61+602)  500+6, _ o—(60+62)
BT [ 2i B 20 h
e00+02 _ o=(60+62)  p00 _ =00
* [ 2i 2 ]12

= sin 90 + [Sin(90 + 91 + 92) - Sin(90 + 92)]11 + [Siﬂ(@o + 02) — sin 90]12

e00+0111+0217 4 o ~(B0+6111+6212)

2. cos(Bg + 041; + 051,) =

2
ebot6:111+621> e_(90+9111+9212)]

T[COS(GO + 91[1 + 9212)] = T[ 2

1
——(990 + e 00 obot+01+02 | o—=(60+61+6;) ,00+6; +e—(90+92))
2 ) )
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So:

1
cos(fy + 011; + 6,1,) = ET‘l(eGO + 70, e00%01+62 4 o=(60+01+82) oB0+0; 4 o=(80+02))

ebo + e=6o [690+91+92 + e~ (Oo+01+62)  ,60+60, 4 ,—(60+6;)
= - 11

2 2 2
ebot02 1 o=(60+62) 560 4 o=00o ;
2 2 2

= cos By + [cos(By + 01 + 0,) — cos(O, + 6,)]1;
+ [cos(8y + 8,) — cos 6,]1,
3. Similar to 1 and 2.
4. Using refined neutrosophic powers theorem we get:
sin?(8, + 01, + 0,1,) =sin? 6, + [sin2(8 + 6, + 0,) — sin?(8, + 0,)]1;
+ [sin?(8y + 8,) — sin? 6,]1,
Also:
cos?(8y + 6,11 + 0,1,)
= cos? @, + [cos?(By + 0, + 0,) — cos?(8, + 6,)]1,
+ [cos?(8, + 0;) — cos? B,]1,
So:
sin?(8y + 011, + 051,) + cos?(8y + 011, + 0,1,)
= sin? 0y + [sin?(0y + 0, + 0,) — sin?(8, + 6,)1;
+ [sin?(8y + 8,) — sin? 6,]I, + cos? 8,
+ [cos?(8, + 01 + 8,) — cos?(8, + 0,)]1; + [cos?(B, + 6,) — cos? B,]I,
= sin? 0y + cos? By + [(sin?(Oy + 01 + 0) + cos?(0y + 0, + 0;)
— sin?(6y + 0,) — cos?(8, + 0,)]14
+ [sin?(8y + 8,) + cos?(8, + 8,) — sin? 8, — cos? B,]1,
=1+[1-1] +[1-1], =1
5. Since T[sin(6y + 6111 + 6,1,)] = (sinb,,sin(0y + 6, + 6,),sin(6, + 6,))
And it is known that(—1,—1,—1) < (sin 8, sin(6, + 6, + 0,),sin(fy + 6,)) < (1,1,1)
Also T~1(=1,-1,-1) = =1+ (-1 4+ DI + (=1 + I, = -1
T-11,1,) =1+ (1 - DL+ 1A -1, =1
So the theorem holds.
6. Similar to 5.
Refined Neutrosophic Exponential and Logarithmic Functions:

Theorem:
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The refined neutrosophic exponential function form is

eXotxilitxzl; — oo 4 (ex0+x1+x2 _ ex0+x2)11 + (exo+x2 _ exo)lz
Proof:

T[ex0+x111+x212] = o (xoXo+x1+X2,%0+%5) — (e¥0, eXotX11X2 oXo+x2)
Thus:

eXotxihtxoly — T=1(g%o @Xo+X1HX2 oXotX2) = g¥o 4 (@XotX1tX2 _ gXotX2)[ 4 (gXotX2 — g¥o)],
Theorem:
The refined neutrosophic logarithmic function form is
In(xg + x11; + x,1,) = Inxy + (In(xg + x1 + x3) —In(xg + x2)); + (In(xg + x5) — Inxy) 1,
Proof:
We will search for agy,a,,a, € R where:
In(xg + 114 + x,15) = ag + a1, + ayl,
Taking inverse function, we have:
Xo + X1 + xp1, = eotarhtazly — oo 4 (gGotditas _ gGotaz2)[ 4 (gd0tdz — gdo)],

Corresponding to the last equality we get:

Xo =e% = a, =1Inx,

X +XO
X, = et — el = x %2 — x; = e%®2 = = a, = In(x, + xy) — Inx,
Xo
x2+x0 XO+x1+x2
X, = e%othitdz _ plotdz — (e -1 =, +x)(er—-1) = et =————
X0 Xo + X

= aq = In(xy + x; + x3) —In(xy + x3)
So:
In(xg + x11; + x315) = Inxg + [In(xg + x1 + x3) — In(xg + x)]1; + [In(x, + x9) — Inxg]/,

Some Refined Neutrosophic Special Functions:

Refined Neutrosophic Gamma Function:
We can find the value of refined neutrosophic gamma function at refined
neutrosophic point ay = ao + a;I; + a,l, using the formula:

I'(ay) =T(ap) + [I'(ag + a; + az) —T'(ag + ax)]l; + [['(ag + az) — I'(ay)]l;

Where:

I'(a) = f x*le™dx ;a >0
0
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Proof:
Let f(x) = xW"1e™*, so:

() = (vt aooreinseos, et

Then:
[ee] [ee] [ee] [o 0]
T J.f(x)dx = fxao_le_x dx,f xa°+“1+a2_1e_xdx,fxa°+a2_1e_xdx
0 0 0 0

= (I(ap), T(ap + a; + a;),T(ay + ay))

Taking T~ yields to:

['(ay) =T'(ap) + [[(ap + a; + az) —T'(ag + ax)]l; + [[(ag + a;) — I'(ag)]l;
Remark:
Neutrosophic gamma function I'(ay) is defined when ay >y Oyie. ay > 0,a +
a, +a; >0,ay+a, >0.
Examples:
I'(I; + I,) is undefined because I; + I, =0+ 1-1; +1-1, and 0 » 0.

['(ay) =T'(ap) + [[(ap + a; + az) —T'(ag + ax)]l; + [[(ag + a;) — I'(ag)]l;

0.5+ 2L + 1) =T(0.5) + [['(3.5) — ['(1.5)]1; + [['(1.5) — ['(0.5)]1,
=Vr+ (2.5%1.5% 0.5 %V — 0.5 V)L, + (0.5 * vV — V)1

Remark:
Since:
T[T(no + myly + nzl, + 1)] = (T(ng + 1), T(ng + ny +n, + 1), T(ng + 1, + 1))
= (ng!, (ng + ny +ny)!, (ng + ny)!) ;np, Ny, ny €N,
So [(ng + nily +nyl, + 1) = (ng + nyly +n,1L)! = T 1(ng!, (ng + ny +ny)!, (ng +
ny)!) = nol + [(ng + ny + ny)! — (ng + n )M + [(ng + ny)! — np!llL,
And it’s the formal form of refined neutrosophic factorial function.
Refined Neutrosophic Beta Function:
We can find the value of refined neutrosophic beta function at refined neutrosophic

points ay = ay + a;1; + a,l, , by = by + by1; + b,I, using the formula:
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1

B(an, by) = fxa"’_l(l — x)bvldyx =

0
Where:

1

B(a,b) = fxa_l(l —x)’'dx ;a,b >0
0

Proof:
Let f(x) = x®~1(1 — x)Pv~1 so:

TU(.X)] — (xao—l(l _ x)bo—l, xa0+a1+a2—1(1 _ x)b0+b1+b2—1’ xa0+a2—1(1 _ x)b0+bz—1)

Then:
1 1 1
fxao—l(l _ x)bo—ldx’fxao+a1+a2—1(1 _ x)b0+b1+b2—1dx’fxa0+a2—1(1
0 0 0
_ x)b0+b2—1dx
= (B(ao; bo),B(ag + a, + az, by + by + by), f(ag + az, by + bz))
So:

B(an, by) = B(ag, by) + [B(ag + as + az, by + by + by) — B(ap + az, by + by)114
+ [B(ag + az, by + by) — B(ag, bo)]l;

We let it an exercise to the reader to prove that:

__ T(an)T(bn)
Blay, by) = —F(aN+bN) .

Conclusion

In this paper, we have used the refined neutrosophic algebraic AH-isometry to
study the functions defined on the real refined neutrosophic field, where refined
neutrosophic Beta functions, Gamma functions, Logarithmic functions, and
trigonometric functions were presented and formulated.

As a future research direction, we aim to study the refined neutrosophic probability
continuous distributions based on this approach.
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