MINQEQ
&\z\@ N bb Neutrosophic Sets and Systems, Vol. 32, 2020

7
-:-L I University of New Mexico <~

Single valued neutrosophic mappings defined by single
valued neutrosophic relations with applications

Abdelkrim Latreche!, Omar Barkat?, Soheyb Milles®* and Farhan Ismail?
' Department of Technology, Faculty of Technology, University of Skikda, Algeria; a.latreche @univ-skikda.dz

2Laboratory of Pure and Applied Mathematics, University of Msila, Algeria; omar.bark@gmail.com
3Faculty of Technology, Sakarya University, Turkey; farhanismail @subu.edu.tr
*Correspondence: soheyb.milles @univ-msila.dz; Tel.: +213664081002

Abstract: In this paper, we introduce the notion of single valued neutrosophic mapping defined by single valued
neutrosophic relation which is considered as a generalization of fuzzy mapping defined by fuzzy relation and several
properties related to this notion are studied. Moreover, we generalize the notion of fuzzy topology on fuzzy sets
introduced by Kandil et al. to the setting of single valued neutrosophic sets. As applications, we establish the property
of continuity in single valued neutrosophic topological space and investigate relationships among various types of
single valued neutrosophic continuous mapping.
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1 Introduction

It is a well-known fact by now that mappings in crisp set theory are among the oldest acquaintances of modern
mathematics and, play an important role in many mathematical branches (both pure and applied), as well as
in topology and its analysis approaches. The uses of mappings appear also in formal logic [!3], category
theory [35], graph theory [1 1], group theory [6] and in computer science [31]. In general, it was and still more
common.

In fuzzy setting, the concept of fuzzy mapping has received far attention. It has appeared in many papers,
for instance, S. Heilpern [12] introduced this concept and proved a fixed point theorem for fuzzy contraction
mappings. In [17], S. Lou and L. Cheng proved that fuzzy controllers can be regarded as a fuzzy mapping
from the set of linguistic variables describing the observed object to that of linguistic variables describing the
controlled objects. Thereafter, Lim et al. [18] investigated the equivalence relations and mappings for fuzzy
sets and relationship between them. Ismail and Massa’deh [9] defined L-fuzzy mappings and studied their
operations, also they developed many properties of classical mappings into L-fuzzy case. For the study of
fuzzy continuous mappings in fuzzy topological space, an extended approaches are proposed, R.N. Bhaumik
and M.N Mukherjee [5] investigated some properties of fuzzy completely continuous mapping. Mukherjee and
B. Ghosh [27] pay attention to the introduction and studying of the concepts of certain classes of mappings
between fuzzy topological spaces. Each of these mappings presents a stronger form of the fuzzy continuous
mappings. In this regard, we find that other authors also contributed a lot to this field, like M. K. Single and A.
R. Single [36], B. Ahmed [!] and M. K. Mishra et al. [26].
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In [3], Attanassov introduced the concept of intuitionistic fuzzy set which is an extension of fuzzy set, char-
acterized by a membership (truth-membership) function and a non-membership (falsity-membership) function
for the elements of a universe X. Moreover, there is a restriction that the sum of both values is less and equal
to one. Recently, F. Smarandache [37] generalized the Atanassov’s intuitionistic fuzzy sets and other types of
sets to the notion of neutrosophic sets. He introduced this concept to deal with imprecise and indeterminate
data. Neutrosophic sets are characterized by truth membership function (7), indeterminacy membership func-
tion (/) and falsity membership function (£'). Many researchers have studied and applied in different fields the
neutrosophic sets and its various extensions such as decision making problems (e.g. [39, 41]), image process-
ing (e.g. [8, 44]), educational problem (e.g. [25]), conflict resolution (e.g. [28]), social problems (e.g. [29, 24]),
medical diagnosis (e.g. [22, 40, 42]), supply chain management (e.g. [20]), construction projects (e.g. [21])
and to address the conditions of uncertainty and inconsistency (e.g. [23]) and others. In particular, to exercise
neutrosophic sets in real life applications suitably, Wang et al. [37] introduced the concept of single valued
neutrosophic set as a subclass of a neutrosophic set, and investigated some of its properties. Very recently,
Kim et al. [15] studied a single valued neutrosophic (relation/ transitive closure/ equivalence relation class/
partition). The studies, whether theoretical or applied on single valued neutrosophic set have been progressing
rapidly. For instance, [2, 7, 14] and more others.

Motivated by recent developments relating to this framework, in this paper, we introduce the notion of
single valued neutrosophic mapping defined by single valued neutrosophic relation as a generalization of fuzzy
mappings introduced by Ismail and Massa’deh [?] and many properties related to this notion are studied. Also,
we generalize the notion of fuzzy topology on fuzzy sets introduced by A. Kandil et al. [16] to the setting of
single valued neutrosophic sets to establish the continuity property of single valued neutrosophic mapping. To
that end, we investigate relation among various types of single valued neutrosophic continuous mappings.

The contents of the paper are organized as follows. In Section 2, we recall the necessary basic concepts and
properties of single valued neutrosophic sets, single valued neutrosophic relations and some related notions that
will be needed throughout this paper. In Section 3, the notion of single valued neutrosophic mapping defined
by single valued neutrosophic relation is introduced and some properties related to this notion are studied.
In Section 4, we establish as an application the single valued neutrosophic continuous mapping in single
valued neutrosophic topological space and relationships between various types of single valued neutrosophic

continuous mapping are explained. Finally, we present some conclusions and discuss future research in Section
3.

2 Preliminaries

This section contains the basic definitions and properties of single valued neutrosophic sets and some related
notions that will be needed throughout this paper.

2.1 Single valued neutrosophic sets

The notion of fuzzy sets was first introduced by Zadeh [43].

Definition 2.1. [43] Let X be a nonempty set. A fuzzy set A = {(x, ua(z)) | x € X} is characterized by a
membership function 114 : X — [0, 1], where p4(z) is interpreted as the degree of membership of the element
x in the fuzzy subset A for any x € X.
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In 1983, Atanassov [3] proposed a generalization of Zadeh membership degree and introduced the notion
of the intuitionistic fuzzy set.

Definition 2.2. [3] Let X be a nonempty set. An intuitionistic fuzzy set (IFS, for short) A on X is an object
of the form A = {(z, pa(x),va(z)) | * € X} characterized by a membership function 114 : X — [0,1] and a
non-membership function v4 : X — [0, 1] which satisfy the condition:

0 < pa(zr)+va(z) <1, forany z € X.

In 1998, Smarandache [32] defined the concept of a neutrosophic set as a generalization of Atanassov’s
intuitionistic fuzzy set. Also, he introduced neutrosophic logic, neutrosophic set and its applications in [33, 34].
In particular, Wang et al. [37] introduced the notion of a single valued neutrosophic set.

Definition 2.3. [33] Let X be a nonempty set. A neutrosophic set (NS, for short) A on X is an object of the
form A = {(z,pa(x),04(z),va(x)) | x € X} characterized by a membership function 4 : X —]70,17]
and an indeterminacy function o4 : X —]70,17[ and a non-membership function v4 : X —]~0, 17| which
satisfy the condition:

0 < pa(z) +oalx) + valx) < 3T, forany x € X.

Certainly, intuitionistic fuzzy sets are neutrosophic sets by setting o4(z) = 1 — pa(z) — va(z).
Next, we show the notion of single valued neutrosophic set as an instance of neutrosophic set which can be
used in real scientific and engineering applications.

Definition 2.4. [37] Let X be a nonempty set. A single valued neutrosophic set (SVNS, for short) A on X is
an object of the form A = {(x, pa(x),04(x),va(x)) | * € X} characterized by a truth-membership function
ta : X — [0,1], an indeterminacy-membership function o4 : X — [0, 1] and a falsity-membership function
vg: X — [O, 1]

The class of single valued neutrosophic sets on X is denoted by SV N (X).

For any two SVNSs A and B on a set X, several operations are defined (see, e.g., [37, 38]). Here we will
present only those which are related to the present paper.

(iii) AN B = {(z, pa(@) A pp(x), oa(
(iv) AUB = {(z,pa(z) V pp(x),04(x)
V) A= {{z,1—=va(2),1 = 0a(2),1 - pa(x)) | z € X},
i) [A] = {(z, pa(x), 04(2), 1 — pa(2)) | z € X},

(i) (4) ={(z,1 —va(z),04(z),va(z)) | z € X}.

T)No
Vo

In the sequel, we need the following definition of level sets (which is also often called («, /3, v)-cuts) of a
single valued neutrosophic set.
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Definition 2.5. [2] Let A be a single valued neutrosophic set on a set X. The («, 3,7)-cut of A is a crisp
subset
Aopr={r € X | pa(z) > cvand o4(x) > fand va(x) < 7},

where «, 8,7 €]0,1].

Definition 2.6. [2] Let A be a single valued neutrosophic set on a set X. The support of A is the crisp subset
on X given by
Supp(A) ={z € X | pa(z) # 0and o4(x) # 0 and va(x) # 0}.

2.2 Single valued neutrosophic relations

Kim et al. [15] introduced the concept of single valued neutrosophic relation as a natural generalization of
fuzzy and intuitionistic fuzzy relation.

Definition 2.7. [15] A single valued neutrosophic binary relation (A single valued neutrosophic relation, for
short) from a universe X to a universe Y is a single valued neutrosophic subset in X x Y, i.e., is an expression
R given by

R = {<(:U> Z/), ,UR(% y)a 03(33, y): VR(mv y>> | (SE, y) € X X Y} )
where g : X XY — [0,1], andog : X XY — [0,1], andvs : X X Y — [0, 1].
For any (z,y) € X X Y. The value pug(x,y) is called the degree of a membership of (z,y) in R, og(z,y) is

called the degree of indeterminacy of (z,y) in R and vg(z,y) is called the degree of non-membership of (z, y)
in R.

Example 2.8. Let X = {a,b,c,d, e}. Then the single valued neutrosophic relation R defined on X by

R = {((x,y),uR(x,y),oR(x,y),VR(x,y)> | T,y € X}7

where pr, or and vy are given by the following tables:

pr(.) | a b c d e
a 035| O 0 |0.350.30
b 0 (040 O ]035|045
c 020 0 [0.65| O |0.70
d 0 0 0 1 0
e 0251035 O 0 |0.60

or(.,.) | a b c d e
a 05 1] 05 042 0.2 0
b 0.60 | 0.12 | 0.40 | 0.80 | 0.10
c 0 1 10.02]|0.75]0.15
d 033 1 |08 0 |0.10
e 0.20 | 0.55 1 10551030
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()] a b c d e
a 0 1 1040 0.25]0.25
b 0.30 | 0.35 | 0.20 | 0.35 | 0.10
c
d
e

080 | 1 0 |0.85|0.15
1 1 1 0 1
070 | 055 1 |0.90 ] 0.30

Next, the following definitions is needed to recall.

Definition 2.9. [30] Let R and P be two single valued neutrosophic relations from a universe X to a universe
Y.

(i) The transpose (inverse) R’ of R is the single valued neutrosophic relation from the universe Y to the
universe X defined by

R' = {{(z,y), prt (2, y), ore (2,y), vre (2, y)) | (z,y) € X x Y},
where

f (2, y) = pr(y, )
and

{ UR;I(I? y) = or(y,x)

t I/Rt(.fﬁ,y) = VR(y,.T) )
forany (z,y) € X x Y.

(ii) R is said to be contained in P or we say that P contains R, denoted by R C P, if forall (z,y) € X x Y
it holds that ug(x,y) < pp(z,y), or(z,y) < op(z,y) and vr(z,y) > vp(x,y).

(iii) The intersection (resp. the union) of two single valued neutrosophic relations R and P from a universe
X to auniverse Y is a single valued neutrosophic relation defined as

RNP = {{(z,y),min(ur(x,y), up(z,y)), min(or(z,y),op(z,y)), max(ve(z,y), ve(z,9))) | (z,9)
e X xY}

and
RUP = {{(z,y), max(pr(z, y), max(or(z,y),op(, y)), min(ve(z,y),ve(z,y))) | (z,y) € X xY}.
Definition 2.10. [30, 38] Let R be a single valued neutrosophic relation from a universe X into itself.
(i) Reflexivity: pr(x,z) = or(z,z) = 1 and vg(z,x) = 0, for any = € X.

(i) Symmetry: for any z,y € X then
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(iii) Antisymmetry: for any x,y € X, x # y then

pr(2,y) # 1r(y, )
or(z,y) # or(y,z) ,
vr(z,y) # vr(Y, 7)

(iv) Transitivity: Ro R C Rie., R> C R.

3 Single valued neutrosophic mappings defined by single valued neu-
trosophic relations
In this section, we generalize the notion of fuzzy mapping defined by fuzzy relation introduced by Ismail and

Massa’deh [9] to the setting of single valued neutrosophic sets. Also, the main properties related to single
valued neutrosophic mapping are studied.

Definition 3.1. Let A be a single valued neutrosophic set on X and B be a single valued neutrosophic set on
Y,let f : Supp A — Supp B be an ordinary mapping and R be a single valued neutrosophic relation on
X x Y. Then f is called a single valued neutrosophic mapping if for all (x,y) € Supp A x Supp B the
following condition is satisfied:

pr(2,y) = { mm(ﬂA(ﬂ% TLBO({ ](lg)mgy = f(z)

and

min(oa(z),op(f(x)), if y= f(z
(T, Y) :{ ol >0, éti(zez)wise ,y @

and

= P ) =

Example 3.2. Let X = {«, 5,7}, Y ={a,b,c}, A€ SVNS(X)and B € SVNS(Y) given by
A= {{a,0.5,0.2,0.8), (8,0.1,0.7,0.3), (7,0,0.9, 1)}

B ={{(a,0,1,0.3),(b,0.1,0.5,0.2), (¢,0.7,0.2,0.4) }.
We will construct the single valued neutrosophic mapping fr by :
(i) an ordinary mapping f : {«, 5} — {b, ¢} such that f(«) = band f(8) = c,
(i1) a single valued neutrosophic relation R defined by :
ur(a, f(a)) = pr(a,b) = pa(e) A pp(b) = 0.1
pur(B, f(B)) = nr(B;¢) = pa(B) A ps(c) = 0.1

pr(osa) = pr(a, ) = pr(B,a) = pr(B,b) = pr(y,a) = pr(v,b) = pr(y,¢) =0
In similar way, it holds that
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or(e, f(a)) = or(a,b) = oa(a) Nop(b) = 0.2

or(B, [(B)) = or(B,¢) = 0a(B) Aop(c) = 0.2

or(a,a) = og(a,c) = or(B8,a) = or(B,b) = or(v,a) = or(y,b) = or(y,¢) =0
and

vr(e, f(a)) = vr(e,b) = va(a) V vp(b) =

vr(B, f(B)) = vr(B,¢) = va(B) Vvp(c) =

vr(a, a) = vg(a,c) = v, (8, a) = vg, (B, ) or(y,a) = or(y,b) = or(7y,¢) = 1.

1
Hence, pig (2, y) = {{(, f(a)),0.1,0.2,0.8), (5, f(5)),0.1,0.2,0.4), (e, @), 0,0, 1),
<<a’6)70’07 1>7<(/87 ) O O 1> <( ) 07 >’<( ) 0 O ]‘> <(7’ b)7070’]‘>7<(’y7c)7070’]‘>}'

Thus, fr is a single valued neutrosophic mapping.

Example 3.3. Let X = Q,Y =R, A€ SVNS(X) and B € SVNS(Y) given by:
pa(x) =03, oa(x) =0.25and v4(x) = 0.5, forany z € Q.
up(r) =op(r) = vg(r) = 0.5, forany z € R.

We will construct the single valued neutrosophic mapping fr by :

(i) an ordinary mapping f : Q — R such that f(z) = 22,

(11) a single valued neutrosophic relation R defined by :

pr(@, f(x)) = pr(z,2%) = pa(z) A pp(a?) = 0.3
or(z, f(x)) = ogr(z,2?) = oa(x) A up(z?) = 0.25
vr(z, f(x)) = vr(z,2?) = va(z) Vvg(z?) = 0.5

Thus, fr is a single valued neutrosophic mapping.

Remark 3.4. From the above definition, we can construct the single valued neutrosophic mapping by this
method

(i) We determine the Supp A and Supp B.
(i) We determine the ordinary mapping from Supp A to Supp B.

(iii)) We determine the single valued neutrosophic relation by its membership function, indeterminacy func-
tion and non-membership function.

(iv) Finally, we conclude the construction of the single valued neutrosophic mapping.

Definition 3.5. Let fr, gs be two single valued neutrosophic mappings, then fr and gg are equal if and only
if f =g and R = S i'e" (ﬂR(xaf(x)) = /Ls($,g(x)), UR($,f($)) = Us(l’,g(l’)), and VR($7f(x)) =
VS(xv g(%)))

Definition 3.6. Let A be a single valued neutrosophic set on X, let f : Supp A — Supp A be an ordinary
mapping such that f(x) = x and R be a single valued neutrosophic relation on X x X. Then f is called a
single valued neutrosophic identity mapping if for all =,y € Supp A the following conditions are satisfied:
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_ IL[/A<:C> ) Zf r=y
Hr(,y) = { 0, Otherwise,
and («)
Jooalx),ifr=y
or(T,Y) = { 0, Otherwise,
and

tn)={ 2=

1, Otherwise,

Definition 3.7. Let A, B and C' are a single valued neutrosophic sets on X, Y and Z respectively, let f :
Supp A — Supp B and g : Supp B — Supp C are an ordinary mappings and R, S are a single valued
neutrosophic relations on X XY and Y x Z respectively. Then (go f)r is called the composition of single valued
neutrosophic mappings fr and gr such that g o f : Supp A — Supp C and the single valued neutrosophic
relation 7" is defined by

( uT(:g, z) = supy(min(pr(@,y), ps(y, 2)))

{ O'T(LU,Z) = Supy<min(O'R<x7y)7O-S<yu Z)))
and

\ vr(z, 2) = infy(maz(ve(z,y),vs(y. 2))) ,
for any (z, z) € Supp A x Supp C.

Example3.8. Let X =N, Y =Rand Z =R,andlet A € SVNS(X),Be SVNS(Y)andC € SVNS(Z),
defined as follows :

pa(n) =oa(n) = 1+n and v4(n) = 575, forany n € N.

B [ 025, if xe[-1,1] B by ifre|-1,1]
pp(r) = op(r) = 0, Otherwise, and vp(x) = { 1, Otherwise,
pc(zr) = oc(x) = M and vo(x) = ‘Sm(””)‘ , for any z € R.

We define a single Valued neutrosophic mapplngs frR:A— Bandgs: B— Cby:
(i) an ordinary mappings f : Supp A — Supp B, defined for any n € Supp A by :

f(n) = 1, if nis an even number,
—1,if nis an odd number

and g : Supp B — Supp C defined by g(z) = 2z, for any z € [—1, 1].

(i1) a single valued neutrosophic relations R and S defined by :
pr(n, f(n)) = or(n, f(n)) = Mpa(n), us(f(n))} = M5, 0.25},
vr(n, f(n)) = V{va(n), va(f(n))} = V{355, 0.5} and

s, g(x)) = o5, 9(2) = AMun(a), polg(@))} = {
|szn
and s (e, 9(2)) = V{va(2), ve(ga))} = { V{0,

N0.25, 122@Dy o e (21, 1],
0, otherwise,
‘} e [-1,1],
, otherwise.
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Then, the composition gs o fr = (g o f)r is defined by :
(i) an ordinary mapping f : Supp A — Supp C, defined for any n € Supp A by :

| 2, if nis an even number,
(g0 f)n) = { -2, if nis an odd number

(i1) a single valued neutrosophic relation 7" defined by :

N5, 0.25, |C°S3(2)|} , if nis an even number
/\{HLn, 0.25, M} if nis an odd number

[cos@) ],

prln, (g0 () = o2(n, (g0 () = {

1
— A{=——,0.25, ’COS()
I+n

1
= AN{—,0.25
{1—|—n’ b

)l » ;
, T} , 1f nis an even number

ve(n, (9o f)(n) = {V{Zf%’ |

V{55, 0. ﬂ} if nis an odd number
n |sm( ) |
= V{——,0.25
{2—1—2717 3
= V 0.25}.

Remark 3.9. The single valued neutrosophic identity mapping /dp is neutral for the composition of single

valued neutrosophic mappings.

In the sequel, we need to introduce the notion of the direct image and the inverse image of a single valued

neutrosophic set by a single valued neutrosophic mapping.

Definition 3.10. Let f : A — B be a single valued neutrosophic mapping from a single valued neutrosophic
set A to another single valued neutrosophic set B and C' C A. The direct image of C by fg is defined by

Jr(C) =y tsr@)¥): Tsrc) W), Vine) () | y € Y}, where

S uy), ify e f(supp(C))
Hire)(y) = { 00 Otherwise

and

_Josy), ify <€ f(supp(C))
0 1r(c)(Y) _{ 7 0, Otherwise,

and

v (y) = ve(y) , if y € f(supp(C))
fr(@OW 1, Otherwise.

Similarly, if ¢’ C B. The inverse image of C’ by f is defined by

f}gl(cl) = {<xaMflgl(C/)(x)agfgl(C’)<x)7 Vflgl(C/)(x» |z € X},
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where ‘
() = pa(x), if v € f~(supp(C'))
Hrgtern 0, Otherwise,
and '
y oy { 7A@ if 7€ supp(CY)
fr (€ 0, Otherwise,
and

oy L) i e S ()
fr(C) 1, Otherwise.

Example 3.11. Let X = [0, +oo[, Y =R and A € SVNS(X) defined for any x € X by :

B ~f cos(x),if x€]0,F] ~_J09,ifxze|0,F]
palr) = oa(w) = 0, Otherwise, valr) = 1, Otherwise.
Also, let B € SVNS(Y') given by :

_ _ Sy, ifyelo] _J 02, ifye(01]
ne(y) = oY) = 0, Otherwise, vp(y) = 1, Otherwise.

We define the single valued neutrosophic mapping fr : A — B by:
(i) an ordinary mapping f : Supp A — Supp B, defined for any = € [0, 7] by

(ii) a single valued neutrosophic relation R defined by ug(z, f(z)) = ogr(z, f(x)) =
cos(x) A sz and vg(z, f(z)) = va(z) Vvp(f(z)) = 0.9

Now, if we take C' an SVNS on X, where C' C A given by :

B f —z+1,ifzel0,] (099, ifyel0,i]
Ho(z) = oc(x) = { 0, Otherwise, vo() = 1, Otherwise,
Then, the direct image of C' by fr is defined by :

(y) = { 18W) . if v € Flsupp(C)) _Jy.ifyelog]

Hir(@\Y 0, Otherwise, 0, Otherwise,

o o) = | 78W) i y € flsupp(C)) _ Sy, ifyelo
fr(@\Y 0, Otherwise, 0, Otherwise,

and . . .

v on(y) = vp(y) . if y € f(supp(C)) _ [ 02, ifyel0,g]
Ir(O\Y 0, Otherwise, 1, Otherwise.

Moreover, it is easy to show that fr(C) C B.
Next, if we take C’" an SVNS on Y, where C’ C B given by :

per(y) = ocr(y) = {

sin(y) , if y €0,3] UC/(y):{O.él,iny[O,é]

0, Otherwise, 1, Otherwise,

Then, the inverse image of C’ by f is defined by :

o (2) = palz), if x € f~H(supp(C")) _ cos(x) , if x €0, %]
Hizten 0, Otherwise, 0, Otherwise,
o (@) = oaz), if v € fH(supp(C")) ~f cos(z), if x€]0,3]

Fp (@) 0, Otherwise, N 0, Otherwise,

and I/fgl(c/)<x> = {

1, Otherwise, 1, Otherwise.

va(x), if v € f~ 1 (supp(C")) { 09, if xel0, %]

Moreover, it is easy to show that f5'(C") C A.
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Now, we introduce the product of single valued neutrosophic sets and single valued neutrosophic projection
mappings.

Definition 3.12. Let A be a single valued neutrosophic set on X and B be a single valued neutrosophic set on
Y. The product of A and B, denoted by A x B is a single valued neutrosophic set on X x Y defined by :

pxxy (2, y) = min{pa(z), pp(y)}, oxxy (2, y) = min{oa(z), op(y)}; vxxyv(z,y) = maz{va(z), vp(y)}.
Also, we introduce the first single valued neutrosophic projection mapping (P;)g : A x B — A by:

(i) an ordinary mapping P; : Supp(Ax B) — Supp(A) such that P;(x,y) = x forany (x,y) € Supp(AXx
B),

(1) asingle valued neutrosophic relation R defined by :

pr((z,y), Pu(z,y)) = min{paxs(@,y), pa(Pi(z,y))}}
=min{pa(z), pp(y), pa(z)}}
=min{pa(z), pe(y)}

and

UR(<x7y)7P1(xay)) :min{UAXB(xay) Y
=min{oa(z), op(y), ca(z)}}
= min{oa(z), op(y)}

and

VR((xv y)a Pl(xv y)) = max{VAXB(x7y)v VA(Pl(x>y))}}
= max{va(z), ve(y), va(z)}}
= maz{va(z), vs(y)}

The second single valued neutrosophic projection mapping is defined analogously.

4 Continuity property in single valued neutrosophic topological space

The aim of the present section, is to introduce and study the notion of single valued neutrosophic continuous
mapping in single valued neutrosophic topological spaces. The basic properties, and relationships with some
types of continuity are also obtained.

4.1 Single valued neutrosophic topology

In this subsection, we generalize the notion of fuzzy topology on fuzzy sets introduced by Kandil et al. [16] to
the setting of single valued neutrosophic sets to establish the continuity property of single valued neutrosophic

mapping.

Definition 4.1. Let A be a single valued neutrosophic set on the set X and O4 = {U isan SVNS on X :
U C A}. We define a single valued neutrosophic topology on single valued neutrosophic set A by the family
T C O 4 which satisfies the following conditions :

(i) A, 0. €T;

(11) if Ul, U2 € T, then U1 N U2 € T,
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(i) if U; € T foralli € I, thenU;U; € T
T is called a single valued neutrosophic topology of A and the pair (A, T) is a single valued neutrosophic

topological space (SVN-TOP, for short). Every element of 7" is called a single valued neutrosophic open set
(SVNOS, for short).

Example 4.2. Let X = P(R?) and « €]0, 1], A be a single valued neutrosophic set on X given by :

1,if0=10 1,if0=10 0,if0=0
pa(d) =< a, 0<10] < oo, oalf) =9 5, 0<0] < oo, val@)=¢ 1—a, 0<10| < oo,
0, Otherwise, 0, Otherwise, 0.5, Otherwise.
Then, the family 7" = {4, 0., U } where:
B S, 10| < o0, B T, 10 < o0, B 1, 0] < oo,
Ho(0) = { 0, Otherwise, ov(0) = { 0, Otherwise, v (0) = 0.8, Otherwise,

is a single valued neutrosophic topology on A.

Inspired by the notion of interior (resp. closure) on intuitionistic fuzzy topological space on a set intro-

duced by Atanassov [4], we generalize these notions in single valued neutrosophic topology on a single valued
neutrosophic set.

Definition 4.3. Let (A, T') be a single valued neutrosophic topological space, for every single valued neutro-
sophic subset GG of X we define the interior and closure of G by:

: _ ) -
int(G) {(x,rge%gc uU(x),Tea)g: UU(LL’),Z”LGZ)? vy(z)) |z € U C G} and

_ : ; -
cl(Q) {(x,rznez)? ,uK(x),ZlEZ)?(”L JK(.I),Z?,ECE? vi(z)) |z € Aand G C K}

Example 4.4. Let X = {a,b,c} and A, B,C, D € SVNS(X) such that

A={<a,0.5,0.7,0.1 >, <b,0.7,0.9,02 > < ¢0.6,080 >}

B ={<a,05,0.6,0.2>,<b,0.50.6,0.4 > < ¢0.4,0.5,0.4 >}

C={<a,04,0.505>,<50.6,0.7,0.3 >, <¢0.2,0.3,0.3 >}

D ={<a,0.5,0.6,0.2 >, < b,0.6,0.7,0.3 >, < ¢,0.4,0.5,0.3 >}

FE ={<a,04,0.5,0.5 >,<5,0.5,0.6,0.4 >,< ¢,0.2,0.3,0.4 >}

Then the family T'= {A, 0., B,C, D, E'} is an SVN-TOP of A.

Now, we suppose that G € SVNS(X) given by G = {< «,0.41,0.5,0.6),< 5,0.3,0.2,0.6 >, <
¢,0.2,0.3,0.7 >}. Then, int(G) = 0. and cl(G) = EN1. = E.

Definition 4.5. Let (A, T') be a single valued neutrosophic topological space and U € SV NS(A,T'). Then U
is called :

1. asingle valued neutrosophic semiopen set (SVNSOS) if U C cl(int(U));
2. asingle valued neutrosophic a-open set (SVNaOS) if U C int(cl(int(U)));
3. asingle valued neutrosophic preopen set (SVNPOS) if U C int(cl(U));

4. a single valued neutrosophic regular open set (SVNROS) if U = int(cl(U)).
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4.2 Single valued neutrosophic continuous mappings

In this subsection, we will study some interesting properties of single valued neutrosophic continuous map-
pings in single valued neutrosophic topological space and relations between various types of single valued
neutrosophic continuous mapping. First, we introduce the notion of single valued neutrosophic continuous

mapping.

Definition 4.6. Let (A, T) (B, L) be two single valued neutrosophic topological spaces. The mapping fz :
(A,T) — (B, L) is a single valued neutrosophic continuous if and only if the inverse of each L-open single
valued neutrosophic set is 7-open single valued neutrosophic set.

Example 4.7. Let (A, T) and (B, T") be two single valued neutrosophic topological spaces, where
pa(x) =0.8,04(z) =0.88 and vy (z) = 0.1, for any z € R, and
[ 05, ify>0 (088, ify>0 [ 01, ify>0
Hply) = { 0.8, Otherwise, o5(Y) = { 0, Otherwise, vp(y) = 0.3, Otherwise,
We suppose that 7" = {A, 0., U, }, where
(08, ifzel0,V2 (088, if 2 €0,v2 01, ifzel0,V2
Hoy (7) = { 0, Otherwise, o0, (¥) = 0, Otherwise, v () =
Also, we suppose that 7" = { B, 0., U] }, where
(05, ifyel0,2] (08, ifye[0,2] C[02,ifye(0,2]
Hoy(y) = { 0, Otherwise, LA 0, Otherwise, vui(y) = 0.4, Otherwise.

Then, the single valued neutrosophic mapping fz : A — B define by :

(i) an ordinary mapping f : R, — R, suchthat f(z) = z?, forany x € R,

(ii) a single valued neutrosophic relation R defined by :

pur(z, f(x)) = 0.5 or(zx, f(x)) = 0.88 and vg(z, f(x)) = 0.1.

is a single valued neutrosophic continuous mapping. Indeed, it is easy to show that f;'(B) = A and
fr'(0.) = 0. and we have,

oy = L@ i e T sup(U))
Hpztws) 0, Otherwise,

_ { 0.8, if x€[0,v2]

0, Otherwise,
= MU1(J:)7

o1 (T) = oalz), if v € f~ (supp(U7))
fr™(UD) 0, Otherwise,

_ { 0.88, if x € [0,v2]

0, Otherwise,

O-Ul(l.)a
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and

1, Otherwise,

B { valx), if z € [0,v/2]

1, Otherwise,

_ { 0.1,if z €[0,v2]

1, Otherwise,

vy, ().

I/f—l(U’)(x) - { vale), W e s fﬁl(SuPp(U{))

Hence, f5'(U;) = U, € T. Thus, fg is a single valued neutrosophic continuous mapping.

Remark 4.8. Let (A, T') be a single valued neutrosophic topological space. Then the single valued neutro-
sophic identity mapping Idg : (A, T) — (A, T) is a single valued neutrosophic continuous mapping.

Next, we provide the relationships between various types of single valued neutrosophic continuous map-
ping. First, we generalize the notions of precontinuous mapping, a-continuous mapping introduced by Giiray
et al. [10] to the setting of single valued neutrosophic sets.

Definition 4.9. Let fr : (A,T) — (B, T") be a single valued neutrosophic mapping. Then f is called :

1. a single valued neutrosophic precontinuous mapping if f, 1(U") is a SVNPOS on A for every SVNOS
U’ on B;

2. asingle valued neutrosophic a-continuous mapping if f5*(U’) is a SVNaOS on A for every SVNOS U’
on B.

The following proposition shows the relationship between single valued neutrosophic continuous mapping
and single valued neutrosophic a-continuous mapping.

Proposition 4.10. Let fr : (A,T) — (B,T") be a single valued neutrosophic mapping. If fr is a single
valued neutrosophic continuous mapping, then fr is a single valued neutrosophic a-continuous mapping.

Proof. Let U’ be a SVNOS in B and we need to show that f;'(U’) is an SVNaOS in A. The fact that f is a
single valued neutrosophic continuous mapping implies that f, 1(U") is a SVNOS in A. From Definition 3.10,

it follows that . .
g (2) = pa(z) , if z € [~ (supp(U")) o () = oa(z), if v € f~ (supp(U"))
Hagtwn 0, Otherwise, fr (U1 0, Otherwise,

[ va@), if € [ (supp(U"))
and vy ) (2) = { 1, Otherwise.
We conclude that, fjgl(U ') is a SVNaOS in A. Hence, [ is a single valued neutrosophic c-continuous
mapping. O

Remark 4.11. The converse of the above implication is not necessarily holds. Indeed, let us consider the single
valued neutrosophic mapping fx given in Example 4.7 and 7" be a SVN-topology given by 7' = {0, A, U1},
where: pa(x) =1, o4(z) =0.99, v4(xz) = 0.001 and
[ 1,ifze]0,1] 099, if z€]0,1] _ [ 0.001, if z€]0,1]
Hoy (7) = { 0, Otherwise, o0, (2) { 0, Otherwise, v, (r) = 1, Otherwise.
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Hence, int(f;'(U})) = Uy, cl(Uy) = 1. and int(1.) = A. Thus, f5'(U;) C int(cl(int(fz'(U}))).
We conclude that f'(U]) is an SVNaS but not SVNOS and fp is a single valued neutrosophic a-continuous
mapping but not a single valued neutrosophic continuous mapping.

The following proposition shows the relationship between single valued neutrosophic a-continuous map-
ping and single valued neutrosophic pre-continuous mapping.

Proposition 4.12. Let fr : (A, T) — (B,T") be a single valued neutrosophic mapping. If fr is a single
valued neutrosophic a-continuous mapping, then fg is a single valued neutrosophic pre-continuous mapping.

Proof. Let U’ be an SVNOS in B and we need to show that f;'(U’) is a SVNPOS in A. The fact that
fr is a single valued neutrosophic a-continuous mapping implies that f5 Y(U") is a SVNaOS in A. From
Definition 3.10, it follows that
_ [ pal), if x € f7H(supp(U")) _ [ oalz), if x € fH (supp(U"))
’ufﬁl(U/)(x) N 0, Otherwise, O wn(®) = 0, Otherwise,

_ Jvalx), if v € f~ (supp(U"))
and vy ) (2) = { 1, Otherwise.
We conclude that, f5'(U’) is an SVNPOS in A. Hence, f is a single valued neutrosophic pre-continuous
mapping. ]

Remark 4.13. The converse of the above implication is not necessarily holds. Indeed, let (A,7") and (B, T")
be two single valued neutrosophic topological spaces, where pa(x) = 1, 04(x) = 1 and v4(z) = 0.005, for
any x € R, and
[ 07,ify>0 B 09,ify>0 B 001,ify>0
Hs(y) = 0, Otherwise, o5(y) = { 0.8, Otherwise, ve(y) = 0.03, Otherwise,
We suppose that 7' = {A, 0., U; }, where
po, () =00y, (x) =1and vy, (x) =1
Also, we suppose that 77 = { B, 0., U{ }, where
(07, ifyel0,4] (05, ifyel0,4] (012, ifye0.4]
Ho(y) = { 0, Otherwise, oY) = 0, Otherwise, vui(y) = 0.32, Otherwise.

Then, the single valued neutrosophic mapping fr : A — B define by :
(i) an ordinary mapping f : R, — R, such that f(z) = /2, forany x € R,

(ii) a single valued neutrosophic relation R defined by :
ur(x, f(x)) =0.70g(z, f(z)) = 0.9 and vg(z, f(x)) = 0.01.

(@) = | @) if e € [ supp(U)
Pzt 0, Otherwise,

B 1,if x€]|0,16]
- 0, Otherwise,

ot g(z) = oalx), if x € f~ (supp(U7))
fr (U7) 0, Otherwise,

[ 1,ifx€0,16]
o 0, Otherwise,
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V() = va(x), if v € f~ (supp(U7))
fr-(UY) 1, Otherwise,

B va(z), if x €]0,16]
N 1, Otherwise,

(001, if z€0,16]
- 1, Otherwise,

Hence, cl(fz'(U})) = 0~ = 1. and int(1.) = A. Thus, f5'(U;) C int(cl(fz"(U]))). We conclude
that f5'(U;) is an SVNPOS and fr, is a single valued neutrosophic pre-continuous but not a single valued
neutrosophic continuous.

5

Conclusion

In this work, we have generalized the notion of fuzzy mapping defined by fuzzy relation introduced by Ismail
and Massa’deh to the setting of single valued neutrosophic sets. Also, the main properties related to the single
valued neutrosophic mapping have been studied. Next, as an application we have established the single valued
neutrosophic continuous mapping in the single valued neutrosophic topological spaces. Future work will be
directed to study the notion of the single valued neutrosophic mapping for other types of topologies based on
the single valued neutrosophic sets.
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