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1. Introduction

In 1970, Levine [12] introduced the concept of g-closed sets in general topology. Generalized
closed sets play a very important role in general topology and they are now the research topics of
many researchers worldwide. In 1965, Zadeh [19] introduced the notion of fuzzy sets [FS]. Later,
fuzzy topological space was introduced by Chang [6] in 1968 using fuzzy sets. In 1986, Atanassov [5]
introduced the notion of intuitionistic fuzzy sets [IFS], where the degree of membership and degree
of non-membership of an element in a set X are discussed. In 1997, Intuitionistic fuzzy topological
spaces were introduced by Coker [7] using intuitionistic fuzzy sets.

Neutrality the degree of indeterminacy as an independent concept was introduced by
Florentine Smarandache [8]. He also defined the Neutrosophic set on three components, namely
Truth (membership), Indeterminacy, Falsehood (non-membership) from the fuzzy sets and
intuitionistic fuzzy sets. Smarandache’s Neutrosophic concepts have wide range of real time
applications for the fields of [1, 2, 3&4] Information systems, Computer science, Artificial
Intelligence, Applied Mathematics and Decision making.

In 2012, Salama A. A and Alblowi [14] introduced the concept of Neutrosophic topological
spaces by using Neutrosophic sets. Salama A. A. [15] introduced Neutrosophic closed set and
Neutrosophic continuous functions in Neutrosophic topological spaces. Further the basic sets like
Neutrosophic regular-open sets, Neutrosophic semi-open sets, Neutrosophic pre-open sets,
Neutrosophic a-open sets and Neutrosophic generalized closed sets are introduced in Neutrosophic
topological space and their properties are studied by various authors [10], [15], [17], [13]. In this
direction, we introduce and analyze a new class of Neutrosophic generalized closed set called
Neutrosophic generalized pre regular closed sets and Neutrosophic generalized pre regular open
sets in Neutrosophic topological spaces. Also we study the separation axioms of Neutrosophic
generalized pre regular closed sets, namely Neutrosophic pre regular Ti2 space and Neutrosophic
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pre regular T*12 space in Neutrosophic topological spaces. Many examples are given to justify the
results.

2. Preliminaries

We recall some basic definitions that are used in the sequel.
Definition 2.1: [14] Let X be a non-empty fixed set. A Neutrosophic set (NS for short) A in X is an
object having the form A = {(x, pa(x), oa(x), va(x) ): x € X} where the functions pa(x), oa(x) and va(x)
represent the degree of membership, degree of indeterminacy and the degree of non-membership
respectively of each element x € X to the set A.

Remark 2.2: [14] A Neutrosophic set A = {(x, pa(x), oa(x), va(x) ): x € X} can be identified to an
ordered triple A = (x, pa(x), 0a(x), va(x) ) in non-standard unit interval 170, 1*[on X.

Remark 2.3: [14] For the sake of simplicity, we shall use the symbol A = (ua, 0a, va) for the
neutrosophic set A = {(x, pa(x), oa(x), va(x)): x € X}.

Example 2.4: [14] Every IFS A is a non-empty set in X is obviously on NS having the form
A = {(x, pa(x), 1 — (na(x) + va(x)), va(x)): x € X}. Since our main purpose is to construct the tools for
developing Neutrosophic set and Neutrosophic topology, we must introduce the NS On and 1In in X
as follows:

On may be defined as:
(01)) On={(x,0,0,1): xe X
(02) On={(x,0,1,1): x e X
(03) On={(x,0,1,0): x € X
(0s) On={(x,0,0,0): x € X
1x may be defined as:
(1) In={(x, 1,0,0): x € X
(12) In={(x, 1,0, 1): x € X
(1s) In={(x, 1,1, 0): x € X
(1) In={(x, 1,1, 1): x € X

}
}
}
}

}
}
}
}

Definition 2.5: [14] Let A = (ua, 0a, va) be a NS on X, then the complement of the set A [C(A) for
short] may be defined as three kind of complements:

(C1) C(A) = {{x, 1-pa(x), 1-0a(x), 1-va(x)): x € X'}

(C2) C(A) = {{x, va(x), 0a(X), pa(X)): X € X}

(Cs) C(A) = {{x, va(x), 1-0A(x), pa(x)): x € X}

Definition 2.6: [14] Let X be a non-empty set and Neutrosophic sets A and B in the form A = {(x,
HA(x), 0a(x), Va(x)): X € X} and B = {(x, ps(x), 08(x), vB(x)): X € X}. Then we may consider two possible
definitions for subsets (AZB).

(1) ASB = pa(x) < pB(x), oa(x) < o B(x) and pa(x) > us(x) ¥ x € X

(2) ASB = pa(x) < pB(x), 0a(x) 2 0 8(x) and pa(x) = us(x) ¥ x € X

Proposition 2.7: [14] For any Neutrosophic set A, the following conditions hold:
On © A, On =0nN
AcC 1y, InC1N

Definition2.8: [14] Let X be a non-empty set and A = {=X, pa(x), oa(x), va(x)): x € X}, B = {=x, ps(x),
08(x), vB(x)): x € X} are NSs. Then ArnB may be defined as:

(Ii) AnB = (x, pa(x)Aus(x), oa(x)Ao B(x) and va(x)wvs(x))

(I2) AnB = (x, pa(x)Aus(x), oa(x)vo s(x) and va(x)wvs(x))
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AUB may be defined as:
(U1) AUB = (x, pa(x)vus(x), oa(x)wo B(x) and va(x)Avs(x))
(U2) AUB = (x, pa(x)vus(x), oa(x)Ao B(x) and va(x)Avs(x))

We can easily generalize the operations of intersection and union in Definition 2.8., to arbitrary
family of NSs as follows:

Definition 2.9: [14] Let {Aj: j € ]} be an arbitrary family of NSs in X, then
MAj may be defined as:

1) NA=(X, N pai(x), Njer 04i(X), Viel vai(X))

(i) nNAj=(x, Njer Hai(x), Wiel Oal(X), Viel Vaj(X))
UAj may be defined as:

@) VA= (X, viespai(x), vie0aj(X), fje]vaj(x))

(i) WA =(x, Wiel Hai(X), Mje10ai(X), Ajesvaj(x))

Proposition 2.10: [14] For all A and B are two Neutrosophic sets then the following conditions are
true:
C(AnB) =C(A) U C(B); C(AUB) = C(A) n C(B).

Definition 2.11: [14] A Neutrosophic topology [NT for short] is a non-empty set X is a family = of
Neutrosophic subsets in X satisfying the following axioms:
(NT1) On, InE 7,
(NT2) GinGz€ 7 forany Gi, G2 € 7,
(NTs) U Gie tforevery {Gi:i€]} € 1.

Throughout this paper, the pair (X, T) is called a Neutrosophic topological space (NTS for short).
The elements of 7 are called Neutrosophic open sets [NOS for short]. A complement C(A) of a NOS
A in NTS (X, t) is called a Neutrosophic closed set [NCS for short] in X.

Example 2.12: [14] Any fuzzy topological space (X, ) in the sense of Chang is obviously a NTS in the
form 7 ={A: pa€ 7} wherever we identify a fuzzy set in X whose membership function is pa with its
counterpart.

The following is an example of Neutrosophic topological space.

Example 2.13: [14] Let X = {x} and A = {{x, 0.5, 0.5, 0.4): x € X}, B={{x, 0.4, 0.6, 0.8): x € X}, C={(x, 0.5,
0.6, 0.4): x € X}, D = {{x, 0.4, 0.5, 0.8): x € X}. Then the family 7 = {On, A, B, C, D, In} of NSs in X is
Neutrosophic topological space on X.

Now, we define the Neutrosophic closure and Neutrosophic interior operations in Neutrosophic
topological spaces:
Definition 2.14: [14] Let (X, T) be NTS and A = {{x, pa(x), oa(x), va(x)): x € X} be a NS in X. Then the
Neutrosophic closure and Neutrosophic interior of A are defined by
NCI(A)= n{fK:KisaNCSin Xand A = K}
NInt(A) = U{G:GisaNOSin Xand G = A}
It can be also shown that NCI(A) is NCS and NInt(A) is a NOS in X.
a) Ais NOSif and only if A = NInt(A),
b) Ais NCSif and only if A = NCI(A).

Proposition 2.15: [14] For any Neutrosophic set A is (X, t) we have
a) NCI(C(A)) = C(NInt(A)),
b) NInt(C(A)) =C(NCl(A)).
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Proposition 2.16: [14] Let (X, t) be NTS and A, B be two Neutrosophic sets in X. Then the following
properties are holds:

a) NInt(A) € A,

b) A = NCI(A),

¢) A £ B = NInt(A) = NInt(B),

d) A c B = NCI(A) = NCI(B),

e) NInt(NInt(A)) = NInt(A),

f) NCI(NCI(A)) =NCI(A),

g) NInt(A n B)=NInt(A) n NInt(B),

h) NCI(A u B)=NCI(A) U NCI(B),

i)  NInt(On) =0n,

j)  NiInt(In) =1,

k) NCI(0n) =0x,

l) NCI(In) =1n,

m) A € B = C(A) £ C(B),

n) NCI(A n B) € NCI(A) n NCI(B),

0) NInt(A U B) 2 NInt(A) U NInt(B).

In

In

-
=

Definition 2.17: [9] A NS A = {{x, pa(x), oa(x), va(x)): x € X} in a NTS (X, 1) is said to be
(i) Neutrosophic regular closed set (NRCS for short) if A = NCI(NInt(A)),
(if) Neutrosophic regular open set (NROS for short) if A = NInt(NCI(A)),
(iif) Neutrosophic semi closed set (NSCS for short) if NInt(NCI(A)) € A,
(iv) Neutrosophic semi open set (NSOS for short) if A € NCI(NInt(A)),
(v) Neutrosophic pre closed set (NPCS for short) if NCI(NInt(A)) € A,
(vi) Neutrosophic pre open set (NPOS for short) if A € NInt(NCl(A)),
(vii) Neutrosophic a- closed set (NSCS for short) if NCI(NInt(NCI(A))) € A,
(viii) Neutrosophic a- open set (NSOS for short) if A € NInt(NCI(NInt(A))).

Definition 2.18: [18] Let (X, t) be NTS and A = {{x, pa(x), 0a(x), va(x)): x € X} be a NS in X. Then the
Neutrosophic pre closure and Neutrosophic pre interior of A are defined by

NPCI(A) = n{K: KisaNPCSin Xand A £ K]},

NPInt(A) = U{G:GisaNPOSin Xand G = A}.

Definition 2.18: [13] A NS A = {{(x, pa(x), oa(x), va(x)): x € X} in a NTS (X, 1) is said to be a
Neutrosophic generalized closed set (NGCS for short) if NCI(A) = U whenever A € Uand Uis a
NOS in (X, 1). ANS A of a NTS (X, 1) is called a Neutrosophic generalized open set (NGOS for short)
if C(A) is a NGCS in (X, 7).

Definition 2.20: [11] A NS A = {{(x, pa(x), oa(x), va(x)): x € X} in a NTS (X, 1) is said to be a
Neutrosophic - generalized closed set (NaGCS for short) if NaCl(A) = U whenever A £ U
and Uisa NOSin (X, t). ANS A of a NTS (X, 1) is called a Neutrosophic a- generalized open set
(NaGOS for short) if C(A) is a NaGCS in (X, 1).

Definition 2.21: [16] A NS A = {{(x, pa(x), oa(x), va(x)): x € X} in a NTS (X, 1) is said to be a
Neutrosophic w closed set (NwCS for short) if NCI(A) £ U whenever A € U and U is a NSOS in
(X, 7). ANS A of a NTS (X, 1) is called a Neutrosophic w open set (NwOS for short) if C(A) is a
NwCSin (X, T).

Definition 2.22: [9] A NS A = {(x, pa(x), 0a(x), va(x)): x € X} in a NTS (X, 1) is said to be a
Neutrosophic regular generalized closed set (NRGCS for short) if NCI(A) € U whenever A £ U
and U is a NROS in (X, t). A NS A of a NTS (X, 1) is called a Neutrosophic regular generalized open
set (NRGOS for short) if C(A) is a NRGCS in (X, 1).
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Definition 2.23: [18] A NS A = {{(x, pa(x), oa(x), va(x)): x € X} in a NTS (X, 1) is said to be a
Neutrosophic generalized pre closed set (NGPCS for short) if NPCI(A) £ U whenever A £ U and
Uis a NOSin (X, t). A NS A of a NTS (X, 1) is called a Neutrosophic generalized pre open set
(NGPOS for short) if C(A)isa NGPCSin (X, 7).

Definition 2.24: [9] A NS A = {(x, pa(x), 0a(x), va(x)): x € X} in a NTS (X, 1) is said to be a
Neutrosophic regular a generalized closed set (NRaGCS for short) if NaCl(A) < U whenever A =
U and U is a NROS in (X, t). A NS A of a NTS (X, 1) is called a Neutrosophic regular o generalized
open set (NRaGOS for short) if C(A)is a NRGCSin (X, T).

3. Neutrosophic Generalized Pre Regular Closed Sets

In this section we introduce Neutrosophic generalized pre regular closed sets in the
Neutrosophic topological space and study some of their properties.

Definition 3.1: ANS A in a NTS (X, 1) is said to be a Neutrosophic generalized pre regular closed set
(NGPRCS for short) if NPCI(A) = U whenever A £ U and U is a NROS in (X, 1). The family of all
NGPRCSs of a NTS(X, t) is denoted by NGPRC(X).

Example 3.2: Let X= {a, b} and © = {On, U, V, In} where U= ((0.5, 0.3, 0.6), (0.4, 0.4, 0.7)) and
V =((0.7, 0.5, 0.3), (0.7, 0.5, 0.2)). Then (X, 1) is a Neutrosophic topological space. Here the NS A=
(0.2, 0.1, 0.7), (0.4, 0.4, 0.7)) is a NGPRCS in (X, 7). Since A © U and U is a NROS, we have NPCI(A)
=AcU.

Theorem 3.3: Every NCS in (X, 1) is a NGPRCS in (X, t) but not conversely.

Proof: Let U be a NROS in (X, 1) such that A = U. Since A is NCS in (X, t), we have NCI (A) = A.
Therefore NPCI(A) = NCI (A)=A £ U, by hypothesis. Hence A is a NGPRCS in (X, 7).

Example 3.4: In Example 3.2., the NS A= A= ((0.2, 0.1, 0.7), (0.4, 0.4, 0.7)) is a NGPRCS but not NCS in
X, 7).

Theorem 3.5: Every NaCS in (X, 1) is an NGPRCS in (X, T) but not conversely.

Proof: Let U be a NROS in (X, 1) such that A = U. Since A is NaCS in (X, t), we have
NCI(NInt(NCI(A))) = A, now A = NCI(A), NCI(NInt(A)) = NCI(NInt(NCI(A))) = A. Therefore
NPCI(A) = AU NCI(NInt(A)) = AUA=A = U. Hence A is a NGPRCS in (X, 1).

Example 3.6: In Example 3.2., the NS A= A=((0.2, 0.1, 0.7), (0.4, 0.4, 0.7)) is a NGPRCS but not NaCS
in (X, 7).

Theorem 3.7: Every NwCS in (X, 1) is a NGPRCS in (X, 1) but not conversely.

Proof: Let U be a NROS in (X, T) such that A = U. Since A is NwCS in (X, 1), we have NCl (A) = U
because every NROS is NSOS in (X, t). Therefore NPCI(A) = NCI (A) € U, by hypothesis. Hence
A is a NGPRCS in (X, 7).

Example 3.8: Let X= {a, b} and © = {On, U, V, In} where U= ((0.6, 0.5, 0.2), (0.7, 0.5, 0.1)) and V = ({(0.5,
0.4,0.7), (0.4, 0.5, 0.6)). Then (X, 1) is a Neutrosophic topological space. Here the NS A= ((0.4, 0.3, 0.7),
(0.3, 0.2, 0.6)) is a NGPRCS in (X, t). Since A £ V and V is a NROS, we have NPCI(A)= A < V. But
A isnot NwCS in (X, t). Since A © V and V is a NSOS, we have NCI(A) =C(V) € V.

Theorem 3.9: Every NPCS in (X, 1) is an NGPRCS in (X, t) but not conversely.
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Proof: Let U be a NROS in (X, t) such that A £ U. Since A is NPCSin (X, 1), we have NCI(NInt(A))
£ A. Therefore NPCI(A) =AU NCI(NInt(A)) = AUA=A £ U. Hence A isa NGPRCS in (X, 1).

Example 3.10: Let X= {a, b} and © = {On, U, V, 1In} where U= ((0.3, 0.2, 0.6), (0.1, 0.2, 0.7)) and
V =¢(0.8, 0.2, 0.1), (0.8, 0.2, 0.1)). Then (X, 7) is a Neutrosophic topological space. Here the NS A=
{(0.8,0.2,0.1), (0.8, 0.2, 0.1)) is a NGPRCS in (X, 7). Since A = 1n, we have NPCI(A) =1~ = In. But A
is not NPCS in (X, t). Since NCI(NInt(A)) = In £ A.

Theorem 3.11: Every NGCS in (X, 1) is a NGPRCS in (X, 1) but not conversely.

Proof: Let U be a NROS in (X, 1) such that A £ U. Since A is NGCS in (X, 1) and every NROS in (X,
1)isaNOSin (X, t). Therefore NPCI(A) = NCI(A) € U, by hypothesis. Hence A isa NGPRCS in
X, ©).

Example 3.12: Let X= {a, b} and t = {On, U, V, In} where U= ((0.3, 0.5, 0.7), (0.4, 0.5, 0.6)) and V = (0.8,
0.5,0.2), (0.7, 0.5, 0.3)). Then (X, 1) is a Neutrosophic topological space. Here the NS A= ((0.3, 0.5, 0.7),
(0.3, 0.5, 0.7)) is a NGPRCS in (X, 1). Since A = U and U is a NROS, we have NPCI(A)=A = U. But
A isnot NGCS in (X, ). Since A = U and U is a NOS, we have NCI(A) = C(U) £ U.

Theorem 3.13: Every NaGCS in (X, t) is a NGPRCS in (X, t) but not conversely.

Proof: Let U be a NROS in (X, t) such that A = U. Since A is NaGCS in (X, 1) and every NROS in
(X, t) is a NOS in (X, t). Therefore NPCI(A) = NaCl (A) £ U, by hypothesis. Hence A is a
NGPRCS in (X, 7).

Example 3.14: Let X= {a, b} and t = {On, U, V, In} where U= ((0.5, 0.3, 0.6), (0.4, 0.4, 0.7)) and V ={(0.7,
0.5,0.3), (0.7, 0.5, 0.2)). Then (X, T) is a Neutrosophic topological space. Here the NS A= ((0.4, 0.3, 0.6),
(0.3,04, 0.7)) isa NGPRCS in (X, 7). Since A = U and U is a NROS, we have NPCI(A)=A £ U. But
A isnot NaGCS in (X, t). Since A = U and U is a NOS, we have NaCl(A)=C(U) £ U.

Theorem 3.15: Every NRaGCS in (X, t) is a NGPRCS in (X, t) but not conversely.

Proof: Let U be a NROS in (X, 1) such that A € U. Since A is NRaGCS in (X, t). Therefore NPCI(A)
£ NaCl (A) £ U, by hypothesis. Hence A is a NGPRCS in (X, 1).

Example 3.16: In Example 3.14., the NS A= ((0.4, 0.3, 0.6), (0.3, 0.4, 0.7)) is a NGPRCS but not
NRaGCS in (X, 7).

Theorem 3.17: Every NGPCS in (X, 1) is a NGPRCS in (X, t) but not conversely.

Proof: Let U be a NROS in (X, t) such that A € U. Since A is NGPCS in (X, t) and every NROS in
(X, 1)isa NOS in (X, 1). Therefore NPCl(A) £ U, by hypothesis. Hence A is a NGPRCS in (X, 7).

Example 3.18: In Example 3.10., the NS A= ((0.8, 0.2, 0.1), (0.8, 0.2, 0.1)) is a NGPRCS in (X, 1). Since
A < 1n, we have NPCI(A) =In © 1In. But A is not NGPCS in (X, 1). Since A = V and V is a NOS, we
have NPCI(A)=1n Z V.

Theorem 3.19: Every NRGCS in (X, t) is a NGPRCS in (X, t) but not conversely.

Proof: Let U be a NROS in (X, 1) such that A € U. Since A is NRGCSin (X, 1). Therefore NPCI(A)
£ NCl (A) £ U, by hypothesis. Hence A isa NGPRCS in (X, 7).
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Example 3.20: In Example 3.8., the NS A= ((0.4, 0.3, 0.7), (0.3, 0.2, 0.6)) is a NGPRCS but not NRGCS
in (X, ).

Theorem 3.21: Every NaGCS in (X, 1) is a NRaGCS in (X, t) but not conversely.

Proof: Let U be a NROS in (X, t) such that A = U. Since A is NaGCS in (X, t) and every NROS in
(X, 1)isa NOS in (X, 1). Therefore NaCl (A) = U, by hypothesis. Hence A is a NRaGCS in (X, 1).

Example 3.22: In Example 3.10., the NS A= ((0.7, 0.2, 0.3), (0.8, 0.2, 0.2)) is a NRaGCS but not NaGCS
in (X, ).

Theorem 3.23: Every NGCS in (X, 1) is a NaGCS in (X, T) but not conversely.

Proof: Let Ube a NOS in (X, t) such that A = U. Since A is NGCSin (X, t). Therefore NaCl(A) =
NCI (A) = U, by hypothesis. Hence A is a NaGCS in (X, 7).

Example 3.24: Let X={a} and t= {On, U, V, In} where U= (0.5, 0.4, 0.7) and V = (0.8, 0.5, 0.2)). Then (X,
) is a Neutrosophic topological space. Here the NS A= (0.2, 0.2, 0.8) is a NaGCS in (X, T). Since A £
U and U is a NOS, we have NaCl(A) = A © U. But A is not NGCS in (X, 1). Since A = U, we have
NCl(A)=C(V) £ U.

Theorem 3.25: Every NGCS in (X, 1) is a NRGCS in (X, t) but not conversely.

Proof: Let U be a NROS in (X, t) such that A £ U. Since A is NGCS in (X, t) and every NROS in (X,
1)isaNOS in (X, t). Therefore NCI (A) = U, by hypothesis. Hence A is a NRGCS in (X, T).

Example 3.26: Let X= {a, b, ¢} and t© = {Ox, U, In} where U= ((0.6, 0.4, 0.3), (0.8, 0.5, 0.2), (0.7, 0.4, 0.8)).
Then (X, 1) is a Neutrosophic topological space. Here the NS A= ((0.5, 0.6, 0.6), (0.3, 0.5, 0.3), (0.5, 0.4,
0.3)) is a NRGCS in (X, 7). Since A = 1n, we have NCI(A) = In = 1n. but A is not NGCS in (X, 7).
Since A = U and U is a NOS, we have NCI(A) =1~ & U.

The following diagram, we have provided the relation between NGPRCS and the other existed NSs.

NaCS —» NPCS —» NGPCS

7+ 7 N\

NRCS —» NCS — NaGCS —» NRaGCS — NGPRCS

R

NwCS —» NGCS —» NRGCSNC

In this diagram by A —— B means A implies B but not conversely and A —— Bmeans A &
B are independent.

Remark 3.27: The union of any two NGPRCSs in (X, 1) is not an NGPRCS in (X, 1) in general as seen
from the following example.

Example 3.28: Let X = {a, b} and t = {Ox, U, V, 1n} where U = ((0.5, 0.3, 0.6), (0.4, 0.4, 0.7)) and
V =((0.7, 0.5, 0.3), (0.7, 0.5, 0.2)). Then the NSs A = ((0.2, 0.1, 0.7), (0.4, 0.4, 0.7)) and B=((0.5, 0.3, 0.6),
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(0.2, 0.2, 0.8)) are NGPRCSs in (X, ) but AUB=((0.5,0.3,0.6), (0.4,0.4,0.7)) is not a NGPRCS in (X, 7).
Since AUB < U but NPCI(AUB) = C(U) & U.

Remark 3.29: The intersection of any two NGPRCSs in (X, 1) is not an NGPRCS in (X, t) in general as
seen from the following example.

Example 3.30: Let X = {a, b} and t© = {On, U, V, In} where U = ((0.5, 0.3, 0.6), (0.4, 0.4, 0.7)) and
V=((0.7,0.5,0.3), (0.7,0.5,0.2)). Then the NSs A =((0.5, 0.5, 0.4), (0.7, 0.6, 0.7)) and B = ((0.6, 0.3, 0.6),
(0.4, 0.4, 0.3)) are NGPRCSs in (X, t) but AnB = ((0.5, 0.3, 0.6), (0.4, 0.4, 0.7)) is not a NGPRCS in (X, 7).
Since AnB = U but NPCI(AnB) =C(U) & U.

Theorem 3.31: Let (X, 1) be a NTS. Then for every A € NGPRC(X) and for every NS B £ NS(X), A
£ B £ NPCI(A) implies B € NGPRC(X).

Proof: LetB = U and Uisa NROS in (X, ). Since A £ B, then A
follows that NPCl(A) £ U. Now B = NPCI(A) implies NPCI(B)
Thus, NPCI(B) < U. This proves that B € NGPRC(X).

U. Given A is a NGPRCS, it
NPCI(NPCI(A)) = NPCI(A).

-
-

Theorem 3.32: If A is a NROS and a NGPRCS in (X, 1), then A is a NPCS in (X, 7).

Proof: Since A € A and A is a NROS in (X, 1), by hypothesis, NPCI(A) = A. But since A =
NPCI(A). Therefore NPCI(A)= A. Hence A is a NPCS in (X, 7).

Theorem 3.33: Let (X, 1) be a NTS and NPC(X) (resp. NRO(X)) be the family of all NPCSs (resp.
NROSs) of X. If NPC(X) = IRO(X) then every Neutrosophic subset of X is NGPRCS in (X, 1).

Proof: If NPC(X) = IRO(X) and A is any Neutrosophic subset of X such that A = U where U is NROS
in X. Then by hypothesis, U is NPCS in X which implies that NPCI(U) = U. Then NPCI(U) =
NPCI(U) = U. Therefore A is NGPRCS in (X, 1).

Definition 3.34: Let (X, t) be a NTS and A = {{x, pa(x), 0 a(x), va(x)): x € X} be the subset of X. Then
NGPRCI(A) = n{K: Kisa NGPRCSin Xand A = K} and
NGPRInt(A) = W{G:GisaNGPROSin Xand G = A}.

Lemma 3.35: Let A and B be subsets of (X, 1). Then the following results are obvious.
a) NGPRCI(On) = On.
b) NGPRCI(1n) = 1n.
c¢) A = NGPRCI(A).
d) A = B = NGPRCI(A) = NGPRCI(B).

4. Neutrosophic Generalized Pre Regular Open Sets

In this section we introduce Neutrosophic generalized pre regular open sets in Neutrosophic
topological space.

Definition 4.1: A NS A in a NTS (X, 1) is said to be a Neutrosophic generalized pre regular open set
(NGPROS for short) if NPInt(A) 2 U whenever A 2 U and U is a NRCS in (X, ). Alternatively, A
NS A is said to be a Neutrosophic generalized pre regular open set (NGPROS for short) if the
complement of C(A) is a NGPRCS in (X, 7).

The family of all NGPROSs of a NTS(X, 1) is denoted by NGPRO(X).
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Example 4.2: Let X= {a, b} and t = {On, U, V, 1n} where U= ((0.5, 0.3, 0.6), (0.4, 0.4, 0.7)) and V ={(0.7,
0.5,0.3), (0.7, 0.5, 0.2)). Then (X, 1) is a Neutrosophic topological space. Here the NS A= ((0.8, 0.9, 0.2),
(0.9, 0.6, 0.1)) is a NGPROS in (X, 7). Since A = C(U) and C(U) is a NRCS, we have NPInt(A)=A =
C(U).

Theorem 4.3: Every NOS is a NGPROS in (X, t) but the converses may not be true in general.

Proof: Let U be a NRCS in (X, 1) such that A = U. Since A is NOS, NInt(A) = A. By hypothesis,
NPInt(A) = AnNInt(NCI(A)) = AnNCI(A) = AnA=A = U. Therefore A is a NGPROS in (X, 1).

Example 4.4: In Example 4.2, the NS A= ((0.8, 0.9, 0.2), (0.9, 0.6, 0.1)) is an NGPROS in (X, 1) but not a
NOS in (X, T).

Theorem 4.5: Every NaOS, NWOS, NPOS, NGOS, NaGOS, NGPOS, NRGOS, NRaGOS is a
NGPROS in (X, t) but the converses are not true in general.

Example 4.6: Let X={a, b} and © = {On, U, 1n} where U = ((0.4, 0.2, 0.3), (0.8, 0.6, 0.7)). Then (X, t) is a
Neutrosophic topological space. Here the NS A = ((0.2, 0.8, 0.6), (0.6, 0.4, 0.9)) is a NGPROS in (X, 7).
Since A 2 On, we have NPInt(A) =0n 2 On. but A is not a NaOS, NWOS, NPOS in (X, 1).

Example 4.7: Let X={a, b} and © = {On, U, 1n} where U = ((0.4, 0.2, 0.3), (0.8, 0.6, 0.7)). Then (X, 1) is a
Neutrosophic topological space. Here the NS A = ((0.3, 0.8, 0.4), (0.7, 0.4, 0.8)) is a NGPROS in (X, 7).
Since A 2 On, we have NPInt(A) =0~ 2 On. but A is not a NGOS, NaGOS, NGPOS in (X, 1).

Example 4.8: Let X={a, b} and t={0x~, U, V, In} where U= ((0.6, 0.5, 0.2), (0.7, 0.5, 0.1)) and V = ((0.5,
0.4,0.7), (0.4, 0.5, 0.6)). Then (X, 1) is a Neutrosophic topological space. Here the NS A= ((0.8, 0.8, 0.2),
(0.7, 0.9, 0.3)) is a NGPROS in (X, 7). Since A = C(V) and C(V) is a NRCS, we have NPInt(A)=A =
C(V). but A is not NRGOS, NRaGOS in (X, 7).

Theorem 4.9: Let (X, 1) be a NTS. Then for every A € NGPRO(X) and for every B € NP(X),
NPInt(A) < B £ A implies B € NGPRO(X).

Proof: Let A be any NGPROS of (X, t) and B be any NS of X. By hypothesis NPInt(A) £ B < A.
Then C(A) is an NGPRCS in (X, t) and C(A) £ C(B) £ NPCI(C(A)). By Theorem 3.31., C(B) is an
NGPRCS in (X, t). Therefore B is an NGPROS in (X, t). Hence B € NGPRO(X).

Theorem 4.10: A NS A of a NTS (X, 1) is a NGPROS in (X, 1) if and only if F £ Npint(A) whenever F
isaNRCSin (X, t)and F = A.

Proof: Necessity: Suppose A is a NGPROS in (X, t). Let F be a NRCS in (X, t) such that F = A.
Then C(F) is a NROS and C(A) = C(F). By hypothesis C(A) is a NGPRCS in (X, 1), we have
NPCI(C(A)) = C(F). Therefore F = Npint(A).

Sufficiency: Let U be a NROS in (X, t) such that C(A) £ U. By hypothesis, C(U) = Npint(A).
Therefore NPCI(C(A)) = U and C(A) isa NGPRCS in (X, t). Hence A is a NGPROS in (X, 1).

Theorem 4.11: Let (X, t) be a NTS and NPO(X) (resp. NGPRO(X)) be the family of all NPOSs
(resp. NGPROSs) of X. Then NPO(X) € NGPRO(X).

Proof: Let A € NPO(X). Then C(A) is NPCS and so NGPRCS in (X, 7). This implies that A is NGPROS
in (X, t). Hence A € NGPRO(X). Therefore NPO(X) € NGPRO(X).
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5. Separation Axioms of Neutrosophic Generalized Pre Regular Closed Sets

In this section we have provide some applications of Neutrosophic generalized pre regular
closed sets in Neutrosophic topological spaces.

Definition 5.1: If every NGPRCS in (X, 1) is a NPCS in (X, 1), then the space (X, T) can be called a
Neutrosophic pre regular T12 (NPRT12 for short) space.

Theorem 5.2: An NTS (X, 1) is a NPRT12 space if and only if NPOS(X) = NGPRO(X).

Proof: Necessity: Let (X, 1) be a NPRT12 space. Let A be a NGPROS in (X, t). By hypothesis, C(A)
is a NGPRCS in (X, 1) and therefore A is a NPOS in (X, t). Hence NPO(X) = NGPRO(X).
Sufficiency: Let NPO(X, t) = NGPRO(X, t). Let A be a NGPRCSin (X, 1). Then C(A)is a NGPROS
in (X, T). By hypothesis, C(A) isa NPOS in (X, 1) and therefore A isa NPCSin (X, t). Hence (X, 1)
is a NPRT12 space.

Definition 5.3: A NTS (X, 1) is said to be a Neutrosophic pre regular T*12 space (NPRT*12 space for
short) if every NGPRCS is a NCS in (X, ).

Remark 5.4: Every NPRT*12 space is a NPRT12 space but not conversely.

Proof: Assume be a NPRT*12 space. Let A be a NGPRCS in (X, t). By hypothesis, A is an NCS.
Since every NCS is a NPCS, A is a NPCSin (X, t). Hence (X, 1) is a NPRT12 space.

Example 5.8: Let X= {a, b} and let T = {ON, U, 1N} where U= ((0.5, 0.4, 0.7), (0.4, 0.5, 0.6)). Then (X, T) is
a NPRT1/2 space, but it is not NPRT*12 space. Here the NS A= ((0.2, 0.3, 0.8), (0.3, 0.4, 0.8)) is a
NGPRCS but not a NCS in (X, 1).

Theorem 5.9: Let (X, t) be a NPRT*12 space then,

(i) the union of NGPRCSs is NGPRCS in (X, T)

(ii) the intersection of NGPROSs is NGPROS in (X, 1)
Proof: (i) Let {Ai}ies be a collection of NGPRCSs in a NPRT*12 space (X, T). Thus, every NGPRCSs is a
NCS. However, the union of NCSs is a NCS in (X, 1). Therefore the union of NGPRCSs is NGPRCS in
(X, 7). (ii) Proved by taking the complement in (i).

6. Conclusion

In this paper, we have defined new class of Neutrosophic generalized closed sets called
Neutrosophic generalized pre regular closed sets; Neutrosophic generalized pre regular open sets
and studied some of their properties in Neutrosophic topological spaces. Furthermore, the work was
extended as the separation axioms of Neutrosophic generalized pre regular closed sets, namely
Neutrosophic pre regular Ti2 space and Neutrosophic pre regular T*i2 space and discussed their
properties. Further, the relation between Neutrosophic generalized pre regular closed set and
existing Neutrosophic closed sets in Neutrosophic topological spaces were established. Many
examples are given to justify the results.
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