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Abstract: In this present study, we have analyzed the solution of system of first 

order simultaneous differential equations with initial condition as a neutrosophic 

environment. Here, we consider the initial values as Trapezoidal Neutrosophic 

Numbers (𝑇𝑟𝑎𝑝𝑁𝑛𝑢𝑚𝑏𝑒𝑟). The solution procedure of the system of first order ODE 

is developed using 𝑇𝑟𝑎𝑝𝑁𝑛𝑢𝑚𝑏𝑒𝑟 and (𝛼, 𝛽, 𝛾)𝑐𝑢𝑡 of a 𝑇𝑁𝑛𝑢𝑚𝑏𝑒𝑟 . Furthermore, a 

numerical example is illustrated to validate the efficiency and feasibility of the 

proposed neutrosophic method, and the solutions are compared with the crisp values. 

The numerical solutions  𝑥1(𝑡, 𝛼), 𝑥2(𝑡, 𝛼), 𝑥1
′(𝑡, 𝛽), 𝑥2

′ (𝑡, 𝛽),  𝑥1
′′(𝑡, 𝛾), 𝑥2

′′(𝑡, 𝛾), 𝑦1(𝑡, 𝛼),

𝑦2(𝑡, 𝛼), 𝑦1
′(𝑡, 𝛽), 𝑦2

′ (𝑦, 𝛽), 𝑦1
′′(𝑡, 𝛾) 𝑎𝑛𝑑 𝑦2

′′(𝑡, 𝛾)  for the different values of 𝛼, 𝛽 and 𝛾 

at 𝑡 = 0.5 are examined via tables and graphs. The numerical solutions delight the 

conditions of strong solution.  
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1. Introduction 

The concept of Neutrosophic set (𝑁𝑠𝑒𝑡) was introduced by Smarandache [1]. 𝑁𝑠𝑒𝑡 is 

a wide-ranging context of the 𝐶𝑠𝑒𝑡, 𝐹𝑠𝑒𝑡 [2], 𝐼𝐹𝑠𝑒𝑡 [3-6], and the 𝐼𝑉𝐹𝑠𝑒𝑡 [7-10], 

respectively. 𝑁𝑠𝑒𝑡 is used to characterize the uncertainty and indeterminacy in any 

multicriteria decision making problems. 𝑁𝑠𝑒𝑡 is a proposition of three different 

components namely, 𝑇𝑣𝑎𝑙𝑢𝑒 , 𝐼𝑣𝑎𝑙𝑢𝑒,𝑎𝑛𝑑 𝐹𝑣𝑎𝑙𝑢𝑒 , and the grade of these membership 

values are defined within −]0,1[+.  Researchers in different field of Engineers 

have applied 𝑁𝑠𝑒𝑡 on various applications. The multifaceted factors of 𝑁𝑙𝑜𝑔𝑖𝑐 , 

𝑆𝑉𝑁𝑛𝑢𝑚𝑏𝑒𝑟, 𝑇𝑟𝑖𝑁𝑛𝑢𝑚𝑏𝑒𝑟 , and 𝑇𝑟𝑎𝑝𝑁𝑛𝑢𝑚𝑏𝑒𝑟 have been applied in the differential 

equations are analyzed in [11-15]. The system of first order simultaneous 

differential equations (SFOSDE) with an initial condition plays an important role in 

various field of science and engineering like fluid mechanics, thermodynamics, 

heat and electromagnetism, rate of chemical reaction, bacteria/ plants and 

organisms growth rates, and population/economic growth rates, etc. Almost all the 

modern scientific analysis associates differential equations. There are many ways 
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to solve SFOSD. Mondal et al [16] solving the system of differential equation and 

its application with intuitionistic fuzzy environment. Sadeghi et al. [17] discussed 

the necessary and sufficient condition for the existence of solution of fuzzy 

differential equations. Keshavarz et al. [18] investigated the application of 

differential equations in Newton’s law of cooling, distribution of a drug in the 

human body and harmonic oscillator problem using fuzzy logic. Karpagappriya et 

al. [19] examined the solution of fuzzy initial value problems using cubic spline 

function. Several other researchers [21–23] have also discussed the significance of 

Neutrosophic in Agricultural Water Management, Healthcare Waste to Achieve 

Cost Effectiveness and Transportation Problem. 

In the above literature studies, researchers explored several numerical/analytical 

solutions of differential equations. In almost all cases authors find the solutions of 

fuzzy differential equations using fuzzy environments. However, no attempt has 

been made to find the solutions of System of Differential Equation with Initial 

Condition as trapezoidal Neutrosophic number. The purpose of the present study 

is to investigate the Neutrosophic solutions of first order system of differential 

equations. The efficiency and feasibility of the present approach is illustrated by 

numerical examples and the results are for better perceptive of our investigation. 

 

2. Preliminary  

 

Definition 2.1. 𝑵𝒔𝒆𝒕: [24] Let 𝑋 be a universe set. A 𝑁𝑠𝑒𝑡 𝐴�̃� on 𝑋 is defined as 𝐴�̃� =

{〈𝑥, 𝑇𝐴�̃�(𝑥), 𝐼𝐴�̃�(𝑥),𝐹𝐴�̃�(𝑥)〉: 𝑥 ∈ 𝑋}, where 𝑇𝐴�̃�(𝑥): 𝑋 →
−]0,1[+ is said to be the 

𝑇𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, which represents the degree of confidence, 𝐼𝐴�̃�(𝑥): 𝑋 →
−]0,1[+is said to 

be the 𝐼𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 , which represents the degree of uncertainty, and 

𝐹𝐴�̃�(𝑥): 𝑋 →
−]0,1[+ is said to be the 𝐹𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, which represents the degree of 

skepticism, respectively of the element 𝑥 ∈ 𝑋 in 𝐴�̃� , such that −0 ≤ 𝑇𝐴�̃�(𝑥) +

𝐼𝐴�̃�(𝑥) + 𝐹𝐴�̃�(𝑥) ≤ 3+. 

 

Definition 2.2. 𝑺𝑽𝑵𝒔𝒆𝒕 [24] A 𝑁𝑠𝑒𝑡 𝐴�̃� on 𝑋 (Definition 2.1) is said to be 𝑆𝑉𝑁𝑠𝑒𝑡 

(𝑆𝐴�̃�) if 𝑥 is a single-valued independent variable. 𝑆𝐴�̃� =

{〈𝑥, 𝑇𝑆𝐴�̃�(𝑥), 𝐼𝑆𝐴�̃�(𝑥), 𝐹𝑆𝐴�̃�(𝑥)〉: 𝑥 ∈ 𝑋}, where 𝑇𝑆𝐴�̃�(𝑥), 𝐼𝑆𝐴�̃�(𝑥), 𝐹𝑆𝐴�̃�(𝑥):𝑋  →−]0,1[+ 

represents the concept of 𝑇𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, 𝐼𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 , 𝐹𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 , functions, 

respectively of the element 𝑥 ∈ 𝑋 in 𝑆𝐴�̃�  , such that −0 ≤ 𝑇𝑆𝐴�̃�(𝑥) + 𝐼𝑆𝐴�̃�(𝑥) +

𝐹𝑆𝐴�̃�(𝑥) ≤ 3
+. 

 

Definition 2.3. (𝜶, 𝜷, 𝜸)𝒄𝒖𝒕: [24] The  (𝛼, 𝛽, 𝛾)𝑐𝑢𝑡 𝑁𝑠𝑒𝑡 is 𝐴�̃� defined as 𝐴�̃�(𝛼,𝛽,𝛾) =

{〈𝑇𝐴�̃�(𝑥), 𝐼𝐴�̃�(𝑥), 𝐹𝐴�̃�(𝑥)〉: 𝑥 ∈ 𝑋, 𝑇𝐴�̃�(𝑥) ≥ 𝛼, 𝐼𝐴�̃�(𝑥) ≤ 𝛽, 𝐹𝐴�̃�(𝑥) ≤ 𝛾}, where 𝛼, 𝛽, 𝛾 ∈

[0,1], such that α + β + γ ≤ 3. 
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Definition 2.4.  𝑵𝒏𝒖𝒎𝒃𝒆𝒓 : [24] A 𝑁𝑠𝑒𝑡 𝐴�̃� over the real numbers set ℝ is a 

neutrosophic number if it satisfies the following conditions: 

i. 𝐴�̃� is normal: ∃𝑥0 ∈ ℝ such that  𝑇𝐴�̃�(𝑥0) = 1.  ( 𝐼𝐴�̃�(𝑥0) =  𝐹𝐴�̃�(𝑥0) = 0). 

ii. 𝐴�̃� is convex for the truth function 𝑇𝐴�̃�(𝑥).  

(𝑖𝑒) 𝑇𝐴�̃�(𝜇𝑥1 + (1 − 𝜇)𝑥2) ≥ min (𝑇𝐴�̃�(𝑥1), 𝑇𝐴�̃�(𝑥2)), for all 𝑥1, 𝑥2 ∈ ℝ 𝑎𝑛𝑑 𝜇 ∈

[0,1].  

iii. 𝐴�̃� is concave set for the falsity, indeterministic functions namely, 𝐹𝐴�̃�(𝑥) 

and 𝐼𝐴�̃�(𝑥). 

(𝑖𝑒) 𝐼𝐴�̃�(𝜇𝑥1 + (1 − 𝜇)𝑥2) ≥ max (𝐼𝐴�̃�(𝑥1), 𝐼𝐴�̃�(𝑥2)) and 𝐹𝐴�̃�(𝜇𝑥1 +

(1 − 𝜇)𝑥2) ≥ max (𝐹𝐴�̃�(𝑥1), 𝐹𝐴�̃�(𝑥2)), for all 𝑥1, 𝑥2 ∈ ℝ 𝑎𝑛𝑑 𝜇 ∈ [0,1].  

 

Definition 2.5.  𝑻𝒓𝒂𝒑𝑵𝒏𝒖𝒎𝒃𝒆𝒓: [25] A subset of 𝑁𝑛𝑢𝑚𝑏𝑒𝑟 , 𝑇𝑟𝑎𝑝𝑁𝑛𝑢𝑚𝑏𝑒𝑟 , 𝐴�̃� in 

ℝ with the following 𝑇𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 , 𝐼𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 , 𝑎𝑛𝑑 𝐹𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 is defined as 

𝑇𝐴�̃�(𝑥) =

{
 
 

 
 (

𝑥 − 𝑎1
𝑎2 − 𝑎1

) 𝑢𝐴�̃�  𝑓𝑜𝑟 𝑎1 ≤ 𝑥 ≤ 𝑎2  

       𝑢𝐴�̃�             𝑓𝑜𝑟 𝑎2 ≤ 𝑥 ≤ 𝑎3 

(
𝑎4 − 𝑥

𝑎4 − 𝑎3
) 𝑢𝐴�̃�  𝑓𝑜𝑟𝑎3 ≤ 𝑥 ≤ 𝑎4  

0            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

;  

𝐼𝐴�̃�(𝑥) =

{
 
 

 
 (

𝑎2−𝑥

𝑎2−𝑎1
)𝑣𝐴�̃�  𝑓𝑜𝑟 𝑎1 ≤ 𝑥 ≤ 𝑎2  

       𝑣𝐴�̃�              𝑓𝑜𝑟 𝑎2 ≤ 𝑥 ≤ 𝑎3 

(
𝑎4−𝑥

𝑎4−𝑎3
)𝑣𝐴�̃�  𝑓𝑜𝑟𝑎3 ≤ 𝑥 ≤ 𝑎4  

1            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

                                                         (1) 

𝐹𝐴�̃�(𝑥) =

{
 
 

 
 (

𝑎2 − 𝑥

𝑎2 − 𝑎1
)𝑤𝐴�̃�  𝑓𝑜𝑟 𝑎1 ≤ 𝑥 ≤ 𝑎2  

       𝑤𝐴�̃�              𝑓𝑜𝑟 𝑎2 ≤ 𝑥 ≤ 𝑎3     

(
𝑎4 − 𝑥

𝑎4 − 𝑎3
) 𝑤𝐴�̃�  𝑓𝑜𝑟𝑎3 ≤ 𝑥 ≤ 𝑎4  

1            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

where −0 ≤ 𝑇𝐴�̃�(𝑥) + 𝐼𝐴�̃�(𝑥) + 𝐹𝐴�̃�(𝑥) ≤ 3
+, 𝑥 ∈ 𝐴�̃�. 

 

Definition 2.6. (𝜶,𝜷, 𝜸)𝒄𝒖𝒕 𝒐𝒇 𝒂 𝑻𝒓𝒂𝒑𝑵𝒏𝒖𝒎𝒃𝒆𝒓: The (𝛼, 𝛽, 𝛾)𝑐𝑢𝑡 𝑜𝑓 𝑎 𝑇𝑟𝑎𝑝𝑁𝑛𝑢𝑚𝑏𝑒𝑟 

𝐴�̃� = 〈(𝑎1, 𝑎2, 𝑎3, 𝑎4); 𝑢𝐴�̃� , 𝑣𝐴�̃� , 𝑤𝐴�̃�〉 is defined as follows: 

(𝐴�̃�)𝛼,𝛽,𝛾 = [𝑇𝐴𝑁1̃(𝛼),𝑇𝐴𝑁2̃(𝛼); 𝐼𝐴𝑁1̃(𝛽), 𝐼𝐴𝑁2̃(𝛽); 𝐹𝐴𝑁1̃  (𝛾), 𝐹𝐴𝑁2̃(𝛾)], where 

𝑇𝐴𝑁1̃(𝛼) = [𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃�, 𝑇𝐴𝑁2̃(𝛼) = [𝑎4 − 𝛼(𝑎4 − 𝑎3)]𝑢𝐴�̃� 
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𝐼𝐴𝑁1̃(𝛽) = [𝑎2 − 𝛽(𝑎2 − 𝑎1)]𝑣𝐴�̃� , 𝐼𝐴𝑁2̃(𝛽) = [𝑎3 + 𝛽(𝑎4 − 𝑎3)]𝑣𝐴�̃�                (2)           

𝐹𝐴𝑁1̃  (𝛾) = [𝑎2 − 𝛾(𝑎2 − 𝑎1)]𝑤𝐴�̃� , 𝐹𝐴𝑁2̃  (𝛾) = [𝑎3 + 𝛾(𝑎4 − 𝑎3)]𝑤𝐴�̃� 

 

here 0 < 𝛼 ≤ 1, 0 < 𝛽 ≤ 1, 0 < 𝛾 ≤ 1 𝑎𝑛𝑑 −0 < 𝛼 + 𝛽 + 𝛾 ≤ 3+. 

 

Definition 2.7. 𝑺𝒕𝒓𝒐𝒏𝒈𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: Let the solution of the neutrosophic differential 

equations be 𝑥(𝑡) and 𝑦(𝑡), and its  (𝛼, 𝛽, 𝛾)𝑐𝑢𝑡   be [𝑥(𝑡, 𝛼, 𝛽, 𝛾)] =

[𝑥1(𝑡, 𝛼), 𝑥2(𝑡, 𝛼), 𝑥1
′(𝑡, 𝛽), 𝑥2

′ (𝑡, 𝛽), 𝑥1
′′(𝑡, 𝛾), 𝑥2

′′(𝑡, 𝛾)] and [𝑦(𝑡, 𝛼, 𝛽, 𝛾)] =

[𝑦1(𝑡, 𝛼), 𝑦2(𝑡, 𝛼), 𝑦1
′(𝑡, 𝛽), 𝑦2

′(𝑡, 𝛽), 𝑦1
′′(𝑡, 𝛾), 𝑦2

′′(𝑡, 𝛾)].  

The solution is a strong solution if,  

i. 
𝑑𝑥1(𝑡,𝛼)

𝑑𝛼
> 0,

𝑑𝑥2(𝑡,𝛼)

𝑑𝛼
< 0 𝑎𝑛𝑑 

𝑑𝑦1(𝑡,𝛼)

𝑑𝛼
> 0,

𝑑𝑦2(𝑡,𝛼)

𝑑𝛼
< 0∀𝛼 ∈ [0,1], 𝑥1(𝑡, 1) ≤

𝑥2(𝑡, 1) 𝑎𝑛𝑑 𝑦1(𝑡, 1) ≤ 𝑦2(𝑡, 1). 

ii. 
𝑑𝑥1

′ (𝑡,𝛽)

𝑑𝛼
< 0,

𝑑𝑥2
′ (𝑡,𝛽)

𝑑𝛼
> 0 𝑎𝑛𝑑 

𝑑𝑦1
′(𝑡,𝛽)

𝑑𝛼
< 0,

𝑑𝑦2
′(𝑡,𝛽)

𝑑𝛼
> 0∀𝛽 ∈ [0,1], 𝑥1

′(𝑡, 0) ≤

𝑥2
′ (𝑡, 0) 𝑎𝑛𝑑 𝑦1

′(𝑡, 0) ≤ 𝑦2
′(𝑡, 0).                                                  (3) 

iii. 
𝑑𝑥1

′′(𝑡,𝛾)

𝑑𝛼
< 0,

𝑑𝑥2
′′(𝑡,𝛾)

𝑑𝛼
> 0 𝑎𝑛𝑑 

𝑑𝑦1
′′(𝑡,𝛾)

𝑑𝛼
< 0,

𝑑𝑦2
′′(𝑡,𝛾)

𝑑𝛼
> 0∀𝛾 ∈ [0,1], 𝑥1

′′(𝑡, 0) ≤

𝑥2
′′(𝑡, 0) 𝑎𝑛𝑑 𝑦1

′′(𝑡, 0) ≤ 𝑦2
′′(𝑡, 0). 

 

3. Solution of Neutrosophic boundary value problem  

 

In this section, we discuss the solution of first-order ODE with a neutrosophic 

initial value conditions.  

 

3.1 Solution of System of First-Order ODE using 𝑻𝒓𝒂𝒑𝑵𝒏𝒖𝒎𝒃𝒆𝒓 

Let us consider the system of first order differential equation 

 
𝑑𝑥

𝑑𝑡
= 𝑘1𝑦                                                                                                                                             (4)  

and 

 
𝑑𝑦

𝑑𝑡
= 𝑘2𝑥                                                                                                                                              (5) 

with boundary condition 𝑥(𝑡0) = �̃� and 𝑦(𝑡0) = �̃� where �̃� =

〈(𝑎1, 𝑎2, 𝑎3, 𝑎4); 𝑢𝐴�̃� , 𝑣𝐴�̃� , 𝑤𝐴�̃�〉 and �̃� = 〈(𝑏1, 𝑏2, 𝑏3, 𝑏4); 𝑢𝐴�̃�, 𝑣𝐴�̃� , 𝑤𝐴�̃�〉 are 

𝑇𝑟𝑎𝑝𝑁𝑛𝑢𝑚𝑏𝑒𝑟. 

Case (𝒊) when 𝑘1𝑎𝑛𝑑 𝑘2 are positive constant (𝑖𝑒)𝑘1, 𝑘2 > 0 

The (𝛼, 𝛽, 𝛾)-cut of Eq. (4)& (5) are 

𝑑

𝑑𝑡
[𝑥1(𝑡, 𝛼), 𝑥2(𝑡, 𝛼); 𝑥1

′(𝑡, 𝛽), 𝑥2
′ (𝑡, 𝛽); 𝑥1

′′(𝑡, 𝛾), 𝑥2
′′(𝑡, 𝛾)]

= 𝑘1[𝑦1(𝑡, 𝛼), 𝑦2(𝑡, 𝛼); 𝑦1
′(𝑡, 𝛽), 𝑦2

′(𝑡, 𝛽); 𝑦1
′′(𝑡, 𝛾), 𝑦2

′′(𝑡, 𝛾)]                                                    (6) 
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𝑑

𝑑𝑡
[𝑦1(𝑡, 𝛼), 𝑦2(𝑡, 𝛼); 𝑦1

′(𝑡, 𝛽), 𝑦2
′(𝑡, 𝛽); 𝑦1

′′(𝑡, 𝛾), 𝑦2
′′(𝑡, 𝛾)]

= 𝑘2[𝑥1(𝑡, 𝛼), 𝑥2(𝑡, 𝛼); 𝑥1
′(𝑡, 𝛽), 𝑥2

′ (𝑡, 𝛽); 𝑥1
′′(𝑡, 𝛾), 𝑥2

′′(𝑡, 𝛾)]                                                     (7) 

with the initial condition 
𝑥(𝑡0; 𝛼, 𝛽, 𝛾) = 〈[𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃� , [𝑎4 − 𝛼(𝑎4 − 𝑎3)]𝑢𝐴�̃�;  [𝑎2 − 𝛽(𝑎2 − 𝑎1)]𝑣𝐴�̃� , [𝑎3

+ 𝛽(𝑎4 − 𝑎3)]𝑣𝐴�̃�; [𝑎2 − 𝛾(𝑎2 − 𝑎1)]𝑤𝐴�̃� , [𝑎3 + 𝛾(𝑎4 − 𝑎3)]𝑤𝐴�̃�〉                      (8) 

and 

𝑦(𝑡0; 𝛼, 𝛽, 𝛾) = 〈[𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃� , [𝑏4 − 𝛼(𝑏4 − 𝑏3)]𝑢𝐴�̃�;  [𝑏2 − 𝛽(𝑏2 − 𝑏1)]𝑣𝐴�̃� , [𝑏3

+ 𝛽(𝑏4 − 𝑏3)]𝑣𝐴�̃�; [𝑏2 − 𝛾(𝑏2 − 𝑏1)]𝑤𝐴�̃� , [𝑏3 + 𝛾(𝑏4 − 𝑏3)]𝑤𝐴�̃�〉                        (9) 

From (6) we get 

𝑑𝑥1(𝑡, 𝛼)

𝑑𝑡
= 𝑘1𝑦1(𝑡, 𝛼);

𝑑𝑥2(𝑡, 𝛼)

𝑑𝑡
= 𝑘1𝑦2(𝑡, 𝛼)

𝑑𝑥1
′ (𝑡, 𝛽) 

𝑑𝑡
= 𝑘1𝑦1

′(𝑡, 𝛽);
𝑑𝑥2

′ (𝑡, 𝛽) 

𝑑𝑡
= 𝑘1𝑦2

′ (𝑡, 𝛽)

𝑑𝑥1
′′(𝑡, 𝛾) 

𝑑𝑡
= 𝑘1𝑦1

′′(𝑡, 𝛾);
𝑑𝑥2

′′(𝑡, 𝛾) 

𝑑𝑡
= 𝑘1𝑦2

′′(𝑡, 𝛾)}
 
 

 
 

                                                                                (10) 

From (7) we get 

𝑑𝑦1(𝑡, 𝛼)

𝑑𝑡
= 𝑘2𝑥1(𝑡, 𝛼);

𝑑𝑦2(𝑡, 𝛼)

𝑑𝑡
= 𝑘2𝑥2(𝑡, 𝛼)

𝑑𝑦1
′(𝑡, 𝛽) 

𝑑𝑡
= 𝑘2𝑥1

′(𝑡, 𝛽);
𝑑𝑦2

′(𝑡, 𝛽) 

𝑑𝑡
= 𝑘2𝑥2

′ (𝑡, 𝛽) 

𝑑𝑦1
′′(𝑡, 𝛾) 

𝑑𝑡
= 𝑘2𝑦1

′′(𝑡, 𝛾);
𝑑𝑦2

′′(𝑡, 𝛾) 

𝑑𝑡
= 𝑘2𝑥2

′′(𝑡, 𝛾)}
 
 

 
 

                                                             (11) 

 

with initial conditions 

𝑥1(𝑡0, 𝛼) = [𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃�; 𝑥2(𝑡0, 𝛼) = [𝑎4 − 𝛼(𝑎4 − 𝑎3)]𝑢𝐴�̃�
𝑥1
′(𝑡0, 𝛽) = [𝑎2 − 𝛽(𝑎2 − 𝑎1)]𝑣𝐴�̃�; 𝑥2

′ (𝑡0, 𝛽) = [𝑎3 + 𝛽(𝑎4 − 𝑎3)]𝑣𝐴�̃�
𝑥1
′′(𝑡0, 𝛾) = [𝑎2 − 𝛾(𝑎2 − 𝑎1)]𝑤𝐴�̃�;  𝑥2

′′(𝑡0, 𝛾) = [𝑎3 + 𝛾(𝑎4 − 𝑎3)]𝑤𝐴�̃�

}                     (12)    

and 

𝑦1(𝑡0, 𝛼) = [𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃�; 𝑦2(𝑡0, 𝛼) = [𝑏4 − 𝛼(𝑏4 − 𝑏3)]𝑢𝐴�̃�
𝑦1
′(𝑡0, 𝛽) = [𝑏2 − 𝛽(𝑏2 − 𝑏1)]𝑣𝐴�̃�; 𝑦2

′(𝑡0, 𝛽) = [𝑏3 + 𝛽(𝑏4 − 𝑏3)]𝑣𝐴�̃�
𝑦1
′′(𝑡0, 𝛾) = [𝑏2 − 𝛾(𝑏2 − 𝑏1)]𝑤𝐴�̃�;  𝑏2

′′(𝑡0, 𝛾) = [𝑏3 + 𝛾(𝑏4 − 𝑏3)]𝑤𝐴�̃�

}                      (13) 

From Eqs. (10) and (11) we have  

 
𝑑2𝑥1(𝑡,𝛼)

𝑑𝑡2
= 𝑘1𝑘2𝑥1(𝑡, 𝛼)                                                                                                                 (14) 

The solution of Eq.(14) is  

𝑥1(𝑡, 𝛼) = 𝐴𝑒
√𝑘1𝑘2𝑡 + 𝐵𝑒−√𝑘1𝑘2𝑡                                                                                               (15) 

substituting Eq.(15) in Eq.(11) , we get  
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𝐴𝑒√𝑘1𝑘2𝑡 − 𝐵𝑒−√𝑘1𝑘2𝑡 = √
𝑘1
𝑘2
𝑦1(𝑡, 𝛼)                                                                                      (16) 

Using initial condition, we get 

𝐴𝑒√𝑘1𝑘2𝑡 + 𝐵𝑒−√𝑘1𝑘2𝑡 = [𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃�  

and 𝐴𝑒√𝑘1𝑘2𝑡 − 𝐵𝑒−√𝑘1𝑘2𝑡 = √
𝑘1

𝑘2
[𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃� 

Therefore,  

𝐴 =
1

2
{[𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃� + √

𝑘1
𝑘2
[𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃�} 𝑒

−√𝑘1𝑘2𝑡0

𝐵 =
1

2
{[𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃� −√

𝑘1
𝑘2
[𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃�} 𝑒

√𝑘1𝑘2𝑡0

}
  
 

  
 

                          (17) 

substituting Eq.(17) in Eqs.(12) and (13), we get 

𝑥1(𝑡, 𝛼) =
1

2
{[𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃� +√

𝑘1
𝑘2
[𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃�} 𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃� − √

𝑘1
𝑘2
[𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)     (18) 

𝑦1(𝑡, 𝛼) =
1

2
√
𝑘2
𝑘1
{[𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃� + √

𝑘1
𝑘2
[𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

−
1

2
√
𝑘2
𝑘1
{[𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃� −√

𝑘1
𝑘2
[𝑏1+ 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0) (19) 

similarly, 

𝑥2(𝑡, 𝛼) =
1

2
{[𝑎4 − 𝛼(𝑎4 − 𝑎3)]𝑢𝐴�̃� +√

𝑘1
𝑘2
[𝑏4 − 𝛼(𝑏4 − 𝑏3)]𝑢𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎4 − 𝛼(𝑎4 − 𝑎3)]𝑢𝐴�̃� − √

𝑘1
𝑘2
[𝑏4 − 𝛼(𝑏4 − 𝑏3)]𝑢𝐴�̃�} 𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(20) 

𝑦2(𝑡, 𝛼) =
1

2
√
𝑘2
𝑘1
{[𝑎4 − 𝛼(𝑎4 − 𝑎3)]𝑢𝐴�̃� +√

𝑘1
𝑘2
[𝑏4− 𝛼(𝑏4 − 𝑏3)]𝑢𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

−
1

2
√
𝑘2
𝑘1
{[𝑎4 − 𝛼(𝑎4 − 𝑎3)]𝑢𝐴�̃� −√

𝑘1
𝑘2
[𝑏4 − 𝛼(𝑏4 − 𝑏3)]𝑢𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(21) 
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𝑥1
′ (𝑡, 𝛽) =

1

2
{[𝑎2 − 𝛽(𝑎2 − 𝑎1)]𝑣𝐴�̃� + √

𝑘1
𝑘2
[𝑏2 − 𝛽(𝑏2 − 𝑏1)]𝑣𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎2 − 𝛽(𝑎2 − 𝑎1)]𝑣𝐴�̃� − √

𝑘1
𝑘2
[𝑏2 − 𝛽(𝑏2 − 𝑏1)]𝑣𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(22) 

𝑦1
′(𝑡, 𝛽) =

1

2
√
𝑘2
𝑘1
{[𝑎2 − 𝛽(𝑎2 − 𝑎1)]𝑣𝐴�̃� +√

𝑘1
𝑘2
[𝑏2 − 𝛽(𝑏2 − 𝑏1)]𝑣𝐴�̃�} 𝑒

√𝑘1𝑘2(𝑡−𝑡0)

−
1

2
√
𝑘2
𝑘1
{[𝑎2 − 𝛽(𝑎2 − 𝑎1)]𝑣𝐴�̃� − √

𝑘1
𝑘2
[𝑏2 − 𝛽(𝑏2 − 𝑏1)]𝑣𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(23) 

𝑥2
′ (𝑡, 𝛽) =

1

2
{[𝑎3 + 𝛽(𝑎4 − 𝑎3)]𝑣𝐴�̃� + √

𝑘1
𝑘2
[𝑏3 + 𝛽(𝑏4 − 𝑏3)]𝑣𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎3 + 𝛽(𝑎4 − 𝑎3)]𝑣𝐴�̃� − √

𝑘1
𝑘2
[𝑏3 + 𝛽(𝑏4 − 𝑏3)]𝑣𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(24) 

𝑦2
′ (𝑡, 𝛽) =

1

2
√
𝑘2
𝑘1
{[𝑎3 + 𝛽(𝑎4 − 𝑎3)]𝑣𝐴�̃� + √

𝑘1
𝑘2
[𝑏3 + 𝛽(𝑏4 − 𝑏3)]𝑣𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

−
1

2
√
𝑘2
𝑘1
{[𝑎3 + 𝛽(𝑎4 − 𝑎3)]𝑣𝐴�̃� −√

𝑘1
𝑘2
[𝑏3 + 𝛽(𝑏4 − 𝑏3)]𝑣𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(25) 

𝑥1
′′(𝑡, 𝛾) =

1

2
{[𝑎2 − 𝛾(𝑎2 − 𝑎1)]𝑤𝐴�̃� +√

𝑘1
𝑘2
[𝑏2 − 𝛾(𝑏2 − 𝑏1)]𝑤𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎2 − 𝛾(𝑎2 − 𝑎1)]𝑤𝐴�̃� − √

𝑘1
𝑘2
[𝑏2 − 𝛾(𝑏2 − 𝑏1)]𝑤𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(26) 

𝑦1
′′(𝑡, 𝛾) =

1

2
√
𝑘2
𝑘1
{[𝑎2 − 𝛾(𝑎2 − 𝑎1)]𝑤𝐴�̃� +√

𝑘1
𝑘2
[𝑏2 − 𝛾(𝑏2 − 𝑏1)]𝑤𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

−
1

2
√
𝑘2
𝑘1
{[𝑎2 − 𝛾(𝑎2 − 𝑎1)]𝑤𝐴�̃� − √

𝑘1
𝑘2
[𝑏2 − 𝛾(𝑏2 − 𝑏1)]𝑤𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(27) 

𝑥2
′′(𝑡, 𝛾) =

1

2
{[𝑎3 + 𝛾(𝑎4 − 𝑎3)]𝑤𝐴�̃� +√

𝑘1
𝑘2
[𝑏3 + 𝛾(𝑏4 − 𝑏3)]𝑤𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎3 + 𝛾(𝑎4 − 𝑎3)]𝑤𝐴�̃� − √

𝑘1
𝑘2
[𝑏3 + 𝛾(𝑏4 − 𝑏3)]𝑤𝐴�̃�} 𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(28) 
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𝑦2
′′(𝑡, 𝛾) =

1

2
√
𝑘2
𝑘1
{[𝑎3 + 𝛾(𝑎4 − 𝑎3)]𝑤𝐴�̃� +√

𝑘1
𝑘2
[𝑏3 + 𝛾(𝑏4 − 𝑏3)]𝑤𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

−
1

2
√
𝑘2
𝑘1
{[𝑎3 + 𝛾(𝑎4 − 𝑎3)]𝑤𝐴�̃� − √

𝑘1
𝑘2
[𝑏3 + 𝛾(𝑏4 − 𝑏3)]𝑤𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(29) 

 

Case (𝒊𝒊) when 𝑘1𝑎𝑛𝑑 𝑘2 are negative constants (𝑖𝑒)𝑘1, 𝑘2 < 0 

The general solution of the system of solutions are as follows: 

𝑥1(𝑡, 𝛼) =
1

2
{[𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃� −√

𝑘1
𝑘2
[𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃�} 𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃� + √

𝑘1
𝑘2
[𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(30) 

𝑦2(𝑡, 𝛼) = −
1

2
√
𝑘2
𝑘1
{[𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃� − √

𝑘1
𝑘2
[𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
√
𝑘2
𝑘1
{[𝑎1 + 𝛼(𝑎2 − 𝑎1)]𝑢𝐴�̃� + √

𝑘1
𝑘2
[𝑏1 + 𝛼(𝑏2 − 𝑏1)]𝑢𝐴�̃�} 𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(31) 

𝑥2(𝑡, 𝛼) =
1

2
{[𝑎4 − 𝛼(𝑎4 − 𝑎3)]𝑢𝐴�̃� −√

𝑘1
𝑘2
[𝑏4 − 𝛼(𝑏4 − 𝑏3)]𝑢𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎4 − 𝛼(𝑎4 − 𝑎3)]𝑢𝐴�̃� + √

𝑘1
𝑘2
[𝑏4 − 𝛼(𝑏4 − 𝑏3)]𝑢𝐴�̃�} 𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(32) 

𝑦1(𝑡, 𝛼) = −
1

2
√
𝑘2
𝑘1
{[𝑎4 − 𝛼(𝑎4 − 𝑎3)]𝑢𝐴�̃� − √

𝑘1
𝑘2
[𝑏4 − 𝛼(𝑏4 − 𝑏3)]𝑢𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
√
𝑘2
𝑘1
{[𝑎4 − 𝛼(𝑎4 − 𝑎3)]𝑢𝐴�̃� +√

𝑘1
𝑘2
[𝑏4 − 𝛼(𝑏4 − 𝑏3)]𝑢𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(33) 

𝑥1
′ (𝑡, 𝛽) =

1

2
{[𝑎2 − 𝛽(𝑎2 − 𝑎1)]𝑣𝐴�̃� − √

𝑘1
𝑘2
[𝑏2 − 𝛽(𝑏2 − 𝑏1)]𝑣𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎2 − 𝛽(𝑎2 − 𝑎1)]𝑣𝐴�̃� + √

𝑘1
𝑘2
[𝑏2 − 𝛽(𝑏2 − 𝑏1)]𝑣𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(34) 
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𝑦2
′ (𝑡, 𝛽) = −

1

2
√
𝑘2
𝑘1
{[𝑎2 − 𝛽(𝑎2 − 𝑎1)]𝑣𝐴�̃� −√

𝑘1
𝑘2
[𝑏2 − 𝛽(𝑏2 − 𝑏1)]𝑣𝐴�̃�} 𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
√
𝑘2
𝑘1
{[𝑎2 − 𝛽(𝑎2 − 𝑎1)]𝑣𝐴�̃� + √

𝑘1
𝑘2
[𝑏2 − 𝛽(𝑏2 − 𝑏1)]𝑣𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(35) 

𝑥2
′ (𝑡, 𝛽) =

1

2
{[𝑎3 + 𝛽(𝑎4 − 𝑎3)]𝑣𝐴�̃� − √

𝑘1
𝑘2
[𝑏3 + 𝛽(𝑏4 − 𝑏3)]𝑣𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎3 + 𝛽(𝑎4 − 𝑎3)]𝑣𝐴�̃� + √

𝑘1
𝑘2
[𝑏3 + 𝛽(𝑏4 − 𝑏3)]𝑣𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(36) 

𝑦1
′(𝑡, 𝛽) = −

1

2
√
𝑘2
𝑘1
{[𝑎3 + 𝛽(𝑎4 − 𝑎3)]𝑣𝐴�̃� −√

𝑘1
𝑘2
[𝑏3 + 𝛽(𝑏4 − 𝑏3)]𝑣𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
√
𝑘2
𝑘1
{[𝑎3 + 𝛽(𝑎4 − 𝑎3)]𝑣𝐴�̃� +√

𝑘1
𝑘2
[𝑏3 + 𝛽(𝑏4 − 𝑏3)]𝑣𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(37) 

𝑥1
′′(𝑡, 𝛾) =

1

2
{[𝑎2 − 𝛾(𝑎2 − 𝑎1)]𝑤𝐴�̃� −√

𝑘1
𝑘2
[𝑏2 − 𝛾(𝑏2 − 𝑏1)]𝑤𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎2 − 𝛾(𝑎2 − 𝑎1)]𝑤𝐴�̃� + √

𝑘1
𝑘2
[𝑏2 − 𝛾(𝑏2 − 𝑏1)]𝑤𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(38) 

𝑦2
′′(𝑡, 𝛾) = −

1

2
√
𝑘2
𝑘1
{[𝑎2 − 𝛾(𝑎2 − 𝑎1)]𝑤𝐴�̃� −√

𝑘1
𝑘2
[𝑏2 − 𝛾(𝑏2 − 𝑏1)]𝑤𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
√
𝑘2
𝑘1
{[𝑎2 − 𝛾(𝑎2 − 𝑎1)]𝑤𝐴�̃� + √

𝑘1
𝑘2
[𝑏2 − 𝛾(𝑏2 − 𝑏1)]𝑤𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(39) 

𝑥2
′′(𝑡, 𝛾) =

1

2
{[𝑎3 + 𝛾(𝑎4 − 𝑎3)]𝑤𝐴�̃� −√

𝑘1
𝑘2
[𝑏3 + 𝛾(𝑏4 − 𝑏3)]𝑤𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
{[𝑎3 + 𝛾(𝑎4 − 𝑎3)]𝑤𝐴�̃� + √

𝑘1
𝑘2
[𝑏3 + 𝛾(𝑏4 − 𝑏3)]𝑤𝐴�̃�} 𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(40) 

𝑦1
′′(𝑡, 𝛾) = −

1

2
√
𝑘2
𝑘1
{[𝑎3 + 𝛾(𝑎4 − 𝑎3)]𝑤𝐴�̃� −√

𝑘1
𝑘2
[𝑏3 + 𝛾(𝑏4 − 𝑏3)]𝑤𝐴�̃�}𝑒

√𝑘1𝑘2(𝑡−𝑡0)

+
1

2
√
𝑘2
𝑘1
{[𝑎3 + 𝛾(𝑎4 − 𝑎3)]𝑤𝐴�̃� + √

𝑘1
𝑘2
[𝑏3 + 𝛾(𝑏4 − 𝑏3)]𝑤𝐴�̃�}𝑒

−√𝑘1𝑘2(𝑡−𝑡0)(41) 
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3.2 Numerical Example: 

Consider a system of differential equation  
𝑑𝑥

𝑑𝑡
= 4𝑦 and 

𝑑𝑦

𝑑𝑡
= 5𝑥 with initial 

conditions  𝑥(𝑡0) = �̃� = 〈(3, 4, 5,6); 0.7, 0.6, 0.4〉 and 𝑦(𝑡0) = �̃� =

〈(5, 6, 7, 8); 0.5, 0.3, 0.2〉. 

 

Solution: 

The solution is given by the equations 

 

𝑥1(𝑡, 𝛼) =
1

2
{[3 + 𝛼]0.7 + √

4

5
[5 + 𝛼]0.5} 𝑒√20𝑡 +

1

2
{[3 + 𝛼]0.7 − √

4

5
[5 + 𝛼]0.5} 𝑒−√20𝑡 

𝑦1(𝑡, 𝛼) =
1

2
√
4

5
{[3 + 𝛼]0.7 + √

4

5
[5 + 𝛼]0.5} 𝑒√20𝑡 −

1

2
{[3 + 𝛼]0.7 − √

4

5
[5 + 𝛼]0.5} 𝑒−√20𝑡  

𝑥2(𝑡, 𝛼) =
1

2
{[6 − 𝛼]0.7 + √

4

5
[8 − 𝛼]0.5} 𝑒√20𝑡 +

1

2
{[6 − 𝛼]0.7 − √

4

5
[8 − 𝛼]0.5} 𝑒−√20𝑡 

𝑦2(𝑡, 𝛼) =
1

2
√
4

5
{[6 − 𝛼]0.7 + √

4

5
[8 − 𝛼]0.5} 𝑒√20𝑡 −

1

2
{[6 − 𝛼]0.7 − √

4

5
[8 − 𝛼]0.5} 𝑒−√20𝑡  

𝑥1
′ (𝑡, 𝛽) =

1

2
{[4 − 𝛽]0.6 + √

4

5
[6 − 𝛽]0.3} 𝑒√20𝑡 +

1

2
{[4 − 𝛽]0.6 − √

4

5
[6 − 𝛽]0.3} 𝑒−√20𝑡  

𝑦1
′(𝑡, 𝛽) =

1

2
√
4

5
{[4 − 𝛽]0.6 + √

4

5
[6 − 𝛽]0.3} 𝑒√20𝑡 −

1

2
{[4 − 𝛽]0.6 − √

4

5
[6 − 𝛽]0.3} 𝑒−√20𝑡 

𝑥2
′ (𝑡, 𝛽) =

1

2
{[5 + 𝛽]0.6 + √

4

5
[7 + 𝛽]0.3} 𝑒√20𝑡 +

1

2
{[5 + 𝛽]0.6 − √

4

5
[7 + 𝛽]0.3} 𝑒−√20𝑡  

𝑦2
′ (𝑡, 𝛽) =

1

2
√
4

5
{[5 + 𝛽]0.6 + √

4

5
[7 + 𝛽]0.3} 𝑒√20𝑡 −

1

2
{[5 + 𝛽]0.6 − √

4

5
[7 + 𝛽]0.3} 𝑒−√20𝑡 

𝑥1
′′(𝑡, 𝛾) =

1

2
{[4 − 𝛾]0.4 + √

4

5
[6 − 𝛾]0.2} 𝑒√20𝑡 +

1

2
{[4 − 𝛾]0.4 − √

4

5
[6 − 𝛾]0.3} 𝑒−√20𝑡  

𝑦1
′′(𝑡, 𝛾) =

1

2
√
4

5
{[4 − 𝛾]0.4 + √

4

5
[6 − 𝛾]0.3} 𝑒√20𝑡 −

1

2
{[4 − 𝛾]0.4 − √

4

5
[6 − 𝛾]0.3} 𝑒−√20𝑡  

and 
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𝑥2
′′(𝑡, 𝛾) =

1

2
{[5 + 𝛾]0.4 + √

4

5
[7 + 𝛾]0.2} 𝑒√20𝑡 +

1

2
{[5 + 𝛾]0.4 − √

4

5
[7 + 𝛾]0.3} 𝑒−√20𝑡  

𝑦2
′′(𝑡, 𝛾) =

1

2
√
4

5
{[5 + 𝛾]0.4 + √

4

5
[7 − 𝛾]0.3} 𝑒√20𝑡 −

1

2
{[5 + 𝛾]0.4 − √

4

5
[7 + 𝛾]0.3} 𝑒−√20𝑡  

Table 1. 𝑻𝒓𝒂𝒑𝑵𝒏𝒖𝒎𝒃𝒆𝒓solution of 𝒙(𝒕,  𝜶,𝜷, 𝜸) at 𝒕 = 𝟎. 𝟓 

𝜶 𝒙𝟏(𝒕, 𝜶) 𝒙𝟐(𝒕, 𝜶) 𝜷 𝒙𝟏
′ (𝒕, 𝜷) 𝒙𝟐

′ (𝒕, 𝜷) 𝜸 𝒙𝟏
′′(𝒕, 𝜸) 𝒙𝟐

′′(𝒕, 𝜸) 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1 

52.45255 

53.80454 

55.15653 

56.50853 

57.86052 

59.21251 

60.5645 

61.91649 

63.26848 

64.62047 

90.30831 

88.95632 

87.60432 

86.25233 

84.90034 

83.54835 

82.19369 

80.84437 

79.49238 

78.14039 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1 

46.23416 

45.21083 

44.18751 

43.16419 

42.14086 

41.11754 

40.09421 

39.07089 

38.04756 

37.02424 

58.51406 

59.53738 

60.56071 

61.58403 

62.60736 

63.63068 

64.654 

65.67733 

66.70065 

67.72398 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1 

30.82277 

30.14056 

29.45834 

28.77612 

28.09391 

27.41169 

26.72947 

26.04726 

25.36504 

24.68282 

39.00937 

39.69159 

40.3738 

41.05602 

41.73824 

42.42045 

43.10267 

43.78489 

44.4671 

45.14932 

 

Table 2. 𝑻𝒓𝒂𝒑𝑵𝒏𝒖𝒎𝒃𝒆𝒓 solution of 𝒚(𝒕,  𝜶,𝜷, 𝜸) at 𝒕 = 𝟎. 𝟓 

𝜶 𝒚𝟏(𝒕, 𝜶) 𝒚𝟐(𝒕, 𝜶) 𝜷 𝒚𝟏
′ (𝒕, 𝜷) 𝒚𝟐

′ (𝒕, 𝜷) 𝜸 𝒚𝟏
′′(𝒕, 𝜸) 𝒚𝟐

′′(𝒕, 𝜸) 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1 

46.91499 

48.12425 

49.3335 

50.54276 

51.75202 

52.96128 

54.17054 

55.37979 

56.58905 

57.79831 

80.7742 

79.56495 

78.35569 

77.14643 

75.93717 

74.72792 

73.51866 

72.3094 

71.10014 

69.89089 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1 

41.35309 

40.4378 

39.52251 

38.60722 

37.69193 

36.77664 

35.86135 

34.94606 

34.03077 

33.11548 

52.33656 

53.25185 

54.16714 

55.08243 

55.99772 

56.91301 

57.8283 

58.74359 

59.65888 

60.57417 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1 

33.13125 

32.42677 

31.7223 

31.01783 

30.31335 

29.60888 

28.90441 

28.19994 

27.49546 

26.79099 

41.01924 

41.15803 

41.29683 

41.43562 

41.57441 

41.71321 

41.852 

41.99079 

42.12959 

42.26838 
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Fig. 1. 𝒙𝟏(𝜶, 𝒕) for increasing values of t Fig. 2. 𝒚𝟏(𝜶, 𝒕) for increasing values of t   

Fig. 3. 𝒙𝟐(𝜶, 𝒕) for increasing values of t Fig. 4. 𝒚𝟐(𝜶, 𝒕) for increasing values of t 
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3.3  Results and Discussion 

 

The system of first-order simultaneous differential equations (SFOSDE) with initial 

conditions is a powerful tool used in various scientific and engineering disciplines 

to model and analyze dynamic systems. These equations capture relationships 

between different variables and how they change over time, providing insights 

into the behavior of complex systems.  SFOSDEs are used to describe the flow of 

fluids in various scenarios, like incompressible or compressible flows, turbulence, 

and boundary layer analysis. These equations can model the heat transfer, energy 

exchange, and temperature changes in systems governed by the laws of 

thermodynamics. SFOSDEs can be employed to model reaction rates, 

concentrations, and reaction pathways. Differential equations help in 

understanding growth rates, interactions between different species, population 

dynamics, and the spread of diseases in biological and ecological systems. 

Uncertainty is a common aspect in various scientific and engineering applications, 

and it's important to consider it when modeling real-world systems. In 

mathematical modeling, uncertainty can be dealt with in various ways, depending 

on the specific context and the type of uncertainty being considered. Solving 

SFOSDEs with neutrosophic inputs would involve extending traditional solution 

methods to handle neutrosophic values. This might involve developing new 

numerical techniques or analytical approaches that can accommodate the three 

aspects of membership in neutrosophic sets. 

 

The solutions of a system of differential equation  
𝑑𝑥

𝑑𝑡
= 4𝑦 and 

𝑑𝑦

𝑑𝑡
= 5𝑥 with initial 

conditions  𝑥(𝑡0) = �̃� = 〈(3, 4, 5,6); 0.7, 0.6, 0.4〉 and 𝑦(𝑡0) = �̃� =

Fig. 5. Solution of 𝒙(𝒕,  𝜶,𝜷, 𝜸) at 𝒕 = 𝟎. 𝟓   Fig. 6. Solution of 𝒚(𝒕,  𝜶,𝜷, 𝜸) at 𝒕 = 𝟎. 𝟓   
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〈(5, 6, 7, 8); 0.5, 0.3, 0.2〉 for various 𝑡 and 0 < 𝛼, 𝛽, 𝛾 ≤ 1 are depicted in Tables 1 

and 2 Figures 1-4. It is observed that, the increasing   values of 𝛼, 𝛽, 𝛾 increase 

𝑥1(𝛼, 𝑡), 𝑦1(𝛼, 𝑡) and decrease 𝑥2(𝛼, 𝑡), 𝑦2(𝛼, 𝑡)  where as 𝑥1
′(𝛼, 𝑡), 𝑦1

′(𝛼, 𝑡)and 

𝑥1
′′(𝛼, 𝑡), 𝑦1

′′(𝛼, 𝑡) are diminishing functions and  𝑥2
′ (𝛼, 𝑡), 𝑦2

′(𝛼, 𝑡)and 𝑥2
′′(𝛼, 𝑡), 

𝑦2
′′(𝛼, 𝑡) are escalation functions. Therefore, the numerical example of system of 

differential equation satisfies the conditions of the 𝑆𝑡𝑟𝑜𝑛𝑔𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛  of a neutrosophic 

difference equation. Hence the obtained solution is a strong solution. In addition, 

the graphs for different values for 𝑇𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝  (𝑇𝐴�̃�(𝑥)),  𝐼𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 (𝐼𝐴�̃�(𝑥)), and 

𝐹𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝  (𝐹𝐴�̃�(𝑥)) functions with (𝛼, 𝛽, 𝛾)𝑐𝑢𝑡 at time 𝑡 = 0 are displayed in 

Figures 5 and 6. As the 𝛼𝑐𝑢𝑡 value enhances and 𝛽𝑐𝑢𝑡 , 𝛾𝑐𝑢𝑡 values diminishes the 

solutions of 𝑥(𝑡,  𝛼, 𝛽, 𝛾) and 𝑦(𝑡,  𝛼, 𝛽, 𝛾) which approaches to the exact solution.  

 

 

Conclusion 

 

A technique for approximating the solution of system of first order simultaneous 

differential equations with initial condition as a neutrosophic environment is 

presented in this proposed work. We used the initial conditions as trapezoidal 

neutrosophic numbers. Furthermore, numerical examples are illustrated for better 

understanding of solving SFOSD utilizing 𝑇𝑟𝑎𝑝𝑁𝑛𝑢𝑚𝑏𝑒𝑟 via MATLAB software. 

The simulation results are shown in Tables and Figures. From these it is noticed 

that the new technique using neutrosophic are effective and more flexible to 

estimate the solutions of SFOSD. This technique is used to develop the solution of 

highly nonlinear coupled ordinary differential equations in the field of 

Computational Fluid Mechanics. 

 

 

Future Work: 

In future, one can extend this technique to solve higher-order linear and nonlinear 

neutrosophic initial value problems. Also, we will focus on higher-order nonlinear 

coupled partial differential equations and their applications in neutrosophic 

environments. 

Table 3. Notations 

𝐶𝑠𝑒𝑡 Classical set 
𝐹𝑠𝑒𝑡 Fuzzy Set 

𝐼𝐹𝑠𝑒𝑡 Intuitionistic Fuzzy Set 

𝐼𝑉𝐹𝑠𝑒𝑡 Interval Valued Fuzzy Set 

𝑁𝑠𝑒𝑡 Neutrosophic set 

𝑁𝑙𝑜𝑔𝑖𝑐 Neutrosophic logic 
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𝑆𝑉𝑁𝑠𝑒𝑡 Single Values Neutrosophic set 

𝑆𝑉𝑁𝑛𝑢𝑚𝑏𝑒𝑟 Single Values Neutrosophic number 

𝑇𝑟𝑖𝑁𝑛𝑢𝑚𝑏𝑒𝑟 Triangular Neutrosophic number 

𝑇𝑟𝑎𝑝𝑁𝑛𝑢𝑚𝑏𝑒𝑟 Trapezoidal Neutrosophic number 

𝑇𝑣𝑎𝑙𝑢𝑒 , 𝐼𝑣𝑎𝑙𝑢𝑒,𝑎𝑛𝑑 𝐹𝑣𝑎𝑙𝑢𝑒  membership, indeterminacy, and non-

membership values 

𝑇𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 , 𝐼𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 , 𝐹𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝  truth, indeterminacy, and falsity 

membership 

𝑇𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 , 𝐼𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 𝑎𝑛𝑑 𝐹𝑓𝑢𝑛𝑐𝑡𝑢𝑖𝑜𝑛 truth, indeterminacy, and falsity function 

(𝛼, 𝛽, 𝛾)𝑐𝑢𝑡   (𝛼, 𝛽, 𝛾) − 𝑐𝑢𝑡 

(𝛼, 𝛽, 𝛾)𝑐𝑢𝑡  𝑜𝑓 𝑎 𝑇𝑟𝑎𝑝𝑁𝑛𝑢𝑚𝑏𝑒𝑟 (𝛼, 𝛽, 𝛾) − 𝑐𝑢𝑡 of a Trapezoidal 

Neutrosophic number 

 

References 

[1] Smarandache F (1999) A unifying field in logics. Neutrosophy: neutrosophic 

probability, set and logic. American Research Press, Rehoboth. 

[2] Zadeh LA (1965) Fuzzy sets. Inf Control 8:338–353. 

[3] Atanassov K (1986) Intuitionistic fuzzy sets. Fuzzy Sets Syst 20:87–96. 

[4] Das S, Kar S (2014) Group decision making in medical system: an intuitionistic 

fuzzy soft set approach. Appl Soft Comput 24:196–211. 

[5] Das S, Kar MB, Kar S (2013) Group multi criteria decision making using 

intuitionistic multi fuzzy sets. J Uncertain Anal Appl 1:10. 

https://doi.org/10.1186/2195-5468-1-10. 

[6] Das S, Kar S, Pal T (2014a) Group decision making using interval valued 

intuitionistic fuzzy soft matrix and confident weight of experts. Art Intel Soft 

Comput Res 4(1):57–77. 

[7] Zadeh L (1975) The concept of a linguistic variable and its application to 

approximate reasoning-I. Inf Sci 8:199–249.  

[8] Grattan-Guiness I (1975) Fuzzy membership mapped onto interval and many-

valued quantities. Z Math Logik Grundladen Math 22:149–160. 

[9] Jahn KU (1975) Interval-wertige Mengen. Math Nachr 68:115–132. 

[10] Sambuc R (1975) Fonctions u-floues: Application l’aide au diagnostic en 

pathologie thyroidienne, Ph. D. Thesis Univ. Marseille, France. 

[11] Mondal SP, Roy TK (2014) First order homogeneous ordinary differential 

equation with initial value as triangular intuitionistic fuzzy number. J Uncertain 

Math Sci 2014:1–17. 

[12] Sumathi IR, Mohana Priya V (2018) A new perspective on Neutrosophic 

differential equation. Int J Eng Technol 7(4.10):422–425. 

https://doi.org/10.1186/2195-5468-1-10


Neutrosophic Sets and Systems, Vol. 57, 2023 209  

 

 

M. Shanmugapriya, R. Sundareswaran, S Said Broumi, Solution and Analysis of System of Differential Equation with 
Initial Condition as 𝑇𝑟𝑎𝑝𝑁𝑛𝑢𝑚𝑏𝑒𝑟 

[13] R. Sumathi, C. Antony Crispin Sweety, (2019) New approach on differential 

equation via trapezoidal neutrosophic number, Complex & Intelligent Systems 5(2) 

[14] Alamin, S. P. Mondal, S. Alam, A. Ahmadian,S. Salahshour, M. Salimi, (2020),  

Solution and Interpretation of Neutrosophic Homogeneous Difference Equation, 

Symmetry, 12, 1091 

[15] Chakraborty, S. P. Mondal, A. Mahata, S. Alam, Different linear and non-linear 

form of trapezoidal Neutrosophic numbers, de-neutrosophication techniques and 

its applications in time –cost optimization technique, sequencing problem, RAIRO-

Oper. Res. 55 (2021) S97- S118. 

[16] Zahidullah Rehan, Application of First-Order Differential Equation to Heat 

Convection in Fluid, Journal of Applied Mathematics and 

Physics 08(08):1456-1462, 2020. 

[17] Sadeghi, A. I. Md Ismail, and A. F. Jameel, ‘‘Solving system of fuzzy differential 

equation,’’ Int. Math. Forum, vol. 6, no. 42, pp. 2087–2100, 2011. 

[18] M. Keshavarz, T. Allahviranloo, S. Abbasbandy, M. H. Modarressi, A Study of 

Fuzzy Methods for Solving System of Fuzzy Differential Equations, New 

Mathematics and Natural ComputationVol. 17, No. 01, pp. 1-27 (2021) 

[19] S. Karpagappriya, Nazek Alessa, P. Jayaraman, K. Loganathan, "A Novel 

Approach for Solving Fuzzy Differential Equations Using Cubic Spline 

Method", Mathematical Problems in Engineering, vol. 2021, Article ID 5553732, 9 

pages, 2021. 

[20] Abdel-Monem , A., A.Nabeeh , N., & Abouhawwash, M. An Integrated 

Neutrosophic Regional Management Ranking Method for Agricultural Water 

Management. Neutrosophic Systems with Applications, vol.1, (2023): pp. 22–28.  

[21] Ahmed Abdelhafeez, Hoda K.Mohamed, Nariman A.Khalil, Rank and Analysis 

Several Solutions of Healthcare Waste to Achieve Cost Effectiveness and 

Sustainability Using Neutrosophic MCDM Model, Neutrosophic Systems with 

Applications, vol.2, (2023): pp. 25–37.  

[22] Manas Karak, Animesh Mahata, Mahendra Rong, Supriya Mukherjee, Sankar 

Prasad Mondal, Said Broumi, Banamali Roy, A Solution Technique of 

Transportation Problem in Neutrosophic Environment, Neutrosophic Systems with 

Applications, vol.3, (2023): pp. 17–34.  

[23] Wang, H.; Smarandache, F.; Zhang, Y.; Sunderraman, R. Single Valued 

Neutrosophic Sets. Multisspace Multistructure 2010, 4, 410–413. 

[24] Neutrosophic precalculus and neutrosophic calculus, by Florentin Smarandache, 

Sitech Educational, EuropaNova, Brussels, Belgium, (2015). 

 

Received: April 27, 2023.  Accepted: Aug 20, 2023 

https://www.researchgate.net/scientific-contributions/Zahidullah-Rehan-2178855728?_sg%5B0%5D=uRmbC2tMDNeWtk1x9TId0ONgimj-bd19p1CrAXGmdx99TvyS8u-igDtJ1kCYu-Vl8wi4f-E.kzmykO44l8kxis8uEQm0voLxP_HEowTGhEXoDcWmvirt2_7lYaIBYkoSxouuRYbuykAXnlWMAxWsdV5htnjN5A&_sg%5B1%5D=75HXh72Bk-yXLb5YjDqc66oYeeR5884-e2NKndkX-YwFc2SZL_vPNBEyXPqXuZlnACahWW8._42-rStm2gR_RyHOIeEz4mcqBILhfQ8VBE-pLf9q_te_Roob8SqBbpno-l3upLcGZNXfFWSW1mCSNioCSmBt0A
https://www.worldscientific.com/doi/abs/10.1142/S1793005721500010
https://www.worldscientific.com/doi/abs/10.1142/S1793005721500010
https://www.worldscientific.com/doi/abs/10.1142/S1793005721500010
https://www.worldscientific.com/doi/abs/10.1142/S1793005721500010
https://www.worldscientific.com/worldscinet/nmnc
https://www.worldscientific.com/worldscinet/nmnc
https://www.worldscientific.com/toc/nmnc/17/01

