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1. Introduction

L.A.Zadeh [1], a professor of computer science at the University of California, introduced the
concept of fuzzy set (FS) in 1965.Fuzzy sets analyzed the degree of membership of elements of set. In
1986 Atanassove [2] generalized a fuzzy set to an Intuitionistic Fuzzy Set (IFS) by including another
function called a non-membership function. The neutrosophic Set (NS) concept was developed by
Smarandache ([3],[4]) and is a more general framework that extends the concepts of Classical Set,
fuzzy set, Intuitionistic fuzzy set, Interval valued fuzzy(Intuitionistic) set. Neutrosophic algebraic
structures in BCK/BCl-algebras are described in articles [5],[6],[7],[8],[9],[10],[11],[12],[13],[14],[15] we
know that Smarandache’s NSS have many generalizations. The purpose of this paper is to consider
a new generalization of the NS. A NS has true, false and indeterminate membership functions which
are fuzzy sets. When we considering the generalization of a NS, an interval-valued fuzzy set is used
as non-membership function, since the interval-valued fuzzy set is a generalization of the fuzzy set.
We introduce the concept of BS-neutrosophic set, and we apply it to BCK/BCI-algebras. Also, the
concept of BS-neutrosophic subalgebra, BS-neutrosophic ideal are introduced and the associated
properties are investigated. We consider homomorphic inverse image of the BS-neutrosophic
subalgebra and discuss the translation of the BS- neutrosophic Subalgebra. In a BCI-algebra, we

provide conditions for a BS- neutrosophic ideal to be a BS-neutrosophic subalgebra.

2. Preliminaries

"

Definition: 2.1([16],[17],[18]) Let K be a non-empty set with a binary operation “+” and a constant

“0” is called a BCl-algebra if it satisfies the following axioms for all p,, 74, 1, € K
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L. ((ﬂ’o*””o)*(#?o*uo))*(’uo*ro)=0

ii. (ﬂ”o*(ﬁo *””0))*””0 =0

ili. po*py =0

V. po*x1y=0,7%xpy =0 p, =71y.

If a BCl-algebra X satisfies the following identity

v. 0xp,=0 forall p, € K then X is called a BCK-algebra

The following properties are hold in any BCK/BClI-algebra

i po*x0=0

. pg S 7y = Po *Ug S 1y * U, Ug * 1y S Uy * Py

iii. (o * 70) *x g = (Po * o) * 1o

iv.  (po *ug) * (ry *uy) < po * 1y for all py, 75,1y € K.

Where p, <7y if and only if py * 75 = 0.

The following conditions are hold in any BCI-algebra X [16]

L. %’o*(ﬂ’o*(ﬂ’o*””e))zfi”o*””o

ii.  0x(pg*715) =(0*p,)* (0 %)

Definition: 2.2[16] A BCl-algebra X is said to be p-semisimple if 0 * (0 * p,) = p, for all p, € KX
In a p-semisimple BCl-algebra X, the following holds for all gy, 7, € X

a. 0% (po*71y) =710 *po

b.  pox (po*10) =10

Definition: 2.3[16] A BCl-algebra X is said to be associative if (py * 79) * 1y = (po * o) * 7, for
all pg, 75, g € K

Definition: 2.4 [18] An (s)-BCK-algebra, we mean a BCK-algebra X such that, for any p,, 7, € X
the set {1y € K /uy * po < 74} has the greatest element, written by g, o 5.

Definition: 2.5 A non-empty sub set H of a BCK/BCl-algebra X is called a sub algebra of X if p, *
79 €H forall py, 1y EH.

Definition: 2.6 A non-empty sub set # of a BCK/BCl-algebra X is called an ideal of X if 0 €
H,and 7y, po * 19 € H = py € H forall py, 1, € K.

Definition: 2.7 A non-empty sub set ' of a BCl-algebra X is called a closed ideal of X if it is an
ideal of K which satisfies py € H = 0+ p, € H forall p, € KX

Definition: 2.8[1] Let X be non-empty set. A fuzzy setin X is amapping N;:X - [0,1]
Definition: 2.9[1] The complement of fuzzy set N; denoted by (N;)¢ is also a fuzzy set defined as
VP =1—=2; forall py € K. Also (W)€ = Ny

Definition: 2.10 A fuzzy set N;:K — [0,1] is called fuzzy sub-algebra of X, if Ny (py *74) =
min{Ny (po), Nz (74)}-

By an interval number we mean a closed subinterval m = [m~,m*] of [I] where 0 <m~ <m* <
1. Denote by [I] the set of all interval numbers. Let us define what is known as refined minimum
(briefly, rmin) and refined maximum (briefly, rmax) of two elements in [I]. We also define the
symbols "< " ," > "," =" in case of two elements in [[]. Consider two interval numbers 7, =
[m,~,m;*] and i, = [m,~,m,*]. Then

rmin{m,, M,} = [min{m,~, m,”}, min{m;*,m,*}],

Tmax{ml: mz} = [max{ml_i m2 _}! maX{m1+, m2+}]/

B. Satyanarayana, Shake Baji and U. Bindu Madhavi, BS-Neutrosophic Structures in BCK/BCI-Algebras



Neutrosophic Sets and Systems, Vol. 58, 2023 95

m, =M, ©®my~ =>m,”,m* >m,*, and similarly, we may have m,; < m,
my > m, (resp. M; < M,) we mean M, » M, and M, # M, (resp.m; < M, an
m; € [I] where i €n. We define

rinf m; _ [mf - inf and rsup m; _ [supm__ supmi+].

+
ien m ien™i s en

ien L rien T ] ien
Definition: 2.11[19] Let X be anon-empty set. A function N: K — [I] is called an interval-valued
fuzzy set (briefly, an IVF set) in X. Let [[]* stand for the set of all IVF setsin K. For every N € [I]%
and p, € K, N(po) = [V~ (o), N *(p,)] is called the degree of membership of an element p, €
N, where N7:X - [I] and V*: K — [I] are fuzzy sets in K which are called a lower fuzzy set
and an upper fuzzy setin X, respectively. For simplicity, we denote V' = [V'=, V" *].

Definition: 2.12[4] Let X be a non-empty set. A neutrosophic set (NS) in K is a structure of the
form N = {po; Ne (o), Ny (o), Ne(po)): po € K} where N;:K —[0,1] is a degree of
membership, N;:X — [0,1] is a degree of indeterminacy, and Np:X — [0,1] degree of non-
membership. For the sake of simplicity, we shall use the symbol N = (N, N;,N;) for the
neutrosophic set N = {{po; Ny (2o), N;(po), Nz (po)): po € K}

3. BS-Neutrosophic Structures

Definition: 3.1 Let K be a non-empty set. BS-neutrosophic setin X , is a structure of the form N =
{(;?O;J\Q(;JO),]\Q(;JO),J\AG(;JO)): po €K} where N;, N; are fuzzy sets in X, which are called a
degree of indeterminacy and degree of non-membership, respectively, and #; is an interval valued
fuzzy set in K which is called an interval valued degree of non-membership

For the sake of simplicity, we shall use the symbol N = (]\Q,J\Q,J\Aff) for the BS-NSS N =
{(@0; M 20), i (20), N (p0)): 20 € K.

In a BS-NSS IV = (IV,, V;, ;) if we take N;:K - [I], po = [N~ (p0), N; T (p0)] with N~ (p,) =
N (py) then NV = (]\Q,]\Q,]\Aff) is a neutrosophic set in X.

Definition: 3.2 Let X be a BCK/BCI algebra. A BS-NSS N = (J\Q,J\Q,J\Aff) in X is called a BS-
neutrosophic subalgebra of X if it satisfies

(BS-NSSA 1) N (# * 10) = min{Ne (o), Ne(70)}

(BS-NSSA 2) Ni(p, * 79) =2 min{N; (@), Ni(0)}

(BS-NSSA 3) ]\Aff(po * 1) < rmax{]\Aff(gao),]\Aff(fo)} for all p,, r, € K.

Example: 3.3 Consider a set K = {0, a, b, c} with the binary operation * which is given in table.1

*|0|la|b|c
0|0|0f0]O0
alal|0]0]a
b{bja|0]|Db
clc|clc|O

Table.1 BCK-algebra
Then (¥;*,0) is a BCK-algebra. Let N = (J\ft,]\fi,]\/ff) be a BS-NSSin X defined by table.2

K| M(po) | Mipo) | Nr(po)
0 0.9 1 [0.1,0.4]

a 0.4 0.5 [0.3,0.5]
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b 0.3 0.3 [0.2,0.6]
c 0 0.1 [0.4,1]
Table.2 BS-NSSA

It is routine to verify that V' = (IV;, V;, V;) is a BS-NSSA of X.
Proposition: 34 If N = (]\ft,]\fi,ﬁf) is a BS-NSSA of K then N;(0) = N, (p,) N;(0) = N;(po)
and ]\Aff(O) < ]\Aff(ﬁo) forall p, € X

Proof: For any p, € X, we have

N:(0) = Ne(po * po) = min{ Ny (py), N (po)} = N (po)

Ni(0) = Ni(@o * po) = min{Ni(po) , Ni(#o) } = Ni(Po)

ﬁ;‘(o) = ]’\\Gf(l’o * Po) < rmax{]?ff(po),]\’ff(po)} = Tmax{[M_(ﬁo)']\GJr(ﬂ’o)]' [J\’}_(WO)»]\’f(Wo)]}

= [V @0), Ny (20)] = N (o)

Hence the proof is completed.
Proposition: 3.5 Let N = (]\Q,]\G,J\Tf) is a BS-NSSA of X if there exists a sequence {l’on} in X

such that lim M (z,,) =1, lim N(p,,) =1 and lim N;(p,, )= [0,0], then V;(0) =1, v;(0) =
n-oo n—oo n-o

1 and V;(0) = [0,0].
Proof: Using the proposition 3.4, we know that N;(0) > ]\/}(;70”) N:(0) = J\fi(pon) and N;:(0) <
ﬁf(ﬂ’on) for every positive integer n. Note that

12 N,(0) = lim My(p,,) =1,
n—oo

12 :(0) = lim M;(p,,) =1,
n—-oo

[0,0] < N;(0) < lim V;(p,,,) = [0,0].

n—-oo

Therefore N;(0) =1, ;(0) =1 and N;(0) = [0,0].

Theorem: 3.6 Let V' = (M, V;, N;) is a BS-NSSin X. Then N = (V;,V;, N}) is a BS-NSSA in X if
and only if NV, N, (]\ff_)c and (Nf+)c are fuzzy subalgebras of XK.

Proof: Suppose that V' = (]\Q,]\Q,]\Aff) isa BS-NSSA in X then for all pg, 7, € K we have
Ne(@o * 10) = rmin{Ne(po), Ni (1)}

Ni(@o * 19) = min{N;(p,), Ni ()}

J\Tf(ﬂ?o *79) S max{]@(?’o):]@(fo)}

[]\ff_(ﬁo * 1) :]\ff+(#70 * "”0)] < rmax{[]\ff_(#%) ,]\G+(#70)]' [J\ff_(””o) ,]\Gf+(4”o)]}
~[max{N;~ (o), Ny~ ()} max (¥ * (), M * ()]

Therefore N;™ (po * 15) < max{N; ™ (po), Ny (10)}

= 1 =N (po *79) = 1 —max{N;™ (po), Ny~ (70)}

= 1 =N (po * 10) 2 min{l = Ny~ (po), 1 — Ny~ (70)}

= (W) (o * 70) = min{(%;7) (o), (37) ()} and

]\rf+(370 *1y) < max{]\fjf+(#70):]\f]‘+(””vo)}

=1 _]\ff+(370 *1p) =1 — max{]\f]‘+(370)']\f]‘+(””vo)}

=1 _]\ff+(370 * 1) = min{l — ]\ff+(370)' 1- ]\ff+(4”0)}

= (M) @o 7o) = min{(3) o), (W) o)}
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Hence N, IV;, (V;7)"  and (W) are fuzzy subalgebras of X.

Converse part is obvious.

Definition: 3.7 Let ' = (V;, Ni,J\Aff) is a BS-NSS in K, we define the following sets

UG D ={po € K:Ne(po) = 1}

UV m) ={po € K: N;i(po) = m}

L(]V}”; [n1:n2]) = {%’0 € Kl]vf(%’o) < [npnz]}

Where [,m € [0,1] and [ny,n,] € [I]

Theorem: 3.8 A BS-NSS N = (V,,V;, V) in X isa BS-NSSA of X if and only if the non-empty sets
UWN;D, UV;m) and L(]\Aff; [nl,nZ]) are subalgebrasof X forall [,m € [0,1] and [n,,n,] € [I]
Proof: Suppose that NV = (]\Q,]\f,-,J\Tf) is a BS-NSSA of XK.

Let ,m €[0,1] and [n,,n,] € [[] be such that U(N;; 1), UWV;;m) and L(]\AI}; [nl,nz]) are non-
empty. For any ay,a,,by,by,ci,c, €KX if  aj,a, €EUNGD , by,b, € UN;m) and ¢,c, €
L(N;;[ny,n,]) then

Ni(ag * ap) =2 rmin{Ne(a,), Ni(ap)} = rminfl, 1} = 1

Ni(by * by) = min{N;(by), N;(b,)} = min{m, m} = m

-7\7f(C1 *Cp) < Tmax{]v}(ﬁ);]v}(cz)} < rmax{[ng, ny], [ny, 1,1} = [ny,n]

Therefore a; * a, € UWy; D), by * b, € UWN;m) and ¢, * ¢, € L(Nf; [ny,1,])

Hence U(N,; 1), UV;m) and L(]\Aff; [nl,nz]) are subalgebras of K.

Conversely, assume that the non-empty sets U(N;;D) , UN;m) and L(]\Aff; [nl,nz]) are
subalgebras of X forall I,m € [0,1] and [ny,n,] € [I]

If  Ni(ag * by) < min{N;(ay), Ny (by)} for some ay, by € K, then ay, by € U(N;;l,) but ay* by &
UWN;; ) for 1y = min{N;(ay), N;(by)}. This is a contradiction, and thus

Ne(po * 14) = min{N,(p,y), N (1)} for all p,, r € K. Similarly, we can show that N;(p, * 1) =
min{N;(p,), Ni(r4)} forall p,, 1, € K.

Suppose that ]\Aff(ao * by) > rmax{J\Aff(ao),J\Aff(bo)} for some ay, by € K.

Let J/\ff(ao) = [61,6,], ]\Aff(bo) = [63,6,] and ]\Aff(ao *by) = [ny, ;]

Then [ny,n,] > rmax{[8;,8,],[83,6,]} = [max{6,, 85}, max{5,,6,}] and so n; >max{d;,65;} and
n, > max{d,,8,}

Taking [ny,72] = % [ﬁ}(ao *by) + rmax{]\Aff(aO),]\Aff(bo)}]
= % [[n1,1,] + [max{8,, 85}, max{s,,8,}1]

= [ 0u + max(8,, 6,5 (n, + max(s,,6,))|
It follows that
n>n = i(n1 + max{8;,63}) > max{8;,85} and n, >n, = %(n2 + max{8,,6,}) > max{8,,8,}

Hence [max{6,, 85}, max{5,,6,}]1 < [n1,m,] < [ny,n,] = ]\7)‘(‘10 *by)

Therefore a, * b, & 'U(]’\\ff ; [n4,n,]). On the other hand

J\Tf(ao) = [8,,6,] < [max{8,, 63}, max{8,,64}] < [n1,1.]

Ny (by) = [63,6,] < [max{8y, 63}, max{6,,6,}1 < [ny,m,] that is a,b, € 'u(ﬁf; [n,n,]) .This is a
contradiction and therefore ]’\ff(gao *1y) < rmax{]vf (o), J\Tf(/ro)} for all p,, 7, € K.
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Consequently V' = (I, V;, ;) is a BS-NSSA of X.

Corollary: 3.9 If V= (IV;, V;, ;) is a BS-NSSA of K then the sets Ky, = {p, € K: N, (p,) = N;(0)},
K, = {po € K:N;(p,) = N;(0)} and Ky, = {po € K Ny (o) = J\Tf(O)} are subalgebras of ¥.

We say that the subalgebras as U(N;; 1), U(N;;m) and L(]\Aff ;[n,n,])  are BS-subalgebras of N =
(N, N, V)

Theorem: 3.10 Every subalgebra of K can be realized as BS-subalgebra of a BS-NSSA of X.

Proof: Let J be a subalgebra of X and let V' = (]\/},]\/},J\Tf) be a BS-NSSin K defined by

_{l if po€d, _ _{m if po€d, _ B
Ne@o) _{ 0 otherwise, Ni@o) = 0 otherwise, and - N;(po) =

{ [71,7,] if po€d,

[1,1] otherwise,

Where [,m € (0,1] and 14,1, € [0,1) with n; <n,. It is clear that U(N;; 1) = J, U(V;;m) = J and
L(N:; [n,m2]) = J. Let po, 1o € K. I po, 74 €J then p, 1, € J and so

Ne(@o * 1) = L= min{l, 1} = min{V;(p,), N;(10)}

Ni(@o * 10) = m = min{m, m} = min{N;(,), N;(r4)}

-7\7,‘(}’0 * 1) = [n1,m,] = rmax{[ny,n;], 01,11} = Tmax{]\’/}(ﬁo)'ﬂ’}(”’vo)}

If any one of p, and r, is contained in J, say p, € J, then N, (p,) = L N;(py) = m,N;(p,) =
[11, 121, NV, (75) = 0, NV;(#) = 0,and N () = [1,1]. Hence

Ne(@o * 10) = 0 = min{l, 0} = min{N,(p,), N (75)}

Ni(@o * 1) =2 0 = min{m, 0} = min{N;(p,), N;(74)}

-ﬁf(ﬂ’o * 1) < [L1] = rmax{[ny,n.], [L1]} = Tmax{@(#’o)»]\?f(”’o)}-

If po, 7y & J, then

Ne@o) = 0, NVi(po) = 0:]/\7}(#70) = [1,1], Vi (r5) = 0, N;(r5) = 0,and AAG“(”’VU) = [1,1] it follows that
Ne(@o * 15) = 0 = min{0,0} = min{V; (p,), Ny (1)}

Ni(@o * 10) = 0 =min{0,0} = min{V;(p,), N;(r5)}

N (po * 1) < [1,1] = rmax{[1,1], [1,1]} = rmax{N; (po), N; (ro) }.

Therefore NV = (]\Q,]\Q,]\Aff) is a BS-NSSA of XK.

Theorem:3.11 For any non-empty set J of X, Let V' = (]\Q,J\Q,J\Aff) be a BS-NSS in X defined by

_{! if po€d, _{m if po€d, v _
Ne(@o) = {0 otherwise, Ni@o) = 0 otherwise, and - N (#,) =
(11, 72] if po€d, . _
{[1’1] otherwise, Where [,m € (0,1] and 74,1, € [0,1) with n;, <n,. If N =

(]\Q,J\Q,J\Tf) is a BS-NSSA of X ,then J is subalgebra of X.

Proof: let p,,7,€J then Ne(po) = LN:(py) = m.]vf(ﬁo) = [N, M), Ne(rp) = LNi(rp) =
m, and J\Tf(’r”o) = [11,71,]- Thus

Ne(@o * 10) = min{Ny (po), Ne (1)} =1

Ni(@o * 19) = min{N;(p,), Ni(r5)} = m

J\Tf(??o * 1) < rmax{]’\ff(yao),]’\ff(/ro)} = [n,,71,] and therefore p, * 7, € J.

Hence J is a subalgebra of K.
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Theorem: 3.12 Given a BS-NSSA N = (I, V;, V;) of a BCl-algebra X, Let NV'* = (]\Q*,]\Q*,]\Tf*) is
a BS-NSS defined by N;"(p0) = N:(0 * £o), Ni"(#) = N; (0 * po) and -7\7}*(#70) = NV;(0 % py) for all
Po €K then V' = (", ", ;") is a BS-NSSA of X.
Proof: Note that 0 * (p, *75) = (0 * py) * (0 x 7)) for all p,, 7, € K. We have
N (@o * 70) = N (0 (2o * 10)) = Ne((0 % po) * (0 %)) = min{N (0 * pg), N (0 * 75)}
= min{N;" (p0), V" (10)}
N (o * 10) = Ny (0 (2o * 15)) = Ni((0 * po) * (0 % 775))) = min{N;(0 * p,), NV; (0 x 75)}
= min{V;" (o), Ni" (10)}
j\rf*(ﬁo * 1) = J\Tf(O *(po *10)) = ]\7}((0 *p0) * (0 7)) < rmax{]\Tf(O * ;70),]’\/\}(0 *1p)} =
rmax{N; (po), N (19)} forall po, 7y € K
Therefore N* = (]\Q*,]\fi*,ﬁf*) is a BS-NSSA of K.
Theorem: 3.13 Let W: X —» Y be a homomorphism of BCK/BCl-algebras. If N = (]\I},]\I},]\AI}) is a BS-
NSSA of Y, then W '(IV) =W '(WV), P 1(MV), P 1(VN;) is a BS-NSSA of X . Where
Y (@0) = M (P (po)) L PTEHMV) (o) = Ni(¥(p,)) and lp_l(ﬂ’i})(ﬁo) = ]\7}(111(270)) for all
o EXK.
Proof: Let p,, 7, € K. Then
PN @0 * 10) = Ne(P (o * 10)) = N (P (o) * W (175)) = min{NV, (¥ (p,)), Ne (¥ (7))} =
min{¥ (V) (Po), ¥~ (V) (70)},
PH M) @0 * 70) = Ni(P (o * 70)) = Ni(P (@0) * P (10)) = min{N; (¥ (#,)), N (¥ (15))} =
min{¥ = (V) (p,), ¥~ (V) (1)},
And
YN (o * 10) = Np (W (@0 * 10)) = Ny (P () * P(15)) < rmax{Np (¥ (o)), Ny (P (1))} =
rmax{® (N (2o), ¥~ (V) (1)}
Hence ¥~1(W) = (‘P‘l(]\ft),‘l"l(]\fi),‘{"l(]\?f)) is a BS-NSSA of X
Let V = (]\Q,J\Q,]\Aff) be a BS-NSS in K. We denote
& = 1 — sup(N; (po): 0 € K}
& =1—sup{N;(po): po € X}
B = rinf{]@(ﬁo):po € X}.
For any a€[0,8],b€[0,K] and ¢ € [[0,0],23] we define N.%(p,) = N, (p,) +a, J\fib(;ao) =

N;(po) + b and 7 = Ne(py) — ¢ then NT = (J\fta,J\fib,J\AfCA) is a BS-NSS in &,which is called a
iPo i rPo f

(a,b,c) — translative BS-NSS of XK.
Theorem: 3.14 If V' = (IV;,V;, N;) BS-NSSA of X, then the (a,b,¢")— translative BS-NSS of
N = (I, V;, ;) is also a BS-NSSA of K.
Proof: For any p,, 7, € K, we get

N (po * 70) = N (o * 15) + a = min{N, (p,), Ny (75)} + a = min{N; (po) + a, Ny () + a} =
min{N,* (po), N;* (1)},
N2 (po * 10) = Ny (o *70) + b = min{N; (o), Ny (1)} + b = min{N;(po) + b, N;(r5) + b} =
min{]\rib(ﬁo):mb(”’"o)}/ and
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]vfc (Po * 1) = ]vf(#’o *19) —C < rmax{]@(ﬁo):]\’/}(ro)} - = rmax{]vf(l’o) - 5\;]’\7}(4’0) -

¢} =rmax {J\TfCA(#?o).]\AffCA(%)}. Therefore N7 = (J\/;@,Nib,ﬁ,f) is a BS-NSSA of X.

Theorem: 3.15 Let V= (]\Q,]\G,]\Tf) be a BS-NSS in X such that its (a,b,¢ ) — translative BS-NSS
is a BS-NSSA of X for a € [0,8],b € [0,§] and ¢~ € [[0,0],B]. Then N = (V;, V;, NV} )is a BS-NSSA
of K.

Proof: Assume that N7 = (J\fta,J\fib,J\AffCA) is a BS-NSSA of X for a € [0,&],b € [0,]] and T €

[[0,0],8]. Let p,, 7, € K. Then

Ne(@o * 10) + a = N (py * 1p) = min{N,* (o), N;* (1)} = min{N, (po) + a, Ny (1) + a} =
rmin{N;(py), Ne (1)} + a,

Ni(@o *70) + b = N;” (o * 70) = min{ ;" (), N ()} = min{N; (po) + b, V; (1) + b} =
min{V;(p,), N;(r5)} + b, and

Ne(pox1o) — ¢ = ]\Affc (po * 1) < rmax {JV\}C (#70)']\7}C (fro)} = rmax{J\Aff(;JO) -, N (rp) —

T} = rmax{N;(p,), Ny (r5)} — €. It follows that

Ne@o * 10) = min{N; (po), Ne(75)}

Ni(@o * 1) = min{N;(po), Ni(70)}

Ne(po * 10) < rmax{N; (p,), Ny (1)} forall py, 7, € K.
Hence NV = (]\Q,]\Q,]\Aff)is a BS-NSSA of XK.

4. BS-Neutrosophic Ideal (BS-NSI)
Definition:4.1 Let X be a BCK/BCl-algebra. A BS-NSS N = (]\Q,J\Q,J\Aff) in K is called a BS-NSI of

K if it satisfies

(BS-NSI 1) V,(0) = N, (20), Mi(0) = N, (o) and F;(0) < Wy (x) forall o € K

(BS-NSIL2) NV (20) = min{Ne (o * 74), Ne (70)}

(BS-NSI 3) N;(#0) = min{NV; (@, * 74), Ny(10)}

(BS-NSL 4) N;(p,) < rmax{N;(p, * o), Ny (1)} forall py, r, € K.

Example:4.2 Consider a set X = {0,1,2,a} with the binary operation ‘*” which is given in the table:3
Then (¥ ; *,0) is a BCl-algebra.

* |10 |a|b |1
0|0|0 0|1
ala|0]0]|1
b|{b|b |0 |1
1111110

Table.3 BCl-algebra
Let V = (IV;, V;, N;) be a BS-NSS in X defined in table:4
K| Ne(po) | Mipo) | Np@o)
0 0.9 0.8 [0.2,0.5]
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a 0.7 0.6 [0.4,0.7]
b 0.4 0.3 [0.7,0.9]
1 0.2 0.1 [0.9,1]

Table.4 BS-NSI

It is routine to verify that v = (IV,, V;, ;) is a BS-NSlof X.
Proposition: 4.3 Let K be a BCK/BCl-algebra. Then every BS-NSI V' = (IV,, NV;, V;) of X satisfies
the following  assertion Po * 1o < ug = Ne(po) = min{N; (1), Ne(ug)} ,  Ni(pg) =
min{V; (o), N; (1o)}, J\Tf(%’o) < rmax{]\’?f(ro),.ﬁf(uo)} for all po, 79,1 € K.
Proof: Let p,, 1,1y € K be such that p, * 75 < 1y. Then
Ne@o * 76) 2 min{N, (o * 79) * 140), Ny (140)} = min{N, (0, IV, (140)} = N, (o),
Ni@o *776) = min{N; (o * 770) * 14 ), Ny (19)} = min{N;(0), ;i (10)} = N; (1), and
]vf(l’o *19) < rmax{]\’ff((yo * 1) * uo)'ﬁf(’“o)} = rmax{]\Aff(O),J\Al}(uo)} = ]\Arf(“ﬂ)'
It follows that
Ne(@o) = min{ Ny (po * 74), Ne(10)} = min{IV; (we), Ny (1)},
Ni(@o) = min{N;(po * 10), Ni(r9)} = min{lV;(w,), N;(79)},
N (po) < rmax{N:(po * 10), Ny (1)} < rmax{N;(u,), Ny (1)} forall po, 7, € K.
Hence the proof is completed.
Theorem: 4.4 Every BS-NSS in a BCK/BCl-algebra K satisfying (BS-NSI 1) and assertion p, * 7y <
o = N (o) = min{N (7)), Ny (140)} , Ni(@o) = min{N; (), N;(1o)} , J‘Tf(ﬁo) <
rmax{]\AGc(/r‘o),J\Aff(uo)} for all pg, 74,1y € K isa BS-NSI of XK.
Proof: Let V= (]\Q,]\Q,]\Aff) be a BS-NSS in K satisfying (BS-NSI 1) and assertion p, * 7 < 1y =
Ne(@0) = min{N;(10), N (140)} ,  Ni(po) = min{IV;(r5), Ni(wo)} , Ny (#0) < rmax{Ny (), Ny (1)}
for all p,, 7, € K.
Note that p, * (pg * 1) < 7 for all py, 7, € K. So, we have
Ne(@o) = min{Ne(po * 70), Ne(70)},
Ni(@o) =2 min{N;(po * 1), Ni ()},
Ni(po) < Tmax{N; (p, * 14), Ny (1) }. There fore N = (W, V;, ;) is a BS-NSIof %.
Theorem: 4.5 Given a BS-NSS V' = (]\Q,]\G,]\Aff) in a BCK/BCl-algebra K. Then IV = (J\Q,J\fi,J\Aff) is
a BS-NSI if and only if M, V;, (]\ff_)c, and (]\f]c+)c are fuzzy ideals of X.
Proof: suppose that N = (I, V;, N;) be a BS-NSI in K. Then we have N;(0) = NV, (p,), V;(0) =
N;(p,) and N;(0) < N;(x) forall p, € X
Ne(@o) = min{ Ny (po * 70), Ne(70)}
Ni(@o) = min{N;(p, * 1), Ni()}
N;(po) < rmax{Ny(po * 10), Ny (1)} for all po, 7, € K
Now N;(0) < Ny () = [NV~ (0), N (O] < [V (o) N ()]
= N;7(0) SN (po) and N;F(0) < NV (py)
= (M) = (W) (o) and (W) (0) = (W) (20)
J\Tf(??o) < rmax{]vf(po * ”’"o):]vf(””'o)}
= []\rf_(ﬁo):]\f]ﬁ(ﬁo)] < rmax{[]\ff_(po * ””Vo)']\f]f+(#70 * ””Vo)]' []\Gf_(””o):]\ff*-(ro)]}

= [max{]\ff_(po * ”’”o)']\ff_(”’”o)}' max{]\ff(;?o * 4”0):]\ff+(4”0)}]
Therefore
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Ny~ (o) < max{]\ff_(ﬁo * ’Vo):]\ff_(ro)} and -N}Jr(po) = max{]\/}+(ﬂ90 * 4’0)»]\/}+(4’0)}
=1- ]\ff_(ﬁo) =21- max{]\ff_(#?o * 4’0)']\/}_(4”0)}
= (M) o) = min{1 = N (o * 1), 1 = ;™ ()
= (M) @o) 2 min{(N;7) (o % 7). (M) (o)}
Similarly
(V1) o) = min{(M;) (o * 7o), (M) (1)}
Therefore IV, N, (V; "), and (W;:*)" are fuzzy ideals of K.
Converse part is obvious.
Theorem: 4.6 A BS-NSS N = (W, V;, V}) in X isa BS-NSIof X if and only if the non-empty sets
UV D, UV;m) and L(]Tff; [nl,nz]) areideals of ¥ forall [,m € [0,1] and [n,,n,] € [I]
Proof: Suppose that NV = (]\Q,]\f,-,J\Tf) is a BS-NSI of XK.
Let [,m €[0,1] and [n,,n,] € [I] be such that U(N; 1), UN;m) and L(]\AI}; [nl,nz]) are non-
empty.
Obviously 0 € U(N;;1), 0 € UNV;m) and 0 € L(N}; [ny,n,])
For any ay,a,, by, by 0,0, €K if  ay*aya, € WN;l), by*byb, €UN;m) and ¢y * ¢y, €
L(]\Tf; [ny,n,]) then
Ne(ay) =2 min{Ne(a, * az), Ne(az)} =2 min{l, 1} = 1
Ni(by) =2 min{N;(b; * by), N;(b,)} = min{m, m} = m
-7\7,‘(C1) < Tmax{]v}(cl * Cz):]v}(cz)} < rmax{[ng, ny], [ny, .1} = [ny,n]
Therefore a; € U(W;; 1), by, € U(NV;m) and ¢; € L(Nf; [ny,n,])
Hence U(N;; 1), U(NV;;m) and L(J\Aff; [nl,nz]) are ideals of K.
Conversely, assume that the non-empty sets U(N;; 1), U(N;m) and L(J\Aff; [nl,nz]) are ideals of K
forall I,m € [0,1] and [n,n,] € [I].
Suppose that V,(0) < NV, (p,), N;(0) < N;(p,) and N;(0) > N;(p,) for some p, € K.
Then 0 & U(N; N (po)) N UDN; N;(pg)) N L(]\Aff;J\Aff(gJO)).which is a contradiction.
Hence V,(0) = IV, (p,), V;(0) = IV;(p,) and N;(0) < Ny(x) forall p, €K
If Ni(ap) < min{N;(ay * bg), Ny (by)} for some ay, by € K, then ag * by, by € U(N;; 1) but a, &
UWN;; 1) for 1y = min{N;(a, * by), N;(by)}. This is a contradiction, and thus
N (a) = min{N;(a * b), N;(b)} forall a,b € K.
Similarly, we can show that N;(a) = min{;(a * b), N;(b)} forall a,b € XK.
Suppose that J/\ff(ao) > rmax{]\Aff (ay * bo),]\Aff(bO)} for some ay, b, € K.
Let J\Tf(ao *by) = [61,8,], ]vf(bo) =[83,6,] and ‘7\7}‘(“0) = [ny,n,]
Then [ny,n,] > rmax{[6,,6,],[65,8,]1} = [max{6;, 65}, max{s,,5,}] and so
ny, > max{6;,65} and n, > max{8,, 6,}

Taking [ny,7,] = i[ﬁ}(ao) + rmax{]’\ff(aO * bo),]\'ff(bo)}]
= 2 [l n,] + (max{8,, 85}, max{(6,,8,))]

= E (n; + max{8,, 53}).% (n, + max{6,, 54})]

It follows that
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n,>n = % (ny + max{6,, 65}) > max{6,,65} and n, >n, = %(n2 + max{6,,6,}) > max{6,,6,}

Hence [max{8,, 83}, max{6,, 6,31 < [11,m,] < [ny,n,] = Ny(ao)

Therefore a, & U(N}; [ny,n,]). On the other hand

j\rf(ao * by) = [64,6,] < [max{8,, 63}, max{6,,6,}] < [11,7m.]

N;(bo) = [83,8,] < [max{8;, 85}, max{8,,8,}] < [n1,m,] that is aq * by, by € U(N};[ny,n,]).This is a
contradiction and therefore Nj(ao) < rmax{N;(a, * by), N;(bo)} for all ay, by € K .Consequently
N = (N, NV, N;) is a BS-NSI of K.

Theorem: 4.7 Given an ideal J of a BCK/BCl-algebra X, let N = (J\I},J\I},]\Aff) be an BS-NSS in X

. l i €d, m [ €J,
defined by N (p,) = { 0 o th’;r f o Ni(#0) ={ 0 oth];rf;fse and
—~ B l € (:7; 1
Ny @o) = {[?11 ;I]Z] ot]lclefv?/ise. Where [,m € (0,1] and ny,m, €[0,1) with 7, <7, Then

N = (N, V;, NV;) is a BS-NSI of X such that U(N; 1) = J, UWNV;m) = J and L(N; [n,,7,]) = J.
Proof: Let p,, 7, € K

If po*x7ry€J and 7y € J then p, € J and so

Ne(@o) = 1 =min{l, 1} = min{N;(po * 14), N; (1)}

Ni(@o) = m = min{N;(po * 7), N; (1) }

-ﬁf(}’o) = [1,m2] = rmax{[n.,m,), 01,121} = rmax{]\?f(ﬁo * ”’"0)']\”}(”’"0)}-

If any one of py* 7, and 7y is contained in J, say p, * 7, € J, then N (po * 7o) = L N;(po *
7o) = m']\Aff(ﬂ’o *170) = [1M1,M2], N (o) = 0, Ni(rp) = 0,and J\Aff(”’o) = [1,1]. Hence

Nie(@o) = 0 = min{l, 0} = min{N, (o * 7o), N (70)}

Ni(@o) =2 0 = min{m, 0} = min{N;(p, * 14), Ni(70)}

-ﬁf(ﬂ’o) < [11] = rmax{[ny,n.],[11]} = Tmax{J\Aff(#’O * ’VVO)JJ\AGC(”’O)}-

If po*xry€&J and r, € J,then

Ne(@o * 10) = 0, Ni(po * 1) = O:J\Aff(#?o * 1) = [1,1], N () = 0, NV; () = 0,and ]\7;‘(”’0) =[1,1] it
follows that

Nie(#o) = 0 =min{0,0} = min{N, (p, * 7)., N (10)},

Ni(#o) 2 0 = min{0,0} = min{; (po * 1), Ni(70)},

Ny (o) < [1,1] = rmax{[1,1],[L,1]} = rmax{N; (po * 70), Ny ()}

It is obvious that N;(0) = N.(p,), N;(0) = N;(p,) and J\7f(0) < J\?,c(x) forall p, € X

Therefore NV = (]\Q,]\fi,]’\ff) is a BS-NSI of X.

Obviously, we have U(N; D) = J, U(N;m) = J and L(J\’ff; (n1,7,]) = J.

Theorem:4.8 For any non-empty set J of X, Let N = (,, N;, ;) be aBS-NSSin K defined by

_{! if po€d, _{m if po€d, " _
Ne@o) = { 0 otherwise, Ni@o) = 0 otherwise, and - N(0) =
(11, 72] if po€d, . _
{ [11] otherwise. Where [,me (0,1] and 7,1, €[0,1) with n, <n, If N =

(J\Q,]\Q,J\Tf) is a BS-NSI of X ,then J isideal of X.
Proof: Obviously, 0€J . Let py,7, €K be such that py*74,7) €J then N.(p, * 7o) =
LN (po *19) = m:]vf(ﬁo * 1) = [11,12], Ve () = LN (1) = m,and ]\7;‘(4”0) = [n1,7,]. Thus
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Ne(@o) =2 min{ Ny (po * 70), Ne(19)} =1
Ni(Po) = min{N;(po * 1), Ni(r5)} =m
Ni(po) < Tmax{N;(po * 74), Ny (1)} = [11,12] and therefore p, € J. Hence J is an ideal of X.
Theorem:4.9 In a BCK-algebra X, every BS-NSI is a BS-NSSA of X.

Proof: Let V' = (W, V;, ;) be a BS-NSI of a BCK-algebra XK.

Since (py * 1) * po < 1 for py, 7y € K, it follows from proposition 4.3 that

Ne(@o * 1) 2 min{Ny (o), Ne(10)},  Ni(@o * 10) = min{N;(po), Ni(74)}

Ty @0 * 70) < rmax{(Fy (o), Ny (1)} for all po,7 € K.

Hence IV = (IV,, V;, N;) be a BS-NSSA of a BCK-algebra X.

The converse of the above theorem may not be true as seen in the following example.

Example: 4.10 Consider a BCK-algebra X = {0, a, b, c} with a binary operation ‘*” which is given in
table.5 Let V' = (]\ft,]\fi,]\’ff) be a BS-NSSin K defined by table.6 then V' = (]\Q,]\Q,]\Aff) is BS-INSSA
of ¥, but it is not an BS-NSI of a BCK-algebra K. Since N;(a) & smin{N;(a * b), N,(b)}

* |0 |a|b |c

0|0 (0|0 O
00 |a
b|b|a |0 |b

c|lc|c|c |0

Table.5 BCK-algebra

K| Me(po) | Mi@o) | Np@o)
0 1 0.8 [0.2,0.4]
a 0.3 0.5 [0.4,0.6]
b 0.3 0.8 [0.5,0.7]
c 0.5 0.5 [0.7,0.9]

Table.6 BS-NSSA

We give a condition for a BS-NSSA to be a BS-NSI in a BCK-algebra
Theorem:4.11 Let V' = (]\Q,]\Q,]\Aff) be a BS-NSSA of a BCK-algebra X satisfying the conditions
Po * 10 < Uy = Ne(po) =2 min{Ne(70), Ne(uo)} , Ni(@o) = min{N; (), Ni(ue)} ]\7,‘(#70) <
rmax{]/\ff(/ro),]/\ff(uo)} for all pg, 7y, 1y € K. Then N = (]\ft,]\fi,]\’ff) is a BS-NSI of X.
Proof: For any p, € K, we get
N (0) = N (o * po) = min{N(po), Ne(p0)} = N (po)
N;(0) = V(o * po) = min{N;(po), Ni(po)} = Ni(po),
N (0) = N (o * o) < rmax{ Wy (20), Ny (po)} < rmax{[V;~ (o), N @), [V~ @), My * ()]}

= []\Gf_(ﬁo):]\f]f+(#70)] = ]vf(ﬁo)-
Since pgy * (pg * 1) < 1y for all py, 7y € K. It follows that N;(p,) = min{N,(py * 74), N:(10)}
N:(po) = min{N;(po * 1), Ni(15)} J\Tf({po) < rmax{]\/ff(;ao * ””0):]‘7)‘(4”0)} for all po, 75 €K .
Therefore NV = (]\ft,]\fi,]’\ff) is a BS-NSI in a BCK-algebra X.
Definition:4.12 A BS- neutrosophic ideal of NV = (]\ft,]\fi,]\/@) of a BCl-algebra X is said to be
closed if IV, (0 * po) = N, (), N; (0 * o) = N; (o) and Np(0 * po) < Np(x) forall p, € K.
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Theorem:4.13 In a BClI-algebra X, every closed BS-NSI is a BS-NSSA
Proof: Let V= (Nt,J\fi,]\Aff) be a closed BS-NSI of a BCI-algebra X
We have for all p,, 7, € K
No(po * 7o) = min{N;((po * 70) * o), Ne(po)} (+ N is a BS— neutrosophic ideal )
= min{]\fr((#’o * Po) * 4"0)']\/}(#70)} (v @o *10) *uo = (Po * uo) * 1)
= min{N, (0 * 14), Ny (po)} (+ po*po =0)
> min{N; (o), Ny (py)} (+ N is a closed BS — neutrosophic ideal )
N;(po * 179) = min{N;((po * 70) * £0), Ni(po)} (+ N is a BS— neutrosophic ideal )
= min{]\fi((po * Po) * 4"0)']‘/}(#70)} ( @o *70) * g = (P * o) * 1)
=min{V;(0 = ), N;i(po)} (= po*po =0)
> min{N;(r), N;(po)} (+ N is a closed BS — neutrosophic ideal )
And
N (po * o) < rmax{N; ((pg * 10) * £o), Ni(po)} (+ N is a BS— neutrosophic ideal )
= Tmax{]v}((ﬁo * Po) * ”"0)'@(%70)} (+ (po *10) x g = (Po * ug) * 1)
= rmax{N; (0 * 70), Ny (po)} (< o * po = 0)
< rmax{N; (ry), Ny (p,)} (+ N is a closed BS—
neutrosophic ideal )
Hence NV = (]\Q,]\G,J\Aff) is a BS-NSSA of XK.
Theorem:4.14 In a weakly BCK-algebra X, every BS-NSI is closed.
Proof: Let V = (]\Q,J\G,J\Aff) be a BS-NSI of a weakly BCK-algebra K. For any p, € X, we obtain
No(0 % p9) 2 min{N; (0 * o) * o), N, (#0)} = min{N, (0), N; (o)} = Ny (o),
;0 * o) = min{N; ((0 * po) * 2), Ni (p6)} = min{N;(0), N;(p0)} = N; (o),
N;(0 % po) < rmax{N;((0 * po) * po), Ny (o)} = rmax{N; (0), N} (o)} = N} (o).
Therefore NV = (]\Q,]\Q,]\Aff) is a closed BS-NSI of K.
Corollary: 4.15 In a weakly BCK-algebra, every BS-NSI is a BS-NSSA of X.
In a following example we show that any BS-NSSA is not an BS-NSI in a BCl-algebra.
Example: 4.16 Consider a BCl-algebra ¥ = {0,1,2,3,4,5} with binary operation ‘*’ in table.7
Let vV = (W, W, J\Aff) be aBS-NSSin K defined by table.8 It is routine to verify that N = (I, V;, J\Aff)
is a BS-NSSA of XK. But it is not a BS-NSI of X. Since N;(4) < min{N,(4 = 3), V;(3)}.

* 10 |1 12 |3 (415
010 ]|]0 |3 |2 |3 |3
110 (3|2 |3 |3
2 1212 (0|3 |00
3 13 |3 (2|0 (2|2
4 |4 |2 |1 |3 |0 |1
55|12 |1 |3 |1 |0

Table.7 BCl-algebra
K | Me@o) | M@o) | Ny (@o)
0 0.9 0.8 | [0.2,0.6]
1] 03 04 |[0.50.9]
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21 09 0.8 | [0.2,0.6]
3| 09 0.8 | [0.2,0.6]
41 03 04 |[0.50.9]
5| 03 04 |[0.50.9]

Table.8 BS-NSSA

Theorem: 4.17 In a p-semi simple BCI-algebra X, the following are equivalent

(i). ¥ = (W, V;, ;) is a closed BS-NSI of X.
(ii). V' = (IV;, V;, Vy) is a BS-NSSA of XK.

Proof: (i) = (ii) see theorem 4.12

(i) = (@) let ¥V = (]\Q,]\fi,]’\ff) is a BS-NSSA of X. For any p, € K, we get
N:(0) = N (po * po) = min{N;(po), N:(po)} = N (po),

N;(0) = N;(po * po) = min{N;(p,), N;(po)} = N;(po),

]’\7,‘(0) = ﬁ}(ﬂ’o * Po) < rmax{f\/\}(ﬁo);]\’rf(ﬁo)} = J\Tf(ﬂ’o)-

Hence V(0 * po) = min{NV;(0), Ny (p0)} = N (o)

N;(0 x po) = min{V;(0), V;(po)} = J\Q(;JO),J\’/}(O * Po) S Tmax{ﬂ’}(o)'ﬂ’}(ﬁo)} = ]\Aff(ﬁo) forall p, €

x.
Let po, 75 € K then

N (po) = ‘N;:(/’ﬂo * (1 * ﬂ’o)) = min{N; (1), Ne (75 * po)}
= min{N, (r5), N, (0 = (g * 7))} = min{N;(p, * 10), Ny (1)},
Ni(po) = ]\fi(”’vo * (1 * #’o)) = min{V; (r,), N; (74 * po)}
= min{IV; (r5), N; (0 % (p * 79))} = min{N; (p, * 7o), N; (1)}, and

-7\71“(290) = ]\Aff(”’“o * (1 * #’o)) < Tmax{J\AGf(””o);J\AG(W"O *#’o)}

= rmax{N; (1), N; (0 % (po * 7))} < rmax{N;(po * 74), Ny (15)}.

Therefore NV = (]\Q,]\Q,]\Aff) is a closed BS-NSI of K.

Since every associative BCI-algebra is a p-semisimple, we have the following are corollary

Corollary:4.18 In a associative BCI-algebra X, the following are equivalent

(i). ¥ = (W, V;, ;) is a closed BS-NSI of X.
(ii). V' = (IV;, V;, V}) is a BS-NSSA of X.

Definition: 4.19 Let X be an (s)-BCK-algebra. A BS-NSS N = (J\Q,J\Q,J\Aff) is called a BS-

neutrosophic o-subalgebra of K if the following assertions are valid

Ne(@o ° 15) = min{N;(po), Ny (7))}
Ni(@g © 15) = min{N;(po), Ni(70)}

Ni(po © 7o) < rmax{N; (po), N; ()} forall py, 7, € K.
Lemma:4.20 Every BS-NSI of BCK/BCl-algebra X satisfies the following assertion
Po <15 =2 Ne(po) = N (1), Ni(po) = N; () and ]\7}(370) < ]\7)‘(””0) for all p,, 15 € K.
Proof: Assume that p, < 7 forall p,,7, € X then p, * 7, = 0 and so
Ne(@o) = min{NV, (g * 179), Ny (1)} = min{V; (0), Ny (775)} = Ny (7p)
N;(@o) = min{NV;(p, * 1), N;(15)} = min{N;(0), V; (1)} = N;(r5)
J\Tf(??o) < rmax{]vf(po * ”’"o):]vf(””'o)} = T'max{]vf(o)']\/rf(”’”o)} = ]\7)‘(””0) for all p,, 15 € K.

Hence the proof is completed.

Theorem:4.21 In a (s)-BCK-algebra, every BS-NSI is a BS-neutrosophic o-subalgebra.
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Proof: Let V = (Nt,J\fi,]\Aff) be a BS-NSI of a (s)-BCK-algebra X. Note that (p, o 7y) * py < 7 for
Po, 7o € K. We have

Ne@o o 10) 2 min{Nt((#’o ° 1) * 390) ']\ft(ﬂ?o)} = min{N;(70), Ne(#0)},

Ni(@o o) = min{M((ﬂ’o °17y) * i’o) ']\G(#’o)} = min{N;(r,) ,N;(p,)}, and

Ni(po o 10) < rmax{]\’\ff((po °70) * ) 'ﬁf(l’o)} < rmax{Ny(r) , Ny (po)}-

Therefore NV = (Nt,]\fi,]\?f) is a BS-neutrosophic o-subalgebra of K.

Theorem:4.22 Let V' = (IV,, V;, V;) be a BS-NSS in a (s)-BCK-algebra X. Then N = (IV;, V;, NV}) is a
BS-NSI of KX if and only if the following assertions are valid N (o) = min{N;(79), N;(w,)},
Ni(@o) = min{V; (1), Ni (o)}, Ny (po) S rmax{WNy (o), Ny (o)} for all po, 7o,y € K with g, <
7 © Uy

Proof: Assume that N = (]\ft,]\f,-,J\Tf) is a BS-NSI of K and let pg, 74, 4y € K be such that p, <
7 © Uy

Then we have

Ne(po) = min{]\ft(ﬁo * (190 uo))J"}(”"o ° ”"0)}

= min{N;(0), N; (75 o ug)} = Ny (7 0 1) = min{N;(ry), N; (1y)} (By theorem 4.20)

Ni(po) = mi”{]\fi(ﬂ’o *(1g 0 ”'Lo)):]\fi(””o ° ”"0)}

= min{N;(0), V; (75 o 1y)} = N;(rg ° 1ug) = min{N;(rg), N;(1y)} (By theorem 4.20)

-7\7,‘(}’0) < Tmax{]v}(ﬂ’o * (1 © ”"o)):]vf(””o ° ”"0)}

= rmax{N; (0), Ny (ry © 1)} = Ny (1 0 ) < rmax{N;(#5), Ny (1)} (By theorem 4.20)

Conversely, let N = (J\Q,J\G,J\Aff) be a BS-NSS in a (s)-BCK-algebra X satisfying the conditions
Ne(Po) = min{N,(10), My (1)}, Ni(po) = min{N;(r4), Ni(10)} , Ny (po) < rmax(Wy (v, Ny (1)}
for all py, 7,1y € K with py < 75 0 uy

Since 0 < p, ° p, forall p, € K, we have

Ne(0) = min{V, (po), Ve (p0)} = Ne(#0)

N;(0) = min{N;(po), Ni(#0)} = Ni(#0)

~7\7f(0) < Tmax{]vf(ﬁo):]@(#?o)} = ]\Aff(ﬁo)-

Since py < (pg * 1) o 1y for all py, 7, € K, we have

Ne(@o) = min{Ne(po * 70), Ne(70)}

Ni(@o) =2 min{N;(p, * 1), Ni(75)}

Ni(po) < Tmax{N; (po * 14), Ny (1)} for all p,, 7y € K. Therefore N = (W, N;, N;) is a BS-NSI of
X.
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