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Abstract. In this paper, we introduce the notion of statistical convergent of order « in the neutrosophic
normed spaces. We investigate a few properties of the newly introduced notion and examine the relationship
with statistical convergence in the neutrosophic normed spaces. Finally, we introduce the concept of statistical
Cauchy sequence of order « and show that statistical Cauchy sequences of order « are equivalent to statistical

convergent of order o sequences in the neutrosophic normed spaces.
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1. Introduction

In 1951, statistical convergence was introduced independently by Fast [12] and Steinhaus [33]
to provide deeper insights into summability theory. Subsequently, researchers like Fridy [15],
Salat [29], Connor [8], and others explored it from the sequence space perspective. This led
to investigations by Hazarika and Esi [17], Altinok et al. [1], Mursaleen [25], Tripathy and
Sen [34], Savas and Gurdal [30]. Statistical convergence found applications in number theory,
mathematical analysis, probability theory, and other areas.

In 2010, Colak [6] introduced the notion of statistical convergence with order a by means
of a-density. Later, it was generalized to T-statistical convergence with a degree of order « [7]
and lacunary statistical convergence with a degree of order « [31]. For additional information
regarding statistical convergence with a degree of order @ and its generalizations, one may
refer to [5/10,/11], which provide many more references.

The notion of fuzzy sets was proposed by Zadeh [35] in 1965, extending classical set theory.

To address membership degree uncertainties, in 1986, Atanassov [4] introduced intuitionistic
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fuzzy sets, which have since found utility in decision-making contexts. Smarandache [32] intro-
duced neutrosophic sets in 2005 as a generalization of fuzzy and intuitionistic fuzzy sets. Neu-
trosophic sets consist of truth-membership (T), indeterminacy-membership (F), and falsity-
membership (I) functions, suitable for tricomponent outcomes in uncertain scenarios.

Felbin [13] introduced fuzzy normed spaces in 1992, followed by the exploration into Saadati
and Park [28] in 2006 conducted research on intuitionistic fuzzy normed spaces. Subsequently,
Karakus et al. |18] delved into the realm of statistical convergence within intuitionistic fuzzy
normed spaces in 2008. Further investigation into convergence of sequences in neutrosophic
normed spaces was pursued by Kirisci and Simsek [22]. The research in this area is still devel-

oping, showing analogies to conventional normed spaces.

2. Definition and Background

Definition 2.1. [6] Consider M C N, and let M,, represent the consisting of elements in
M that are less than or equal to n. The concept of natural density of order o (0 < o < 1)

associated with the set M is denoted and defined as follows:

provided that the limit exists. Here, the symbol |M,| denotes the cardinality or number of

elements in the set M,,.

Definition 2.2. [6] A sequence (yi) is considered statistically convergent of order o (0 <

a < 1) tolif, for every ¢ > 0, the following condition holds:

where M (¢) = {k € N : |y — £| > (}. In this context, [ is referred to as the statistical limit

of order « for the sequence (yi), denoted as yi LNy

In particular, if a = 1, then Definition and Definition [2.2] reduces to the definitions of

natural density [14] and statistical convergence [15] respectively.

Definition 2.3. [24] A binary operation o that takes two values from the interval [0, 1] and
produces a result within the same interval is referred to as a continuous triangular norm, given

that it satisfies the following set of criteria:

(1) The operation o possesses the properties of associativity and commutativity.
(2) The operation o remains continuous.
(3) For any s belonging to the interval [0, 1], the operation s o 1 results in s.
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(4) If p is less than or equal to ¢ and r is less than or equal to s, where p, ¢, r, and s fall
within the range of values from 0 to 1, then it follows that the inequality por < gos

is satisfied.

Definition 2.4. [24] An operation e that takes two values from the interval [0, 1] and returns
a value within the same interval is termed a continuous triangular co-norm, provided it meets

the following set of criteria:

(1) The operation e possesses the properties of associativity and commutativity.

(2) The operation e maintains continuity.

(3) For all s € [0, 1], the operation s e 0 results in s.

(4) If values p, g, r, and s are such that p <r and ¢ < s, with p, ¢, r, and s belonging to
the interval [0, 1], then the outcome of the operation p e g is no greater than the result

of res.

Definition 2.5. [32] Consider a universe of discourse denoted as X. The subset Kng of X

is defined as:

Kys = {<v,Rx(v), Tk (v), Wk(v) >:ve X}
This defined set is known as a neutrosophic set. In this context, Ri (v), Tk (v), and Wi (v)
are functions mapping X to the interval [0,1], Expressing the levels of truth-membership,

uncertainty-membership, and falsehood-membership, respectively. It is important to satisfy

the constraint 0 < Rg (v) + T (v) + Wk (v) < 3.

Definition 2.6. [22] Imagine a vector space denoted as F', and consider a normed space
{< v, R(v),%(v),2(v) >: v € F}. In this normed space, R, ¥, and 2 are functions mapping
F x RT to the interval [0,1]. Furthermore, consider o to represent a continuous triangular
norm operation, and e to signify a continuous triangular co-norm operation.. If the four-tuple

V = (F,M, o0, e) satisfies the following conditions, for any v,v € F and 7, u > 0, and for every

The values R(v, 1), T(v,7), and WW(v, T) are restricted to the range [0, 1].
The sum of R(v, 1), T(v,7), and W(v, 7) is bounded by [0, 3].

R(v,7) =1 (forT>0)iff v =0.

R(ov, ) = R(v, ‘%‘)

R(v,7) 0 R(v, 1) < R(v + 0,7 + ).

The function R(v,.) is both continuous and non-decreasing.
As T approaches infinity, hIn 9‘{(1/ T)=1.

(v, 7) =0 (forT>0) 1ffl/—0

T(ov, ) = Z(v, ﬁ)

(10) T(v,7) o X(v, ) > T(v + v, 7T + ).
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11) The function ¥(v,.) is continuous and non-increasing.
12) As 7 goes to infinity, Tli_}n;(}‘f(u, 7)=0.
13) W(v,7) =0 (forT>0) iff v =0.
14) W(ov,7) = W(v, |;—‘)
15) W(v,7) e W(v, 1) > y(v +v,7 + p).
16) The function 20(v,.) is continuous and non-increasing.
17) As 7 approaches infinity, Tlirglo W(v, ) =0.
)

(
(
(
(
(
(
(
(

18) If 7 <0, then we have R(v,7) = 0,%(v,7) =1, and W(v,7) = 1.

Furthermore, 91 = (R, T,20) forms a neutrosophic norm (NN).

Example 2.7. [22] Let’s consider a normed space denoted as (F || - [|). In this context, take
any two values, denoted as s and ¢, from the interval [0, 1]. We establish the triangular norm
operation o as the product of s and ¢, denoted by s ot = st, and the triangular co-norm
operation e as s added to ¢t minus their product, given by s et = s+t — st. Now, let’s delve
into the construction of the functions R(u, 1), T(u, 1), and W(u, 7) for any 7 that surpasses
[

Ju

) QU(U,T) =

T+ ||ul] T

T [lull

%(U,T) = THUH, T(’UqT) =

These definitions stand valid for all elements © € F and 7 > 0. However, if 7 is less than
or equal to ||u||, then we redefine the functions as follows: R(u,7) = 0, T(u,7) = 1, and
W (u,7) = 1. With these specified conditions, we can confidently assert that the arrangement

(F,M, o, ) establishes itself as a neutrosophic normed space (NNS).

Definition 2.8. [22] Let V represent a NNS (Neutrosophic Normed Space). We define a
sequence (yg) to exhibit statistical convergence towards [ with respect to the (NN) if, for any
0<(¢<1, theset M = ke N:R(yp —4,7) <1—=CorT(yp —4,7) > ¢, Wyr — £, 7) > (¢
satisfies the property that §(M¢) = 0.

This notion can be denoted symbolically as st —9—lim y, = [ or equivalently yi — [(st—).

Example 2.9. Consider a normed space denoted as (F, ||-||). Let any pair of values, denoted as
s and t, lie within the interval [0, 1]. We establish the continuous triangular norm as sot = st,
and the continuous triangular co-norm as s e t is defined as the minimum of the sum of s and
t or 1. Drawing inspiration from the functions R, ¥, and 20 showcased in Example and
under the constraint of 7 > 0, we have: Let’s explore the sequence (yi) defined as follows

within a centered environment:

2, if k= p* where p e N
Yk = .
0, otherwise

S. Debnath, B. Das, S. Debnath, C. Choudhury, On Statistical Convergence of Order « in
NNS



Neutrosophic Sets and Systems, Vol. 58, 2023 ﬁ

As a result, we establish the convergence y — 0(st — 0N).

Rationale: For any 0 < ¢ < 1, we delve into the composition of the set M:
M= {k <n: S):{(yk _077—) <1 —COI“I(yk _077—) > C’ Q:U(yk _077—) > C}

This exploration uncovers:

M:{k§n2L<1—CorﬂZC7@>C}

T+ k| — T+ |yl T =

T ol = 7}

:{k§”1|yk\21

={k<n:y,=2}

Thus, we conclude that §(M) = lim % < lim @ = 0. As a result, the sequence y, —
n—oo n—oo
0(st — 91) holds true.

Definition 2.10. [22] Consider the sequence (y;) within a NNS V. We deem (yx) to be
statistically Cauchy if, for any 0 < ¢ < 1, there exists an associated natural number N = N(()
satisfying the condition:
§(MC¢) = 0, where
MCe ={k e N:R(yr — sn,7) <1—Cor T(yx — sn,7) = (, W(yx — s, 7) = (L

3. Key Findings

Definition 3.1. Within the domain of NNS, denoted as V', consider a value 0 < a < 1.
A sequence (yg) is classified as statistical convergence with a degree of order « to the value
[ concerning the neutrosophic norm (NN). This categorization is established when, for all

0 < ¢ < 1, the following condition holds:
0*(M¢) =0, where My ={k e N: R(yp — £, 7) <1—-CorZ(yp — £, 7) > ¢, W(yx — ¢, 7) > (}.

In this context, we symbolize the statement as st — 0N — limyg = [ or y — I(st® —N).

Of particular note, should we select &« = 1, the above definition aligns with the notion of

statistical convergence in NNS, as previously explored by Kirisci and Simsek [22].

Example 3.2. Consider a normed space denoted by (F),||-||). For all s and ¢ within the range
of [0, 1], The continuous triangular norm is characterized by the equation s ot = st, while the
continuous triangular co-norm is expressed as the operation s e ¢ as taking the minimum of
either the sum of s and ¢ or 1. Utilizing the functions R, T, and 2U presented in Example
for all 7 > 0, we confidently affirm the characterization of V as a NNS.

Let us now introduce the sequence (yg):

L, k=p’(peN)
Yk = .
0, otherwise
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Then, yr — 0(st* —N), for a € (%, 1].
Justification: Any 0 < { < 1, we have

M:{kgnm(yk_OvT) < 1_C0T3(yk_077) ZCa m(yk_oaT) ZC}

This implies that,

T Yk Yk
M={k<n: <1l—-C¢or >( —>C
¢ T+ |yxl T+ |yk| T J

¢
1—
={k<n:y, =1}

={k<n:|yl > <07“ lyr| > 7}

Then, §*(M) = lim % < lim % =0, forac (%, 1]. Hence, yi — 0(st* —MN).
n—oo

n—oo

Lemma 3.3. Considering V' as a NNS (Neutrosophic Normed Space), and for all 0 < { < 1,
and 0 < a <1, as well as 7 > 0, we unveil the equivalence of the following propositions:

(i) y — U(st* —N);

(i6) 0°({k € Nt R(yp — £,7) < 1—C}) = 0°({k € N : S(yy — £,7) = C}) = 8°({k € N :
W(yr — £, 7) = (}) =0;

(#i) O*({k e N:R(yp — £,7) > 1= CorT(yp — £, 7) <, W(yr — ¢, 7) <(}) =1;

(iv) 0°({k e N: R(yp — £, 7) >1—-C(}) =0*({k e N: T(yp — 0, 7) < (}) = 0*{k € N :
Wlyy —,7) <¢}H) =1

(v) Ry — £, 7) = 1(st* =N) or T(yp — L, 7) = 0(st* —N) , W(yr — £, 7) — 0(st* —N).

Theorem 3.4. Let V be a NNS and let (yx) be a sequence such that yi, — (st —N). Then

l is uniquely determined.

Proof. Assume, for the sake of contradiction, that yi — 11 (st*—MN) and yx — l2(st*—N) where
l1 # ly. We select a constant 0 < ¢ < 1 and designate p > 0 such that (1—{)o(1—-¢) >1—pu

and ¢ e ¢ < p. In the context of any positive 7, we introduce the subsequent sets:
Ko (¢7) = (k€ N: R(ye — b1, 5) <1}
Ky (¢7) = {k € N: gy — f. 5) <1}
Ks,(¢.7) = {k € N: Ty — 61,5) 2 ¢}
Ks,(C.7) = {k € N: Ty — 2, 5) > ¢}
Koy, (¢,7) = {k € N: 0(ys — 01,5) > ¢}
Koy, (¢,7) = {k € N: 0(y — £, ) > ¢J.
Since yp — 11 (st —MN), we apply Lemma to conclude that for any 7 > 0,

60‘(K9’\1 (Cv T)) = 5a(K‘31 (Q T)) = 5a(Kﬂﬂ1 (Ca T)) =0.
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Similarly, since yi — l2(st® — D), we again apply Lemma to deduce that for any 7 > 0,
6% (K, (¢, 7)) = 6%(Ks,(¢, 7)) = 0%(Ka, (¢, 7)) = 0.

Let’s define K (¢, 7) = (Kw, (¢, 7)UKn, (¢, 7))N(Ks, (¢, 7)UKx, (¢, 7)) N (Kay, (¢, 7)UKa, (¢, 7))
Consequently, 60*(K (¢, 7)) = 0, which implies §“(N\ K({,7)) = 1 and hence The set of natural
numbers excluding those in K (¢, 7) is non-empty. Let’s pick p is an element of N that is not
in K(¢, 7). We proceed with three cases:

(i) If p e (N\ (K, (¢, 7)) U N\ (K, (¢, 7));

(i) If p € (N\ (K5, (¢, 7)) U N\ (Kg, (¢, 7));

(iii) If p € (N\ (Kqn, (¢, 7)) U (N\ (Kan, (¢, 7))-

For Case (i), we possess:
Rl —lo,7) 2 Rlyp = b, 5) o Ry — o, 5) > (1= Qo (1= >1—p (1)

Since p can take any value,, Equation implies that for any 7 > 0, (1 —l2,7) = 1, leading
to ll = lQ.

For Case (ii), we have:
5(11—l2,7)ST(yk—Kl,g)OT(yk—Ez,%)<Co(<u. (2)

Since p can take any value, Equation implies that for any 7 > 0, T(l; — l,7) = 0, leading
to l1 = Is.

For Case (iii), we have:
W0y 1o, 7) < Wy — 1. 5) ¢ Wy — o 5) < CoC < 3)

Since p can take any value, Equation implies that for any 7 > 0, 20(l; — l2,7) = 0, leading
to l1 = Is.
In all cases, we consistently arrive at I; = ls, which contradicts our assumption. Hence, the

assumption that [y # [y must be false, and therefore {; = l5. This concludes the proof.

Remark 3.5. The notion of statistical convergence with a parameter a within neutrosophic
normed spaces is precisely defined for values of 0 < a < 1. However, for a > 1, a counterex-

ample can be provided as follows:

Example 3.6. Consider a normed space (F,|| - ||). For any s,t € [0,1], we introduce the
definitions of the continuous triangular norm as s ot = st and the continuous triangular co-
norm as The operation s-t is defined as the minimum of s+t and 1. By adopting the R, T, 25
functions illustrated in Example valid for all 7 > 0, the space V is established as a NNS.
Let us now examine the sequence = = (yy), defined as:
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1, k=2n
Yk = 5
0, k=#2n
where n € N,

For a > 1, we observe that

1
lim n—a\{kz eN:R(yp—0,7) <1-CorZ(yp—0,7) > (, W(yx—0,7) > (}| < li_}rn %is zero,

n—0o0

and similarly,

1
lim n—a\{k eEN:R(yp—1,7) <1-CorZ(yp—1,7) > (, W(yr—1,7) > (}| < li_)rn %is Zero.

n—oo
This implies that the statements yr — 0(st* — 9N) and yr — 1(st® — M) hold simultaneously,

leading to a contradiction.

Theorem 3.7. Let us consider two sequences, denoted as (tx) and (sy), within the NNS V.
such that t — t1(st* —N) and xp — to(st* —N). Then,
(1) yr + T — t1 + to(st® —N) and (1) r.ty — r.t1(st* —N) where r € R.

Proof. (i) Suppose t, — t1(st® —DM)and s — to(st*—MN). Now by definition for any 0 < ¢ < 1,

§%(M) = 0, then we have M = {k € N : R(tj—t1, g) < 1-C or T(tp—ty, g) > ¢ MW (tp—t, %) > ()
and
5%(M') = 0, then we have M’ = {k € N : R(sp—ta, %) < 1—Cor%(sp—ta, g) > (W (sp—ta, %) > ().

Now as the inclusion
(N\M)N(N\M')C{keN: Rty +sp —t1 —to,7) >1—CorT(ty +sp —t1 —t2,7) <,
Qﬁ(tk-l-sk—tl—tg,T) <C}
holds, so we must have
M"={keN: Rty +sp—t1 —to,7) <1 —CorT(ty +sp —t1 —t2,7) > ¢,
Wty + s, —t1 —to,7) > S MUM

and consequently, d%(M") = 0 i.e., t + sp — t1 + ta(st* —N).

(ii) If » = 0, then there is nothing to prove. So let us assume r # 0. Then since t —

t1(st* — M), we have for any 0 < ¢ < 1, 6*(M¢) = 0, where
M:{RGN:%(tk—tl,‘%‘) < I—COT’T(tk—tl,‘TT‘) >, Qn(tk—tl,l%‘) ZC}
Now let M’ denote the set

{k e N:R(rty, —rit1,7) <1—CorZ(rity —rty,7) >, W(rty —rit, 1) >(}
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Then M’ C M holds and consequently, 6*(M') = 0. Hence, 7.t — r.li(st* —N). g

Theorem 3.8. Let us consider two sequences, denoted as (t;) and (sy), within the NNS V.
such that tp, — (M) and 0*({k € N: ty # sp}) = 0. Then, s — I(st™ —N).

Proof. Suppose 0*({k € N : t # sx}) = 0 holds and t; — (). So, as per the definition, for

any 0 < ¢ <1,theset My ={k e N:R(t;, —(,7) <1—-Cor T(tp —L4,7) > (,W(ty —¢,7) > (}

has a maximum number of finite elements. Consequently, 6% (M) = 0. Now, since the inclusion
Mé = {k € N: %(Sk—e, 7') < 1—<07"T(Sk—£,7') > (,Qﬁ(sk—é,r) > C} - Mcﬁ{k‘ e N:t 7& Sk}

holds, so we must have, §%(M’) = 0. Hence, yx, — (st —N).

Definition 3.9. Let (yx) be a sequence in a NNS V. We say that (yi) is a statistical Cauchy
sequence of order « if, For any 0 < ¢ < 1, there is a positive integer N = N(({). such that the
a-order statistical deviation of the set M C¢ satisfies §%(MC;) = 0, where:

MC¢ ={k e N:R(yp —sn,7) <1 —CorT(yx — sn,7) > ¢, W(yr — sn5,7) > ().

Theorem 3.10. Consider a NNS V. Then, for the sequence (yi) within this NNS V', it holds
that (yx) is a statistical convergent sequence of order « if and only if it is a statistical Cauchy

sequence of order «.

Proof. Assuming that y; converges towards I(st® — ), let’s select a value of p > 0 for a given
0 < ¢ <1 in such a manner that (1 —()o(1—()>1— pu, and also ( ¢ { < u. Now, according
to the definition, for any 0 < ¢ < 1, we find that §*(N\ M) = 1, where

T T T
Hence, the set the element of an element N that is not in M, contains at least one element.

Let us consider N € N\ M¢. Subsequently, we obtain,
%(sN—f,g) > 1—(07‘5(51\[—5,%) <¢, m(sN—z,g) <
Now suppose
MCs={keN:R(yp —sn,7) <1 —porZT(yx — sn,7) > p, Wy — sn,7) > p}.

We assert that M C is a subset of M, because if this inclusion does not hold, it implies that
there must be some Ny € MC¢ \ My which immediately yields R(sy, — sy, 7) < 1 — p and
R(sny — ¢, 5) > 1 — (. Especially, R(sy — ¢,5) > 1 — (. But then,

1—,LL29‘{(3N0—3N,7')29‘{(31\70—6,%)0%(31\;—6,%)>(1—§)o(1—§)>1—,u,
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this leads to a contradiction. Moreover, we can observe that, T(sy, — sy, 7) > p and T(sn, —
¢,%) < (. Especially, T(sy — ¢, 5) < (. But then,

i< Tsny = sv,7) < Tswy — b 5) e T —£ig) <CoC <,

this leads to a contradiction. Moreover, we can observe that, 20(sy, —sn, 7) > p and Q(sy, —

¢,%) < (. Especially, W(sy — ¢, 5) < (. But then,
1< W(sng — sn,7) < Wsn, —&g)'ﬂﬁ(szv—&%) <Ce( <y,

This situation presents a contradiction. Therefore, all potential scenarios are in conflict with
the presence of an element Ny € MC¢ \ M. As a result, it becomes evident that MCy C M,
and consequently, 6*(MC;) = 0. This ultimately establishes that (y) is, in fact, a statistical
Cauchy sequence of order «.

To establish the converse aspect of the argument, we start by assuming that (yx) is a
statistical Cauchy sequence of order o but does not qualify as a statistical convergent sequence
of the same order a. Given a specific value 0 < ¢ < 1, we can select a positive parameter
i > 0 such that the composition (1 —¢)o (1 —¢) > 1 — p holds, and simultaneously ( e { < p.

Due to the fact that (yx) does not satisfy the criteria for being statistically convergent of

order «, we proceed with the assumption.
Rys — sn.7) 2 Ry — €, 2) 0 Rlsy —£,2) > (L= o (1= >1—p,
T(ye — sN,7) < i(yk—&%%?(s]v—&%) <Ce( <,
Wy — s,7) < Wy — €, 5) @ Wy —£,35) <CoC <.

This property is valid for P(¢, i) holds true for values of k within the range of k from 1 to N.
N :%(yp — sy, 7) < 1—p.

As a result, 6%(P(¢, 1)) = 1, which contradicts the assumption that (yx) is a statistical
Cauchy sequence of order . Therefore, it is evident that (yx) must indeed be a statistical

convergent sequence of order a. This conclusion serves to finalize the entirety of the proof.

4. Conclusions

In this study, our primary focus was on exploring fundamental characteristics of statisti-
cal convergence with a degree of a. We also established a relationship between this type of
convergence and the Statistical convergence in neutrosophic normed spaces has been newly in-
troduced by Kirisci and Simsek. Additionally, we introduced the concept of statistical Cauchy
sequences of order v and demonstrated that, in a neutrosophic normed space, every sequence
that converges statistically with a degree of a. also qualifies as a statistical Cauchy sequence
of the same order, and vice versa.
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In the future, there’s potential to extend this research to encompass multisequences, enabling

a deeper exploration of the resulting sequence space’s structure.
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