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1. Introduction

People’s needs have changed with the advancement of technology and topology has become
inefficient in real-life situations as a result. Separation axioms played a critical role in different
kinds of topological spaces that were later discovered. Chang [2] discovered fuzzy topological
spaces based on fuzzy sets [12]. Coker [3] developed a hybrid topological space by utilizing
intuitionistic fuzzy sets [1]. A new set called neutrosophic set is described by Smarandache
[11] by combining indeterminacy membership functions with truth and falsity memberships.
Further neutrosophic topological space has been found by Salama and Alblowi |[10]. Meanwhile,
Gayathri and Helen [6] instigated the notion linguistic neutrosophic topology. The purpose
of this article is to examine the inter-linkage between linguistic neutrosophic cl-open spaces.

Studies are also conducted on the properties of linguistic neutrosophic semi spaces.
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2. Preliminaries

Definition 2.1. [11] Let S be a space of points (objects), with a generic element in x denoted
by S. A neutrosophic set A in S is characterized by a truth-membership function T4, an
indeterminacy membership function I4 and a falsity-membership function Fa. Ta(x), Is(x)
and F4(z) are real standard or non-standard subsets of |07, 17[. That is

Ta:S =07, 17 [[14:S —=]07, 1T F4:S —]07,17]

There is no restriction on the sum of T4 (z), I4(z) and F4(x), so 0~ < sup Ta(z)+ sup I4(z)+
sup Fa(x) < 3%,

Definition 2.2. [11] Let S be a space of points (objects), with a generic element in x denoted
by S. A single valued neutrosophic set (SVNS) A in S is characterized by truth-membership
function T4, indeterminacy-membership function I4 and falsity-membership function F4. For
each point S in S, T4 (x), Ia(x), Fa(z) € [0, 1].

When S is continuous, a SVNS A can be written as A = [(T'(z),I(z), F(z))/z € S.

When S is discrete, a SVNS A can be written as A = > (T(z;), I(x;), F(x;))/x; € S.

Definition 2.3. [9] Let S = {sg|@ = 0,1,2,.....,7} be a finite and totally ordered discrete

term set, where 7 is the even value and sy represents a possible value for a linguistic variable.

Definition 2.4. [9] Let Q = {so, s1, 52, ..., St} be a linguistic term set (LTS) with odd cardi-
nality t+1 and Q = {s5/s0 < sp < s¢,h € [0,¢]}. Then, a linguistic single valued neutrosophic
set A is defined by, A = {(z, sg(z), sy(2), so(z))|z € S}, where sy(z), sy(x), ss(z) € Q rep-
resent the linguistic truth, linguistic indeterminacy and linguistic falsity degrees of S to A,
respectively, with condition 0 < 6 + 1 + o < 3t. This triplet (sg, sy, 50) is called a linguistic

single valued neutrosophic number.

Definition 2.5. [6] For a linguistic neutrosophic topology 77y, the collection of linguistic
neutrosophic sets should obey,

(1) OLn, 1N € TN

(2) Ky mKQ € TLN for any Kl,KQ € TLN

(3) UKZ (S TLN,V{KZ' 11 € J} C TN

We call, the pair (Srn, 7N ), a linguistic neutrosophic topological space.

Definition 2.6. A topological space (Spn, 7o) is said to be

(1) LN semi-Ty [7] if for each pair of distinct linguistic neutrosophic points in Sy, there
exists a LN semi-open set containing one but not the other.

(2) LN semi-T; [7](resp. LN cl-open-T [5]) if for each pair of distinct linguistic neutro-
sophic points s; and sy in Sz, there exist LN semi-open(resp. cl-open) sets Erny and

Frn containing s; and sg such that sy € Ern,s2 ¢ Frny and s ¢ Epn, s2 € Frn.
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(3) LN semi-T5 [7](resp. LN ultra-hausdorff [12]) if every two linguistic neutrosophic points
can be separated by disjoint LN semi-open(resp. LN cl-open) sets.

(4) LN semi-normal [4](resp. LN cl-open-normal [5]) if for each pair of distinct LN semi-
closed(resp. LN cl-open) sets Ern and Fry of Sy, there exist two disjoint LN semi-
open(resp. LN open) sets Gy and Hpy such that Epny C Gy and Fry C Hpy.

(5) LN semi-regular [4](resp. cl-open-regular [5]) if for each LN semi-closed(resp. LN cl-
open) set Ky of Spn and each s ¢ Ky, there exist two disjoint LN semi-open(resp.
LN open) sets Ery and Fry such that Kpny C Ery and s € Fry.

(6) The LN quasi-component [9] of s; is such that the set of all linguistic neutrosophic
points s9 in Sy such that s; and sy cannot be separated by LN semi-separation of

SLN.

Definition 2.7. [7] A LNS Pry = {(s1,Tp, 5 (51),Ip,n(51), Fp,y(51)) : 51 € Spn} is called

a linguistic neutrosophic point(LNP in short) if and only if for any element sg € Sy,

<TPLN (81)7IPLN (81)7FPLN> = (lp>lq7l7"> for S = 81,
<TPLN (51)?IPLN (51), FPLN> = <07 0, 1) for 52 75 S1-
where O<p<t,0<g<t,0<r<t.

Definition 2.8. [7] ALNP Pry = {(s,Tp,(s),Ip, 5 (5),Fp,(5)) : s € Spn} will be denoted
by s, .1,.1,)- The complement of the LNP s _; ;) will be denoted by s ;. 1,y

Definition 2.9. [7] A LNTS (S, 7) is semi-Ry if for every LNSO set K1y, s € Kry implies
LNSCI({s}) C K-

3. Some Characterization of Linguistic Neutrosophic Spaces

Definition 3.1. A LNTS (Srn, 7rn) is said to be
(1) LNCOS-T; if for every pair of distinct points in Sz, there exist LNCOSs Ery and

Fr.n containing two points respectively such that Epy N Fry = ¢.

(2) LN ultra-hausdorff if every two distinct points of Szn can be separated by disjoint
LNCOSs.

(3) LNCOS-normal if for each pair of disjoint LNCOS sets Ery and Frn of Spy, there
exist two disjoint LNOSs Ky and Hyy such that EFry C Gy and Fry C Hpn.

(4) LNCOS-regular if for each LNCOS Epn of Sy and each s ¢ Epn, there exist disjoint
LNOSs Ky and Hyy such that By C Gy and s € Hpn.

(5) LN locally-indiscrete if each LNOS of Sz is LNCS in Spy.

Definition 3.2. A LNTS (Spn,7rn) is said to be LNS-regular if for each LNSCS Epy of
Srn and each s ¢ Epn, there exist disjoint LNSOSs Ky n and Hpy such that Epy C Kpn
and s € Hyn.
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Example 3.3. Let the universe of discourse be U = {x,y, z,w} and let Spn = {z,y, z}.

The set of all LTS be L= { very poor (ly), poor(ly), very weak(l2), weak(l3), below average (l4),
average (l5), above average (lg), good (I7), very good (lg), excellent (lg), outstanding (l19)}.
And let Apy = {((z,ls,15,12), (y,13,12,11), (2,19, 16,13)) } and

Brn = {{(z,la,14,15), (y, 11,11, 12), (2,16, 15,18)) }.

Let LNP be S((4,15,14.16),(y11,1a,15),(2,03,03.l0)) -

The LNSCS and the LNSOSs are given by Ery = ((z,11,13,l1), (y,l1,1,15),(z,15,18,1l9) and
Krny = ((z,15,06,11), (y,la,l6,11), (2,19, 13, 15)) ,

Hin = ((x,l3,15,14), (y, 11,16, 12), (2,17,15,18)) respectively with s ¢ Epn.

Now, s € Hrny and Erny C Kpn and thus Sz is LNS-regular.

Definition 3.4. A LNTS (Spn,7zn) is said to be LNS-normal if for each pair of
disjoint LNCSs Apny and Bpy, there exist two distinct LNSOSs Kpy and Hpy with
Ay € Kpn, Boy € Hpn.

Example 3.5. Let the universe of discourse ¢ and LTS be as in Example (3.3)).
Let the LNCS be Ary = <($, l, 13, l4)7 (ya l1,ls, 15)7 (Za ls, I3, l9)> )

BLN = <($?l17llal5)7 (y7l07l17l6)a (Zvl67l5al8)>-
The LNSOSs are given by KLN: <(1"5l57l65l1)’(yal47167l1)7(Z7l97l85l5)>
and HLN = <($,l3,l5,l4>,(y,ll,lﬁ,lg),(Z,l?,l5,lg)>.

Now, Ay € Kpn, By € Hrny and hence Sy is LNS-normal.

Definition 3.6. A LNTS (Spn,7n) is said to be LN-urysohn space if there exist two disjoint
LNnbds V4, and V4,, containing t; and tg in (Trn,n) such that LNCI(V;,) N LNCU(V,) = ¢.

Definition 3.7. Let (Spn,7n) be a LNTS and s € (Spn, 7). Then the set of all points
t in (Spn,7rn) such that s and ¢ cannot be separated by LNS separation of Sy is called as

the LN quasi-semi-component of s.

Remark 3.8. A LN quasi semi-component of s in a LNTS (Spy, 7o) is the intersection of

all LNSO sets containing s.
Theorem 3.9. If a LNTS is LN semi-regular and LN-Ty, then the space is LN semi-T5.

Proof: Since Sy is LN-Tp, there lies a LNO set Upy containing either of the points s1 or so
in Spn. Thus, Spn\Ury is LNC set such that s; ¢ Sy \Urn. Then, there lie disjoint LNSO
Ern, Fpn with SEn\UrLy € Ern, 51 € FLy.

Remark 3.10. A LN semi-T5 space need not be LN semi-regular space.

Example 3.11. Let the universe of discourse be U = {a, b, c}. The set of all linguistic term is,

L = { very salt(lp), salt(l1), very sour(l2), sour(l3), bitter(l4), sweet(l5), very sweet(lg)}. Let
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Sry = {a}. Let S1(a,lo,la,ls) P€ @ LN point in Spn and let Fry = {a, (I1,1p,17)) be a LNSCS
in Sy such that s; ¢ Fry. Also, Ary = (a,(l1,01,17)) and Bry = {a,(l2,lp,ls)) are the
LNSOSs in Spn. Then, s; ¢ Ay but Fry C Brn respectively, which proves that Sz is not
LNS-regular.

Theorem 3.12. For each LN set Epn such that s ¢ Epn, where s € Sy, there lies a LNSO
set Urn in Spn containing s with LNSCU(Ury) N Ern = ¢ if and only if the LN space Spn

is semi-reqular.

Proof: Necessity Part: Let s € Spy be arbitrary and s ¢ Ern, where Ery is any LNC set in
Spn. Then, there exists Uy € LNSO(SLn,s) such that LNSCI(Ury) N Erny = ¢. Thus,
Ern € SEN\LNSCIU(UpLn).

Sufficiency Part: Let s € Spy be arbitrary and s ¢ Ery, where Ery is any LNC set in
Spn.Then, Spn\Ery is LNO set containing s. From the hypothesis, there lies a LNSO set
Urn containing s with LNSCI(Ury) € SLn\FLN.

Theorem 3.13. A LN space Spn is semi-reqular if and only if for each LNC set Ern and
for s ¢ Ern, there lies a LNSO subsets Cry and Dry in Spy such that s € Cpn and
Ern € Dpn. Also, LNCI(Cy) NLNCI(Drn) = ¢.

Proof: Necessity Part: Let Epn be any LNC set that is not containing the point s in Sy .
Then, there exists two disjoint LNSO sets (Cs); 5 and Fry in Spn such that Erny C Frn,s €
Crn. Then, there lies two LNSO sets Uy and Vi with zero inter section in S7y such that
LNCI(Fry) € Vin and s € Upy, since LNCI(Fry) is a LNC subset in Spy that is not
containing s. Then, LNCI(Urn)NViy = ¢. Now, (Cs); y NUrn is a LNSO set different from
Frn such that s € Cpy and Epny C Fry.

Sufficiency Part: For any LNC set Ery that is not containing the point s of Spy, there
exists LNSO subsets Crny and Dyy in Spy such that s € Cpny and Epy C Dyn. Moreover,
LNCI(Crny) NLNCI(Dpn) = ¢.

Theorem 3.14. If fin : (Spn,7on) — (Ton,non) is injective, LN closed and LN irresolute

function and (Trn,nrN) is LN semi-reqular space, then Spn is LN semi-reqular space.

Proof: For any s € Spy and for any LN subset Ery, we have s ¢ Fry. Thus, there lie LNSO
sets Urn and Vi y with zero intersection in Ty n with fry(s) € Uy and frn(Ern) € Vin.
For any LN irresolute function, the LNSO sets (fzn) " (Urn) and (frn) " (Vin) are disjoint,
so that s € (fLN)_l(ULN) and Ern C (fLN)_l(VLN).

Theorem 3.15. For any LN space (Spn,Trn) the following are equivalent.

(a) the space (Spn,TLN) 18 LN semi-regular.

N. Gayathri, M. Helen, Some Characterizations of Linguistic Neutrosophic topological Spaces



Neutrosophic Sets and Systems, Vol. 58, 2023 4

(b) For each s € Spny and for each LN Upn containing s, there lies a LNSO set Vin
containing s such that LNSCIl(Viy) C Urn.

(¢) For each non-void set Apn, different from a LNO set Ury, there lies a LNSO set Vin
such that Ay N Vin ¢ ¢ and LNSCI(Vrn) C Urn.

(d) For each non-void set Ary, different from a LNC set Epy, there lie two LNSO sets
Urn and Vin such that Apn NVin € ¢ and Epny C Uy

Proof: (a) = (b): Let Urn be any LNO set Ury such that s € Upy. Then, Spn\Ury is LNC
set that is not containing s. Then, there lie LNSO sets Vi and Wy with zero intersection so
that SN \Urny C Wirn,s € Viy € LNSCI(VLy). Suppose that s; € Sy such that s; ¢ Urn,
then Wy is LNSO set containing s1 such that Voy NWrn = ¢. Now, s; € LNSCI(Vy) and
thus LNSCI(Vin) C Urn.

(b) = (¢): Let Arn be a non-void LN set which has zero intersection with a LNO subset
Urn of Spy. Let s € Apy N Upn. Then, Upy is a LNSO subset Vpn of Spny such that
s€Viny CLNSCl(VLn) CULN.

(¢) = (d): Let Arn be a non-void LN set which has zero intersection with a LNC subset Efn
of Srn, then Spy\Ern is a LNC set such that Ary N (Spy\ELn) # ¢. By the assumption,
there lies a LNSO set Vi y with Ay NViy # ¢ and LNSCIU(Viy) € SLn\ELN-

(d) = (a): Suppose let Ern be any LNC set in Sy and s ¢ Spy. If Apy = {s}, then
ANy N ErLy = ¢. Then, there lies disjoint LNSO sets Urny and Vi y such that ApnNViy # ¢
and EFry C Upn.

Theorem 3.16. Fvery LN semi-regular space (Spn,Ton) is LN semi-normal.

Proof: Let Arny and Bry be any two LNC sets that has void intersection and s € Apy, then
s ¢ Bry. Then, there lie two different LNSO sets U, Vi with s € U, Bpy € Vs. Thus,
Uy = UseALN Us is a LNSO set in Spn such that Apy € Ury. Moreover, ULy NVs = o,

(i.e) (SN, TrN) is LN semi normal.

Remark 3.17. A LN semi-normal space need not be LN semi-regular in general, which is

clear from the following example.

Example 3.18. Let the universe of discourse be U = {z,y,z,w} and let Spny =
{z,y,2}. And LTS be as in Example (3.3). The space Spy is LNS-normal, by Exam-
ple . The LNSCS Epy is given by, Erny = ((z,l1,1l2,15), (y,lo,l1,1l6), (2,16,15,19))
and let the point s be S((1,16.00) (v lsla,02), (2 l6,lailr)) - Now, for the LNSOS’s Kpy =
(z, 15,16, 11), (y,la, 6, 11), (2,19,18,15)) , and Hry = ((z,13,15,14), (y,11,16,12), (2,17,15,13)), the
inclusion relationship s ¢ Hyn does not hold. Thus the space is not LNS-regular.

Remark 3.19. A LN semi-normal space is a LN semi-regular if and only if the LN space is
LN semi-Ry.
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Example 3.20. Let the universe of discourse U and LTS be as in Example .
Let LNP be S((a1,00,02), (wl1,03,03), (zalsle))» Which is different from the LNSCS Epy =
((x,l1,13,l1), (y,l1,l6,15), (2,15,18,19)).

The LNSOSs are given by Kiny = ((x,l5,06,01), (y,la,06,01), (2,l9,18,05)), Hin =
(x,l3,15,14), (y,l1,1l6,12), (2,1l7,15,13)).

Now, s¢ Hry and Epny C Kpny and thus Spy is LNS-regular.

Theorem 3.21. If (Spn,7on) is LN semi-Ry and semi-normal then LN space is LN semi-

regular.

Proof: Let s ¢ Kiny € LNC(SLn,Ton). As the space is LN semi-Ry, we have LNCI({s}) C
Scnv\Kry and LNCI({s}) N Ky = ¢. Also, there lie LNSO sets Ury and Vin with
LNCI({s}) CUrn, Kpny CViy with s € Uy, Ky € Vy and Uy N Vy = ¢.

Theorem 3.22. For any two LNC sets Cpn, Dy of (Spn,ToN), there lies a LNSO set
Urn C Spn containing Ay and LNCIU(Ury) N Dy = ¢ holds if and only if the space

(SN, TLN) is LN semi-normal.

Proof: Necessity Part: Let Spy be a LN semi-normal space and suppose that Crny and Dy
be any two disjoint LNC sets in Sy, then Crny € Spn\Dry. Then, there lies a LNSO set
Urn with Ay C Uy € LNCUUpn) € SLn\DLnN-

Sufficiency Part: Suppose Crpny and Dpy be any two disjoint LNC sets in Spy. From the
hypothesis, there lies a LNSO set Ury in Spy containing Cry and LNScl(Ury) N Dy = ¢.

Theorem 3.23. If frn : (Scn,7on) — (Ton,non) is injective, closed and LN irresolute

function and (Trn,nrN) is LN semi-normal space, then Spy is LN semi-normal space.

Proof: Let Arny and Bry be any two LNC sets in Spy such that Apy N By = ¢. Now,
fin(Arn) and frn(Brn) are also LNC in Try. Moreover, fry is injective, f(Arny) and
f(Brn) are disjoint LNC in T7x. Now, there lies a LNSO Ury C Spy with frn(Ary) C ULy
and frn(Brn) C Vin, as the space Try is LN semi-normal. As the function fry is LN
irresolute, the reverse images (fLN)_l(ULN) and (fLN)_l(VLN) are disjoint LNSO in Spn
with Az C (fon) '(Urn) and By € (fon) " (Vin) respectively.

Definition 3.24. A function fry : (S, 7n) — (Ton,nrn) is LN semi-totally continuous

if the reverse image of every LNSO set is a LNCO subset of (Spn, 7n)-

Theorem 3.25. Let frn : (Spn,7on) — (Ton,nn) be LN semi-totally continuous and frn
be injective. Also, the LN space (Trn,nrn) LN semi-Ty, then the LN space (Spn,Ton) 1S
LNCO-T;.
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Proof: As frn is injective, frn(s1) # frn(s2), where frn(s1), fin(s2) € Ton. As Try is LN
semi-T7, there lie LNSOS’s Ern and Frn with frn(s1) € Ern, fon(s2) ¢ Ery and fry(s2) €
Fin, fin(s1) ¢ Fry. Thus, sy € (fon) (Ern),s2 € f-H(ELn) and s2 € (fun) ™ (FLy), s1 €
(fon) " (Frn), where (fin) H(Ery) and (fon) ' (Fry) are LNCO subsets of Spy.

Theorem 3.26. Let frn : (Sin,7n) — (Ton,non) be LN semi-totally continuous and frn
be injective. Also, the LN space (Trn,nn) LN semi-Ty, then the LN space (Spn,TLn) is LN
ultra-hausdorff.

Proof: Let s; and sg be any two points in Spy. As fry is injective, frn(s1) # fon(s2),
where frn(s1), fon(s2) € Tpn. As Try is LN semi-Tp, there lies a LNSO set Fpy containing
frn(s1) but not fry(sz). Then, s1 € (fin) H(Ern) and sy ¢ (fon) “(Ern). As fry is LN
semi-totally continuous, (fLN)_l(ELN) is LNCOs in Spy. Moreover, s1 € (fLN)_l(ELN) and
s2 € Stn\(fov) (B

Theorem 3.27. Let frn : (Scn,7on) — (Ton,non) be LN semi-totally continuous and frn
be injective. Also, the LN space (Trn,nrn) LN semi-Ts, then the LN space (Spn,TrN) i LN
ultra-hausdorff.

Proof: Let s1,s9 € Spny with s1 # so. As fry is injective, we have, frn(s1) # fon(s2).
In addition, (Trn,nrn) is LN semi Th, there lie LNSOS’s Kpny and Hry with frn(s1) €
Kin, fin(s2) € Hry and Kpy N Hpy = ¢.  Then, s; € (fLN)_l(KLN) and sy €
(fin) " Y(HLN). As fry is LN semi-totally continuous, (frn) '(Kry) and (fon)™ (Hpy)
are LNCO in Sp . Moreover, (fLN)fl(KLN) N (fLN)fl(HLN) = (fLN)fl(KLN NHy) = ¢.

Theorem 3.28. Let frn : (Son,7on) — (TN, non) be LN semi-totally continuous, injective
and LN semi-open mapping from LNCO regular topological space (Spn,TrNn) into a LN space

(Trn,non). Then (Trn,non) is LN semi-regular.

Proof: Let Krn be a LNSC set in Try and ¢t ¢ Kpy. Since f is LN semi-totally contin-
uous, (fLN)_l(KLN) is LNCO set in Srn. Then, (fLN)_l(t) ¢ (fLN)_l(KLN). As Spy is
LNCO regular, there lie distinct LNO sets Ary and Bry such that f~'; v(Kry) C Arn
and (fLN)fl(t) € Bry. Thus, Krpny C fin(Ary) and t € frn(Bry). Also, as the
map fry is LNSO and injective, we have, frn(Arny) and frny(Bry) are LNSO sets and
fin(ALn) N fin(Bon) = fun(Ay N Bry) = ¢.

Theorem 3.29. Let frn : (Scn,7on) = (Ton,non) be LN semi-totally continuous, injective

and LN semi-closed function. If Ty is LN semi-regular, then (Spn,non) is LN ultra-regular.

Proof: Let Hry be a LNC set and s ¢ Hry in (Spn,7n). As frn is LNSC, fin(Hrn) is
LNSC set in T, n, not containing frn(s). As Ty is LN semi-regular, there lie distinct LNSOS’s
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Arn, By with frn(s) € Apn, fin(Hpn) € Bry. Then, we have, s € (fLN)_l(ALN) and
Hin C (fon) '(Bry). Because the function fry is LN semi-totally continuous, the LN
sets (fLN)_l(ALN) and (fLN)_l(BLN) are LNCOS’s. As frn is injective, (fLN)_l(ALN) N
(fen) " (Bon) = (fin) " (Aon 0 Bow) = (fun) (@) = ¢

Theorem 3.30. Let frn : (Scn,7on) — (Ton,non) be LN semi-totally continuous, injec-
tive and LNSO function from LNCO normal topological space (Spn,Trn) into a LN space

(TonsnLN), then (Tpn,nn) is LN semi-normal.

Proof: As frn is LN semi-totally continuous, (fLN)fl(ULN) and (fLN)fl(VLN) are LNCOS’s
in Sy, where Upy and Viy be two different LNSC sets in Trny. As fry is injective,
(fon) 7 (Un) N (fon) (Vi) = (fzn) (@) = é. Then, there lies disjoint LNO’s Apy
and Bpy with Upy C Apny and Vpn C Bry, (.e)fin(Urn) C fin(Arn) and finv(Vin) C
fin(Brn). As frn is injective and LNSO, frn(Arn) and fry(Bry) are disjoint LNSOS’s.

Theorem 3.31. Let any collection of LNSO sets be a LNSO set. And let (Tpn,nN) be a LN
urysohn space. If for two different points s1 and sy of (SN, TLN), there exists a LN function
fon : (Sen,mon) — (Ton,non) with frin(s1) # fon(s2) and the map frn is LN contra-semi

continuous at s1, 2, ergo (Spn,ToN) 18 LN semi-Ty space.

Proof: Let (Trn,nrn) be a LN urysohn space and s; and s2 be two distinct points in Spy.
Then fry(s1) # fon(s2) in Tpn. Also, since (Tn, ) is a LN urysohn space, there lie open
neighborhoods Vi, |,y and Vy, | (s,) in (TN, non) containing frn(s1) and frn(s2) such that
LNCUVy, y(s)) NLNCIU(Vy,  (s5)) = ¢- There lie LNSOS’s U, , U, containing respectively s1,
s with fLn(Us,) € LNCIU(Vy, y(sy)) and fLn(Usy) € LNCUVy, y(sy))- Then, frn(Us,NUs,) C
fin(Us,) N fin(Usy) € LNCUVy, \(s1)) N LNCUVy, (o (s0)) = &, (i-€) fLn(Us, NUs,) = ¢.

Theorem 3.32. Let the collection of any number of LNSO’s be a LNSO set. Then, if the
map frn is LN contra-semi continuous and injective in (Spn,7n) and (Tpn,nn) is a LN

ultra-hausdorff space, then (Spn,ToN) is LN semi-Ty space.

Proof: For any two points s; and sy in Spy, we have frn(s1) # fon(s2) as the map fry
is injective. Then, there lie two LNCOS’s Ey, Es with fry(s1) € E1, frn(s2) € E2 and
E1NEy = ¢ and there lie LNOS’s Hy, Ho with fry(Hy) C Eq and fry(Hz) C Es respectively.
Then, Hy C (fn) ™ (E1) and Hy C (frn)~ ' (B2, (i.e) HINH: € (frn)” (EDN(fon) ' (B2) =
(fuv) ' (B1N Ea) = (frn)~'(¢). Therefore, Hy N Hy = ¢.

Theorem 3.33. Let LN function frn : (Spn,7on) — (Ton,non) be LN contra-
semicontinuous, injective and LN closed function. Then the LN space (Spn,Trn) is LN semi-

normal if (Tpn,nLN) is LN-ultra normal.
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Proof: Let B; and By be two different LNC sets in (Spn,7n), then frn(Bi1) and fry(Bs)
are different LNC sets in (Ton, N ), as the mapping frn is injective and LN closed. There
lie two LNCOS’s Uj, Uz which separates frny(Bi1) and fry(Bz2) in Tpn respectively. Thus,
fin(B1) C Uy and frn(Ba) C Us,(i.e)B1 C (frn) '(Uy) and By C (frn) *(Us) such that
(fon) N UD) N (fon) 7 (U2) = ¢. Tt is shown that (fry) ' (Uy) and (frn)"H(Us) are two
different LNSO with By C (fzn) "(U1) and By C (fin) ™ H(Us) in Spy.

Definition 3.34. A LN graph LNGR(frn) of a function frn : (Spn,7on) — (Ton,nLn) is
LN contra-semi closed graph if a LNSO set Frn and a LNC set Ky lie with the property
(ELn N Kn) NLNGR(fry) = ¢ for all (s,t) € (Spny x Trny) LNGR(frn).

Theorem 3.35. Let any union of LNSO sets be a LNSO set and frn : (SLn,TLN) —
(Ton,nLN) be a function and grn = (Spn,7oN) — (SN, Ton) X (Ton,non) be the LN graph
function given by g(s) = (s, fn(s)) for each s € Spn. Then gpn is LN contra-semi continuous

if and only if the map frn is LN contra-semi continuous.

Proof: Necessity Part: Let Vi y be any LNC set of (Spn, 7on) X (Trn, nrn) containing grn(s)
where s € Sry. Then Viy N ({s} x {Trn}) containing grn(s). Moreover {s} x {Trn}
is homeomorphic to Try and hence {t : (s,t) € Vin} is a LNC subset of Try. As fin
is LN contra-semi continuous, J{(fznx)"(t) : (s,t) € Vpn} is LNSO in Sy such that
s e U{(fin) 71 (t) : (s,8) € Vin} C (9zn) " (Viw). Thus, (gon) (Vi) is LNSO.

Sufficiency Part: Let Urpny be any LNC subset of Try. Then, Spy x Uy = Spy X
LNCI(Ury) = LNCI(Spn xUry) C SpyxTry and Spy xUpy is LNC. Then, (grx) ™ (Spy ¥
Urn) is LNSO in Spy as LN contra- semicontinuous. Moreover, (gLN)_l(SLN x Upn) =
(fen) ' (Urw).

Lemma 3.36. A LN graph LNGR(frn) of a function frn : (Sin,mon) — (Ton,non) is LN
contra-semi closed graph if there exist a LNSO set Ern and a LN closed set Kin such that

Jin(ELn) N Ky = ¢.

Theorem 3.37. Let frn : (Sin,7on) — (Ton,non) be an injective function and LN contra-

semi closed graph, then Spy is LN semi-T1 space.

Proof: Since frn is LN contra-semi closed graph, (s, f(t)) € (Seny xTn) LNGR(fLn), where
s and t are different points of Sz n. Then by lemma, (3.25), a LNSO set Ury lies in Spy that
contain s and a LNC set Vpy lies in Trn that contain fry(t) with fon(Urny) N Vin = ¢.
Ergo, Sy is LN semi-T} space, as t ¢ Upy.

Theorem 3.38. Let frn : (Spn,7on) — (Ton,non) be LN contra-semi continuous where
(Trn,nLN) is LN-urysohn space, then the graph of frn is LN contra-semi closed in (Spny X
TLN)'

N. Gayathri, M. Helen, Some Characterizations of Linguistic Neutrosophic topological Spaces




Neutrosophic Sets and Systems, Vol. 58, 2023 4

Proof: Let (s,t) € (Spny x Trn) LNGR(frn), then frn(s) # t. Now, there lie LNO sets Efn
and Frn in Trn such that fry(s) € Epy and t € Fry such that LNCI(ELny)NLNCI(Fry) =
¢. Now, there exists a LNSO set Krn € (Spn,s) such that frn(Krpy) € LNCI(ELN),
as the function fry is LN contra-semi continuous. Thus, frin(ELn) N LNCI(Fry) C
LNCIUELn) N LNCIU(Frn) = ¢. Then, LNGR(frn) is LN contra-semi closed, by lemma
(3.25).

Conclusion:

In this study, the characterization of linguistic neutrosophic spaces and cl-open spaces are
discussed. The inter connections among these also have studied. Appropriate examples are
given to explicate the results and connections. We hope that these inception works will be

useful for scholars to progress the research in linguistic neutrosophic topology.
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