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1. Introduction

In 1982, Pawlak [11] introduced the concept of rough set, as a formal tool for modeling and
processing incomplete information in information systems. The basic idea of rough set is based
upon the approximation of sets by a pair of sets known as the lower approximation and the
upper approximation of a set. The concept of a fuzzy set, introduced by Zadeh [24] , provides
a natural framework for generalizing some of the notions of classical algebraic structures. As
a generalization of fuzzy sets, the intuitionistic fuzzy set was introduced by Atanassov [1] in
1986. One of the interesting generalizations of the theory of fuzzy sets and intuitionistic fuzzy
sets is the theory of neutrosophic sets introduced by F. Smarandache [12]. The term neutro-
sophy means knowledge of neutral thought and this neutral represents the main distinction
between fuzzy and intuitionistic fuzzy logic and set. It is a logic in which each proposition
is estimated to have a degree of truth, a degree of indeterminacy and a degree of falsity.
Unlike in intuitionistic fuzzy sets, where the incorporated uncertainty is dependent of the
degree of belongingness and degree of non-belongingness, here the uncertainty present, i.e. the
indeterminacy factor, is independent of truth and falsity values. Neutrosophic sets are indeed

more general than Intuitionistic fuzzy set as there are no constraints between the degree of
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truth, degree of inde-terminacy and degree of falsity. All these degrees can individually vary
within [0, 1]. The theories of neutrosophic set have achieved great success in various areas.
Recently many researchers applied the notion of fuzzy neutrosophic sets to several algebraic
structures. Subha et al. [17-23] studied the algebraic structures of interval rough fuzzy sets.

In this paper we studied the algebraic properties of rough interval neutrosophic sets.

2. Preliminaries

This section we present some basic definitions related to this work.

Definition 2.1. [2] Let W be a nonempty set, and let P(W) be the set of all nonempty
subsets of W. A hyperoperation on W is a map o : W x W « P(W), and the couple (W, o)
is called a hypergrupoid. If A and B are nonempty subsets of W, then we denote,

AoB= |J aobxoA={z}oA,
a€AbeEB
Aox = Ao{z}
Definition 2.2. [2] A hypergrupoid (W, o) is called a hyper-semi-group if for all z, yand z of
W we have (xoy)oz=mx0 (yoz).

That is, |J woz= |J xow
ucTroy vEYOoZ

Definition 2.3. [2] A is an algebraic structure (W, +,.) which satisfies the following condi-

(i) (W, +) is a commutative semi-hyper-group,

(a) (a+b)+c=a+(y+2)(b)a+b=0>b+a, for all a,b,c € W.

(ii) (H,.) is a semi-hyper-group,

(¢) (a.b).c = a.(b.c), for all a,b,c € W.

(iii) The multiplication is distributive with respect to hyperroperation +,
(d) a.(b+c¢) =a.b+a.c

(

e) (a+0b).c=a.c+b.c, forall a,b,ce W.

Definition 2.4. [2] A nonempty subset A of a hyper-semi-ring (W, +,.) is called sub-hyper-
semi-ring if v +y C A and z.y C A for all z,y € A.

Definition 2.5. [2] A left(right) hyper-ideal of a hyper-semi-ring W is a nonempty subset I
of W satisfying the following:

(i)z+yC I, forall x,y el

(ii) x.a CI(a.x C 1), foralla e [ and z € W.

Definition 2.6. Let R be a commutative semihypergroup and I' be a commutative group.

Then R is called a I' -semihyperring if there exists a map R'R — P(R)(a,a,b) — aab)
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Va,b € R,a € T' and P(R) the set of all non-empty subsets of R, satisfying the following
conditions: (i) (a + b)ac = aac + bac,

(ii)ac(b + ¢) = aab + aac,

(iii) a(a + B)b = aab + afb,

(iv) aa(bBc) = (aab)Be

Ya,b,ce RandV o,8 €T

We say that R is a I'-semihyperring with zero, if there exists 0 € R such that a € a + 0 and
0 € 0aa,0 € acl for alla € Rand a € T

Definition 2.7. [10] Let W be the universe. The neutrosophic set is an object having the
form A={(e,li(e),li(e),lf(e)),e € W}

where the functions l;,l;,ly : W — [0, 1] define respectively the truth, the degree of inde-
terminacy and the degree of non-membership of the element e € W to the set A with the

condition 0 < Iy +1; + 1, < 3

3. Interval neutrosophic hyper-ideals(INHI) in semi-hyper-rings

In this section we studied the concept of INLHI in semi-hyper-ring W. Also we proved
nonempty intersection of INLHI is also an INLHI. More over we discuss the pre image and
image of an INLHT of W is also an INLHI. At last we proved the cartesian product of two
INLHI is also an INLH]I.

Definition 3.1. A nonempty I N subset [ of W is said to be an INLHI of W if the following

conditions are holds:
(C1) A lile) = li(s) Nle(q)

(C2) /\+ li(e) > L@

(C3) vi 11(e) < (s) V 1(0)

(©4) A 1le) = (o)

(©5) (o) 2 (o)

(C6) :éézf(e) < 1y(q) for all e,s,q € W

Definition 3.2. A nonempty IN subset [ of W is said to be an INRH I of W if the conditions
(C1) (C2) and (C3) holds. Moreover

C7) A lie) > li(s)

e€sq

(C7)
(C8) A li(e) = li(s)
(C9)

ee€sq
C9) V lf(e) <ly(s)for alle,s,q e W

e€sq
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Definition 3.3. Let [ and m be any two IN subsets of W. Then [ N'm defined by
lymy(e) =1 Amy, I; Nmg(e) =1; Am; and [y Nmy(e) =1y Vmy for alle € W

Proposition 3.4. A nonempty intersection of an INLHI is an INLHI.

Proof : Assume that {[*:k € I} be a family of an INLHI of W. Let r,s € W.
Then

15)(e) = inf 15(e) > inf (I5(r) A 15(s)) = inf I¥(r) A inf IF
ee/r\ﬁ(kgt)(e) ee/r\ﬁ;gellt(e)_}grell(t(?") £(s)) inf 1§ (r) A inf I (s)

= N IF(r) A N ()
kel kel

and N LE(r)+ N U (s)
inf 1 (r)4inf 15 (s) i 1)+ i (s
k — s f 7k > i [lf(r)ﬂf(s)} _ ker’ KED LT kel kel
66/1“\+S(kQI e ee{“\Jrs ’g‘g li(e) = Ilcrg 2 2 2
also

V (N5)e)= V suplke) < sup (llj(r) v zg(s)) = sup 1k (r) v sup I5(s)
ecr+s kel ecr+s kel kel kel kel

k r k s
k@]lf( )vkrgllf()

Moreover
A (NI = A infif(e) > infif(s) = N If(s)
e€rs kel e€r+s kel kel kel

Similarly we can prove for

A (N )e) > N F(s) and V(N 15)(e) < N (s)
ecrs kel kel ecrs kel kel
Hence the theorem.

Definition 3.5. Let 0 : FF — FE be a mapping from SHR W to E. Then o is said to be
homomorphism if

(1) o(e+s) Cole) +o(s)
(2) o(es) Co(e)a(s)

(3) 0(0p) =0g for alle,s € W

where O and Op are zeros of F' and E respectively.

Proposition 3.6. Let o : F — E be a homomorphism of semi-hyper-ring. Ifl is an INLHI
of W. Then pre-image of I is an INLHI of W.

Proof : Since o : F — E be a homomorphism of W. Also since [ is an INLHI
of W and u,e, k € W.

N o)) = N h(o(u)

uce+k tee+k

= A\ li(o(u))

o(u)Co(e)+o(k)
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> Uy(o(e)) Aly(o(k))
= o (l)(e) Ao (l) (k)

Also
A ot W)= A lio(w)
u€etk t€e+k
— A li(o(u))
o(u)Co(e)+o(k)
> li(o(e)) Ali(o(k))
=o' (l;)(e) Ao (1) (k)
Moreover
Voo i) =V I(o(u)
u€e+k t€etk
= V lg(o(u))
o(u)Co(e)+o(k)
<ls(o(e)) Vii(o(k))
=07 (if)(e) v o (Iy)(k)
Again
A o )W) = A li(o(u))
ucek teek
= li(o(u))
o(u)Co(e)o(k)
> li(o(k)) = o~ (It) (k)
Also
A o )W) = A Li(o(u)
ucek teek
- A li(o(u))
a(u)Col(e)o(k)
> li(a(k)) = o (1) (k)
and

= Vo)

o(u)Co(e)o(k)
< ly(o(k)) = o= (ly) (k)
Hence pre-image of [ is an INLHI of W.

Proposition 3.7. Let 0 : F' — E be a surjective homomorphism of semi-hyper-ring. If [ is

an INLHI of W. Then image of l is an INLHI of W.

Proof : Since [ is an INLHI of W and wug, eg, kg € W. Then
A ol)(uo) = A sup  {y(u)

uo€ep+ko up€ep+ko uc€o—1(up)
= A sup le(u)
up€eo+ko e€o—1(e),k€a—1(ko)
> sup {le(u) v Ie(R)}
e€o~1(ep),k€c—1(ko)
= sup UL(u)A sup (k)
860'_1(60) ked_l(ko)
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= o(lt)(eo) A o (le)(ko)
Also

A ol u) = A sup  li(o(u))
ug€eo+ko up€eptko u€o—1(up)
= A sup li(o(u))
ug€eo+ko e€o~1(eg),k€o1(ko)

> sup HORAC

eco1(ep),k€a—1 (ko)

=1/2| sup [li(u)+ sup (k)
e€o1(eg) keo—1(ko)

=1/2[o(l;)(e0) + o(li)(ko)]

Vooolp)= V  inf )
up€eo+ko woEentko UET (u0)
B u0€¥+k0 eeafl(eoi)r};ferl(ko) Ly(u)
= 660‘1(601)1}1560—1(%) {li(e) V 1I(k)}
= el OV nf k)

— o(l)(eo) V o (1) (ko)

Moreover
A o(l)(uw)= A sup L(u)
up€eoko up€eoko u€o1(ug)
= A sup l(w)
up€eg+ko eco—1(e),keo—1(ko)
> sup (k)
kEO’fl(k())
= o (l) (ko)
A o(li)(uw) = A sup  li(u)
ug€egko ug€egko qufl(uO)
= A sup li(u)
up€eg+ko eco—1(e),k€o—1(ko)
> sup li(k)
kEO’fl(ko)
= o(l;) (ko)
Also

Vooollp)(uw) =V inf  1j(u)
up€eoko ugEepko uco (UO)
= inf le(u
u0€¥+ko cert(eorieo0y )
< inf  If(k
_k:EO'lIll(k;()) f( )

= o(ly) (ko)

Definition 3.8. Cartesian product of two I N subsets [ and m of W is defined by,

(lt X mt)(e, k‘) = lt N 1y
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l;+m;
(lz X mi)(e, k‘) = +T

(I xmy)(e, k) =1 Vmy forall e,k € W
Theorem 3.9. Cartesian product of two INLHI is also an INLHI.

Proof: Let [ and m be two INLHI of W. Let (e, e2), (k1,k2), (u1,us) € W x W.
Then

A (s x m¢)(e1, e2) = A (It x m¢)(e1, e2)
(e1,e2)€(k1,k2)+ (u1,u2) e1€(k14u1),e2€(katusz)

= A (le(ex) A ma(ez))

e1€(k1tu1),e2€(katuz)
> min (k) A (u0))  (ma(hr) A e )

)
= min {(ls(k1) Ale(k2)) , (me(ur) A me(uz))}

= min {(ly x m¢)(k1, k), (I x my)(ur,u2)}

Also
A (l; x m;)(e1, e2) = A (I; x m;)(e1, e2)
(e1,e2)€(k1,k2)+(u1,u2) e1€(k1tu1),e2€(ka+tuz)
— /\ li(el)—gmi(@)
e1€(k1tu1),e2€(katuz)
=1/2 [li(kl)gmi(’@) + li(Ul)-;mi(W)}
= 1/2 [(l, X mi)(lﬁ,kg) + (lZ X mi)(ul,uQ)]
and
V (Iy x mg)(e1, e2) = V (Iy x my)(e1, e2)
(31762)6(1917’?2)4’(“17”2) 61€(k1+u1),62€(k2+u2)

= V (le(e1) V ma(ez))

e1€(k1+ur),ea€(ka+usz)
< maz {(ls(k1) V lt(u1)), (me(k1) V mg(ug)
= maz {(l¢(k1) V le(k2)) , (me(ur) V me(us)

= max {(l; x my)(k1,k2), (lg x my)(u1,u2)}

}

)
)}

In similar manner we prove

A (I x my)(e1,e2) = A (I x my)(e1, e2)

(e1,e2)€(k1,k2)(u1,u2) e1€(k1ur),e2€(kauz)

= A (le(ex) A ma(ez))

e1€(ki1ur),e2€(kausz)
> mian {ly(u1) A me(ug)}

= min {(l; x my)(ui,u2)}

also
(lz X mi)(el, 62) = /\ (lz X mi)(ely 62)
(e1,e2)€(k1,k2)(u1,u2) e1€(ki1uy),e2€(kausa)
2

e1€(kiur),e2€(kausa)
> M = (I; x my)(u1,u2)
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Moreover
V (Ly x mg)(e1, e2) = \ (Ly xmy)(e, e2)
(61762)€(k1,k’2)(u1,ug) e1€(k1u1),62€(k2u2)

= \% (le(e1) V my(ez))
e1€(k1tu1),e2€(katuz)

< lp(ur) Vmg(ug) = (Ip x my)(u1, u2)
4. Rough interval neutrosophic hyper-ideal (RINHI) in semihyperrings

This section deals with the new concept RINHI of semihyperrings. Let ¢ be a
congruence relation on W.
¢ is an equivalence relation on W such that (e, s) € ¢ = (ew,sw) € ¢ and

(we,ws) € ¢ for every w € W.

Definition 4.1. An INH] is called an ¢-lower(upper)I N HI of W if its lower(upper) approx-

imation is also an INHI.

Definition 4.2. An INHI is said to be an RINH1 if it is both ¢-lower and ¢-upper INH I
of W.

Theorem 4.3. Letl be an INHI of W. Thenl is an RINHI.

Proof: Since [ is an INHI of W. Let e,s,q € W then
A ol)e)= AV )

e€s+q ecst+qre[s+qls

AN %)

e€s+are(s]y+igly

> A Voo ()

reitji+jClslg+dle

V A L(r)

1€[s]p,d€lqle TEI+T

v

>V A{LG) ANLG)}
i6[5]¢,j€[q}¢
=V Ls)N 'V k(g
i€ls]y _ J€ldls
= o(l¢)(s) N p(li)(q)
and
A ol)e)= A A L)
e€s+q ecst+qrels+qls

> A A L(r)
e€s+qrels|y+gly

> A A llr)

reitji+jClslg+dle

A A L)

1€[s]p,d€lqlp TEI+T

A [li(i)‘glz‘(j)}

i€[slg,j€ldly

5[ A L)+ A li(j)]

i€[s]g J€lgly

v
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= L[8(1)(s) + B(1:)(9)]

also

Vo oolp)e)= VNV V I(r)

c€stq e€s+qre[stals

Voo V()

e€st+qrefs]y+ldls

Vo)

reitj i+jClslg+ale

V Vo l(r)

i€[s]y.j€lqlg TEIFT

Vo () ViG)}

i€ls]p,€lale

=V ly(s)v V (a9

i€[sly j€ldle

= o(l)(s) V o(ly)(q)

I IA A

IN

Moreover

A ole)= AV )

ee€sq ecsq T’E[Sq}d)

=NV L)

e€sqrels|ylaly

= AN V L)

7€ij ijC[s]4lq]e

= VAU

i€[s]gj€lqly r€J

Voo L()

i€[slgicldle

>V k())

j€ldly
= o(lt)(q)

Similarly we can prove for

é\ o(ls)(e) = d(ly)(q) and é\ o(l:)(e) < o(l:)(q)
ecsq €csq
Consequently we can prove for lower approximation

Y

A o(s)(e) = o(lf)(q)
N o(l)(e) < ¢(li)(q)
Hence [ is a RINLHI of W.
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5. Conclusions

In this paper we introduce the notion of rough interval neutrosophic hyperide-
als in semihyperrings. Some basic properties of this ideals are studied. We apply
rough interval neutrosophic set to some more algebraic structures. Moreover in
future we apply rough interval neutrosophic sets to some applications like multi

criteria decision making, medical analysis, decision making, gray analysis etc.,

Conflicts of Interest: The authors declare that there is no conflict of interest
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