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Abstract: This paper aims to define a special case of neutrosophic matrices referred to as
Fermatean neutrosophic matrices (FNMs). FNMs were introduced as generalization of Fermatean
fuzzy matrices, intuitionistic fuzzy matrices, and Pythagorean neutrosophic matrices. In FNMs,
some properties were discussed in connection with the well-known standard operations (D, &, A
and V). In addition, the scalar multiplication (nA) and exponentiation (A"™) of a Fermatean
neutrosophic matrix A were proposed, and their basic properties were investigated. Lastly, a new
operation denoted by @ was defined on Fermatean neutrosophic matrices, and some of the
properties of these matrices were examined.
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1. Introduction

The Fuzzy set theory [1] was introduced by Zadeh in 1965. This theory provides a way to deal
with vague concepts by assigning a degree of membership to each element of a set. Fuzzy set theory
was extensively examined and put together by academics and technology professionals, with
broadened usage in fuzzy logic, fuzzy topology, fuzzy control systems, etc. Additionally, theories
like fuzzy probability, soft set concepts, and rough set concepts are employed to tackle similar issues.
Atanassov's intuitionistic fuzzy sets (IFS) described in [2] are suitable in this circumstance. Only
imperfect information taking into account both the truth-membership and falsity-membership values
may be handled by intuitionistic fuzzy sets. The ambiguous and contradictory information that is
present in belief systems aren't dealt with by it. In 1995, neutrosophic sets are a mathematical notion
established by Smarandache [3] that can be used to solve issues involving imperfect, ambiguous, and
inconsistent data. Numerous scholars have looked at the applications of Neutrosophic sets and their
extensions to ambiguous real-world situations. In the paper authored by Senapati et al. [4], the
concept of Fermatean fuzzy sets is introduced, which is characterized by a restriction on the sum of
the cubes of membership and non-membership degrees that is not to exceed a value of 1. This
characteristic gives FFS a wider range of applicability compared to both IFSs and PFSs. They then
produce certain operations for Fermatean Fuzzy Sets. Several studies on Fermatean fuzzy sets were
applied in different fields later on. Ganie [5] developed distance and knowledge measurements with
Fermatean fuzzy sets. Xu and Shen[6] suggested a technique for Fermatean fuzzy sets to identify
patterns that utilizes similarity metrics. Zhou[7] demonstrated a Fermatean Fuzzy ELECTRE
Technique for MCDM. Yang[8] illustrates the calculus of Continuities, Derivatives, and Differentials
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in Fermatean Fuzzy Processes. Barraza [9] included a Fermatean fuzzy matrix which is utilized
while collaborating on municipal construction projects. Aydemir [10] and Mishra[11] proposed
fermatean fuzzy TOPSIS and WASPAS in MCDM.

By extending Fermatean fuzzy sets, Sweety and R. Jansi [12] presented the concept of Fermatean
neutrosophic sets. Fermatean neutrosophic sets are specific types of neutrosophic sets that are used
to model uncertainty, indeterminacy, and incomplete information in decision-making processes.
These sets have found real applications under uncertainty in decision-making [13-14] and graph
theory [15-17, 18].

The theory of fuzzy matrix proposed by Thomason in his paper [19] has been extended and
generalized in many ways. To overcome the limitations of fuzzy matrices .The idea of intuitionistic
fuzzy matrix (IFM) was proposed by Khan et al. [20, 21] and Im et al. [22] model more complex
decision-making problems than fuzzy matrix. In such a situation, IFM fails to produce a reasonable
solution. To address this situation, in 2018, Silambarasan and Sriram [23] designed Pythagorean
fuzzy matrices (PFMs) and studied their algebraic operations. Recently, major contributions on the
extension of IFMs have been published ( see Table 1).

Table 1. Review on the Extensions of Intuitionistic fuzzy matrices.

References Extensions of Intuitionistic fuzzy matrices Year
[24] Single valued neutrosophic matrices 2018
[25] Spherical fuzzy matrices 2020
[26] Picture fuzzy matrices 2020
[27] T-Spherical Fuzzy Matrices 2022
[28] Multi-valued neutrosophic fuzzy matrix (MVNEM) 2022
[29] Fermatean fuzzy matrices 2022

proposed Fermatean neutrosophic matrices 2023

Based on literature review that reflects no research has been carried out on Fermatean neutrosophic
matrix and to merge this gap, we established a new special class of neutrosophic matrices.

These following concepts constitute the components of this paper. Basic concepts of existing work
have been given in introduction. Some fundamental definitions of IFMs and PFMs are presented in
the Preliminaries section. In third section, Fermatean neutrosophic matrices and their fundamental
operations are described. Also a new operation (@) on Fermatean neutrosophic matrices is presented
and some algebraic characteristics are discussed. In the final segment, the work is concluded.

2. Preliminaries

This section of the article presents some fundamental ideas concerning the Pythagorean fuzzy matrix
(PyFM), intuitionistic fuzzy matrix (IFM), Fermatean fuzzy matrices (FFM), Pythagorean

neutrosophic sets and Fermatean neutrosophic sets.

Definition 2.1 [20]
The definition of an intuitionistic fuzzy matrix IFM) R with dimensions m X n is given by.

R =[Xi;,(Tyjp  Fip)]

mxn
Where Tj;,, Fij, € [0,1] are referred to as truth, and falsity of in R, which maintaining the condition
0< Tjp + Fijp <1, to simplify matters, we express it as Rz[Xif’:Rif]mxn or [:Rij]mxn where
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Rij=Tijp, Fijp)
Example 2.1. Let R bea 2x2 IFM.

[(02,03) (0.5, 0.1)

703,05 (0.6, 0.2) | SnotaFM but R isalfM

Definition 2.2 [23]
The definition of Pythagorean fuzzy matrix (PyFM) R with dimensions m X n  is given by.

R =[Xij' (Tij:R'Fij:R)]

mxn
Where Tz, Fijz € [0,1] are referred to as the degrees of the truth and the falsity of in R, which
maintaining the condition 0 < T; jR2+ F; ]-RZS 2, to simplify matters, we express it as R=[Xl- Ry f]mxn
or [Rij]mxn where

Rij=(TinuFin)
Example 2.1. Let R bea 2 x2 PyFM

[(05,03) (0.3, 0.6)

R = (0.7,0.3) [(0.5, 0.2)

isnot a IFM, but R is a PyFM.

Definition 2.3 [29]

The definition of Fermatean fuzzy matrix (FFM) R with dimensions m x n is given by.
R =[Xij:(Tin :Fin)]mxn
Where Tz, Fijz € [0,1] arereferred to as truth, and falsity of in R, which maintaining the condition
0< Tme3 + mes 2, to simplify matters, we express it as Rz[Xif’Rif]mxn or [Rif]mxn where
Rij~Tij, Fijz)
Example 2.3. Let R bea 2x2 FFM.

(0.7, 0.7) (0.3, 0.1)

R='07 08 (05, 0.2

isnot a IFM and not a PyFM , but R is a FFM

Definition 2.4 [30]
The concept of Pythagorean neutrosophic sets (PyN sets) P on U is an object that can be expressed
as

p

{(t, Ts(), I5(x), Fs(x)): v € U}, where 65 (r) € [0,1] represents the membership degree of r
in U, Is(x)€ [0,1] is the indeterminacy degree of r in U and Fs(x) € [0,1] denotes the non-
membership degree of r in U, and these three are satisfying the relation;

0< (Ts() *+ (Up() *+ (Fp(®) * <2
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Here Tp(r) and I5(x) are dependent component and Fp(r) is an independent component.
Definition 2.5 [12]
The concept of Fermatean neutrosophic sets (FN sets) N on U is an object that can be represented
mathematically by
N={r Ty (), Iy (), Fy (¥)): t € U}, where Ty (r) € [0,1] represents the membership degree
of v in U, Iy (¥)€ [0,1] is the indeterminacy degree of r in U and Fy (v)€ [0,1] denotes the non-
membership degree of r in U, and these three are satisfying the relation;
0<(T(®)® + (Fy (1) <land0< (Ig (¥))3<1;
Then, 0< (T()* + Uy @)° + (Fy (®)’<2
Here Ty (r) and Fgy (r) are dependent componentand Iy (¥) is an independent component.
Definition 2.6 [12]
Let's suppose that the universe of discourse is termed by 2 and the unit interval [0,1]. Let K and L
two Fermatean neutrosophic sets expressed mathematically by
K={(1,Ts (), Is (x), Fs(¥))) t€ A }andL={( r, Ty (v), I (v), Fy (©)/r € A }. Then
a. Ke={(r, Fs (@),1-15@), Ts (v)):r e A}
b. KU L={( r, max(Ts(x), Ty (v)), min(/5(x), Iz (r)), min (Fs(r), Fy (¥)): t € A }
c¢. KnL={( r, min(Ts(x), Ty (), max(I5(x), I5 (r)), max(Fs(r), Fjg (¥)): r € A}

3. Fermatean Neutrosophic Matrices

Before introducing the concept of Fermatean neutrosophic matrices, we briefly presented the
definition of Pythagorean neutrosophic matrix (PyNM) which will be used in this section
Definition 3.1: Pythagorean neutrosophic matrix
The definition of Pythagorean neutrosophic matrix (PyNM) R with dimensions m X n is given by.
R =[Xij:(Tin'Iin'Fin)]mxn
Where Tjjz, I;jz, Fijz € [0,1] are referred to as the degrees of the truth, the indeterminacy, and the
falsity of in R, which maintaining the condition 0 < T; ]-RZ + I ]-RZ + F; ]_st 2, to simplify matters, we
express it as Rz[Xif’Rif]mxn or [Rif]mxn where

:Rij=<Tiij' Iiij' Fiij)
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Example 3.1. Let R bea 2x2 PyNM

_[(0.5,0.7,0.3)  (0.3,0.4,0.6)
1(0.7,0.4,0.3) (0.5,0.4,0.2)

] isnot a IFM, but R is a PyNM.

Each element in an PyNM is expressed by an ordered pair Ts (r), I5 (¥), Fp (r) with
Ts (v), Is (¥) and F5 ()E€[0,1]and 0< T (¥)%+ Ip (¥)%+ Fp (1)2<2and 0< Tp (v)%+ Fp (1)%< 1. It
became obvious to observe this (0.7)? + (0.7)? + (0.8)?==1.62<2and (0.7)?+ (0.8)? =1.13>1, and
therefore, Its description was beyond the scope of PyNM. In this study, the Fermatean neutrosophic
matrix (FNM) and related algebraic operations to characterize an assessment of this sort are provided.
A pair of ordered elements can be utilized to represent each element ina FNM, T (v), I5 (1), F5 (¥)
with Ts (v), I5 (¢), F5 (r) €[0,1]and 0 < T5 (¥)3+ I5 (£)3+ Fp (1)3<2and 0 < Tp (x)3+ Fp ()3<
1.Also, we can get (0.7)*+ (0.8)® =0.855<1and (0.7)® + (0.7)® + (0.8)3=1.198 < 2, which enables
the FNM to be utilized for managing it.
By limiting the measure of truth , indeterminacy and falsity membership but preserving their total in
the range [0, /2], Fermatean neutrosophic matrices algebraic operations are provided in.
Definition 3.2:
The definition of Fermatean neutrosophic matrix (FNM) R with dimensions m x n is given by.

R =[Xij:(Tin:Iin: Fin)]mxn
Where Tz, I;jz, Fijz € [0,1] are referred to as the degrees of the truth, the indeterminacy, and the
falsity of in R, which maintaining the condition 0 < T;;23 + Fj;jz3 + F;;z3 < 2, to simplify matters, we
express it as Rz[X”’R”]mxn or [R”]mxn where
Ri=Tijz, Lijz, Fijz)

Example 3.2. Let R bea 2x2 FNM.

[(0.7,0.7,0.7)  (0.3,0.4,0.1)

7 (03,04,02) [(0.504,02) ] isnot a FFM and not, but R is a FNM.

In Fermatean neutrosophic matrix FNMs the cube sum of the triplet of membership, non-
membership, and indeterminacy of the Fermatean neutrosophic element is is less than or equal to 2,

while in PyNMs the square sum of these triplet is bounded by 2
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On the other hand, if we drop the indeterminacy degree from each triplet of a Fermatean

neutrosophic matrix in example 3.2 then FNV, is reduced to Fermatean fuzzy matrix

Definition 3.3.

Suppose N and  are two Fermatean neutrosophic matrices, then
« N<gp iff Vije ¥, Tai < TbL IaL < Ib or iaij > ibij’ E > ﬁbi,-i

aU
. c—((§ I T
N ((F atj'laij'Taij))mxn

NV o =((max(Ty,, Ty, minly, b)) min: By By ))

N A @)=((min(T,,, Ty,) max(l,,, T, ), max(F,, ﬁbif)))mxn

; — - .
N @ o= (( J Ta, + 5, = T3,T5, Tay Tny o Fay Fbij))

(ll]

N ® g,:(( Tay; Toyy \/13”+I3 -13,13, ,\/F3 + P — F3F, ))

mxn

Definition 3.4

A scalar multiplication operation on FNM, n N and is defined as follow:

1_ 1_T‘$u [lau ] [Fau] )mx"

Definition 3.5

An exponentiation operation on FNM, N and is defined as follow:

W= ([T 1= = B 1= = B D

Let FN,,,, be the set of all the Fermatean neutrosophic matrices.

The following theorem relation between algebraic sum, and algebraic product of FNMs.

Theorem 3.1.If N, o € FN,,,,, then N ® o <N @ .

Proof

Let N® ¢ =(( \/Ta3U+Tb = TayToy Tay Ty o Fay F,,U))

aU aU
mxn

N ® @ =((Taij Ty, \/13U+1b - I3,05, 3\/15(%].+F,,3U—Fa3UFbij))
mxn

Suppose that

T T 3 3 _T3 T3
Tay Toy < JT +T5 13,75,

aU- aU
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Cubing both sides
1373 <T3 +T3, 12,13,
TS .T,fij - chij - T,fij + T2 .T,fij <0

aij ajj

73, (T3, -1)-173,(1-73,) <0

aij ajj

13, (1-13,) - 73, (1-173,) =0

T3, (1-73)+73,(1-73,) 2 0
Itisclear that0 <77 <1 and0 < Tb3ij <1

And

i, I, < J’%j v, - 03,08,

ajj “bij aij

Y S
le, Iy Ty~ Jlgij+lgij—13ijlgij20
le i3, (1-1,)+5,a-13) =0

Itisclear that0 < I3 <1 and0 < IEU <1

And

- B P
Foy Py, < \/F;’ij+F;ij—F3‘ngj

aij ajj

le, By Foy = B3, + By — B3 By 2 0

aij ajj
lefy (1-F3,)+F3,(1-F3) 20
It is clear that 0 < 1:"(13”. <1land0 < in,- <1

Hence, N ® 9 <N @ .

Theorem 3.2. For any Fermatean neutrosophic matrix N,

(i) N@N=N
(ii) N ® N < N.
Proof.

(1) Let N @ N =((Taij' iaij'ﬁaij» 69 ((Taij'iaij'ﬁaij))

v n- (2 - ()" (1) (5,)))
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2 T3 J T3, +T3,(1-T3) 273,V ije %

aU

And (faij)zs I

aij/

2 ~
And ( au) s Foy
Hence N @ N >N

(i) Let N ® N =Ty lay Foy) ® (TuypoTayps Fay))

ij’
n ®N=(<<ni,> 5 za,—@,.r 12 7, - ()5

T 73
NERE \/a”+13 (1-13,) sB3, v re

au aij

[ az—(ﬁaz,) R+ By () =By v ce @
2

And (Taij) > T,

aij

Hence N @ N < N
Theorem 3.3.If N, , M € FN,,,,, then
(i) NG p=0DN,
(ii) N®p=¢QN,
i) (NS p)OM=NO (p &M),
iv, (N »)®M=N Q (p M)

Proof. (i) Assume N @ ¢ = ((\/T(fu + Tb - T;L]Tbu,faulbij, Faijﬁbij)>

mxn

e s - -
- (( \/T;U T3, = T3 T3 Iy ay P au)>

mxn

=pO N

~ e vn 3=~ ~
(lll) N ® o= <( aUTbU \/ + Igij - Igijlgij' \/Fagi]' + Fbl] FaSUFbU ))

mxn

- ((TDUT% \/Ib +13, -1 \/Fb +F3, - F R, )

mxn

=p QN

V) NS p)EM=ND(p &M),
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Let (N® p)dM

=(((JTa3U +Tb3U _TaSUTbSU IaUIbU a”Fb”) 69( cij’ c” c”)))

mxn

[, 2|
| ( 3 3 _ 3 73 ) 2 4 F3 _ ( 3 3 _ 3 T3 ) 73 |
= \] Tay + Tbt Tau Tbu + Ty Tal] + T Tall Tbu cij’ |
l Jm

lagilbylejs FayiFoy P,y

3 3 3 3
) JT;] FTR AT T3 T~ T3 T3 — T3 T3, 4T3, T, T3,
Iaijlbij ICij' FaiijijFCij man

Let N®@p dM)=

(( aj’ aL] alj) @ (\/T3 +T3 _T3 TCL]’IbLJ Cij’ bl] Cl]))>

2

[
i} ( \/Tb +13, - 73,13 ) Z—Ta?’ij< \/Tbu +13,-T312,)
|

e s e s sl

Layjlbyileyp Fay Py, man

Ty, — 13,13, - T3, 13, + T3

CU aU

3
Cij a;j Tb TCU

\/Ta3”+Tb +T3 -T2

I

Iaijlbij Cij’ FaiijijFCij

Hence (N @ ) BM=N @ (o & M),

ivVN® ) QM=N ® (p ® M)
N ® )

(= =
(( aij Tbu \/ ay + I” B Igu Ibif’ \/FaSU * Fb i Fa%JFbif)>

mxn

N® ») QM

(( aUTbU \/ Aij + Ibu - Igulbu \/ﬁ;i}' + ﬁbt} - Fa3llFb ) B allFbU CU))

mxn
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T T

ij " bij TCi}'

( J13 S TR N E R I Y E ) ) |

ajj Cij aij bij aij Cij jCij aij b cij’

Cij aij” byj aij” Cij Cl] aij” bij” Cij

_I
=|
\JaLJ+F3+F3—F3F3 — B3B3 — By B3, + F3 Py F3

Let N @ (o @ M)
(P M)

73 3 3 3
(( oy Toy szuﬂg”—z 1, \/FbL +RE - R RL)

mxn

N ® »p®M)=
T,

aij Ty Tey

i3 _J73 713 _ i3 i3 73 3 73 73
K J AL R SR R - B AR T

\

|

R )
mxn

Cij Cij Cij ij Cij

\/F3 + 4 B3 = B3 R — B3RS — Fj P8 +

Hence (N @ ) ® M =N ® (% & M)
Theorem 3.4. If N, ¢ € FN,,,,, then
(i) NON® o=2N,
(ii) NN ® o)< N.

Proof. (i) Let N @ (N ® )=

(N ® p)= (( a”Tb” \/Igu"'lh _Igulb :\/Fa3U+Fb _FaB‘L]Fbl ))

mxn

NON® p)=

(( Toy; Ty, J A, -y \/ngj+ﬁb —Fa3UFbU)>

3~
\/TaSij'i_TaSUTb _T‘fu aUTbU] I“u [\/ aU+IbL _Igulbij;]

au [\/ a; t Fb N aUFbUJ

e e s s s

mxn

\/Ta3l1 + Ta3l1 al} [ aUTbL}] Iau \/1 - [1 - 13 ] [1 - Ibl ]

Fa”[\/l—[l—F3H1—F3 ]]

mxn
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=N

Hence

NON® p)> N,

II)N @ 80 = ((JTGSL] + Tb31_] - Ta31_]Tli] IaL]IbL] FaL]FbL] )>

mxn

N®N & p)= (( al,'lau Faij)) ®

<(\/T£LJ + Tg’ B T‘;’U Tbu' I“UIbU Faijﬁbif))

R T A A G TR [T | A A N TN PR |

|[ Jl‘[l—”][l 7l JF +13,5, 112,
|l \/F,f’” auFb [1_ au]

<N

|
I
I
|

Hence N @ (N @ o)< N
Theorem 3.5. If A, ¢ € FNp,,,, Then

(i) NV@=Ngp
) NAp=NA
(i) NV @ =gpVN

N v g =((max(T,,, Ty,), min(ly, , I, ) min(F,, ﬁ”ff)))mxn

oV N =((max(7~"bij,7~"aij),min(fbij,faij),min(ﬁbu au)))

xn
~((max(T,,, Ty, ), min(Ty,,, Ty, ), min(F,, ﬁ”ff)))mxn

=Nvgp
1) NAgp=pAN

N A gp =((min (Ta”,Tbi ) max(l,, ,Ib ») max(F oty Fbil')))mxn

o AN =((min(7~"bij,7~"aij), max(ibi}., I~ai}.), max(l:"b” a”) ))

mxn
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=((min(Ta

ij

= VN
Theorem 3.6. Let N, ,C € FN,,,,,, then

i). NO@@VvO=(N®p VNSO,
(i) NQRVvO=NK® VN K O,

(iii). NS@rO=NDp) NSO,
iv), N®@AQ= NIHHIANE C),

Proof.

()Let N @ (o v C)

/ 3\]?3”. +max (73, 72,) ~ T2,.max (73,73, \
- | ¢

Ty max (T3, 12, ) |
By, max (F3 F3)

o
7o mxn

3 ~ ~ ~ . ~ o~ ~ o~
/ \/ max (T3, + T3, T3, +T3,) —max (T3, 73, 72,73, \

=| € omin (T, Ty T ) )
»Tin (Faij bj» “aij Cl]) man
3 73 4 F3 _ A3 F3 3 4 F3 _ F3 3
/ \/max (Ta, + 73, - 73,7373, + T2, TaijTCij)\
= |\( ,min (Iaijlbij’laijlcij) ) I
,min (Faiijij’ athCij) man

=(N ©p)v(N & C)

Theorem 3.7. Let N,o € FN,,,, then
(i) NArp)@NVpE)=NO p,
(ii) NArp)@(NV ) =N® p,
i)y (NOPHANOH=N® p,
iv), (NDHPVNQH=NO p.

Proof. In the following, we shall prove (i), and (ii) — (iv) can be proved similarly.

'Tbi,-)' max(iaij, ibi,-)' max(ﬁaij, ﬁbi,-) ))mxn
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(v) NA)ONVP)=ND o,

Let (N A0) © (N vV )

3 ; T3 g3 3 I ) T3 3 T3 3
\/mln (Taij' Tbij) + max (Tau Tbij) min (Taij' bij) .max (Taij, Tbij),

| |
| |
I max (iaijibij) , min (~aij ~bij) , I
| - |

» S
(( JT;] + T = T3, Tbij,laijlbij,Faiijij)>

N p

Theorem 3.8. If N, ¢ € FN,,,,, then
(i) N @& p)°=NQ p°
(ii) N ® »)° =N p°,
(i) (N @ ©)<ND p°
vy N ® p°=2NQ p-.

i) (N @& #)°=NQ p°

N & p)°

e b -
(( auFbu \/ T Ibu B Igiflgu’ \/T‘fif +Tbu _T‘fuTbu)>

mxn

=((Faij:ia” a”>®((Fb” Ib” Th”>
= N‘® p°

(i) (N ® #)° =N g

c

(( aUTbU \/au +Ib _Igulbi '\/Fa%, +Fb _FaSUFbij)>

— =
(( FoyiFoyys \/ S =T \/T;U+Tbu —T;UT,,U))

mxn

(g Tayy Tary) @ (Foyyo Ty i)
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= N°@ p°

(iii)) (N @ )< N°@D p°,

(N & p)°

(4

(( \/Tai] + T3 — TgUTbU,I"aulbu,FaUFbU)>

(G J I -1T \/T(;"U+Tf -73,7))

mxn

mxn

NC@ goc
= A ) 73 3 3
- (FaUF] \/13”+1 -13,5, \/Ta3”+Tb —T(EUTbU>
mxn
3~ = = =
=<\]FG3L]+F;”_FG3”F;”’ CLU bl] ’ CLU bl])
mxn

[+ By T, 2 Tl

a” a” au

\/T3 + T — T3, T3, 2T, Ty,

Hence (N @ )< N¢ @ p°¢,

(ii) N ®@ )¢ =>2NQ® p°.

N ® go:(( Toy; Ty \/ o, — 13,0, \/F;l.j+ﬁb - IR, ))

mxn

c

N ® o° (( Toy; Ty, J 3t - 130 \/Fai] +Fy, —Fai,Fbi,.))

mxn

B
=(( \/F;U+F,,U - B3B3 IaUIbU,TaUTbU)>

mxn

¢ ® SOC =((ﬁaij’iau au> ® ((Fbu Ibl} TbU))

Since

3F3 3 _ 3 F3 i
\/Faij+Fbij Faiijij E Fbij

aU
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3 i3 _ 73 J3
NS

P—
2
<
ol
53
<
g

Ty, Ty, < \/Ta3” + T3 —T3,T3

aij " bij

Hence (N ® )¢ >N¢ ® ¢
Theorem 3.9 . Let N,o € FN,,,, then

i). (N9°=N
(i). (Nv @) =N p°,
(). (N A gp)°= Ny p°.

Proof.

(i) (N©) =N

N = ((Taij:iaij'ﬁaij)
N¢ =((Taij:iauiﬁau))c = (ﬁal]'ial]'TaU)

(N9)¢= (( aij a”: aU)C_ ( ajj’ ial al])

(ii) (N v )= N°A p°,

N v p =((max(Taij,7~"bij), min(faij, ibij)’ min(ﬁaij, Fbij)))mxn
N v 9)¢ =((max(Ty, Ty ) min(ly, Ty, ) min(Fy, B,
N Vv 0)¢ =((max(Ty Ty ) min(loy, T, min(Fyy, 5 )

=((min(l:"aij, Fbij)’ max(faij, ibij)’ max(T’aij, Tbij)))mxn

N¢ = (Fa a” a”>
pc = (Fbijilbij’Tbij>

CA gf= ((min(ﬁaij, Fbij)’ max(faij, ibij)’ max(T’aij,T’bij) ))

mxn

Hence (N VvV )%= N°A p°.

(iii) (N A )= N p¢.

N A 50=((min(7~"aij, Tbi,-)' max(iaij, ibi,-)' max(I:"ail., ﬁbii)))mxn

- - - - - - c
N A p) “=((min(T,,, Ty,) max(T,,, T, ), max(F,,, Fy, )
ij’ " bij ij’ "bij iy bl )

- ((max(ﬁaij, ﬁbij)’ min(iai}., I~bi}.), min(TaU, Tbij)))mxn
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NC: (ﬁaij' iaij' Tau)

80C = (ﬁbij'ibij'Tbij>

Cy o = ((max(ﬁaij,ﬁbij), min(faij, ibij)' min(Taij,T'bij) ))mm

=N A p) ¢
Within this section, we will show that the operations of scalar multiplication and exponentiation
presented in definitions 3.3, 3.4, and 3.5 are well-defined for Fermatean neutrosophic matrices.
Theorem 3.10 For N, ¢ € FN,,,, and n, n1, n2 >0, we have
(i) nN @ o)=n N @ ng,
(ii) nl N @&n2 N=(nl+n2) N,
(i) N ® f)'=N"Q p",
(iv) N™M® Ntz = NUt+n:

Proof. We will consider two Fermatean neutrosophic matrices N and ¢ and positive real numbers

n, ny, and n, . As stated in the definition, the following can be obtained.

(i) n(N @ o)=n N @ ngp,

=n ((i]ﬁfﬁ + Tg T;L]Tbu,iaulbU,FauFbU)>
xn
3 ~ ~ nor. -
_ _ _ _ 73
{fi=[ ==, T o] [ ])
mxn

= ((3\/1 - [1 - T‘;’if + Tb T‘fu ] [Iajlbu] [ al]Fbl]] )>

mxn

1_T3 [Iau] [Fau ) (i,l—[l—TfU]", [ibij]n’[ﬁbij]n>)>mxn
_lJO—h—wJ w113 )~ (- [, ha-[1-75 )

[Iau Ibu] [ aij Fbu]n man

n N @ np

\/1 B [1 B T3 11— Tb ] [Iaulbu] [ auFbU]n)>

(T R W)
n

mxn

(ii) Let n1 N@®n2 N=(nl+n2) N,
nl N&n2 N

1-[1-173] -1 T3 ], [Iau , F"aij]nz)))

mxn

a”
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= ij(l B [1 B Tagtj]nl +1- [1 - Tgﬁf]nz) - (1 - [1 B T‘Eif]nl)(l B [1 B Tasij]nz)

L L e L L -

- (efrmnm T [ 6, )

mxn
(iii)
(N ® p)"= /((TaUTbii)n' 3\/1 B [1 B igi}' + igij a igijigij]n’)\
\ 3\/1 B [1 — Ryt By - ﬁaSijﬁbSij]n .
_ /((Taiffbij)n’i/l - [1 h igij]n [1 h igij]n’)\
f-b-ml-mT )
Nn® pn

=|[(Taiffbif)n ’ 3\/1 - [1 - igii]n +1- [1 N igii]n N (1 B [1 B igi}']n) (1 B [1 B igij]n)]i
T N T T N I (R TR [CE T B B N

_ /((Ta”TbU)n, 3\/1 N [1 N igii]n [1 N il?ij]n’)\
3\/1 - [1 - F‘fﬂj]n [1 - Fl?ij]n

=N @ o"

mxn

iv) Nu® N2 = N(M+n2)

N1 ® N2 =

(Tau)"ﬁ"z ’ 3\/1 N [1 N igii]nl +1- [1 N igii]nz B (1 B [1 B igii]nl) (1 - [1 - igii]nz)

I T G OO T 5 T OO PO
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/((T j)n1+n2 3\] [1 = ]n1+n2’)\ o
3\}1 B [1 B FaSij]n1+n2 /

As a result, it is proven.

Theorem 3.11. Given that N and  are matrices of size mxn and n>0, the following holds.

(1) nN <ng,
(ii) N" < o™

Proof:

Suppose N < p
= Tai]_ < Tbij and fai]. > fbijand Faij > Fbijfor all ij.

= 3\/1 —-[1-T31" < 3\/1 —[1- T;ij]n

[igij]n > [fgi]_]n and [F}fﬁ]n > [Fjij]n Jfor all i,j.

ii) also [F‘;’U]n > [F‘I;”ij]n,for all ij.

3\/1 —[1-B < 3\/1 ~[-T,

3\/1 —[-R s 3\/1 ~[1-F " forallij.

Theorem 3.12. Given that N and % are matrices of size mxn and n>0, the following holds.
(1) n(N A g)=n N Angp,

(ii) n(N Vv g)=n N vngp
Proof
(i) n(N A p)

(TR ot
- \/1 [max(1-73,1-73 )] max (|, |)max( :

-
= i]l—(max([l—f"fw]n,[l—Tlf’ij] ) max( |Ib | ) max(

| ), max (|,
".|fbi,.|">]
mxn

n | _ n
'|Fbij| )
mxn

D).,

t

F

ai]-

n

o) max (|

aij

= :max<3\/1—[1—7"3”]11,3\/1—[1—7"5”] ) max( ' ~”|n)]

mxn
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=n N Angp
Hence, n(N A ) =n N Ang,
Similarly we can prove n(N v ) =nN vng
Theorem 3.13. For N, o € FN,,, and n >0, the following holds

(1) (N A p)" = N'Ap",
i (N V @"= NV

Let (N A )"
=|[min( ~ai]. "}|Tbij|")’3\/1—max([1 3 ] [1 I ] )]i
| feefeElbED
m‘“( | ) Jl— [1 —min( [1 —igij]",[l _jgij]n)]’

|
- I
| Jl—[l—mw wl-m

"I7]). }
_ max(\/l -] ,\/1 ~[1- igif]ﬂ)i
_max(i/l ~[1- F;;j]n , 3\/1 ~[1- F;U,]n)JI

Nn/\ p‘n=|:( T’aij n ’ 3

min (

1-[1-1,] 3\/1 -[1- igij]n> A <|Tbij|n, 3\/1 ~[1-82], 3\/1 ~|1- Fﬁi,-]n)]

| D
im (\/1 [1-12, ] \/1 [1-17, )i
[m < 1-[1- F3] J1 [1-73, )J

= (N A o)

min (

Hence (N A )" = N"A p"

Similarly we can prove (N Vg@)" = N"'Vgp"
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Theorem 3.14.
For N, ¢ € FN,,,andn>0, wehave (N @ )" # NP p"
Proof:Let (N @ )"

NG o= (( JT;] + T~ T3,T3 T Ty FauFbU)>

mxn

N & )"

(((JT5L,+T3 -T3,73, )n \/1—[1—13”13] J1—[1 Fai]Fi.]n)
e (O Y A S TR B TR Y

(<|na,.|“,71—[1—fsi,.rle—[1—Ffu1“>)m
et
| (71—[1—@31“) (h-t-ml)

Hence (N & p)"#N" @ p"

T,

mxn

N"@ p" =

mxn

4. A new operation (@) on Fermatean neutrosophic matrices

Motivated by the existing operations presented in [29].A novel operation on Fermatean neutrosophic
matrices, symbolized by (@), is presented along with the demonstration of its favorable

characteristics.

Definition 41 If N = (Ta , a” au) and o= (Tbu Ibu Fb Jare two Fermatean Neutrosophic Matrices

,then the new operation of FNM is defined by

3|73 +T2.  3|I3 +I3 F3 +F3
N _ ( %ij bij ij b al} bl] )
@80_ 2 )] 2 )

mxn

Note :
It is obvious that for any two Fermatean neutrosophic matrices N and #, the matrix N @ is also a

Fermatean neutrosophic matrix.

73 L 73 3 43 73 L p3
Taij*Thy; + fa;j+lp; 4 Faij+Fpy;

ie,0 <
4 2 2 2

T3 +I3 +F3 T2+ +F. 1 1
< ij ij ij ij ij ”S —4-=1
2 2 2 2
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Theorem 4.1. If N is a Fermatean Neutrosophic Matrix, then N @ N = N.

3|T3 4T3, 3|13 +I3.. 3|F3 +F3..
Proof:-let N @ N = <(\/ Y LJ' Y LJ' Y ) )

2 2 2

(G () () o,

Since T3 <T, ., B <I, F} < Faij‘

ajj’ "ajj — "ajj’ " ajj

H X + X +
Note 4.2 .if x, y € [0, 1], then xy < Ty , TY <X H+Y - XY

Theorem 4.2. Let N, o € FN,,,, then
(i) N®p)VNe p)=N & p,
i NIprNep=N® p,
(iii) N@ pr(Nep=Negp,
(iv) N®p)viNe p)=Ne p
Proof:
(i) N®p)VNe p)=N D p
Let(N @ p)vV(N @ p)

aU

73 i3
) . . 3 IaU+IbU ) 3 Faij+Fbij
min Iaijl e ,min Faiijij’ 3

[ \/T,fu +T,, —Ta3UTbL IaUIbU,FaUFbU]

31T,
3|~ ~ ~ aij ij
T3 4+ T3 T3 T3 ]
max \/ai].+ bij bij’ )

“mxn

=N® p

(if) N®pANep)=N Qp

Let(N ® o)A (N @ p)
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73 73
3 |T8+Tp,;

3
min| T sz,-'

aij aij

=

a,_] aL] bL]

max \/F3 +F3 —E3 F3

Y 3 j3 _—J3 J3
,max \/1 +Ib” Iaulb”

73 3
[((( Ta T, J 2 +1b” —13”11,” \/Fj’” + Fb

=NQ®p

(i) NOprNep)=Nep
Let(N © o) A(N @ p)

min 3\/?;”+Tb3 - T3, To,

aU

iv, (N@pviNep)=Nep
Let(N ® ) V(N @ p)

373 43
Iaij+lbij

2
3 ﬁgij+ﬁb3ij
2
~£iyF5))
mxn
“mxn
F
=(N @ p)

mxn

max Ta3”

aU

min \/F3 +Fbu -E3 Fbu

NEIE N
3 3 _J3
,min \/Iai,- + Ibu Iaulbu

3|F3 +f3
Fa i+,

373 473
B+,

“mxn

“mxn
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3|73 473 3|13 413 3|F3 +FP.
— Y Yy 2 Y Y Y _

mxn

Hence, N ® o)V(IN @ p)=N @ p
5. Conclusion

This research aims to enrich the domain of neutrosophic matrix theory and neutrosophic logic by
investigating Fermatean neutrosophic matrices (FNMs), a novel approach to handling uncertainty.
The paper study some fundamental algebraic operations on Fermatean neutrosophic matrices. The
Fermatean neutrosophic matrices considered as a generalization of Fermatean fuzzy matrices,
intuitionistic fuzzy matrices, Pythagorean fuzzy matrices, and Pythagorean neutrosophic matrices.
The paper shows that the properties of Fermatean neutrosophic matrices are consistent with the
properties of the standard operations. To conclude, a novel operation (@) on Fermatean neutrosophic
matrices is defined and distributive rules are examined. In the upcoming, it will be significant to
probe how the suggested aggregating operators of FNMs might be used in decision-making problem,

Information fusion, and Operations research under neutrosophic environment.
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