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Abstract: In this paper we desire to extend the neutrosophic topological spaces into
N-neutrosophic topological spaces. Also we show that this theory can be deduced to
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of classical generalized closed sets into N-neutrosophic topological spaces but also obtain its
basic properties. Finally we investigate its continuous function and generalized continuous
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1 Introduction

Set theory is the fundamental concept in mathematics developed by a Russian
Mathematician George Cantor in 1877. He showed that the points on two dimensional
square has a one to one correspondent with points on different line segment leading to the
development of dimensional theory. Frechet and Hausdorff along with others studied general
topology. Hausdorff, the German mathematician, following the footsteps of Cantor devel-
oped set theory. Set theory enabled us to study various precise concepts in mathematics.
But in real life situation we do come across many imprecise concepts or uncertain situation.
If a class has fifty students say, to distinguish the taller/stronger students we are left with
some short of uncertainty or vagueness. We can overcome the vagueness by fixing the per-
centage of membership namely the percentage of membership enables us to find out the level
of inexactness. This theory is known as fuzzy theory.

The concepts of fuzzy set was established by Zadeh.A [12]. This is an essential tool
to analyse imprecise mathematical information. Since 1965, this theory has been greatly
acknowledged by the community of mathematicians, scientists, engineers and social sci-
entists [4,9,10,11]. The idea of fuzzy topological space was introduced by Chang.C.L [3].
Atanassov.K introduced the seed of intuitionistic fuzzy set [1] and his colleagues [2] developed
it further. Smarandache extended it to a neutrosophic set[7,8]. The notion of neutrosophic
crisp sets and topological spaces were the contribution of Salama.A.A and Alblowi.S.A [6].
The geometric existence of N-topology was given by Lellis Thivagar et al. [5] which is a
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nonempty set equipped with N-arbitrary topologies.

In this paper, we explore the possibility of expanding the classical neutrosophic topo-
logical spaces into N-neutrosophic topological spaces and also try to deduce N-intuitionistic
and N-fuzzy topological spaces etc. Further we develop the concept of classical general-
ized closed sets into N-neutrosophic topological spaces and verify its properties. Finally, we
investigate the related continuous function and generalized continuous function.

2 Preliminaries

In this section, we discuss some basic definitions and properties of N-topological
spaces as well as fuzzy, intuitionistic and neutrosophic topological spaces which are useful in
sequel.

Definition 2.1 [5| Let X be a non empty set, then 71, 75, ... , Ty be N-arbitrary topologies
defined on X and the collection N7 = {S C X : S = (Ufil AU (ﬂfil B;), A;, B; € 1;} is
called a N-topology on X if the following axioms are satisfied:

(i) X,0 e NT.
(i) U2, Si € N7 for all {S;}2, € N7.
(iii) i, Si € N7 for all {S;}, € N7.

Then (X, N7) is called a N-topological space on X. The elements of N7 are known as
Nr-open sets on X and its complement is called as N7-closed on X.

Definition 2.2 [12] Let X be a non empty set. A fuzzy set A is an object having the form
A = {(z,pa(z)) : « € X}, where 0 < py(x) < 1 represents the degree of membership of
each x € X to the set A.

Definition 2.3 [1,2] Let X be a non empty set. An intuitionistic set A is of the form
A= {(x,pa(x),va(x)) : © € X}, where pa(x) and v4(z) represent the degree of membership
and non membership function respectively of each x € X to the set A and 0 < pu(z) +
va(x) <1 forall z € X.

Definition 2.4 [7] Let X be a non empty set. A neutrosophic set A having the form
A=A{(z,pa(z),04(x),v4(2)) : x € X}, where pa(x),04(x) and y4(z) represent the degree
of membership function (namely pa(x)), the degree of indeterminacy (namely o4(z)) and
the degree of non membership (namely v4(x)) respectively of each x € X to the set A. Also
"0 < pa(x) +oa(x) +ya(r) < 3% forall z € X.

Remark 2.5 The following definitions can be deduced into fuzzy if the percentages of in-
determinacy and non membership are not taken into consideration so also for intuitionistic
case the percentage of indeterminacy is not considered.
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Definition 2.6 [7] Let X be a non empty neutrosophic set. if A = {(x,ua(z),04(x),
va(z)) :x € X} and B = {(x, up(x),05(x),vs(x)) : * € X} are two neutrosophic sets in
X, then the following statements hold:

(i
(i) A= Bif and only if A C B and B C A.

A C Bifand only if pa(z) < pp(x), oa(z) < op(x) and ya(x) > vp(zx) for all z € X.

(iv) AN B = {(z, min{pa(z), pp(z)}, min{oa(z),op(r)}, max{ya(z), vp(2)}) : © € X}.

)
)
(i) A¢ = {(2,74(x), 04(2), pa(z)) : © € X} [Complement of A].
)
(v) AU B = {(zmax{pa(z), pup(2)} max{oa(z), op(2)}, minfya(z), vp(2)}) : 2 € X},

Remark 2.7 Let X be a non empty neutrosophic set. We consider the neutrosophic empty
set 0 as 0 = {(x,0,0,1) : 2 € X} and the neutrosophic whole set 1 as
1={(z,1,1,0) : z € X}.

Remark 2.8 By the notion k-set we mean any one of the following sets: fuzzy set, intu-
itionistic set, neutrosophic set.

Definition 2.9 [6,7] Let X be a non empty set. A k-topology on X is a family ;7 of k-sets
in X satisfying the following axioms:

(i) the sets 1 and 0 belong to the family 5.
(ii) an arbitrary union of sets of the family ,7 belong to x7.
(iii) the finite intersection of sets of the family ,7 belong to ;7.

Then the ordered pair (X, ,7) (simply X) is called k-topological space on X. The elements
of ;7 are known as k-open sets on X and its complement is called as k-closed on X.

Definition 2.10 [6] The interior and closure of a k-set A of a k-topological space
(X, x7) are respectively defined as

(i) gint(A) = U{G : G C A and G is k-open in X}.
(i) xcl(A) =n{F:ACF and F is k-closed in X}.
Corollary 2.11 [7] If A, B,C and D are k-sets in X, then the followings are true:

(i) ACBandCCD=ANCCBNDand AUCC BUD.

)
(i) fACBand ACC,then ACBNC. f ACC and BC C, then AUB C C.
(iii) FACBand BCC=ACC.

)

(iv) (AN B)° = A°U B, (AU B)® = A°N B® and (A°) = A. If AC B = B¢ C A,
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(v) 1°=0and 0° = 1.

Now, we introduce the notions of image and pre-image of neutrosophic sets. Let us
consider X and Y as two non empty sets and f : X — Y be a function.

Definition 2.12 [6] Let X and Y be two non empty sets, A = {(x, pa(x),oa(x),va(x)) :
x € X} be a neutrosophic set in X and B = {(y, ,LLB(y) 5),78(y)) : y € Y} be a
neutrosophic set in Y. Then

(i) the pre-image of B under f, denoted by f~!(B), is the neutrosophic set in X defined
by f7HB) = {(z, [~ (up) (@), fH(op) (@), [ (yp)(2)) 1 2 € X}

(ii) the image of A under f, denoted by f(A), is the neutrosophic set in Y defined by
FA) =Ly, F(pa) (), floa)(y), (1 = (1 =7a))(y)) - y € Y}, where

F(a)(y) = { e ita(r) S0 A

otherwise

Floa)w) = { supccsyoala) i 1) £9

otherwise

1 otherwise

(1= F(1 = 7)) = { infecrrwrale) i S y) 20

For the sake of simplicity, let us use the symbol f_(v4) for (1 — f(1 —~4)).

Corollary 2.13 [6] Let A;cy, Bics be k-sets in X and Y respectively and f : X — Y a
function. Then

(a) A; C Ay = f(Ay) C f(Ag).

(b) B1 C By = f~YBy) C f1(By).
(¢) Aies € f7H(f(Aies)) { If f is injective, then Ay = f~'(f(Aies))}-
(d) f(f ' (Bics)) C Bies { If [ is surjective, then f(f~'(Bies)) = Bies}-
) fHUB) = Uf(By).
) f7HNB) =NfH(By).
) f(UA;) = Uf(A).

)

f(NA;) C f(A;) { If f is injective, then f(NA;) =Nf(A;)}.

(e) f
(f

(g
(b
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=1, if f is surjective.

(f(Aics))® C f(AS.)), if f is surjective.
(f 1 (Bies))® = 1 (Bicy)-

3 N-Topological Spaces

In this section, we introduce N-fuzzy, N-intuitionistic and N-neutrosophic topo-
logical spaces and discuss their properties. Henceforth in this paper by the notion Np7 we
mean N-fuzzy topology (if £ = f), N-intuitionistic topology (if £ = i) and N-neutrosophic
topology ( if k = n).

Definition 3.1 Let X be a non empty set, then 7y, 7o, ... , x7n be N-arbitrary k topologies
defined on X and the collection N7 = {G' C X : G = (Ui, A) U (N, Bi), A, Bi € y7i} i
called Ng-topology on X if the following axioms are satisfied:

(1) 1, 0e NkT.
(11) Uzoil Gl < NkT for all {Gl}zl S NkT.
(111) m?:l Gl S NkT for all {Gl};nzl S NkT.

Then (X, Ni7) is called Ni-topological space on X. The elements of N7 are known as
Np-open sets on X and its complement is called Ng-closed sets on X.

Example 3.2 Let N = 3, X = {a,b,c}. Define the neutrosophic sets A = {(z, ({
(5,6, 8): (&% o> p7))} and B = (@ (. s ) (58 ) (5 6-6))} in X.  Then
AUB ={(z,(1,1,9): (5:5:5) (5.8 )} AN B ={(=, (5% 55 56): (50 6 (oi o7 07}
Considering ,710(X) = {0,1, A}, ,»0O(X) = {0,1,B} and ,30(X) = {0,1

3,7O0(X) = {0,1,A, B,AU B, AN B} which is a tri-neutrosophic topology on X. The
pair (X, 3,7) is called a tri-neutrosophic topological space on X.

|
=lo
S~—

Remark 3.3 Considering N = 2 in definition 3.1 we get the required definition of bi-
neutrosophic topology on X. The pair (X, 2,7) is called a bi-neutrosophic topological space
on X.

Example 3.4 Let N =2, X = {a,b,c}. Define the neutrosophic set A = {(z, (54, %, 5%);

(&, b ey (& ))} in X. If ,nO(X) = {0,1,A} and ,mO(X) = {0,1} are two

047057 0.6 03’02703 _ :
neutrosophic topologies then we get 2, 70(X) = {0, 1, A} which is a bi-neutrosophic topology

on X.
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Definition 3.5 Let (X, Ny7) be a Ni-topological space on X and A be a k-set on X then
the Nyint(A) and Nycl(A) are respectively defined as

(i) Nypint(A) = U{G : G C A and G is a Ny-open set in X }.
(ii) Nkcl(A) =n{F : AC F and F is a Nj-closed set in X}.

Proposition 3.6 Let (X, Ny7) be any Ny-topological space. If A and B are any two k-sets
in (X, Ny7), then the Ni-closure operator satisfy the following properties:

(i) A C Nicl(A).

(il) Npint(A) C A.
(ili) A C B = Nycl(A) C Nicl(B).
A C B = Nyint(A) C Nyint(B).

(iv

)
)
)
(v) Nicl(AU B) = Nyel(A) U Nycl(B).
(vi) Nyint(AN B) = Nyint(A) N Nyint(B).
)

(vil) (Ngcl(A))¢ = Nyint(A)°.

(viii) (Nyint(A))e = Nycl(A)F.

Proof
(i) Nicl(A) =N{G : G is a Ny-closed set in X and A C G}. Thus, A C Nicl(A).
(ii) Ngint(A) = U{G : G is a Ny-open set in X and G C A}. Thus, Nyint(A) C A.

(iii) Nkel(B) =N{G : G is a Ny-closed set in X and B C G} D N{G : G is a Nj-closed set
in X and A C G} D Nycl(A). Thus, Nicl(A) C Nicl(B).

(iv) Npint(B) = U{G : G is a Ny-open set in X and B O G} D U{G : G is a Ny-open set
in X and A D G} D Ngint(A). Thus, Nyint(A) C Nyint(B).

(V) Nkcl(AUB) = n{G : G is a Ny-closed set in X and AU BC G} = (M{G:Gisa
Ny-closed set in X and A C G}) U (N{G : G is a Ny-closed set in X and B C G}) =
Nicl(A) U Npcl(B). Thus, Npcl(AU B) = Nyel(A) U Npel(B).

(vi) Nyint(AN B) = U{G : G is a Ny-open set in X and ANB 2 G} = (U{G : G is a
Ny-open set in X and A O G}) N (U{G : G is a Ni-open set in X and B O G}) =
Nyint(A) N Nyint(B). Thus, Nyint(AN B) = Nyint(A) N Nyint(B).

(vil) Nicl(A) = N{G : G is a Ni-closed set in X and A C G}, (Ngcl(A))® = U{G": G° is a
Ny-open set in X and A° D G°} = Npint(A)°. Thus, (Ngcl(A))® = Nyint(A)°.

(viii) Ngint(A) = U{G : G is a Ny-open set in X and A D G}, (Ngint(A))c =N{G*: G° is a

Ny-closed set in X and A° D G°} = Nycl(A)°. Thus, (Ngint(A))¢ = Nicl(A)°.
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4 Generalized Closed Sets in N, -topology

We introduce here the generalized closed sets in Ny-topological spaces and investigate
their properties.

Definition 4.1 Let (X, N,7) be a Ny-topological space. A k-set A in (X, Ni7) is said to be
a Ny-generalized closed set if Nycl(A) C G, whenever A C G and G is a Ni-open set. The
complement of a Nj-generalized closed set is called a Ni-generalized open set.

Definition 4.2 Let (X, Ny7) be a Ni-topological space and A be a k-set in X. Then the
Ni-generalized closure and Ni-generalized interior of A are defined as:

(i) NxGcl(A) = N{G : G is a Ni-generalized closed set in X and A C G}

(ii) NpGint(A) = U{G : G is a Ni-generalized open set in X and G C A}.

Proposition 4.3 Let (X, N,7) be any Ni-topological space. If A and B are any two k-sets
in (X, Ni7), then the Ng-generalized closure operator satisfies the following properties:

(i) A C NyGel(A).

(ii) NpGint(A) C A.
(iii) AC B = N,Gel(A) C N,Gel(B).
(iv) A C B = N;Gint(A) C N,Gint(B).

)
)
)
)
(v) NpGel(AU B) = NyGel(A) U N,Gel(B).
(vi) NyGint(AN B) = NyGint(A) N NyGint(B).
(vii) (NyGel(A))e = NyGint(A)".
)

(NeGint(A))¢ = NiyGel(A)©.

(viii

Proof The proof is analogous to Proposition 3.6.

Proposition 4.4 Let (X, Ny7) be a Nj-topological space. If B is a Nj-generalized closed
set and B C A C Nicl(B), then A is a Ni- generalized closed set.

Proof. Let G be a Ny-open set in (X, Ni7) such that A C G. Since B C A, B C G.
Now, B is a Nj-generalized closed set and Nicl(B) C G. But Nycl(A) C Nicl(B). Since
Nycl(A) C Niel(B) C G, Ncl(A) C G. Hence, A is a Ng-generalized closed set.

Proposition 4.5 Let (X, Ny7) be a Ni-topological space. Then A is a Nj-generalized open
set if and only if B C N, int(A), whenever B is an Nj-closed set and B C A.
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Proof. Let A be a Ni-generalized open set and B a Ng-closed set such that B C A. Now,
B C A= A° C B¢ and since A° is a Ny-generalized closed set, then Npcl(A¢) C B¢. This
means that B = (B€)¢ C (Ngcl(A%)). But (Ngcl(A°))¢ = Nyint(A). Hence, B C Nyint(A).
Conversely, suppose that A is a k-set such that B C Nyint(A), whenever B is a Ny-closed
set and B C A. Now, A° C B = B® C A. Hence by assumption, B¢ C Nyint(A). That is,
(Ngint(A))¢ C B. But (Ngint(A))® = Ngcl(A)°. Hence, N, cl(A)° C B. This means that A
is a Np-generalized closed set. Therefore, A is a Ni-generalized open set.

Proposition 4.6 If Nyint(A) C B C A and A is a Ng-generalized open set, then B is also
a Ni-generalized open set.

Proof. Now, A C B¢ C (Nyint(A))¢ = Nycl(A)°. Since A is a Nj-generalized open set,
then A€ is a Ni-generalized closed set. By Proposition 3.6, B¢ is a Ni-generalized closed set.
That is, B is a Nj-generalized open set.

5 Continuous Functions in N,-Topology

In this section, we generalize continuous functions in N-neutrosophic topological spaces
and also establish its relationship with other existing continuous functions.

Definition 5.1 Let (X, Ny7)) and (Y, Nyo) be any two Nj-topological spaces. A map
f (X, NgT) — (Y, Nyo) is said to be Ny-continuous if the inverse image of every Nj-
closed set in (Y, Nyo) is a Ny-closed set in (X, Ny7). Equivalently if the inverse image of
every Ny-open set in (Y, Nyo) is a Ni-open set in (X, Ny.7).

Remark 5.2 By considering N = 2 in definition 5.1 we obtain bi-neutrosophic continuous
function.

The following properties can be extended to N-fuzzy and N-intuitionistic topological spaces
too.

Proposition 5.3 Let (X, N,7)) and (Y, Nyo) be any two Nj-topological spaces. Let f :
(X, Ny7) = (Y, Nxo) be a Ni- continuous function. Then for every k-set A in X, f(Nycl(A)) C
Nicl(f(A)).

Proof. Let A be a k-set in (X, Ny7). Since Nicl(f(A)) is a Ni-closed set and f is a Ny-
continuous function, f~'(N.cl(f(A)) is a Ni-closed set and f~'(Nycl(f(A))) 2 A. Now,
Nicl(A) C fYNgel(f(A))). Therefore, f(Nycl(A)) C Npcl(f(A)).

Proposition 5.4 Let (X, Ny7) and (Y,Nyo) be any two Nj-topological spaces.
Let f : (X Ny1T) — (Y Nio) be a Nj-continuous function. Then for every Ni-set A in
Y, Nicl(f7H(A)) € f7H(Nycl(A)).

Proof. Let A be a Nj-set in (Y, Nyo). Let B = f~'(A). Then, f(B) = f(f~'(A)) C A. By
Proposition 5.3, f(Npcl(f~1(A))) € Npcl(f(f71(A))). Thus, Npcl(f1(A)) C f~H{Npcl(A)).
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Definition 5.5 Let (X, N,7)) and (Y, Nyo) be any two Ni-topological spaces. A map f :
(X, Ni7) — (Y, Nyo) is said to be Nj-generalized continuous if the inverse image of every
Ny-closed set in (Y, Nyo) is a Ni-generalized closed set in (X, Ny7). Equivalently if the
inverse image of every Nj-open set in (Y, Nyo) is a Nj-generalized open set in (X, Ny7).

Remark 5.6 For N = 2 in the above definition we aquire the needed definition of bi-
generalized neutrosophic continuous function.

Proposition 5.7 Let (X, Ny7)) and (Y, Nyo) be any two Nj-topological spaces. Let f :
(X, Nx7) — (Y, Nyo) be a Ni-generalized continuous function. Then for every Ny-set A in
X, F(NiGel(A)) € Nyl (£(A)).

Proof. Let A be a Ni-set in (X, Ng7). Since Nicl(f(A)) is a Ni-closed set and f is a N-
continuous function, f~1(Nycl(f(A)) is a Nj-generalized closed set and f~!(Nycl(f(A))) D
A. Now, NyGcl(A) C f~H(Ngcl(f(A))). Therefore, f(N,Gcl(A)) C Nicl(f(A)).

Proposition 5.8 Let (X, N;y7) and (Y, Nyo) be any two Nj-topological spaces. Let f :
(X, Ni7) — (Y, Nyo) be a Ni-generalized continuous function. Then for every Ni-set A in
Y, NiGel(f71(A)) C f~H(Nicl(A)).

Proof. Let A be a Ny-set in (Y, Nyo). Let B = f~'(A). Then, f(B) = f(f'(4))
A. By Proposition 5.7, f(N,Gcl(f71(A))) C Nicl(f(f71(A))). Thus, NpGel(f~1(A))
fH(Niel(A)).

Proposition 5.9 Let (X, Ny7) and (Y, Nyo) be any two Nj-topological spaces. If f :
(X, Np7) — (Y, Nigo) is a Ni-continuous function, then it is a Nj-generalized continuous
function.

NN

Proof. Let A be a Nj-open set in (Y, Nyo). Since f is a Ny-continuous function, f=1(A) is
a Nj-open set in (X, Ny7). Every Ny-open set is a Njp-generalized open set. Now, f~1(A) is
a Ny-generalized open set in (X, Ny7). Hence, f is a Ny-generalized continuous function.
The converse of Proposition 5.9 need not be true as it is shown in the following example.

Example 5.10 Let N = 2, X = {a, b, c} and Y = {p,q,r}. Define the neutrosophic sets
(& %> 0”6) (OL oi L))} inY. Con81der1ng 21O(X) ={0,1,A} and ,7,0(X) = {0,1} we
get 2,7O(X) = {0,1, A}. Also by considering ,0,0(Y) = {0,1} and ,,0,0(Y") = {0, 1, B}
we get 2,00(Y) = {0,1, B}. Thus, (X,2,7) and (Y,2,0) are bi-neutrosophic topological
space on X and Y, respectively. Define f: X — Y as f(a) =gq, f(b) = p, f(c) =r. Then f

is bi-generalized neutrosophic continuous but not bi-neutrosophic continuous.

O

Conclusion

Neutrosophic topology is well equipped to deal with imprecise data. By employing
neutrosophic set in spacial data models, we can express the vagueness of the object as
expected. This paper has gone a step forward in extending the theory to N-neutrosophic
topology that can be used to determine the uncertain situation effectively. Further we also
extended the same to N-Fuzzy and N-Intuitionistic topologies and discussed not only the
relations but also its properties.
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