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Abstract: 

The main goal of this research paper is to find an algebraic ring homomorphism 

between symbolic 2-plithogenic ring and the corresponding 2-cyclic refined ring. 

This work presents some applications of the defined homomorphism to explain 

some algebraic relationships between symbolic 2-plithogenic algebraic structures 

and 2-cyclic refined structures.  

Keywords: 2-cyclic refined ring, symbolic 2-plithogenic ring, symbolic 

2-plithogenic matrix, 2-cyclic refined vector spaces.

Introduction and preliminaries 

Algebraic homomorphisms play a central role in the classification of rings, where 

they are considered a very rich material to find the algebraic relationships between 

different rings. 

The symbolic 2-plithogenic rings were defined in [3], they have many interesting 

properties, since they are a good extension of classical rings, see [1-2, 7-10]. 

Symbolic 2-plithogenic rings are examples about symbolic n-plithogenic sets and 

structures founded by Smarandache [4, 11-12]. 
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On the other hand, another extension of rings was defined and handled by many 

authors, where n-cyclic refined rings are neutrosophic structures with an algebraic 

structure similar to the cyclic ring of integers [5-6]. 

This work is dedicated to find an algebraic relation by using homomorphisms 

between symbolic 2-plithogenic rings and 2-cyclic refined rings, where these 

homomorphisms can be used between the matrices defined over these rings, and 

vectors defined over them. 

Many examples will be presented as a sign of the validity of our work. 

For the definitions of algebraic relations between symbolic 2-plithogenic elements 

see [3]. For the definitions of algebraic relations between n—cyclic refiend elements 

see [6].  

Main discussion 

Theorem.  

Let 𝑅2(𝐼) be the 2-cyclic refined ring, ideals of the ring 𝑅, 2 − 𝑆𝑃𝑅 be the symbolic 

2-plithogenic ring refined over the ring 𝑅, then there exists a ring homomorphism 

𝑓: 𝑅2(𝐼) → 2 − 𝑆𝑃𝑅. 

Proof. 

We define 𝑓: 𝑅2(𝐼) → 2 − 𝑆𝑃𝑅 such that: 

𝑓(𝑉0 + 𝑉1𝐼1 + 𝑉2𝐼2) = 𝑉0 + (𝑉1 + 𝑉2)𝑃1 − 2𝑉1𝑃2 

𝑓 is well defined: 

Assume that 𝑉0 + 𝑉1𝐼1 + 𝑉2𝐼2 = 𝑤0 + 𝑤1𝐼1 + 𝑤2𝐼2 , then 𝑉𝑖 = 𝑤𝑖  for all 0 ≤ 𝑖 ≤ 2 , 

thus: 

𝑉0 + (𝑉1 + 𝑉2)𝑃1 − 2𝑉1𝑃2 = 𝑤0 + (𝑤1 + 𝑤2)𝑃1 − 2𝑤1𝑃2, 

hence 𝑓(𝑉0 + 𝑉1𝐼1 + 𝑉2𝐼2) = 𝑓(𝑤0 + 𝑤1𝐼1 + 𝑤2𝐼2). 

𝑓 preserves addition: 

For 𝑉 = 𝑉0 + 𝑉1𝐼1 + 𝑉2𝑊 = 𝐼2, 𝑤0 + 𝑤1𝐼1 + 𝑤2𝐼2 , 
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we have: 

𝑉 + 𝑊 = (𝑉0 + 𝑤0) + (𝑉1 + 𝑤1)𝐼1 + (𝑉2 + 𝑤2)𝐼2 

𝑓(𝑉 + 𝑊) = (𝑉0 + 𝑤0) + (𝑉1 + 𝑤1 + 𝑉2 + 𝑤2)𝑃1 − 2(𝑉1 + 𝑤1)𝑃2 = 

[𝑉0 + (𝑉1 + 𝑉2)𝑃1 − 2𝑉1𝑃2] + [𝑤0 + (𝑤1 + 𝑤2)𝑃1 − 2𝑤1𝑃2] = 𝑓(𝑉) + 𝑓(𝑊). 

𝑓 preserves multiplication: 

𝑉. 𝑊 = 𝑉0. 𝑤0 + (𝑉0𝑤1 + 𝑉1𝑤0 + 𝑉1𝑤2 + 𝑉2𝑤1)𝐼1 + (𝑉0𝑤2 + 𝑉2𝑤0 + 𝑉2𝑤2 + 𝑉1𝑤1)𝐼2 

𝑓(𝑉. 𝑊) = 𝑉0. 𝑤0 + (𝑉0𝑤1 + 𝑉1𝑤0 + 𝑉1𝑤2 + 𝑉2𝑤1 + 𝑉0𝑤2 + 𝑉2𝑤0 + 𝑉2𝑤2 + 𝑉1𝑤1)𝑃1

− 2(𝑉0𝑤1 + 𝑉1𝑤0 + 𝑉1𝑤2 + 𝑉2𝑤1)𝑃2 

On the other hand, we have: 

𝑓(𝑉). 𝑓(𝑊) = [𝑉0 + (𝑉1 + 𝑉2)𝑃1 − 2𝑉1𝑃2]. [𝑤0 + (𝑤1 + 𝑤2)𝑃1 − 2𝑤1𝑃2] = 𝑉0. 𝑤0 +

(𝑉0𝑤1 + 𝑉1𝑤0 + 𝑉1𝑤2 + 𝑉2𝑤1 + 𝑉0𝑤2 + 𝑉2𝑤0 + 𝑉2𝑤2 + 𝑉1𝑤1)𝑃1 − 2(𝑉0𝑤1 + 𝑉1𝑤0 +

𝑉1𝑤2 + 𝑉2𝑤1)𝑃2 = 𝑓(𝑉. 𝑊). 

So that, 𝑓 is a ring homomorphism. 

Theorem. 

Let 𝑓 be the previous homomorphism defined with 𝑓: 𝑅2(𝐼) → 2 − 𝑆𝑃𝑅, then: 

1. 𝑘𝑒𝑟(𝑓) = {𝑦𝐼1 − 𝑦𝐼2; 2𝑦 = 0, 𝑦 ∈ 𝑅} 

2. 𝑘𝑒𝑟(𝑓) is a zero ring. 

Proof. 

1. 𝑘𝑒𝑟(𝑓) = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2; 𝑓(𝑥 + 𝑦𝐼1 + 𝑧𝐼2) = 0}, hence 𝑥 + (𝑦 + 𝑧)𝑃1 − 2𝑦𝑃2 =

0, 

thus 𝑥 = 0, 𝑧 = −𝑦, 2𝑦 = 0 which implies that: 

𝑘𝑒𝑟(𝑓) = {𝑦𝐼1 − 𝑦𝐼2; 2𝑦 = 0, 𝑦 ∈ 𝑅}. 

2. Let 𝑀 = 𝑚𝐼1 − 𝑚𝐼2, 𝑁 = 𝑛𝐼1 − 𝑛𝐼2 ∈ 𝑘𝑒𝑟(𝑓), then 2𝑚 − 2𝑛 = 0, thus: 

𝑀. 𝑁 = (𝑚𝐼1 − 𝑚𝐼2)(𝑛𝐼1 − 𝑛𝐼2) = 𝑚𝑛𝐼2 − 𝑚𝑛𝐼1 − 𝑚𝑛𝐼1 + 𝑚𝑛𝐼2 = −2𝑚𝑛𝐼1 + 2𝑚𝑛𝐼2 =

0 − 0 = 0, which means that 𝑘𝑒𝑟(𝑓) is a zero ring. 

Theorem. 

Let 𝑅 be a field, then 𝑅2(𝐼) ≅ 2 − 𝑆𝑃𝑅 

Proof. 
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According to the previous theorem, we have 2𝑦 = 0  implies that 𝑦 = 0 , thus 

𝑘𝑒𝑟(𝑓) = {𝑂} and 𝑓 is injective. 

To prove that the homomorphism 𝑓 is surjective, we take an arbitrary element 

𝑉0 + 𝑉1𝑃1 + 𝑉2𝑃2 ∈ 2 − 𝑆𝑃𝑅, then there exists 

𝑊 = 𝑉0 + (
−𝑉2

2
) 𝐼1 + (𝑉1 +

𝑉2

2
) 𝐼2 ∈ 𝑅2(𝐼). 

Such that: 

𝑓(𝑊) = 𝑉0 + 𝑉1𝑃1 + 𝑉2𝑃2, so that 𝑓 is an isomorphism. 

Applications to Vector Spaces. 

By using the previous relationship between symbolic 2-plithogenic ring and 2-cyclic 

refined rings, we will be able to show the algebraic relations between symbolic 

2-plithogenic vector spaces and 2-cyclic refined vector spaces. 

Theorem. 

Let 𝐹 be an algebraic field, 𝑇 be a vector space over 𝐹. Assume that 2 − 𝑆𝑃𝑇 =

{𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2; 𝑡𝑖 ∈ 𝑇} is the corresponding symbolic 2-plithogenic vector space 

over 2 − 𝑆𝑃𝐹 . 

𝑇2(𝐼) = {𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2; 𝑡𝑖 ∈ 𝑇} is the corresponding 2-cyclic refined vector space 

over 𝐹2(𝐼), then there exists a semi module homomorphism between 𝑇2(𝐼) and 

2 − 𝑆𝑃𝑇. 

Proof. 

According to the previous theorems, there exists a ring homomorphism 𝑓: 𝐹2(𝐼) →

2 − 𝑆𝑃𝐹  such that  

𝑓(𝑉0 + 𝑉1𝐼1 + 𝑉2𝐼2) = 𝑉0 + (𝑉1 + 𝑉2)𝑃1 − 2𝑉1𝑃2 

We define 𝑔: 𝑇2(𝐼) → 2 − 𝑆𝑃𝑇 such that: 

𝑔(𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2) = 𝑡0 + (𝑡1 + 𝑡2)𝑃1 − 2𝑡1𝑃2 

𝑔 is well defined: 

If 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 = �́�0 + �́�1𝐼1 + �́�2𝐼2, then 𝑡𝑖 = �́�𝑖; 0 ≤ 𝑖 ≤ 2 and 

𝑡0 + (𝑡1 + 𝑡2)𝑃1 − 2𝑡1𝑃2 = �́�0 + (�́�1 + �́�2)𝑃1 − 2�́�1𝑃2, 

which means that 
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𝑔(𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2) = 𝑔(�́�0 + �́�1𝐼1 + �́�2𝐼2). 

𝑔 preserves addition: 

For 𝑀 = 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2, 𝑁 = �́�0 + �́�1𝐼1 + �́�2𝐼2 ∈ 𝑅2(𝐼). 

𝑀 + 𝑁 = (𝑡0 + �́�0) + (𝑡1 + �́�1)𝐼1 + (𝑡2 + �́�2)𝐼2 

𝑔(𝑀 + 𝑁) = (𝑡0 + �́�0) + (𝑡1 + �́�1 + 𝑡2 + �́�2)𝑃1 − 2(𝑡1 + �́�1)𝑃2 = [𝑡0 + (𝑡1 + 𝑡2)𝑃1 −

2𝑡1𝑃2] + [�́�0 + (�́�1 + �́�2)𝑃1 − 2�́�1𝑃2] = 𝑔(𝑀) + 𝑔(𝑁). 

To complete the proof, we must prove that: 

𝑔(𝑞𝑀) = 𝑓(𝑞). 𝑔(𝑀); 𝑞 = 𝑞0 + 𝑞1𝐼1 + 𝑞2𝐼2 ∈ 𝐹2(𝐼) and 𝑀 = 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 ∈ 𝑇2(𝐼). 

First, we have: 

𝑞𝑀 = 𝑞0. 𝑡0 + (𝑞0𝑡1 + 𝑞1𝑡0 + 𝑞1𝑡2 + 𝑞2𝑡1)𝐼1 + (𝑞0𝑡2 + 𝑞2𝑡0 + 𝑞2𝑡2 + 𝑞1𝑡1)𝐼2 

𝑔(𝑞𝑀) = 𝑞0. 𝑡0 + (𝑞0𝑡1 + 𝑞1𝑡0 + 𝑞1𝑡2 + 𝑞2𝑡1 + 𝑞0𝑡2 + 𝑞2𝑡0 + 𝑞2𝑡2 + 𝑞1𝑡1)𝑃1

− 2(𝑞0𝑡1 + 𝑞1𝑡0 + 𝑞1𝑡2 + 𝑞2𝑡1)𝑃2 

𝑓(𝑞) = 𝑞0 + (𝑞1 + 𝑞2)𝑃1 − 2𝑞1𝑃2 

𝑔(𝑀) = 𝑡0 + (𝑡1 + 𝑡2)𝑃1 − 2𝑡1𝑃2 

𝑓(𝑞). 𝑔(𝑀) = 𝑞0. 𝑡0 + (𝑞0𝑡1 + 𝑞1𝑡0 + 𝑞1𝑡2 + 𝑞2𝑡1 + 𝑞0𝑡2 + 𝑞2𝑡0 + 𝑞2𝑡2 + 𝑞1𝑡1)𝑃1 −

2(𝑞0𝑡1 + 𝑞1𝑡0 + 𝑞1𝑡2 + 𝑞2𝑡1)𝑃2 =  𝑔(𝑞𝑀). 

This implies that 𝑓  is a semi-module homomorphism, and 𝑇2(𝐼)  is semi 

homomorphic to 2 − 𝑆𝑃𝑇. 

Remark. 

Consider that 𝐻 = {ℎ0 + ℎ1𝐼1 + ℎ2𝐼2;  ℎ𝑖 ∈ �́�, �́� 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑇} , then 𝐻  is a 

submodule of 𝑇2(𝐼) , let us find it direct image according to the 

semi-homomorphism 𝑔. 

𝐼𝑚(𝐻) = 𝑔(𝐻) = {ℎ0 + (ℎ1 + ℎ2)𝑃1 − 2ℎ1𝑃2;  ℎ𝑖 ∈ �́�}. 

We prove that 𝐼𝑚(𝐻) is a submodule of 2 − 𝑆𝑃𝑇. 

Let 𝑋 = 𝑥0 + (𝑥1 + 𝑥2)𝑃1 − 2𝑥1𝑃2, 𝑌 = 𝑦0 + (𝑦1 + 𝑦2)𝑃1 − 2𝑦1𝑃2 ∈ 𝐼𝑚(𝐻) , where 

𝑥𝑖 , 𝑦𝑖 ∈ �́� 

𝑋 + 𝑌 = (𝑥0 + 𝑦0) + (𝑥1 + 𝑥2 + 𝑦1 + 𝑦2)𝑃1 − 2(𝑥1 + 𝑦1)𝑃2 ∈ 𝐼𝑚(𝐻) 

Let 𝑞 = 𝑞0 + 𝑞1𝐼1 + 𝑞2𝐼2 ∈ 2 − 𝑆𝑃𝐹, then: 

𝑞𝑋 = 𝑞0. 𝑥0 + (𝑞0𝑥1 + 𝑞0𝑥2 + 𝑞1𝑥0 + 𝑞1𝑥2 + 𝑞1𝑥1)𝑃1

+ (−2𝑞0𝑥1 + 𝑞0𝑥2 − 2𝑞1𝑥1 + 𝑞2𝑥1 + 𝑞2𝑥2)𝑃2 
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�́� = 𝑞0 + (
−𝑞2

2
) 𝐼1 + (𝑞1 +

𝑞2

2
) 𝐼2 ∈ 𝐹2(𝐼), then: 

𝑓(�́�) = 𝑞, which implies that: 

𝑞𝑋 = 𝑓(�́�)𝑔(�́�) , �́� = 𝑥0 + (
−𝑥2

2
) 𝐼1 + (𝑥1 +

𝑥2

2
) 𝐼2 , hence 𝑞𝑋 = 𝑔(�́��́�) ∈ 𝐼𝑚(𝐻)  is a 

submodule of 2 − 𝑆𝑃𝑇 . 

Remark. 

Let us find the kernel of the semi-homomorphism 𝑔. 

𝑘𝑒𝑟(𝑔) = {𝑀 = 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 ∈ 𝑇2(𝐼), 𝑔(𝑀) = 0}, so that: 

{
𝑡0 = 0

𝑡1 + 𝑡2 = 0 ⟹ 𝑡2 = 0
−2𝑡1 = 0 ⟹ 𝑡1 = 0

 

Hence, 𝑘𝑒𝑟(𝑔) = {𝑂}. 

Result: 

Let 𝑀 = 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 ∈ 𝑇2(𝐼) , assume that 𝐸 = {𝑒0, … . , 𝑒𝑘}  is a basis of 𝑇2(𝐼) 

over 𝐹2(𝐼), then 

𝑀 = 𝑛0𝑒0 + 𝑛1𝑒1 + ⋯ + 𝑛𝑘𝑒𝑘;  𝑛𝑖 ∈ 𝐹2(𝐼). 

By taking the direct image of 𝑀 , we can find 𝑔(𝑀) = 𝑔(∑ 𝑛𝑖𝑒𝑖
𝑘
𝑖=0 ) =

∑ 𝑓(𝑛𝑖)𝑔(𝑒𝑖)
𝑘
𝑖=0 . 

This means that the elements of 𝐼𝑚(𝑇2(𝐼)) can be written as a linear combination 

with respect to the elements of the basis 𝐸. 

On the other hand, the set 𝑔(𝐸) = {𝑔(𝑒0), … . , 𝑔(𝑒𝑘)} is linearly independent, that is 

because ∑ 𝑓(𝑛𝑖)𝑔(𝑒𝑖)
𝑘
𝑖=0 = 0 ⟹ ∑ 𝑔(𝑛𝑖𝑒𝑖)

𝑘
𝑖=0 = 0 ⟹ 𝑔(∑ 𝑛𝑖𝑒𝑖

𝑘
𝑖=0 ) = 0 ⟹ ∑ 𝑛𝑖𝑒𝑖

𝑘
𝑖=0 =

0 ⟹ 𝑛𝑖 = 0; 0 ≤ 𝑖 ≤ 𝑘. 

Applications to matrices. 

Let 𝑀 = (𝑚𝑖𝑗)
𝑘×𝑘

 be a square matrix with 2-cyclic refined entries, then 𝑀 = 𝑀0 +

𝑀1𝐼1 + 𝑀2𝐼2, where 𝑀0, 𝑀1, 𝑀2 are there 𝑘 × 𝑘 classical matrices. 

If we take the direct image of 𝑀 by the ring homomorphism  

𝑓(𝑀) = 𝑀0 + (𝑀1 + 𝑀2)𝑃1 − 2𝑀1𝑃2, we get a symbolic 2-plithogenic matrix. 

For a 2-cyclic refined real number 𝑞 = 𝑞0 + 𝑞1𝐼1 + 𝑞2𝐼2, we see that 𝑞𝑀 is a 2-cyclic 

refined square real matrix. 
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We can use the semi-homomorphism 𝑔 to write: 

𝑔(𝑞𝑀) = 𝑓(𝑞)𝑔(𝑀); 𝑔(𝑀) = 𝑀0 + (𝑀1 + 𝑀2)𝑃1 − 2𝑀1𝑃2 

Example. 

Consider the following 2-cyclic refined real square matrix: 

𝑀 = (
2 + 𝐼1 − 𝐼2 1 + 3𝐼1 + 𝐼2

𝐼1 − 𝐼2 𝐼1 + 𝐼2
) = (

2 1
0 0

) + (
1 3
1 1

) 𝐼1 + (
−1 1
−1 1

) 𝐼2

= 𝑀0 + 𝑀1𝐼1 + 𝑀2𝐼2 

The corresponding symbolic 2-plithogeni matrix 𝑔(𝑀) is equal to: 

𝑔(𝑀) = (
2 1
0 0

) + (
0 4
0 2

) 𝑃1 + (
−2 −6
−2 −2

) 𝑃2 = (
2 − 2𝑃2 1 + 4𝑃1 − 6𝑃2

−2𝑃2 2𝑃1 − 2𝑃2
) 

Remark. 

Let us study the relation between det 𝑀 and 𝑑𝑒𝑡(𝑔(𝑀)). 

det 𝑀 = det 𝑀0 + 𝐼1[𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2) − 𝑑𝑒𝑡(𝑀0 − 𝑀1 + 𝑀2)] +
1

2
𝐼1[𝑑𝑒𝑡(𝑀0 + 𝑀1 +

𝑀2) − 𝑑𝑒𝑡(𝑀0 − 𝑀1 + 𝑀2) − 2 det 𝑀0 +] see [1]. 

𝑑𝑒𝑡(𝑔(𝑀)) = 𝑑𝑒𝑡[𝑀0 + (𝑀1 + 𝑀2)𝑃1 − 2𝑀1𝑃2] = det 𝑀0 + 𝑃1[𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2) −

det 𝑀0] + 𝑃2[𝑑𝑒𝑡(𝑀0 − 𝑀1 + 𝑀2) − 𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2)] see [2]. 

Consider the ring homomorphism: 

𝑓: 𝑅2(𝐼) → 2 − 𝑆𝑃𝑅;  𝑓(𝑎0 + 𝑎1𝐼1 + 𝑎2𝐼2) = 𝑎0 + (𝑎1 + 𝑎2)𝑃1 − 2𝑎1𝑃2, then: 

 𝑓(𝑑𝑒𝑡𝑀) = det 𝑀0 + 𝑃1[𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2) − det 𝑀0] + 𝑃2[𝑑𝑒𝑡(𝑀0 − 𝑀1 + 𝑀2) −

𝑑𝑒𝑡(𝑀0 + 𝑀1 + 𝑀2)] 

Applications to modules. 

If 𝑅 is a ring, 𝐾𝑅 be a module over 𝑅. 

Let 2 − 𝑆𝑃𝑅, 𝑅2(𝐼) be the corresponding symbolic 2-plithogenic ring and 2-cyclic 

refined respectively. 

Let 2 − 𝑆𝑃𝑀 be the corresponding symbolic 2-plithogenic module over 2 − 𝑆𝑃𝑅 

and 𝑀2(𝐼) be the corresponding 2-cyclic refined module over 𝑅2(𝐼), then by a 

similar discussion of the case of vector spaces, we can write: 

1. 𝑔: 𝑀2(𝐼) → 2 − 𝑆𝑃𝑀 such that: 

𝑔(𝑚0 + 𝑚1𝐼1 + 𝑚2𝐼2) = 𝑚0 + (𝑚0 + 𝑚1)𝑃1 − 2𝑚1𝑃2 is a semi module 

homomorphism. 
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2. If 𝑆 is a submodule of 𝑀2(𝐼), then 𝐼𝑚(𝑆) = 𝑔(𝑆) is a submodule of 2 −

𝑆𝑃𝑀. 

3. For 𝑞 = 𝑞0 + 𝑞1𝐼1 + 𝑞2𝐼2 ∈ 𝑅2(𝐼)  and 𝑚 = 𝑚0 + 𝑚1𝐼1 + 𝑚2𝐼2 ∈ 𝑀2(𝐼) , then 

𝑔(𝑞) = 0 does not imply that 𝑚 = 0, because: 

𝑔(𝑞𝑚) = 0 ⟹ 𝑓(𝑞)𝑔(𝑚) = 0, since 𝑅 is not a field, then it may has zero divisors, 

which means that 𝑓(𝑞) = 0 without 𝑞 = 0. 

This is a big difference between the case of 2-cyclic refined vector spaces and 

2-cyclic refined modules. 

Conclusion 

In this paper, we have found an algebraic homomorphism between 2-cyclic refined 

rings and symbolic 2-plithogenic rings, and we have used this homomorphism to 

study some algebraic relations between 2-cyclic refined matrices and symbolic 

2-plithogenic matrices. 

In the future, we aim to find the algebraic relations between other kinds of 

neutrosophic rings and symbolic n-plithogenic rings. 
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