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Abstract:

The main goal of this research paper is to find an algebraic ring homomorphism

between symbolic 2-plithogenic ring and the corresponding 2-cyclic refined ring.

This work presents some applications of the defined homomorphism to explain
some algebraic relationships between symbolic 2-plithogenic algebraic structures

and 2-cyclic refined structures.
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Introduction and preliminaries

Algebraic homomorphisms play a central role in the classification of rings, where
they are considered a very rich material to find the algebraic relationships between

different rings.

The symbolic 2-plithogenic rings were defined in [3], they have many interesting
properties, since they are a good extension of classical rings, see [1-2, 7-10].
Symbolic 2-plithogenic rings are examples about symbolic n-plithogenic sets and

structures founded by Smarandache [4, 11-12].
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On the other hand, another extension of rings was defined and handled by many
authors, where n-cyclic refined rings are neutrosophic structures with an algebraic

structure similar to the cyclic ring of integers [5-6].

This work is dedicated to find an algebraic relation by using homomorphisms
between symbolic 2-plithogenic rings and 2-cyclic refined rings, where these
homomorphisms can be used between the matrices defined over these rings, and

vectors defined over them.
Many examples will be presented as a sign of the validity of our work.

For the definitions of algebraic relations between symbolic 2-plithogenic elements
see [3]. For the definitions of algebraic relations between n—cyclic refiend elements

see [6].

Main discussion

Theorem.

Let R,(I) be the 2-cyclic refined ring, ideals of the ring R, 2 — SP; be the symbolic
2-plithogenic ring refined over the ring R, then there exists a ring homomorphism
fiR,(I) > 2 — SPy.

Proof.

We define f:R,(I) - 2 — SPg such that:

fWo + Vily + Valp) = Vo + (Vy + V3) Py — 2V, P,

f is well defined:

Assume that Vo + Vi + VoI, = wy +wyly + wyl,, then V; =w; for all 0<i<2,
thus:

Vo + (Vi + Vo)P, — 2ViP, = wy + (wy + wy)P; — 2w, P,

hence f(V, + Vil + V,1,) = f(wy + wily + wyl,).

f preserves addition:

For V = VO + V]_Il + V2W = 12, Wy + W]_Il + W2[2 ’
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we have:
V+W=Us+wy)+Vy+w)l + (V, +wy)l,
fW+W)=Wo+wy)+ WV +wy +V, +wy)Py —2(Vy + wy)P, =
Vo + (V1 + V) Py — 2ViPo] + [wo + (wy + wy) Py — 2w, Pp] = f(V) + f(W).
f preserves multiplication:
V.W = Vo we + (Vowy + Vawy + Viw, + Vowy)l; + (Vow, + Vowg + Vow, + Viwy) I,
fW.W) =Vy.wy + (Vowy + Viwy + Viw, + Vowy + Vow, + Vowy + Vow, + Viwy )Py
—2(Vowy + Vawy + Vaw, + Vow; )P,
On the other hand, we have:
fW).f(W) = [Vo + (Vy + V2) Py — 2Vi Py ] [wg + (W + wp) Py — 2wy Po] = Vo.wy +
(Vowy + Viwy + Viw, + Vowy + Vow, + Vowy + Vow, + Viwy )Py — 2(Vpwy + Viwg +
Viw, + Vow )P, = f(V.W).
So that, f is a ring homomorphism.
Theorem.
Let f be the previous homomorphism defined with f:R,(I) = 2 — SPg, then:
1. ker(f) ={ylL —yl;2y =0,y € R}
2. ker(f) isa zero ring.
Proof.
1. ker(f) ={x+yl, + zl,; f(x + yI; + zI,) = 0}, hence x + (y + z)P; — 2yP, =
0,

thus x = 0,z = —y, 2y = 0 which implies that:
ker(f) ={yly —yl;;2y = 0,y € R}.

2. Let M = ml, — ml,,N = nl; —nl, € ker(f), then 2m — 2n = 0, thus:
M.N = (ml; — ml,)(nl; — nl,) = mnl, — mnl; — mnl; + mnl, = —2mnl; + 2mnl, =
0 — 0 = 0, which means that ker(f) is a zero ring.

Theorem.
Let R be a field, then R,(I) =2 — SPg

Proof.
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According to the previous theorem, we have 2y = 0 implies that y =0, thus
ker(f) = {0} and f isinjective.

To prove that the homomorphism f is surjective, we take an arbitrary element

Vo + V1P, + V,P, € 2 — SP, then there exists

W=Vo+ (22) 1+ (Vs +2) L € R (D).

Such that:

f(W) =V, +ViP; + V,P,, so that f is an isomorphism.

Applications to Vector Spaces.

By using the previous relationship between symbolic 2-plithogenic ring and 2-cyclic
refined rings, we will be able to show the algebraic relations between symbolic
2-plithogenic vector spaces and 2-cyclic refined vector spaces.

Theorem.

Let F be an algebraic field, T be a vector space over F. Assume that 2 — SP; =
{to + t,P; + t,P5;t; € T} is the corresponding symbolic 2-plithogenic vector space
over 2 — SPg.

T,(I) = {ty + t,P; + t;P,; t; € T} is the corresponding 2-cyclic refined vector space
over F,(I), then there exists a semi module homomorphism between T,(I) and
2 — SP;.

Proof.

According to the previous theorems, there exists a ring homomorphism f: F,(I) -
2 — SPr such that

fWo+Vily +Volp) = Vo + (Vi + V)P, — 2V1 P,

We define g:T,(I) - 2 — SP; such that:

9(to + taly + t21)) = to + (& + )Py — 244 P,

g is well defined:

If to+ ty; + t,l, = tg + &1, + E51,, then t; = ;0 <i <2 and

to+ (ty + t2)Py — 2t P, = to + (&, + £,)P; — 2t1P,,

which means that
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g(to + t11y + t15) = g(to + E11; + L 15).

g preserves addition:

For M =ty + t11; + t,1,, N =ty + t,1; + t,1, € R,(1).

M+ N = (to + o) + (ty + E) + (5 + E) 1

gM +N) = (to+ L) + (ty + & +ty +E)P — 2(t, + E)P, = [t + (b + )P, —

2t1P,] + [to + (E1 + )Py — 28, P,] = g(M) + g(N).

To complete the proof, we must prove that:

g@M) = f(q)- gM); q = qo + q111 + q21; € F,(I) and M =t + t11; + t;1; € To(D).

First, we have:

qM = qo.to + (qot1 + qato + qatz + qat1) ]y + (qotz + G2to + G2ty + qat1)]y

9(@M) = qo.to + (qots + q1to + q1ts + G2ty + qoty + Qato + gtz + q1t1)Py
—2(qoty + q1to + qit2 + q2t1) P,

f(@ =qo + (q1 +q2)P1 — 2q,P,
gM) =ty + (t1 +t)P; — 2t, P,

f(@).gM) = qo.to + (qots + qrto + gitz + gats + qotz + G2to + G2tz + qut) Py —
2(qoty + q1to + g1ty + q2t)P, = g(gM).

This implies that f is a semi-module homomorphism, and T,(I) is semi
homomorphic to 2 — SPr.

Remark.

Consider that H = {ho + hyl, + hyly; h; € H,H is a subspace of T} , then H is a
submodule of T,(I) , let us find it direct image according to the
semi-homomorphism g.

Im(H) = g(H) = {ho + (hy + hy)P, — 2hyPy; h; € H}.

We prove that Im(H) is a submodule of 2 — SPy.

Let X =x¢+ (x; +x)P; —2x.P,,Y = yo + (y1 + y2)P1 — 2y, P, € Im(H) , where
x,y; €H

X+Y = (xo+y0)+ (x1+x3+y1 +y2)Pr — 2(x1 + y1)P, € Im(H)

Let ¢ = qo + q11; + g1, € 2 — SPg, then:

qgX = qo.xo + (qox1 + qox2 + q1X0 + q1X2 + q1x1)P;
+ (—2q0x1 + qoX2 — 291X, + q2x1 + q2X3) P,
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G=a0+ (") L + (g1 + L)L, € Fy(1), then:
f(g) = q, which implies that:
X = f(@g(X), X =x,+ (_sz) I + (x1 +x2_2) I, hence gX = g(¢X) € Im(H) is a
submodule of 2 — SP;.
Remark.
Let us find the kernel of the semi-homomorphism g.
ker(g) = {M =ty + t 1, + t;1, € T,(I),g(M) = 0}, so that:
to=0
tt+t,=0=1¢t,=0
—2t,=0=1¢,=0
Hence, ker(g) = {0}.
Result:
Let M =ty + t 1, + t,1, € T,(I), assume that E = {ey,....,e,} is a basis of T,(I)
over F,(I), then
M = nyey + nyeq + -+ ngeg; n; € F,(1).
By taking the direct image of M , we can find g(M)=g(Xi,ne) =
i'{=0f(ni)g(ei)-
This means that the elements of Im(TZ (1 )) can be written as a linear combination
with respect to the elements of the basis E.
On the other hand, the set g(E) = {g(ep), ..., g(ex)} is linearly independent, that is
because Y of(n)gle) =0= 3 g(ne) =0= g(Tlonie) = 0= Xk ne; =
0=n=0,0<i<k.
Applications to matrices.
Let M = (m; j)kxk be a square matrix with 2-cyclic refined entries, then M = M, +
M;I; + M,1,, where My, M;, M, are there k X k classical matrices.
If we take the direct image of M by the ring homomorphism
f(M) = My + (My + M,)P; — 2M, P,, we get a symbolic 2-plithogenic matrix.
For a 2-cyclic refined real number q = qq + q11; + q,1,, we see that gM is a 2-cyclic

refined square real matrix.
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We can use the semi-homomorphism g to write:
g(qM) = f(@g(M); g(M) = My + (My + My)P, — 2M, P,
Example.

Consider the following 2-cyclic refined real square matrix:

e R i R I R LR G

= MO + Mlll + lez

The corresponding symbolic 2-plithogeni matrix g(M) is equal to:

o=@ Do Yre(2 (L 1L

Remark.
Let us study the relation between detM and det( g (M)).

detM = det My + I,[det (Mo + My + M,) — det(Mo — My + M)] + I [det(Mo + M; +
M,) — det(My — My + M,) — 2 det M, +] see [1].

det(g(M)) = det[My + (M; + Mp)P; — 2M; P,] = det My + P;[det(My + My + M) —
det My]| + P,[det(My — M; + M,) — det(My + M, + M,)] see [2].
Consider the ring homomorphism:
fiRy(I) » 2 —SPg; f(apg + a;l; + ayl,) = ay + (a; + a,)P; — 2a4P,, then:

f(detM) = det My + P;[det(My + My + M,) — det My] + P,[det(My — M; + M) —
det(My + M; + M,)]
Applications to modules.
If R isaring, K be a module over R.
Let 2 — SP;, R,(I) be the corresponding symbolic 2-plithogenic ring and 2-cyclic
refined respectively.
Let 2 — SPy be the corresponding symbolic 2-plithogenic module over 2 — SPg
and M,(I) be the corresponding 2-cyclic refined module over R,(I), then by a
similar discussion of the case of vector spaces, we can write:

1. g:M,(I) > 2 — SPy such that:

glmy + myl; + myl,) = my + (mg + my)P; — 2m, P, is a semi module

homomorphism.
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2. If S is a submodule of M,(I), then Im(S) = g(S) is a submodule of 2 —
SPy,.
3. For q=q¢+ q.1; + ;1 € R,(I) and m = my + myI; + m,I, € M,(I), then
g(q) = 0 does not imply that m = 0, because:
g(gm) = 0= f(q)g(m) =0, since R is not a field, then it may has zero divisors,
which means that f(q) = 0 withoutq = 0.
This is a big difference between the case of 2-cyclic refined vector spaces and
2-cyclic refined modules.
Conclusion
In this paper, we have found an algebraic homomorphism between 2-cyclic refined
rings and symbolic 2-plithogenic rings, and we have used this homomorphism to
study some algebraic relations between 2-cyclic refined matrices and symbolic
2-plithogenic matrices.
In the future, we aim to find the algebraic relations between other kinds of
neutrosophic rings and symbolic n-plithogenic rings.
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