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Abstract:

The concept of unity roots plays a central role in the theory of field extensions and

polynomials roots' computing.

The objective of this paper is to find the algebraic formula for computing the
symbolic 2-plithogenic and 3-plithogenic complex roots of unity, where a general

formula will be provided with many related examples up to the exponent 3.

Keywords: symbolic 2-plithogenic complex number, symbolic 3-plithogenic

complex number, symbolic n-plithogenic roots of unity.
Introduction and preliminaries.

The symbolic n-plithogenic set was supposed by Smarandache in [1-3]. Symbolic
n-plithogenic sets were very helpful in algebra, where this concept has helped with
developing algebraic structures, where we can see easily that for any value of n, we

get a bigger structure.

Symbolic 2-plithogenic structures and 3-plithogenic were defined and handled by

many authors around the globe.

For example, by now we have symbolic 2-plithogenic spaces, modules, matrix [4-7],

and same thing for 3-plithogenic structures, see [8-11].
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In this paper, we are trying to close an important research gap by answering the

following question.

How can we find all the roots of unity in the symbolic 2-plithogenic complex ring,

and in the 3-plithogenic complex ring?

The symbolic 2-plithogenic or 3-plithogenic root of unity is a symbolic plithogenic

number x with the following algebraic property x" =1 .

Definition.

Let C be the complex field, we have:

1). 2—-SP; ={vy+v,P; +v,P; v; €EC} is called the symbolic 2-plithogenic
complex ring.

2). 3—=SP; ={vg+ v1P; + v,P, + v3P3; v; € C} is called the symbolic 3-plithogenic
complex ring.

Algebraic operations on 2 — SP¢,3 — SP; are defined as follows:

(#):2—-SP; %2 —SP; » 2 — SP; such that:

(vo + V1P + v3P;) + (ug + u Py + uyPy) = (v + ug) + (vq + ug )Py + (v + uy)Ps.
(+):3—SP; %3 —SP; » 3 — SP. such that:

(vo + V1P + 3Py + v3P3) + (ug + u Py + Uy Py + usPs3) = (vy + up) + (v + uy)P; +
(v2 + uz)P; + (v3 + uz)Ps.

(.):2—=SP; %2 —SP; » 2 — SP; such that:

(wo + V1P + v,Py) (uy + uy Py + uyPy) = voug + (vouy + viug + viuq) Py +

(vouy + vouy + vou, + vouy + viuy)Ps.

(.):3—=SP; %3 —SP; - 3 —SP; such that:

(vg + V1P + V3P + v3P3). (Ug + u Py + uy Py + u3P3) = voug + (vouy + viug +

ViU )Py + (Wouy + vaouy + vy + VY0 + V1) Py + (Vous + viug + vous + vaug +
VgUy + V3Uy + U3Uy)Ps.

Multiplication is defined with the following property:

PiX P, = Prax(ijy Pi X Pi = P;1<i<31<j<3

Main discussion.
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Definition.

Let 2 — SP; be the symbolic 2-plithogenic complex ring,

then v = v, + v, P; + v,P, € 2 — SP; is called n-th root of unity if and only if v" =
1.

Definition.

Let 3 — SP; be the symbolic 2-plithogenic complex ring,

then v = vy + v, P; + v,P, + v3P; € 3 — SP; is called n-th root of unity if and only if

Definition.
Let v=vy+ v P + v,P, € 2 —SP;,u =ug + u Py + u,P, + u3P; € 3 — SP, then we
define:
T =Ty + V1P, + T3Py, U = Ug + 43 Py + U3 P, + W3Ps.
Remark.
For v = vy + v P; + v,P, € 2 — SP;, we have:
vt =0y + [(vy + v)" — v Py + [(vg + v +v,)" — (vy + V)" ]Py;n EN.
For v = vy + v1 P, + v,P, + v3P; € 3 — SP;, we have:
v =" + [(vo + v)" —vo" Py + [(vo + vy +v2)" = (wo + )P, + [(vo + v, +
vy, +v3)" — (vg + v; + v,)"]P3;n EN.
Theorem.
Let v=vy+ v P; + v,P, €2 —SP;,u =ug + u Py + uy,P, + uzP; € 3 — SP,, then:
L lvll = lvel + [1(vo + vl — [vol]Py + [|(vo + vy + v2)| — [(wg + v1)]P;
2. lull = Tuol + [1(uo + u)| = luellPy + [1(uo + uy + uz)l — [(uo + uy)1P, +
[ICuo + uy +up +uz)| — [(uo + uy +uy)|]Ps
Proof.
L wl*> = v.7 = (vg + v1 Py + v, P,) (T + U1 Py + T5P;) = voUg + (vo¥7 + v17 +
V1 07) Py 4+ (VT + 0,7 4+ VU5 + 1,7 + v105) P, = |v]* + ((Vo + v1) (Vg +
V1) — VOV_O)P1 + ((Vo + v, + 1) (Vo + V1 + V) — (Vo + V) (W + V_1))P2 =
[vol? + [|(o + v)I? = |vol21Py + [|(Wo + vy + v)|? = |(wo + v1)|?]P,

Now, we put
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R = |vo| + [|(wg + v1)| = [vol]Py + [|(vo + vy + v2)| = [(Wo + v1)]P,.
We get
R? = |vo|* + [|(wo + v)I? = v |21y + [|(wo + vy + v)|* = |(wo + v1)[?]P,
+ 2[vo [Py [|(wo + v1)| = lvol] + 2|wol[| (o + vy + v2)| = [(vg + v1)I]P;
+ 2(|(wo + v1)| = v DIl (o + vy + v2)| = [(vo + v1)[]P, P,
= |vo?
+ [|(wo + v I? = |vol? = 2|vollvg + v1| + 2[vglvg + v1| — 2|v|?]P;
+[|(wo + vy + )| = |(Wo + v)I* + 2|vg + v4|[(vy + vy + 1)
+ 2|vol|(vo + vy + v2)| = 2|vgl|vp + v1| + 2|vg + vy || (v + vy + v5)]
— vo + v11? = 2|vol|(wo + vy + vR)| + 2|vpl|vg + v4]]P;
= |vol? + [|(wo + v)I? = |vo|?]P + [[(wo + v1 + )17 = |(vy + v1)|?]P;
This implies that
Ivll = R = lvol + [|(wo + vl — [vol]Py + [[(vo + v1 + v2)| = [(Wo + v1)I]P.
2. lull® =u.iw = (ug + u Py + uy Py + usP) (g + Uy Py + uzPy + Uz Ps) = ugliy +
(uolly + ug Uy + us U Py + (Uolly + Ul + UpUz + Uy + U W) Py +
(U3 + w5 + Up T3 + U3Tho + Uzl + Uslly + UsTi3)Ps = |ug|® + ((uo +
ul)(u_0+u_1)—u0u_0)P1+((u0+u1 + uy) (o + Uy +uy) — (up +uy)(Up +
)Py + ((uo +us +up + u)(Wo + W + T +13) — (uo +us +u,) (W + 70 +
u_z))P3 = |uo|2 + [[(uo + uy)|* - |uo|2]P1 + [ (uo + uy +uy)|? — |(uo +
u) 1P, + [1(uo + uy +up +uz)l? = [(uo + uy +uz)|?]P;
We put
R = [ug| + [1(uo + u)l — luollPy + [1(wo + uy +uz)| — [(uo + u 1Pz + [I(uo +uy +
Uy +uz)| — [(uo +uy +uy)[]Ps
by an easy computing, we get R? = |ul|?, thus |u| = R.
Example.
Take v= Q2 +i)+ (1 —i)P, + 2iP, € 2 — SP;, we have:
vo=2+i,v,=1—-10,v, =20
Vog=2—-1,01=14+1i,v;, =-2i
v=0Q2-D)+A+iP —2iP,

Al {Ivol =5, vy + v1| = 13| =3, vy + v, + v,| = |3 + 2i] =13
’ lvll =5+ (3 —+5)P, + (V13 — 3)P,
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Example.

Take v=(1+i)+ 1 —-30)P;, + (5+i)P, + (4 + 3i)P;, we have:
vo=1+4+i,v;=1-3i,v,=5+1,v; =4+ 3i.
Vo=1—-i,77=1+3i,v,=5—-1i,v3=4—3i
V=1—-i+Q+3DP+G-0)P,+(4—-3i)P;

Also,

{|U0| =\/§,|U0+v1| = |2_Zl| :\/§,|U0+U1+v2| == |7_l| :@,|U0+U1+U2+U3| = |11+2l|

Theorem.

Let v = vy + v P; + v,P, € 2 — SP,, then v is a symbolic 2-plithogenic n-th root of
unity if and only if vy, vy + v4, v + v; + v, are classical n-th roots of unity in the
field C.

Proof.

It is know v™ = 1, which is equivalent to:

V" + [(vo + )™ — v [Py + [(Wo + vy + 1) — (Vo + V)" [P, = 1

Uon =
(UO + Ul)n - Uon = 0 = (170 + Ul)n = Uon = 1
Wo+ v+ )" — (W +v)"=0= Wy +v,+ )" =Wy +v)" =1

So that, vy, vy + v1,v9 + v; + v, are n-th roots of unity.
Example.

Let us find all a symbolic 2-plithogenic roots of unity order 2.
The classical set of the roots of unity of order 2 is E; = {—1,1}.
The corresponding 2-symbolic plithogenic roots of unity of order 2 are:
D.voy=vg+vi=v9+v;+v,=1=R; =1

2). vo=vo+vy=1Lv9+v;+v,=—1=R,=1-2P,

3). v =vy+vi+v,=1vy+v;, =—1=R3=1-2P;, + 2P,
4). vo=Lvg+vy=v9+v,+v,=—1=R,=1-2P;

5. vg=vy+v;+v,=1=v5+v;=—-1= Ry =-1

6). vo=vy+v,=—-1vy+v,+v,5=1= Rg=—-1+ 2P,

7). vo=vy+vi+v,=-1Lvy+v;,=—1= R, =—-1+ 2P, — 2P,
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8). 170 = —1,U0+U1+U2 =170+171 == 1:R8:_1+2P1
Example.

Let us find all a symbolic 2-plithogenic roots of unity order 3.

The classical set of the roots of unity of order 3 is E, = {—1, ezgi, e4§i}.
The corresponding 2-symbolic plithogenic roots of unity of order 3 are:
). vo=vo+v,=v9+tv+v,=1=R; =1

.
2). v0=v0+v1=1,v0+v1+v2=e2§l=>R2=1+(e

3). v0=v0+v1+v2=1,v0+v1=e45i=>R3=1+(e

4) v0=v0+v1+v2=1,U0+U1=ez§i=>R4=1+(ez§i—1)P1+(625i—1)P2

5) v0=170+171+v2=1=vo+vl=e4§iﬁR5=1+(e45i—1)P1+(1—e45i)P2

TT. .
6). v0=1,v0+v1=v0+v1+v2=e2§‘=>R6=1+(e?—1)P1
TT.
7). v0=1,v0+vl+v2=v0+v1=e4?l=>R7=1+(
8 _ 4% _ 25 _ 2%
) vo=1lvg+vi+v,=e3,v+v, =3 =>Rg=1+(e"s —1)P; +
(e4§i _ ezgi) P,
9 _ 25 4y _ 4%
) vo=lLvo+vi+v,=e"3,vy+v, =3 > Rg=1+(e3 —1)P; +
(ezgi _ 8421) P,
25 _ _ 25 2%
10). vg =e" 3, vy + v+, =vg+Vv; =1=Rjg=e3 +(1—e"3" P,
25 _ 25 25
11). vg =e" 3", vy + v, + v, =vy+v;, =3 = Ry =e"3
24 _ 45 25 4% 2%
12). vo=e" 3, v+ v +v, =v5+v,=€3 =R, =e"3 +|es —e3 |P;
_ 20 _ 20 _ _ 20 i
13). vo =e" s, vy +v,+v,=e 3, v+ =1=R3=e"3 +(1—e"3"|P; +
270
(e 31—1)P2
_2E 4% _ 25 2%
14). vo =e" s, vy +v,+v,=e s, v+ =1= Ry =e3 +(1—e"3" | P +
4
(e 31—1)P2
2

15). vy = e3, Vo+vi+v,=1Lvg+v; = e’3' = Ris=e 3t 4 (1 - ein) P,
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16 _ 2o _ _ 4% _ 2% 4% 2%
)- Vo =€ 3, vg+v; +v, =1 v,+v;, =e3 > Rjg=e"3 +(es —e"s |P;+
4zi
(1 —e 31) P,
TT. TT. TT. TT. TT. TT.
17). vy = €3 vy + v, + v, = e vy + v, = e’ = Ry, =3 + (64? —e“3 )P2
TT. TT. TT. TT. . .
18). vy =e* 3 vg+v, +v, =e3 vy + v, =e*s = Rg=e’' + (e4§l — 6251) P, +
. .
(8251 _ e4§l) P2
19) 170 = 6451,1]0 +171 +172 = UO +171 = 1 = ng = 8451 + (1 —8451)P1
TT. TT. . TT. TT.
20). vo=e* g+ vy F v, = vy + v, =’ = Ry = e’ + (ez? — 64?) P,
TT. TT.
21). vy = e vy v +v, =g+ v, = =R, = e
79 _ 2o _ 25 _ 4% 4%
). Vo =€ 3, vg+v; +v,=e 3,9+ =1=> Ry, =es +|1—e’s )P +
27i
(e 3t — 1) P,
23 = % — %l — _ A 4%
). Vp=€e 3, vg+v;+v,=e 3,0+ =1=Ry3=e3 +|1—e"3 )P +
4i
(e 3l - 1) P2
TT. TT. TT. .
24). vo=e vt vyt v, = Lvg+ v, =3t => Ry =t 4 (e 3 — e4§L)P1 +
204
(1 —e 3‘) P,
5 _ Ani _ _ 4% _ 4% 4%
). Vo=€e3,vg+Vv;+v, =1 v,4+v;, =3 =>Rys=e€e3 +|1—e3 )P,
4i 27i 27i = i
26). vog=e 3, V5tV +vy,=e3,v+v; =e3 = Rys=¢€3 +(e 3 —e 3)P1+
. .
(8451 _ eZgl) Pz
. TT. TT. . Y3 T,
27). vy = e*3, vp + v+ v, = e’ vy vy = et = Ry, = e+ (ez? — 645‘) P,
Theorem.
Let v = vy + v1P; + v,P; + v3P; € 3 — SP;, then v is an n-th root of unity if and
only if vy, vy + v1, v + v; + v, are n-th root of unity in C.
Proof.
It is know that v"™ = 1, which is equivalent to:

Vo™ + [(vg + v1)™ — vt Py + [(vy + vy + V)" — (Vg + V)P,
+ [(UO + 171 + 7.72 + V3)n - (UO + v1 + vz)n]P3 = 1
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U0n=
(o +v)"—v" =0= (vy + V)" =V, =
(U0+v1+v2)n—(v0+vl)n=0=>(170+U1+172)n=(v0+v1)n=1
Wo+vi+v,+v3)"— (W + v, +v,)"=0= (Vo +v,+v, +13)" = (Vg +v,+1,)" =1

Thus the proof holds.

Example.

Let us find all 0f 2-nd roots of unity in 3 — SP;.

D). vg=v9g+vi=v9+v1+v,=v5+v;+V,+tv3=1=R; =1

2). vg=vy+vi=v9+v+v,=Lvg+vi+v,+v3=—1=R,=1-2P;

3) vO=v0+v1=v0+v1+v2+v3=1,U0+U1+v2=_1=>R3=1_2P2+2P3

4). vo=vg+v+Vv,=vy3+Vv+Vv,+v3=1v,+v;=—-1=R,=1-2P, + 2P,
5. vg=vo+vi=1Lvg+vi+v,=v5+v;+v,+Vv3=-1=R;=1-12P,

6). vo=vy+Vv1+Vv,=1Lv9+Vv, =vy+V; +V,+v3=—1= Ry =1+ 2P, + 2P;
7). vg=vog+v+v,+v3=1v9+v, =vy+v;+v, =—1= R, =1—2P; + 2P;
8). vo=Lvy+ v +v,+v3==vy+V; =Vy+VvV;+v,=—1=Rg=1-2P;

9). Ry=—1=-R;

10). Ry = —R, = -1+ 2P;

11). R4y =

I

[
~
w

Il

—1+ 2P, — 2P;

12). R12 = _R4

—1+4 2P, — 2P,

13). Ry3 = —Rs = —1 + 2P,

14). Ry, = —Rg = —1 — 2P, — 2P,

15). Rys = —R, = —1 + 2P, — 2P,

16). Ryg = —Rg = —1 + 2P,.

The group of unity roots classification

It is known that the set of all n-th roots of unity forms a subgroup of C* denoted by
Uc with respect to the multiplication operation and this group is isomorphic to the
additive group Z, (integers modulo n).

By a similar approach, we can see easily that the set of all symbolic 2-plithogenic

complex n-th roots of unity forms a group with respect to multiplication operation,
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and the set of all symbolic 3-plithogenic complex n-th roots of unity forms a group

with respect to multiplication operation.

The following theorem classifies the symbolic 2-plithogenic and 3-plithogenic
groups of n-th roots of unity.

Theorem:

Let U,_spc be the group of n-th unity roots of symbolic 2-plithogenic complex
numbers, and Us_gpc be the group of n-th unity roots of symbolic 3-plithogenic
complex numbers, then:

1-) Uyp_spe = Zp X Zyy X Z.

2-) Uz_spc = Zy X ZyXZy X Zy.

Proof:

1-) Define the mapping f:U,_spc = Uc X Uz X U such that:

f(eg +e1P; +e,P;) = (eg,e9 + €1,69 + €1 + 7).

The mapping f is well defined:

For M = my + m;P; + myP, = N = ny + n P; + n,P,, we get:

Mmy =Ny, My + My =Ng+ny,mg+my +m, =nyg+n, +n,,

Thus f(M) = f(N).

The mapping f preserves multiplication:

For M =my + myP; + myP,,N = ng + n, P, + n,P,, we get:

f(MN) = f(mgng + [mony + myng + myn,|P; + [moyn, + myn, + myny + myn, +
myn,|P,) = (mgng, mng + meny + myng + myny, mengy + meny + myng + myn, +
MmoN, + MmN, + myng + myny + myn,) = (Mg, my + my, my + my +my). (ng, ng +
ny, N + Ny +ny) = fF(M)F(N).

The mapping f is injective:

Ker(f) ={M =my+mP; + myPy; f(M) = (1,1,1)},

So that, my = 1,my = m, = 0, thus Ker(f) = {1}.

The mapping f is surjective:

Im(f) =U; x Uz X Ug.
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Thus, the mapping f is a group isomorphism, which means that U,_gpc
Uc XU XUz .Since Up =27, ,weget Up_spc EZy XZy XZy .

2-) Define the mapping f:Us_gpc = Uc X Uc X Up X U such that:

f(eg+ e Py +e,P,) = (eg,e9+e1,e9+ e, +e3,60+ 61 + 65+ €3).

The mapping f is well defined:

For M = my + m{P; + myP, + mgP; = N = ny + nyP; + n,P, + n3P;, we get:

My =Ny, My +my =ng+n;,mg+my+my, =nyg+n, +ny,,my+my+m, +ms =
ng +ny +n, +ng,

Thus f(M) = f(N).

The mapping f preserves multiplication:

For M = my + myP; + myP, + mgP3, N = ny + nyP; + n, P, + n3P;, we get:

f(MN) = f(mgng + [mony + myng + myn,|P; + [mon, + myn, + myng + myn, +
myn, Py + [monz + mynz + myns + many + myny + myn, + mynz|P3) =

(mgng, mony + mony + myng + myn,, mony + meny + myny + myny + myn, +
min, + myngy + myny + myn,, mongy + mony + myny + myny + men, + myn, +
myng + myny + myn, + monz + mynz + myns + many + myng + myn, + manz) =
(mgy, my + my, my + my + my, my + my + my + m3). (ny, Ny + ny,ng + 1y +ny,ng +
ny +ny +n3) = f(M)f(N).

The mapping f is injective:

Ker(f) ={M = my + mP; + myP, + myPs; f(M) = (1,1,1)},

So that, my = 1,m; = my, = my = 0, thus Ker(f) = {1}.

The mapping f is surjective:

Im(f) =Uc X Us X Up X Ug.

Thus, the mapping f is a group isomorphism, which means that Us_gp¢
Us XU XU xU; .Since U =2Z, ,weget Us_spc EZ, XZy X Zy X Zy .

Conclusion.

~

In this paper, we presented an algebraic algorithm to compute n-th roots of unity in

symbolic 2-plithogenic/3-plithogenic complex ring respectively.

Also, we have illustrated some examples to clarify the flow of our algorithm.
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In the future, we aim to find n-th roots of unity in symbolic m-plithogenic complex

ring for any value of m.
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