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Abstract:

This paper is dedicated to study the real inner product defined over symbolic
2-plithogenic vector spaces, where we discuss the concept of inner (scalar) products
over the symbolic 2-plithogenic vector spaces by using the corresponding
Euclidean scalar products to get theorems that describe the conditions of
orthogonality in this class of spaces. Also, we give many examples to explain the

ortho-normed symbolic 2-plithogenic spaces.
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Introduction

Symbolic 2-plithogenic vector spaces and modules were defined in [1-5] as a new
generalization of classical vector spaces, and with a similar algebraic structure of
refined neutrosophic vector spaces .

Many algebraic properties of these spaces such as basis, and semi homomorphic

images were studied on a wide range.

Ahmed Hatip, Mohammad Alsheikh, lyad Alhamadeh, On The Orthogonality in Real Symbolic 2-Plithogenic and
3-Plithogenic Vector Spaces

zenodo.10031182/10.5281


mailto:kollnaar5@gmail.com

Neutrosophic Sets and Systems, Vol. 59, 2023 104

Also, we can see symbolic 3-plithogenic vector spaces/modules defined over
3-plithogenic rings. Symbolic plithogenic algebraic structures are generally very
rich in their concepts and meta-properties, see [5-8 ,23-28].

In this work, we will study the concept of real inner product over symbolic
2-plithogenic vector spaces, where we use these inner products to study the
orthogonality between symbolic 2-plithogenic vectors and ortho-normed basis.
This work is motivated by the previous published works in [9-22] that study
neutrosophic vector spaces, matrices and their refined neutrosophic extensions.

For basic definitions about symbolic 2-plithogenic vector spaces, check [1].

Main Discussion

Definition:

Let V be a vector space over the field R.

Let 2 — SPp = {ly + 1P, + [,P5; l; € R} be the corresponding symbolic 2-plithogenic
field, 2—SPy ={qo+ q1P1 + q;P;;q; €V} the corresponding  symbolic
2-plithogenic vector space, then:

@:2—SP, x2—SP; - 2 — 5Py is called a symbolic 2-plithogenic real inner product
if and only if:

1. ¢(w,n) = p(n,w) forall n,w € 2 — SP,.

2). o(w,w) =20 for all we 2—SP, (with respect to the corresponding partial
order relation defined on 2 — SPg).

3). p(u+v,w) =pw,w)+ p,w).

4). p(a.w,v) = ap(w,v);w,v €2 —SP,,a € 2 — SP;.

Theorem.

If there exists a classical inner product f:V XV — R such that:

For w =wy + w P, + wyP,,n = ny + nyP; + n,P, € 2 — SP,, we define:

pw,n) = f(wo,ng) + P1lf (Wo + wi,ng +n1) — f(wo, no)] + Po[f (Wo + wy +wa,mg +
ny +ny) — f(wo +wy,np + my)].
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Then, ¢:2—-SP, Xx2—-5SP, >2—5P; is a symbolic 2-plithogenic real inner
product.

Proof.

Assume that f:V XV — R is areal inner product defined on V.

We put ¢:2 —SPy X 2 — SP, - 2 — SP,, where:

pw,n) = f(wo,ng) + Py[f (W + wy,ng + ny) — f(wo,no)] + Po[f (wo + wy + wy,ng +
ny +ny) — f(wo + wy,ng +ny)].

We must prove that ¢ is a symbolic 2-plithogenic real inner product on 2 — SPy.
p(w,n) = f(wo,no) + Pif (wo + wy,ng +ny) — f(wo,no)] + Pof (W + wy + wy,mg +
ny +ny) — f(we + wy,ng +ny)] = f(ng, wo) + Pi[f (ng + ny, wo + wy) — f(ng, wo)l +
Po[f (ng +ny + np, wo + wy +wy) — f(ng + 1y, wo + wy)] = (n,w).

pw,w) = f(wo,wo) + Pi[f (W + wy, wo +wi) — f(wo, wo)] + P2 [f (Wo + wy +

W, Wo + Wy +wy) — f(wo + wy, wo +wy)] = [lwell® + Py[llwg + wyll? — [lwoll?] +
Py[llwg +wy + ws|I? = [lwo + w4 [I?].

And that is because:

lwoll* =0
Iwoll® + [llwg + will* = llwglI?] = llwg + wqll> = 0
Iwoll? + [llwo + will* = llwelI?] + [llwe + wy + woll? = llwg + wyll?] = llwg + wy + wy||> =0

Now, we let u = uy + u; P; + u,P, € 2 — SP,, we have:
e +w,n) = f(ug +wo,ng) + Pyf (uo + uy + wo + wy,ng +ny) — f(ug + wo,no)l
+ P, f (ug + uqy + uy + wo + wy + wy,ng +nq +ny,)
— f(uo + uy + wo + wy,ng +ny)] = p(w,n) + p(w,n)
Let a = ay + a1 P; + a,P, € 2 — SPy, then:
pa.w,n) = f(agwo, 1) + Py [f((ao + ay + az)(ug + uy + wo + wy),ng +ny) —
f(aowo,no)] + P, [f((ao +a)(ug+u; +u, +wy+w; +wy),ng+n, + nz) —
f((ao +a;+ay)(uy+u; +wy+wp),ng+ nl)] = (ay + a,P; + a,P,)p(w,n) =
a.p(w,n).
So that, ¢ is a symbolic 2-plithogenic inner product.

Remark:
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Suppose that ¢:2 —SP, X2 —SP, > 2—SP; is a symbolic 2-plithogenic inner
product.
Put f:VxV =R, with f(wy,ng) =¢@(wy+0.P; +0.P,,ny+0.P; +0.P,), where
W, g E V.
f is a classical real inner product, that is because:
f(wo,ng) = 9wy, ng) = @(ng, wo) = f(ng, wy)
f (Wo, wo) = @(wg, wp) = [lwgll* =0
f(uo +wo, o) = @(ug + wo,ng) = @(ug, o) + @(wo,no) = f(ug,no) + f(Wo, no)
f(aowo, o) = @(agwo, no) = ag@pwo, o) = aof (Wo,ng);wo €V, a0 €ER
Example.
Consider the Euclidean real inner product defined on V = R? with:
fX1,X3) = fl(*,x, "), (g, x5")] = %125 + 2" x5
The corresponding symbolic 2-plithogenic inner product defined on 2 — SPy is:
@:2—SP, X2 —SP, = 2 — SPg;
@[(x0,¥0) + (x1, Y1) Py + (x2,¥2) Py, (20, L) + (21, 81) Py + (22, £2) Py ]
= f((xO»YO), (2o, to))
+ Py [f((xo +x1,¥0 + ¥1), (20 + 21,80 + t1)) - f((xo'YO), (2o, to))]
+ Pz[f((xo +x+x, Y0+ Y1+ Y2, (2o + 21 + 25,00+t + tz))
— (o + x1,¥0 + ¥1), (2o + 21, to + t1))]
= XoZo + Yolo

+ Py [(xo + x1) (2o + 21) + (o + y1) (to + t1) — X0Zo — Yotol
+ Py[(xo + x1 + x2)(29 + 21 + 23) + (Vo + ¥1 + ¥2) (o + 1 + t3)

— (%o + x1) (29 + 21) — (Yo + ¥1) (o + t1)]
For example:
Consider X = (1,1) + (1,2)P; + (0,1)P,,Y = (1,0) + (—1,0)P, + (1,1)P,, we have:

(XOI J’o) = (1)1)) (ZOI tO) = (1'0)
(xO + X1, Yo + yl) = (2,3), (ZO + Zq, tO + tl) = (0,0)
(X0 +x1 + X2, ¥0 +y1 +¥2) = (2,4), (20 + 21 + 2,60 + t; + ;) = (1,1)

And:
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f((xOl 3’0); (ZOr tO)) =1
f((xo +x1, Y0 + Y1), (20 + 21, to + t1)) =0
f((xo +x; +x2,Y0 t V1 +¥2), (20 + 21 + 25,80+t + tz)) =6

This implies that:

o(X,Y) =1+P[0—-1]+P,[6 —0] =1 — P, + 6P,

Remark.

The norm of w = wy + w;P; + w, P, is defined with respect to ¢ as follows:

Iwll = Vow,w) = llwoll + Pi[liwg + will = [lwoll] + PyLlwg + wy + w, | -

lwo + wall].

In the previous example, we can see:

X1 = 1D+ PIE3N = IO+ PN = 12311 = V2 + Py[V13 -
V] + P,[VZ0 — VT3],

Theorem.

Let ¢ be a symbolic 2-plithogenic inner product on 2 — SPy, then:

. lw||=0;,we2—-SP,

2). lla.wll = lal.llwll;a € 2 — SPg

3). llw+nll < llwll +lInl;n € 2 - SPy

4). lpw,n)| < [lwll.[In]]

5). w L n if and only if wy L ng,wg +wy L ng +nq,wo +wy +wy L ng +nq +n,
6).If w L n, then |lw + n||? = ||w||? + ||n]|?

Proof.

1). It holds directly from the definition of norm, and from the partial order relation
defined on 2 — SP;.

2).Let a=ay+a1P, +a,P, €2 —SPs,w=wy+w P, +w,P, € 2—SP,, we have:
la.wl||? = p(a.w,a.w) = a?p(w,w), thus ||la.w| = |a|.|lw]l.

3). llw +nll = [lwy + noll + Py[llwe + wy + ng + nyll = [lwg + noll] + P2 [llwe + wy +
w, + ny +ny + ny|| — |lwg + wy + ng + nyl|], we have:

llwo + noll < [lwell + [Ingll
llwo + wy + 1o + nqll < [lwg + wyll + [Ing + nyl|
lwo + wy +w, +ng +ny + 0yl < [lwo +wy +ws|l + |Ing + 1y + nyll
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So that:

lw + nll < [lwoll + lInoll + Pylllwo + wall + lIng + nyll = llwoll = lInoll] + P[llwo +
wy + woll + [Ing + ny + npll = [lwg + will = [Ing + ny|l] < [lwll + [Inll.

4). We have:

lp(w,n)| = [p(wo,no)| + Pillo(wo + wy, g +ny)| — [@(wo, no)1] + Pello(wo + wy +
w2, Mg + Ny + np)| — o (wp + wy,ne +ny)l].
According to Cauchy-Shwartz inequality, we can write:

|f (wo, no)| < |lwpll + lInoll
|f (Wo +wy,ng +n9)| < [lwo +wyll + [Ing + nyll
If (Wo + wy +wy,ng +nq +n3)| < [lwg +wy +wyl + [Ing +ny + 1y

So that,

lp(w, )| < [lwoll-lInoll + Pilllwog + wall-ling + nqll = llwoll- llnll]
+ Polllwo + wy + wall. lIng + ny + nall — llwg + wall. [Ing + n4ll]
= [lwll[In|]

5). w L n if and only if ¢(w,n) = 0, which is equivalent to:

fwe,ng) =0=wy Lng
fwg+wy,ng+n) =>wy+w; Lnyg+ng
fwog+wy+wy,ng+n,+n) =wy+w;+w, Lng+n;+n,

6). Assume that w L n, then |lw+n|?=¢oWw+nw+n)=ew,w)+e(n,n)+
2¢(w,n) = llwll* + Inll*.

Example.

Consider the Euclidean real inner symbolic 2-plithogenic product defined
previously on 2 — SPg, we have:

w=(1,0)+(0,D)P,u=w=(2,2)+(1,3)P, — (1,1)P,,s = (0,1) + (1,—2)P,, we can
see:

ew,s) =0,lwll=1+(V2-1DP,lIsll=1+(V2—-1)P,w+s=(1,1) + (1,-1P,
w + sl =2+ 2P, = [lwll* + lIs|?

ow,u) =2+ 8—-2)P,+(6—-8)P, =2+ 6P, — 2P,

lew, W = |2] + [I8] — 12]]Py + [I6] — [8]]P, = 2 + 6P, — 2P,

lull = V8 + (V34 — V8)P, + (V20 — V34)P,
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Iwll. llull = 2v8 + (2v34 — 2v/8 + 4V/8 + 2v/34 — 2V/8)P,
+ (2720 — 2v34 + 2v20 — 2V34)P,
= 2V8 + 4v34P, + (4V20 — 4V34)P,
We have 2<2vV82+6=8<2V8+4v34,2+6—2=8<2V8+4V34 + 4720 -
434 = 2/8 + 4420
Hence |p(w,u)| < [lwl. {[ul].
Symbolic 2-plithogenic orthogonal basis.
Let N = {V;, ..., V,;} be abasis of symbolic 2-plithogenic vector space 2 — SPy,, where
n is the number of elements in the basis of V.
We say that N is the orthogonal if and only if:
p(Vi,V;)=0;i#j,1<i,j<3n

It is called ortho-normed if and only if:

{(p(l 1) ;i#j,1<i,j<3n
eV, V) =1

We will answer the following question:

How can we build a symbolic 2-plithogenic ortho-normed basis of 2 — SP,?
Theorem.

Let A=1{q4,93,..,9»} be an ortho-normed basis of V with respect to the inner
product f:V XV - R.

The set Ap= {mi + (nj - mi)Pl + (sk - nj)Pz; m;,n;, s €EAL<I,j,k < n} is an
ortho-normed basis of 2 — SPy.

Proof.

According to [4], the set Ap is a basis of 2 — SPy,.

Let

My =m; + (ny —my)Py + (s — )P, € A M, =1y + (1 — 1) Py + (S — 7 )P, € A,
we have:

(M1, My) = f(my, ;) + Pi[f(n;, %) — f(my, m)] + Po[f (s i) — f(m )] =0,
thus M; 1L M,.

On the other hand,
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IMy |l = llmgll + Py[[|lmg ]| = lmall] + Pa[llsell = ][] = 1+ A= DR+ (1= DR, =1,

so that Ap is ortho-normed basis.

Example.

Let V = R3 be the Euclidean with three dimensions.

Consider 2 —SPy, = {(xg, Y0, 20) + (X1, y1,21) Py + (X2, V2, 22)P5; x;, Vi, 2 € R} be the

corresponding symbolic 2-plithogenic vector space.

It is known that A= {q; = (1,0,0),q, = (0,1,0), g5 = (0,0,1)} is an ortho-normed of

V =R3.

The corresponding ortho-normed basis of 2 — SPy is:

M; = q, = (1,0,0)

My = g1+ (g1 — q)Pr + (@2 — 1) P, = (1,0,0) + (=1,1,0)P,

M3 =q; + (92 — q1)P1 + (g1 — q2)P; = (1,0,0) + (=1,1,0)P; + (1,1,0)P;
M, = g1+ (G2 — q1)P1 + (g2 — q2)P, = (1,0,0) + (—1,1,0)P,

Ms = g, + (g3 — q1)P1 + (g3 — q3)P, = (=1,0,0) + (=1,0,1)P

Mg = q1 + (95 — )Py + (g1 — q3)P, = (1,0,0) + (=1,0,1)P; + (1,0,—1)P,
M; =q; + (g3 — q)P1 + (2 — q3)P, = (1,0,0) + (=1,0,1)P; + (0,1, -1)P,
Mg =q; + (g1 — q1)P1 + (g3 — 1) P, = (1,0,0) + (=1,0,1)P,

My =q1 + (92 — q1)P1 + (935 — q2)P, = (1,0,0) + (-1,1,0)P, + (0,—1L1)P,

My = q2 = (0,1,0)

M1 =q2+ (g1 —q2)P1 + (@1 — )P,
Mi; = g2 + (g1 — q2)P1 + (g2 — q1)P;
Mis = qz + (g1 — q2)PL + (@3 — 1) P,
My, =gz + (g2 — q2)P1 + (91 — q2)P;
Mis = q; + (92 — q2)P1 + (91 — q2)P;
Mie = g2 + (@3 — q2)P1 + (g1 — 43)P;
M7 = g2 + (g3 — q2)P1 + (92 — q3) P>
Mg = g2 + (g3 — q2)P1 + (93 — q3) P>
Mi9 = q3 = (0,0,1)

My = q3+ (g1 — q3)P1 + (g1 — q1) P,
My = q3+ (g1 — q3)P1 + (42 — q1)P;
My, = q3+ (g1 — q3)P1 + (q3 — q1)P;

=(0,1,0) + (1,-1,0)P;

=(0,1,0) + (1,-1,0)P; + (—1,1,0)P,
=(0,1,0) + (1,-1,0)P; + (—1,0,1)P,
= (0,1,0)P, + (1,—-1,0)P,

= (0,1,0) + (0,—1,1)P,

=(0,1,0) + (0,—1,1)P; + (1,0,—-1)P,
=(0,1,0) + (0,—1,1)P, + (0,1,-1)P,
= (0,1,0) + (0,—-1,1)P;

=(0,0,1) + (1,0,—1)P,
=(0,0,1) + (1,0,—DP, + (-1,1,0)P,
=(0,0,1) + (1,0,—1DP, + (-1,0,1)P,
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M,z = q3 + (q2 — q3)P1 + (1 — q2)P, = (0,0,1) + (0,1, -1 P, + (1,-1,0)P,

My, = q3 + (q2 — q3)P1 + (q2 — q2)P, = (0,0,1) + (0,1,—-1)P,

M,s = q3 + (q2 — q3)P1 + (g3 — q2)P, = (0,0,1) + (0,1,—1)P; + (0,—1,1)P,

Mye = q3 + (q3 — q3)P1 + (1 — q3)P, = (0,0,1) + (1,0,—1)P,
My; = q3 + (q3 — q3)P; + (q2 — q3)P, = (0,0,1) + (0,1,—1)P,

Example.

Consider the ortho-normed basis of V = R?, A= {q, = (1,0),q, = (0,1)}.

We find the corresponding ortho-normed symbolic 2-plithogenic basis of 2 — SPy.

M; =q, +(q1 —q)P; + (g1 — q1)P, = (1,0)
M; = q; + (g1 — q1)P1 + (g2 — q1)P>, = (1,0) + (-1, 1P,
M; = q; + (q2 — )P + (92 — q2)P, = (1,0) + (-1, 1) P,

My =q;+(q2 — q)P1 + (91 — q2)P, = (1,0) + (=1, 1DP,; + (1, -1 P,

Ms = q, + (q2 — q2)P1 + (@2 — q2)P, = (0,1)
Mg =q; +(q2 —q2)P; + (1 — q2)P, = (0,1) + (1, -1 P,
M; =q; +(q1 — q2)P1 + (g1 — q1)P, = (0,1) + (1, -1)P;

Mg =q, +(q1 — q2)P; + (@2 — q1)P, = (0,1) + (1, -1 P; + (-1L,1)P,

Remark.

Let S ={V;,..,V3,} be the ortho-normed basis of 2 —SP,, let X =X, + X,P; +

X2P2 E 2 - Spv, then:

X = AV + AV, + -+ + Az, V3, we can write:

X, V) = A1V, V) + Ay (Vo, Vo) + -+ + A3 (Vap, Vay) = A;lIV;]I%, thus:

(XV1)
A, =L = (X, V), A, = (X, V), ....

Ivall?

And so on:

So that, we get the following result:

X =X, V)V + (X, V)Vy + -+ (X, V3 Vs = X325 0 (X, V)V,
Symbolic 3-plithogenic inner product

Definition:

Let V be a vector space over the field R.
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Let 3 —SPg ={ly+ 1P +1,P, + 13P5;1; €ER} be the corresponding symbolic
3-plithogenic field, 3 —SP, = {qo + q1P1 + q2P; + q3P3;q; € V} the corresponding
symbolic 3-plithogenic vector space, then:

@:3 —SP, x 3 —SP;, - 3 — SPy is called a symbolic 3-plithogenic real inner product
if and only if:

1). ¢(w,n) = p(n,w) forall n,w € 3 —SP,.

2). o(w,w) 20 for all w € 3 —SP, (with respect to the corresponding partial
order relation defined on 3 — SPg).

3). p(u+v,w) = pu,w)+ p,w).

4). p(a.w,v) = ap(w,v);w,v € 2 —SPy,a € 3 — SP;.

Theorem.

If there exists a classical inner product f:V XV — R such that:

For w=wy+w;P; + wy,P, + w3P3,n =ny +n,P; + n,P, + n3P; €3 —-SP, , we
define:

p(w,n) = f(wo,no) + Pi[f (Wo + wy,ng + 1) — fF(wo, no)] + Po[f (W + wy + wy,ng +
ny +ny) — f(wy +wy,ng +ny)] + Ps[f(wo + wy +w, +wsz,ng +nq +n, +n3) —
fwo +wy +wy,ng +nq +ny)].

Then, ¢:3—-SPy x3—5SP, >3 —5SP; is a symbolic 3-plithogenic real inner
product.

Proof.

Assume that f:V XV — R is a real inner product defined on V.

We put ¢:3 — SPy X 3 — SP, » 3 — SPg, where:

p(w,n) = f(wo,no) + Pi[f (Wo + wy,ng + 1) — f(wo, no)] + Po[f (W + wy + wy,ng +
ny +ny) — f(wyg +wy,ng + ny)l + Ps[f(wg + wy +wy, + w3, ng +ny +n, +n3) —
f(wo +wy +wy,ng +nq +ny)].

We must prove that ¢ is a symbolic 2-plithogenic real inner product on 3 — SP,.
p(w,n) = f(wo,no) + Pi[f (Wo + wy,ng + 1) — f(wo,no)] + Po[f (W + wy + wy,ng +
ny +ny) — f(wy +wy,ng +ny)] + P3[f(wyg +wy +wy +wy,ng +nqy +n, +n3) —
fwo +wy +wy,ng + 1y +ny)] = f(ng,wo) + Pilf (ng + ny, wo +wy) — f(ng, wo)l +
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Plf(ng +ny +nywy +wy +wy) — f(ng +ny,wy +wy)l + Ps[f(ng +ny +ny +

Ny, Wo +wy +wy +ws3) — f(ng + ny +ny,wy +wy +wy)] = @(n,w).

o(w,w) = f(wo,wo) + Pi[f (wg + wy, wg + wy) — f(wo, wo)] + P [f (wo +wy +

Wo, Wy + Wy +wy) — f(wg + wy,wg +wy)] + Ps[f(wg + wy +wy +ws,wy +wy +

wy +w3) — f(Wo +wy + Wy, wo +wy +wy)] = [[woll? + Py[llwg + wyll? = [lwoll?] +
P;[llwg + wy + wyI? = llwg + wyl1?] + Ps[llwo + wy + wy + ws|* — [lwg + wy + w,l|?].
And that is because:

( Iwoll2 = 0
lIwoll? + [llwo + wyll* = llwoll?] = llwg + wylI* = 0
||Wo||2 + [llwo + W1||2 - ”Wo”Z] + [llwo +wy + Wz”2 — [lwo + W1||2] = [lwo +wy + W2||2 =0
lwo + wy +wy + ws|> >0

Now, we let u = ug + uy P; + u,P, + u3P; € 3 — SPy, we have:

pu+w,n) =en)+ewn)

Let a = ay + a1 P; + a,P, + azP; € 3 — SPg, then:

p(a.w,n) = a.p(w,n).

So that, ¢ is a symbolic 3-plithogenic inner product.

Remark.

The norm of w = wy + wyP; + w, P, + w3 P; is defined with respect to ¢ as follows:
Iwll = Vow,w) = lwoll + Pilllwo + w1l = llwoll] + Plllwo + wy + w,|l —

llwo + wal[J+Ps[llwo + w1 + wy + ws|| = llwg + wy + wyl[].

Theorem.

Let ¢ be a symbolic 3-plithogenic inner product on 3 — SPy, then:

1. |lw||=0;we3—-SP,

2). lla.wll = lal.llwll;a € 3 — SPg

3). llw +nll < lwll + lInll;n € 3 - SPy

4). low,n)| < [lwll.[In]]

5. wln if and only if wyLlngwy+w; Lng+n,wy+wy+w, Lng+ng+
Ny, Wo +wqy +wy +wz L ng+ny +n, +n;

6). If w L n, then [[w + n||? = [[w]|? + ||n||?
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Proof.

1). It holds directly from the definition of norm, and from the partial order relation
defined on 3 — SPg.

2). Let a=ag+ a1P; + a,P, +azP; € 3—SPp,w =wy+w;P; + wy,P, + w3P3; € 3 —
SP,, we have:

la.wl||? = p(a.w,a.w) = a?p(w,w), thus ||la.w| = |al.|lw]l.

3). llw +nll = [lwo + noll + Py[llwg + wy +ng + nyll — llwg + noll] + Po[llwg + wy +

w, +ng +ny +nyll — |lwe + wy +ng +nql|] + Pslllwo +wy +wy, + ws +ny +ny +
n, + nsl| — [lwg + wy + wy, + ng + ny + n,||], we have:
( llwo + noll < [lwoll + [Inoll

lwo + wy + 1o + 14|l < [lwg +wyll + lIng + nyll
lwo + wy +w, +ng +ny +n,ll < lwo +wy +wall + |Ing + 1y + 0yl
lwo + wy +wy + ws +ny +ny +n, + 13|l < |lwyg +wy +w, +wsl|| + |Ing +ny +n, + ns|

So that:

lw +nll < llwll + linl|.

4). We have:

lp(w, )| = oW, no)| + Pi[lo(wo + wy,ng +ny)| — |@(wo, no) ] + Po[lp(wo + wy +
wa, g + Ny + 1)l — [@(wo + wy,ng + )] + Psllo(wo + wy + wy +ws,ng + 1y +
ny + n3)| — lo(we + wy + wy, ng + 1y + n3)l].

According to Cauchy-Shwartz inequality, we can write:

|f (Wo, no)| < |lwoll + |l
|f (Wo + wy,ng + )| < [lwo + wyll + [Ing + nyll
|f (wo + wy +wy,n + 11 +1,5)| < lwg +wy +wyll + [Ing + 1y + 15|
lf(Wg +wy +wy + w3, ng +ny +ny +n3)| < llwg +wy +wy +ws|| + [Ing +ny +ny, + ns|

So that,
lp(w,n)| < lwll. [In]|
5). w L n if and only if ¢(w,n) = 0, which is equivalent to:

f(Wo,no) =0$W0J_n0
fwog+wy,ng+n) =wog+w; Lnyg+nyg
f(W0+W1+W2,n0+n1+n2)$W0+W1+W2ln0+n1+n2
f(W0+W1+W2+W3,n0+n1+n2+n3):W0+W1+W2+W3_Ln0+n1+n2 +Tl3

6). Assume that w L n, then |w+n|?=¢oWwW+nw+n)=¢ww)+enn)+

2¢(w,n) = llwll* + Inll*.
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Conclusion

In This paper we have studied the real inner product defined over symbolic
2-plithogenic vector spaces, where we discussed the concept of inner (scalar)
products over the symbolic 2-plithogenic vector spaces by using the corresponding
Euclidean scalar products to get theorems that describe the conditions of
orthogonality in this class of spaces. Also, we illustrated many examples to explain
the ortho-normed symbolic 2-plithogenic spaces.
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