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Abstract: We define Cesaro summability in a Neutrosophic 7 -Normed Linear Space in this article. In
a Neutrosophic n-Normed Linear Space, we show the Cesaro summability method to be regular,
albeit this does not imply typical convergence in general. We also look for more circumstances in
which the opposite is true.
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1. Introduction

In 1965, Zadeh [20] was the first to present the idea of fuzzy sets, which was an expansion of
classical set theoretical concept. This theory has been used in numerous areas of mathematics, including
the theory of functions, metric spaces, topological spaces and approximation theory, in addition to
numerous branches of engineering, such as population dynamics, nonlinear dynamic systems, and
quantum physics. Gunawan and Mashadi [5], Kim and Cho [8] and Malceski [9] and several researchers
have studiedn-normed linear spaces. Vijayabalaji and Narayanan [18] defined fuzzy #s-normalized
linear space. Following the definition of Intuitionistic Fuzzy #n-Normed Space [JFnlN'S] given by
Vijayabalaji et al. [19], Saadati and Park [11] proposed the idea of Intuitionistic Fuzzy Normed Space
[TFNS].

The Neutrosophic Set [V'S] is a fresh interpretation of Smarandache's definition of the classical
set [14,15]. A neutrosophic set's elements are made up of the triplets true- membership function (T),
indeterminacy membership function (I) and falsity membership function (F). When all elements of the
universe have a certain degree of T, F, and I, a set is said to be neutrosophic. Some findings on fixed-
points were demonstrated in the context of these spaces by Sowndrarajan et. al. [16]. Approximate Fixed
Point Theorems for Weak Contractions on Neutrosophic normed Spaces were proved in 2022 by
Jeyaraman et. al. [7].

Our goal in this study is to introduce summability theory in a Neutrosophic #-Normed Linear
Space [NnIN'LS]. We introduce the idea of Cesaro in this context. The definition of convergence for a
sequence in NnV'LS affects our findings. This new definition is the foundation for the development of
our current findings. Pertaining to the conventional analogs of the findings reported in this work.

2. Preliminaries
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Definition 2.1:

The

following axioms define a continuous t-norm as a binary operation * : [0,1] x [0,1] —[0,1]

1. = is continuous, commutative and associative,

2. ax1=a foreverya € [0,1],

3. Ifa<candb<bd thenaxb < c#*b, for each a,b,¢,d € [0,1].
Definition 2.2:

The following axioms define a continuous t-conorm as a binary operation ¢ : [0,1] X [0,1] — [0,1]

1. < is continuous, commutative and associative,

2. a<$ 0=aforeveryae€[0,1],

3. Ifa<candb<b thena ¢ b<c¢ ¢ b, foreacha,b,¢d € [0,1].
Definition 2.3:

ANnNLS is the 7-tuple (9,9, w,*¢,O)where § is a linear space over a field F, * is a

continuous t-norm, ¢ and O continuous t-conorm, u, ¥ and w are fuzzy sets on $" x (0,), u denotes
the degree of membership, ¥ denotes the indeterminacy and w denotes the non —membership of
(91,92, -, by ,t) € H™ X (0, 00) satisfying the following conditions for every (hy,b,, ...,b,) € H$"and s,t >

0.
8) 0<¢(®ubz e Bn ) <L 0<IBLYs e By, S L 0 S @bz, B, D S 1
b) ((bller ""bn 't) + ﬂ(bli bZ' '"an ,t) + w(bl’ I)Z' ---'bn ;t) S 3;
C) Z(blr be "'lbn ,t) > 0,
d) ¢(y,by ., by, t) =1 ifand only if by, b, ..., b, are linearly dependent,
e) {(Hy,b,, ..., by, 1) is constant for any combination offy, b, ..., b, ,
f)  ¢(1,b2, .., X by t) = ¢ (bpbz; bnﬁ) foreach o# 0,x€F,
g) {(B1,B2, 0, 0,8) * {(By, Bz, By ) < LBy, Bz e, By + B, S+ L),
h) {(y,b2, .., bpt) = (0,00) - [0,1] is continuous,
i) lim (b1, B, .., By, t) = Landim (D, by, .., b, ) = 0,
]) ﬁ(bl'be'--rbn;t) < 1,
k) 9(b., D9, ..., by t) =0 ifand only if hy, b, ..., b, are linearly dependent,
) 9(by,by, ..., by, t) is constant for any combination off,, b, ..., by, ,
m) ﬁ(bl: bz: ey &X bn! t) =4 (bl:bZ: ey bn;ﬁ) foreach o«# 0, xXE F,
n) 19(1)1’1)2’ ""bn’s) <> ﬁ(xll xz, ...,x;f“ t) 2 ﬁ(bl: I)Z; --.an + x?”u s+ t);
0) 9(by, bz -, b, t) ¢ (0,00) > [0,1] is continuous,
p) lim 9y, by, .., bn,t) = 0 andim 9y, b5, .., ho, 1) = 1,
q) w(bl' bZJ ey bn; t) < 1,
r) @(by, By -, b t) =0 ifand only if hy, by, ..., b, are linearly dependent,
s) @(bHy, by, ..., by, t) is constant for any combination offy, by, ..., b, ,
t) @(Hy,by .., X by, t) =@ (bl,f)z, b"rfcl) foreach «# 0,x€F,
u) w(bl!bZ; o bn’s) O ZD-(bli bZ' Jb;’l! t) 2 w(bl! bZ; ey bn + b;u s+ t);
V) w(bl: bZ! "'an; t) : (0, OO) - [0,1] is COl‘ltinuous,
w) tll_{g @ (91, b5, ., by t) = 0and ltgr& @By, by, e, hpt) = 1.
Example 2.4:

a ©b=min{a+b,1}, for every a,b € [0,1],{(hy, by, ..., 0 t) =

Let (9,1l . .. ,-II) be alinear space with 7z norms. Also, leta * b = ab,a ¢ b = min{a+ b, 1} and

d , 9(By, Bz, e, B t) =

t+1191,52,-bnll

Bubzeebul g gr(p,, by, .., By, 1) = 22222000 Then (§,4,€,@,%,4,0) is a NV LS.

t+191,52,---bnll

Lemma 2.5.
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We define < g>= g-[ g], for every >0, where [-] stands for the largest integer function. What follows is
accurate:

(1) If o> 1, then g, > n for everyn € N\{0} withn > o~y )
(ii) If 0 < @ < 1, then g, < n for everyn € N\{0}, where g, = [ng].

Lemma 2.6.

The following claims are accurate:
. -1 +1 2
(i) £ we have -+ < 2 < =2
ele- ) e-1 en-n o-1

(ii) If 0 < @ < 1, then for every n € N\{0} with n > -, we have 0 < anl < QZ_—QI.

7

3. In ¥nIVLS Cesaro Summability

Definition 3.1.
In NuNLS (9,{,9,w,%,0), choose the sequence to be {a,}. The Arithmetic means of {a,}, is

defined and denoted by
1 n
=1 Z %4
#=0

If lim y, = q, then {a,} is said to be Cesaro summable to a € $.
n—oo

Theorem 3.2.
In NanNLS (9,{,9,w,%¢,0), if the sequence to be {a,, Jconverges to a € §, then {a,,} is Cesaro
summable to a.

Proof.
Choose a € $ be the converging point of the sequence {a,, }.
Fix 7 > 0 and b;,9,, ...,b,,—1 € .
Then for given € > 0, there exists 7, € 9t such that
Z (bll I)Z' ""bn—l' a/VL - a’g) > 1 - 5’19 (bl!bZ: "-an—li afn, - a;g) <eg and
w (bl,bz, vy Dpe1,Q,y — a,g) < ¢, foralln > n,.
Also, from Definition (2.3), we have that
1im ¢ (93,9, ) Bos, Bplo(ae — @, 525) = 1, 1im 9 (1,5, - B, T2o(as — 0, Y225) = 0 and

i n+1)r
1im @ (91,05, -, By, Tplolag — 0), “225) =0,
Consequently, there are n; € 9tsuch that

S +1
4RIRY ---:bn—p;(ak - alw >1-—c¢
v (bpbz; s D 1;Zk olag — ), (%H)y) < eand
(n+ Dr

@| b1, by, '"’b"-l'z(% - CO'T < ¢ foralln > n,.

Now, we have that

1 < 1
((bpbz: '"’b"‘l’n—-i-l; ap— CM’) = ((bpbz, ""b"‘l’n—-l-lz ap— CM’)

£=0
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N +1 )
( bl!bZ!---:bn_l,Z(a/L —_ a) u |
£=0 }
[N SRl |
k fe=no+1 )
( < +1 )
i ¢ bl'bZ'“"bn—l'Z(%— a) u i
> min{ ’L;O }
i
{

( bl'bZ' ---;bn—l' Z (alL - a);% |
f=ng+1 )
- n+ Dr
( blle'---;bn—l'lLZ(alL_ a)IT )
r
= min < ¢ (bpbz' ""bn—l'an0+1 - (17 , r>1—¢
r
¢ (bpbz: v D1, g2 — 0, 5).
r
) ( (bl! bZ' ""bn—l' a, — 0.,5)

1 n
) (blth! ""b"_l'/n—-l-lz ap — a7 ) =9 (bl' I)Z' - bn 1' Z
£=0

=0
( o +1 )

EIEE P YL i
Smax{ ILZO }
H (n+Dr ||

o{ Bub2r s, D = ||

k f=no+1 J

< +1 )

0 b ucs, Y (g~ 0 ST
=0 }

|

)

< max
n

9( By, B2 - B, Z (s BN ki

2
ﬁ»=’VLO+1
N (n+1)
n+1)r
4 bl!bZ!"':bn—l:Z(a&_ a).T ’
£=0
e
<max{  O(bubabunun— a3)  L<g
ﬁ(bl’bZJ---:bn—l' ano+2 - a,g), .
9 b0 0 - 07)

and in a similar manner, we also have that

n n
1 1
w(bl,bz,---,bn_l,—M 1;% - a.r) - w(bl.bz. o Bpr 1;% - am)

)
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< +1
@[ 50520 D (0 — @, T

]
< max £ i}
)

S (n +1)r
[ bl'bZ' ""bn—l' Z (a/L - C( 2
f=ngp+1
0
n+Dr
w bl'bZ' ""bn—l'Z(ala - a);T )
£=0
< max\
n
(n —ny)r
[ bl'bZ' ""bn—l' Z (ala - a)'T
f=ng+1
(n+Dr
() bl' bZ' ""bn—l'z (alz - a);T ’
£=0
-
< max{ w (bl' ST P Qpo+1 — @ 7)' r <&,
w (bl' bZ; vy bn—l' an0+2 - q, g) )y

@ (bvbz' <1, @ — 0, g)

for all n > max{ny, n,}. Thus, the proof is completed.

Example 3.3.

Let $ = R™ with
5}1 bl.n >
b%l bnn
where h; = (§;1, bz, -, by ) € R” foreveryi = 1,2,...,nand a *b=ab,a$b=min{fa+5b,1}and

a ©®b=min{a +b,1} foralla,b € [0,1].
Now for all vy, vy, ..., v,, € R" and » > 0, define

”bpbz: ""bn—lll = abs (

r 1y1,Y2, ¥l

Z(yl:}’z: B wa) = 7 +y1y2,Yall 19(}’1,}/2, ' ywr) - r+yLyz, Ynll and
_ My yas s pall
aOLye s V) =T
Then (R™,{,9,@,*¢,0O ) is a NnNLS.
Choose the sequence {a,} = ((—1)’”1, 0,0, ..., 0) € R™.
Then 4/11'1_{1;10 ((bl! bZ! "'!XZ%!,’/") = 4’1L1—r’r°}°4"+||b1:bzn--,bn—1.—m|| = }LI_IEO — _2n1+1| = 1;

where the value of ¥, which is always a finite number, relies on the selection of by, b5, ..., b,_1.

1
[ -1
1im 90, bz, -, Xz ) = lim T = lim ——2
7+ ||b1’b2""’b"‘1’_2n+1” + | _24'1,+1|§B

where the value of B, which is always a finite number, relies on the selection of b, b,, ..., h,_;.

2n+1||

=0,

”blbz -1, 2n+1|| = lim

1

and lim@ (b, by, o) Y2, 7 ) = lim M =0,

MN—00 Mn—0o r Mn—-00 v
where the value of €, which is always a finite number, relies on the selection of 4, b5, ..., by—;.
Therefore, we have that y,,, - 0 = (0,0, ...,0) € R™.
Also, iij)go((bpbz: v Dot Xons 7)) = }Li_r)r.}o((bpbz' s 0,7) =1,
Jli_rfc}oﬁ(bp D2 s Dot Xans, 7 ) = wlli_r)relof(bpbz' ., 0,7) = 0 and
Amw(bpbz: v Dty Xons1 ) = iij)fgow(bpbz' s 0,7) = 0.
Thus, we have x,,,,, — 0. From the reasoning listed above, we conclude that y,, - 0, i.e., the sequence
{a,} is Cesaro summable to 0. However, it is clear that {a,} is not convergent because {a,,} -
(-1,0,0,...,0) and {a,,.,} = (1,0,0, ..., 0).
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Theorem 3.4.
Let {a,,} be a sequence in a LS($,{,9,w,*,¢,O). If {a,}is Cesaro summable to a, then it is
convergent to a if and only if for any %;,%,, ..., x,_1 € $ and » > 0 the following conditions are met:

(3.1) Sl>111) ll¢rbn inf¢ (bpbz. O vy 1_ 7/:1 n+1(aﬁ - a”)'r) =1

(3.2) 1nf lim sup 9 (b1.b2. B Sy — 7/:1 (@ — an),4") =0and
n—oo

(33) lllf lim sup w (bp |SPYN | vy 1 211 /n+1(a/‘ - a’”) ’ 4") =0.
n—oo

Proof.

Assume that {a,,} is summable to Cesaro. Assume that {a,, } converges to a.
Fix by, by, ..., brq € H and 7~ > 0. For any A > 1,utilising Lemma (2.5), for each n € N \ {0} with n > (1)1,
we have

(B4) a,-yx,= M“ = (ke = Xa) — L ynﬂ(aﬁ —a,).

Again, by Lemma (2 6) forn = - (it o we have
A+ 1 e
( (bli |SPT bn 1!}\ —n (X}\n - Xn)! ’I"’) = ( b1, b2, bn—l' (X}\n - Xn)t A+l
Ap—n
~
= ( b1, b2, ---'bn—l' (X}\M, _Xn)vT )
A1
A, +1 r
v (blr sy bn 1r?\ —_n (X}\n - Xn)!/’ﬂ) =19 b1, b2, ---'bn—l' (X}\n - Xn)vm
Ap—n
<9 (bl,bz, D, O = X, ﬁ) and
A-1
A, +1 r
w (bll I)Z' bn 1'?\ —n (X}\'/VL - X/VL)’/’/‘,) = bl! I)ZJ "'an—ll (Xxn - Xn)vm
Ap—n
~
S@| by,by e Dnon, Oh = Xn) 5
-1
Since {y,,} is a Cauchy sequence, we have
. An
1im ¢ (51,b20 ) Bnoa 2 Oh = 20, 77) = 1,
. An
1im 9 (1,52, e, Dot 75 Ay = X)) = O and

ii_{rc}ow (bl,bz, S 1,;‘ t (A, )(%),4’“) = 0, and therefore ii_r)rolo;::—j;()(kn —xn) =0.

Hence using (3.4), we have

] 1 g
1im € (51,b20 0 D1 Zi (00 = 0),7) = 1,

1im 9 (51,52, - Doy Ep s (25 — ,),77) = 0 and
An
) 1
ylLl_I)TOloZD' bl,bz,...,bn_l,m Z (CI/L—CI%),/VV =0.
f=n+1
As aresult, (3.1), (3.2), and (3.3). We presume that (3.1), (3.2), and (3.3) are true in order to demonstrate
the converse. Fix b1, b,, ...,h,—; € $ and # > 0. Then for given £ > 0, we have the following:

(1) a thing exists A > 1 and #, € N such that
_1 M r
((bl:bz:-- bn 11 —n h= n+1( k_a,n),;)>1_€,
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1
9 (91,2 ) Bes o Tp 0 (a5 — 0,),77) < e and
w(bl,bz, I e 1 2"%“(% - an),r) < g, for every n > n,,.

(ii) a thing exists n, € N such that ¢ (bl,bz, wor D Xn — @ ,9 >1-—c¢,
(bl,bz, wor D1 X — a,f) < ecand @w (bl,bz, wor D1 X — a,f) <eg forallm > n,.

(iii) Also, since lim Al ()(7\ — x..) = 0, there exists n, € N such that
’VL—?OO
A1
(T it 2 G — 4 5) > 1 ¢,

}L+1

) (bll bZI bn 15 (X n X,n),g) < gand
@ (bll bZI bn vy }L +1 (X}\ X/n);g) <g, for all n > n,.

Therefore, we have

{(blr I)z: '"'bn—ll a/n - (1,4"’) = ((bl: bZ' . 'bn 1 a Xn + Xn '/’ﬂ)

An

?\n+1 1
Z( blﬂbz'""bn—l'}\n__/n(x}\n_)(n)_ —-n Z (ak_an)+ Xn — 47

A
" A=n+1

|( ((bpbz'---'bn—pﬂ()(?\ — Xn );g); \l
—min{l((bpbz:-- »Dn- 0y ZIL ne1(0k _an)’ﬁ),?> 1-¢

3

k ¢ (bpbz' bn v Xn — a,g) J

ﬁ(bllel ""bn—lia/n - Cl,’l’“) = ﬂ(blinJ - bn 1 a X/VL +X% - a'/’ﬂ) A

A, +1 1
=9 bl!bZ!" bn 1! _/n()(}\%_)(n)_ Z (a%_an)-l_ Xn— Q7T

A, —n
" f=n+1

|( 9 (bpbz: ---:bn—pw()(?\% - Xn)'g)' \I
—maX{ﬂ(bl,bz,.. bn 1y Z/{, %+1( ﬁ—an),g),?<gand
)

k (bl!bZ! - bn—li)(n —a vg)
@1, b2 0 Bn-1,8, = 1) = @(D1, D2y s Bro1, 0 = X + X — 4 7)
)\% +1
=@\ bub2 e hnon 3 A — X —a,)+ X~ 07
" f& n+1
A+ 1 r
@ (f)pf)z; o D13 O = X §>,
1
-
= max|w f)pf)z;---;f)n—pm Z O Y (<&
f=n+1
~
@ (bl! bZ' Ty bn—lv)(n —a ;E)

for all n > max{n, 7, n,}. This completes the proof.

4. Conclusion

The idea of Cesaro summability in a N'aN'LS, one of the most general mathematical structures with
both algebraic and analytic features, is discussed in this study. As a result, many current theorems are
extended and generalized by the current results in Cesaro summability. Future work on this topic might
result in the expansion of neutrosophic normed spaces and finite-dimensional N'nJV LS.
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