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examined. 
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1. Introduction 

 The notion of normed linear space is essential to functional analysis. Dimension in normed linear 

space is catching the attention of researchers more and more. In recent years, many researchers have 

worked to expand the idea of n-normed linear space. The fuzzy set is a great theory for handling 

uncertainty that was invented by Zadeh [26]. This idea served as the cornerstone for a broad range of 

mathematical applications, as well as a large number of situations in everyday life. 

In 1986, Atanassov [2] investigated intuitionistic fuzzy sets, which are distinguished by a 

membership function and non-membership function for each in the universe. Smarandache [23–25] later 

developed another concept known as neutrosophic set by introducing an intermediate membership 

function. Katsaras [16] presented the idea of a fuzzy norm in 1984. The fuzzy norm on a linear space was 

first proposed by Felbin [10] in 1992. Cheng Moderson [5] proposed another fuzzy norm idea for a linear 

space. After Cheng and Moderson's fuzzy norm formulation was refined by Bag and Samanta [3], they 

created the concepts of continuity and boundedness of a linear operator with respect to their fuzzy norm. 

Frechet and Gateaux Bivas Dinda, Samanta, and Bera [4] are the ones who originally introduced 

derivative in intuitionistic fuzzy normed linear spaces. Neutrosophic norm in a linear space was 

proposed by Dass Sarath Kumar and Prakasam Muralikrishna [19]. 
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In this article, we define neutrosophic derivative in R, neutrosophic Gateaux derivative, and 

neutrosophic Frechet derivative on a linear space and examine some of their features. The relationships 

between the neutrosophic Gateaux derivative and the neutrosophic Frechet derivative are also discussed. 

 

2. Preliminaries 

Definition  2.1. [19] A 7-tuple (Ξ,𝔄,𝔙,𝔚,∗, ,⋄,⊗) is said to be a Neutrosophic Normed Space [NNS], if 

Ξ be a linear space over the field 𝐹 = (ℝ  or  C), Let ∗ be a continuous t-norm,⋄, ⊗ be a continuous t-

conorm and 𝔄,𝔙  and 𝔚  are functions from  Ξ × ℝ+  →  [0, 1], fulfilling the following conditions for every 

𝔭̃, 𝔮̃ ∈ ℝ+ and 𝔡, 𝜏 ∈ ℝ. 

(i) 0 ≤ 𝔄(𝔭̃, 𝜏) ≤ 1; 0 ≤ 𝔙(𝔭̃, 𝜏) ≤ 1; 0 ≤ 𝔚(𝔭̃, 𝜏) ≤ 1; 

(ii) 0 ≤ 𝔄(𝔭̃, 𝜏) + 𝔙(𝔭̃, 𝜏) +𝔚(𝔭̃, 𝜏) ≤ 3; 

(iii) 𝔄(𝔭̃, 𝜏) > 0; 

(iv) 𝔄(𝔭̃, 𝜏) = 1 ⇔ 𝔭̃ = 𝜃, 𝜃 is null vector; 

(v) 𝔄(𝑐𝔭̃, 𝜏) = 𝔄(𝔭̃,
𝜏

|𝑐|
) , ∀ 𝑐 ∈ 𝐹 and 𝑐 ≠ 0; 

(vi) 𝔄(𝔭̃, 𝔡) ∗ 𝔄(𝔮̃, 𝜏) ≤ 𝔄(𝔭̃ + 𝔮̃, 𝔡 + 𝜏); 

(vii) 𝔄(𝔭̃,⋅) is non-decreasing function of ℝ+ and lim
𝜏→∞

𝔄(𝔭̃, 𝜏) = 1; 

(viii)  𝔙(𝔭̃, 𝜏) < 1; 

(ix) 𝔙(𝔭̃, 𝜏) = 0 ⇔  𝔭̃ = 𝜃; 

(x) 𝔙(𝑐𝔭̃, 𝜏) = 𝔙(𝔭̃,
𝜏

|𝑐|
) ∀ 𝑐 ∈ 𝐹 and 𝑐 ≠ 0; 

(xi) 𝔙(𝔭̃, 𝔡) ⋄ 𝔙(𝔮̃, 𝜏) ≥ 𝔙(𝔭̃ + 𝔮̃, 𝔡 + 𝜏); 

(xii) 𝔙(𝔭̃,⋅) is non-increasing function of ℝ+and lim
𝜏→∞

𝔙(𝔭̃, 𝜏) = 0. 

(xiii)  𝔚(𝔭̃, 𝜏) < 1; 

(xiv) 𝔚(𝔭̃, 𝜏) = 0  ⇔ 𝔭̃ = 𝜃; 

(xv)𝔚(𝑐𝔭̃, 𝜏) = 𝔚(𝔭̃,
𝜏

|𝑐|
) ∀ 𝑐 ∈ 𝐹 and 𝑐 ≠ 0; 

(xvi) 𝔚(𝔭̃, 𝔡) ⊗𝔚(𝔮̃, 𝜏) ≥ 𝔚(𝔭̃ + 𝔮̃, 𝔡 + 𝜏); 

(xvii) 𝔚(𝔭̃,⋅) is non-increasing function of ℝ+and lim
𝜏→∞

𝔚(𝔭̃, 𝜏) = 0. 

 

Definition  2.2. [19] The pair (Ξ, 𝐴) is called a Neutrosophic Normed Linear Space [NNLS], If 𝐴 is a 

Neutrosophic norm on a linear space Ξ. 

For the NNLS (Ξ, 𝐴), We also suppose that 𝔄,𝔙,𝔚,∗,⋄,⊗ fulfilling the axioms listed below: 

(xviii) {
𝔞̇ ∗ 𝔞̇ = 𝔞̇
𝔞̇ ⋄ 𝔞̇ = 𝔞̇
𝔞̇ ⊗ 𝔞̇ = 𝔞̇

}, for all 𝔞̇ ∈ [0,1]. 

(xix) 𝔄(𝔭̃, 𝜏) > 0, for every 𝜏 > 0 ⇒ 𝔭̃ = 𝜃. 

(xx) 𝔙(𝔭̃, 𝜏) < 1, for every 𝜏 > 0 ⇒ 𝔭̃ = 𝜃. 

(xi) 𝔚(𝔭̃, 𝜏) < 1, for every 𝜏 > 0 ⇒ 𝔭̃ = 𝜃. 

(xii) For 𝔭̃ ≠ 𝜃, 𝔄(𝔭̃,⋅) is  strictly increasing on the subset {𝜏 ∶ 𝔄(𝔭̃, 𝜏) ∈ (0, 1)} of ℝ and continuous function 

of ℝ. 

(xiii) For 𝔭̃ ≠ 𝜃, 𝔙(𝔭̃,⋅) is strictly decreasing on the subset {𝜏:𝔙(𝔭̃, 𝜏) ∈ (0, 1)} of ℝ and continuous function 

of ℝ. 

(xiv) For 𝔭̃ ≠ 𝜃,𝔚(𝔭̃,⋅) is strictly decreasing on the subset {𝜏: 𝔚(𝔭̃, 𝜏) ∈ (0, 1)} of ℝ and  continuous 

function of ℝ. 

 

Definition 2.3.  Let  {𝔭̃𝑛}𝑛 be a sequence in a NNLS (Ξ, ℑ), if for given 𝑟̇ > 0;  𝜏 > 0;  0 < 𝑟̇ < 1, there exist 

an integer 𝑛0 ∈ ℕ such that 𝔄(𝔭̃𝑛 − 𝔭̃, 𝜏) > 1 − 𝑟̇ , 𝔙(𝔭̃𝑛 − 𝔭̃, 𝜏) < 𝑟̇ and 𝔚(𝔭̃𝑛 − 𝔭̃, 𝜏) < 𝑟̇ for all 𝑛 ≥ 𝑛0 then 

the sequence is named to be  converge to 𝔭̃ ∈ Ξ.  
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Definition  2.4.  A mapping 𝜁 : (Θ̃, ℑ)  → (Ξ, 𝒥) is named to be Neutrosophic continuous at  𝔭̃0 ∈ Θ̃, where 

(Θ̃, ℑ)  and (Ξ, 𝒥)  are NNLS over the same field 𝐹, if for any given  𝜖 > 0, 

𝜚 ∈ (0,1), there exists 𝜎 = 𝜎(𝜚, 𝜖) > 0, 𝜂̇ = 𝜂̇(𝜚, 𝜖) ∈ (0,1) such that for every  𝔭̃ ∈ Θ̃, 
𝔄Θ̃(𝔭̃ − 𝔭̃0, 𝜎 > 1 − 𝜂̇) ⇒ 𝔄Ξ(𝜁(𝔭̃) − 𝜁(𝔭̃0), 𝜖) > 1 − 𝜚, 

𝔙Θ̃(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔙Ξ(𝜁(𝔭̃) − 𝜁(𝔭̃0), 𝜖) < 𝜚, 

𝔚Θ̃(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔚Ξ(𝜁(𝔭̃) − 𝜁(𝔭̃0), 𝜖) < 𝜚. 

 

3. Neutrosophic Gateaux Derivative 

 

Definition  3.1. A function 𝜁 : (ℝ,𝔄1, 𝔙1,𝔚1 ∗,⋄,⊗)  → (ℝ,𝔄2, 𝔙2,𝔚2,∗,⋄,⊗) is named to be Neutrosophic 

Differentiable [ND] at 𝔭̃ ∈ ℝ, where (ℝ, 𝔄1, 𝔙1,𝔚1 ∗,⋄,⊗) and (ℝ,𝔄2, 𝔙2,𝔚2,∗,⋄,⊗)   are NNLS over the 

same field 𝐹, if for any given  𝜖 > 0, 𝜚 ∈ (0,1), there exists 𝜎 = 𝜎(𝜚, 𝜖) > 0, 𝜂̇ = 𝜂̇(𝜚, 𝜖) ∈ (0,1)  such that 

for every  𝔭̃(≠ 𝔭̃0) ∈ ℝ, 

𝔄1(𝔭̃ − 𝔭̃0, 𝜎) > 1 − 𝜂̇ ⇒ 𝔄2 (
𝜁(𝔭̃)−𝜁(𝔭̃0)

𝔭̃−𝔭̃0
− 𝜁′(𝔭̃0), 𝜖) > 1 − 𝜚, 

𝔙1(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔙2 (
𝜁(𝔭̃)−𝜁(𝔭̃0)

𝔭̃−𝔭̃0
− 𝜁′(𝔭̃0), 𝜖) < 𝜚, 

𝔚1(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔚2 (
𝜁(𝔭̃)−𝜁(𝔭̃0)

𝔭̃−𝔭̃0
− 𝜁′(𝔭̃0), 𝜖) < 𝜚. 

We denote ND of 𝜁 at 𝔭̃0 by 𝜁′(𝔭̃0). 

 

Alternative definition: A mapping 𝜁 : (ℝ, 𝔄1, 𝔙1,𝔚1 ∗,⋄,⊗)  → (ℝ, 𝔄2, 𝔙2,𝔚2,∗,⋄,⊗) is named to be ND at 

𝔭̃ ∈ ℝ, where (ℝ, 𝔄1, 𝔙1,𝔚1 ∗,⋄,⊗) and (ℝ,𝔄2, 𝔙2,𝔚2,∗,⋄,⊗)   are NNLS over the same field 𝐹,  if for every 

𝜏 > 0.  

lim
𝔄1(𝔭̃−𝔭̃0,𝜏)→1

𝔄2 (
𝜁(𝔭̃)−𝜁(𝔭̃0)

𝔭̃−𝔭̃0
− 𝜁′(𝔭̃0), 𝜏) = 1, 

lim
   𝔙1(𝔭̃−𝔭̃0,𝜏)→0

𝔙2 (
𝜁(𝔭̃)−𝜁(𝔭̃0)

𝔭̃−𝔭̃0
− 𝜁′(𝔭̃0), 𝜏) = 0,   

lim
𝔚1(𝔭̃−𝔭̃0,𝜏)→0

𝔚2 (
𝜁(𝔭̃)−𝜁(𝔭̃0)

𝔭̃−𝔭̃0
− 𝜁′(𝔭̃0), 𝜏) = 0, 

𝜁′(𝔭̃0) is called ND of 𝜁 at  𝔭̃0. 

 

Example 3.2.  Let (ℝ,𝔄1, 𝔙1,𝔚1 ∗,⋄,⊗) and (ℝ,𝔄2, 𝔙2,𝔚2,∗,⋄,⊗) be two NNLS over the same field ℝ. Let 

𝔄1(𝔭̃, 𝜏) = 𝔄2(𝔭̃, 𝜏) =  
𝜏

𝜏+|𝔭̃|
, 𝔙1(𝔭̃, 𝜏) = 𝔙2(𝔭̃, 𝜏) =  

|𝔭̃|

𝜏+|𝔭̃|
 and 𝔚1(𝔭̃, 𝜏) = 𝔚2(𝔭̃, 𝜏) =  

|𝔭̃|

𝜏
. Let 𝔞̇ ∗ 𝔟̇ = 𝔞̇𝔟̇ and 𝔞̇ ⋄

𝔟̇ = 𝔞̇ ⊗ 𝔟̇ = 𝔞̇ + 𝔟̇ –𝔞̇𝔟̇. A mapping 𝜁 : (ℝ, 𝔄1, 𝔙1,𝔚1 ∗,⋄,⊗) → (ℝ, 𝔄2, 𝔙2,𝔚2,∗,⋄,⊗)  defined by 𝜁(𝔭̃) = 𝔭̃2. 

Let 𝔭̃0 ∈ ℝ be any point. Clearly, lim
𝔄1(𝔭̃−𝔭̃0,𝜏)→1

𝔄2 (
𝜁(𝔭̃)−𝜁(𝔭̃0)

𝔭̃−𝔭̃0
− 𝜁′(𝔭̃0), 𝜏) = 1, 

lim
𝔙1(𝔭̃−𝔭̃0,𝜏)→0

𝔙2 (
𝜁(𝔭̃)−𝜁(𝔭̃0)

𝔭̃−𝔭̃0
− 𝜁′(𝔭̃0), 𝜏) = 0, 

lim
𝔚1(𝔭̃−𝔭̃0,𝜏)→0

𝔚2 (
𝜁(𝔭̃)−𝑓(𝔭̃0)

𝔭̃−𝔭̃0
− 𝜁′(𝔭̃0), 𝜏) = 0. Therefore 𝜁 is ND at 𝔭̃0. 

 

Theorem 3.3. Let 𝜁: (ℝ,𝔄1, 𝔙1,𝔚1 ∗,⋄,⊗) → (ℝ,𝔄2, 𝔙2,𝔚2,∗,⋄,⊗) and 𝑔: (ℝ, 𝔄1, 𝔙1,𝔚1 ∗,⋄,⊗) →

(ℝ, 𝔄2, 𝔙2,𝔚2,∗,⋄,⊗) are two Neutrosophic differentiable functions differentiable at 𝔭̃0 and 

(ℝ, 𝔄1, 𝔙1,𝔚1 ∗,⋄,⊗) and (ℝ,𝔄2, 𝔙2,𝔚2,∗,⋄,⊗) fulfilling the condition (xviii). Then for 𝐾 ∈ 𝐹,𝐾𝜁 + 𝑔  is 

ND at 𝔭̃0 and (𝐾𝜁 + 𝑔)′(𝔭̃0) = 𝐾𝜁
′(𝔭̃0) + 𝑔

′(𝔭̃0). 

 

Proof. Since 𝜁 and 𝑔 are ND at 𝔭̃0. So that, for any given  𝜖 > 0, 𝜚 ∈ (0,1), there exists 𝜎 = 𝜎(𝜚, 𝜖) > 0, 𝜂̇ =

𝜂̇(𝜚, 𝜖) ∈ (0,1) such that for every 𝔭̃ ∈ ℝ,  

𝔄1(𝔭̃ − 𝔭̃0, 𝜎) > 1 − 𝜂̇ ⇒ 𝔄2 (
𝜁(𝔭̃) − 𝜁(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝜁′(𝔭̃0), 𝜖) > 1 − 𝜚 

𝔙1(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔙2 (
𝜁(𝔭̃)−𝜁(𝔭̃0)

𝔭̃−𝔭̃0
− 𝜁′(𝔭̃0), 𝜖) < 𝜚, 

𝔚1(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔚2 (
𝜁(𝔭̃)−𝜁(𝔭̃0)

𝔭̃−𝔭̃
− 𝜁′(𝔭̃0), 𝜖) < 𝜚. 
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𝔄1(𝔭̃ − 𝔭̃0, 𝜎) > 1 − 𝜂̇ ⇒ 𝔄2 (
𝑔(𝔭̃)−𝑔(𝔭̃0)

𝔭̃−𝔭̃0
− 𝑔′(𝔭̃0), 𝜖) > 1 − 𝜚, 

𝔙1(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔙2 (
𝑔(𝔭̃)−𝑔(𝔭̃0)

𝔭̃−𝔭̃0
− 𝑔′(𝔭̃0), 𝜖) < 𝜚, 

𝔚1(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔚2 (
𝑔(𝔭̃)−𝑔(𝔭̃0)

𝔭̃−𝔭̃0
− 𝑔′(𝔭̃0), 𝜖) < 𝜚. 

Now, 

𝔄2 (
(𝐾𝜁 + 𝑔)(𝔭̃) − (𝐾𝜁 + 𝑔)(𝔭̃0)

𝔭̃ − 𝔭̃0
− (𝐾𝜁′(𝔭̃0) + 𝑔

′(𝔭̃0)), 𝜖) 

= 𝔄2 (
𝐾𝜁(𝔭̃) + 𝑔(𝔭̃) − 𝐾𝜁(𝔭̃0) − 𝑔(𝔭̃0)

𝔭̃ − 𝔭̃0
−𝐾𝜁′(𝔭̃0) − 𝑔

′(𝔭̃0), 𝜖) 

≥ 𝔄2 (
𝐾𝜁(𝔭̃) − 𝐾𝜁(𝔭̃0)

𝔭̃ − 𝔭̃0
−𝐾𝜁′(𝔭̃0),

𝜖

2
) ∗ 𝔄2 (

𝑔(𝔭̃) − 𝑔(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝑔′(𝔭̃0),

𝜖

2
) 

= 𝔄2 (
𝜁(𝔭̃) − 𝜁(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝜁′(𝔭̃0),

𝜖

2|𝐾|
) ∗ 𝔄2 (

𝑔(𝔭̃) − 𝑔(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝑔′(𝔭̃0),

𝜖

2
) 

> (1 − 𝜚) ∗ (1 − 𝜚) = (1 − 𝜚),  whenever  𝔄1(𝔭̃ − 𝔭̃0, 𝜎) > 1 − 𝜂̇, 

𝔙2 (
(𝐾𝜁 + 𝑔)(𝔭̃) − (𝐾𝜁 + 𝑔)(𝔭̃0)

𝔭̃ − 𝔭̃0
− (𝐾𝜁′(𝔭̃0) + 𝑔

′(𝔭̃0)), 𝜖) 

= 𝔙2 (
𝐾𝜁(𝔭̃) + 𝑔(𝔭̃) − 𝐾𝜁(𝔭̃0) − 𝑔(𝔭̃0)

𝔭̃ − 𝔭̃0
−𝐾𝜁′(𝔭̃0) − 𝑔

′(𝔭̃0), 𝜖) 

≥ 𝔙2 (
𝐾𝜁(𝔭̃) − 𝐾𝜁(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝐾𝜁′(𝔭̃0),

𝜖

2
) ⋄ 𝔙2 (

𝑔(𝔭̃) − 𝑔(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝑔′(𝔭̃0),

𝜖

2
) 

= 𝔙2 (
𝜁(𝔭̃) − 𝜁(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝜁′(𝔭̃0),

𝜖

2|𝐾|
) ⋄ 𝔙2 (

𝑔(𝔭̃) − 𝑔(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝑔′(𝔭̃0),

𝜖

2
) 

< 𝜚 ⋄ 𝜚 = 𝜚, whenever  𝔙1(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ and 

𝔚2 (
(𝐾𝜁 + 𝑔)(𝔭̃) − (𝐾𝜁 + 𝑔)(𝔭̃0)

𝔭̃ − 𝔭̃0
− (𝐾𝜁′(𝔭̃0) + 𝑔

′(𝔭̃0)), 𝜖) 

= 𝔚2 (
𝐾𝜁(𝔭̃) + 𝑔(𝔭̃) − 𝐾𝜁(𝔭̃0) − 𝑔(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝐾𝜁′(𝔭̃0) − 𝑔

′(𝔭̃0), 𝜖) 

≥ 𝔚2 (
𝐾𝜁(𝔭̃) − 𝐾𝜁(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝐾𝜁′(𝔭̃0),

𝜖

2
)⊗𝔚2 (

𝑔(𝔭̃) − 𝑔(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝑔′(𝔭̃0),

𝜖

2
) 

= 𝔚2 (
𝜁(𝔭̃) − 𝜁(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝜁′(𝔭̃0),

𝜖

2|𝐾|
)⊗𝔚2 (

𝑔(𝔭̃) − 𝑔(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝑔′(𝔭̃0),

𝜖

2
) 

< 𝜚⊗ 𝜚 = 𝜚, whenever  𝔚1(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇. 

So, 𝐾𝜁 + 𝑔 is ND at 𝔭̃0 ∈ ℝ and  (𝐾𝜁 + 𝑔)′(𝔭̃0) = 𝐾𝜁
′(𝔭̃0) + 𝑔

′(𝔭̃0).  

Definition 3.4. Let (Θ̃ , ℑ) and (Ξ, 𝒥) be two NNLS over the same field F. An operator Υ from (Θ̃, ℑ) to 

(Ξ, 𝒥) is named to be Neutrosophic Gateaux differentiable [NGD] at 𝔭̃0 ∈ Θ̃, where, (Θ̃ , ℑ) and (Ξ, 𝒥) are 

NNLS over the same field F, if there exists a Neutrosophic continuous linear operator 𝐺: (Θ̃, ℑ) → (Ξ, 𝒥) 

(generally depends upon 𝔭̃0) and for any given 𝜖 > 0, 𝜚 ∈ (0,1), there exists 𝜎 = 𝜎(𝜚, 𝜖) > 0, 

 𝜂̇ = 𝜂̇(𝜚, 𝜖) ∈ (0,1) such that for every  𝔭̃ ∈ Θ̃ and 𝑠(≠ 0) ∈ ℝ, 

𝔄Θ̃(𝔡, 𝜎) > 1 − 𝜂̇ ⇒ 𝔄Ξ (
Υ(𝔭̃0+𝔡𝔭̃)−Υ(𝔭̃0)

𝔡
− 𝐺(𝔭̃), 𝜖) > 1 − 𝜖, 

𝔙Θ̃(𝔡, 𝛿) < 𝜂̇ ⇒ 𝔙Ξ (
Υ(𝔭̃0+𝔡𝔭̃)−Υ(𝔭̃0)

𝔡
− 𝐺(𝔭̃), 𝜖) < 𝜎, 

𝔚Θ̃(𝔡, 𝛿) < 𝜂̇ ⇒ 𝔚Ξ (
Υ(𝔭̃0+𝔡𝔭̃)−Υ(𝔭̃0)

𝔡
−𝐺(𝔭̃), 𝜖) < 𝜎, 

The operator G becomes known to as NGD of Υ at 𝔭̃0.  and it is represented by 𝐷𝜁(𝔭̃0). 

 

Alternative definition: An operator Υ from (Θ̃, ℑ) to (Ξ, 𝒥) is said to be Neutrosophic Gateaux and 

Frechet Derivative differentiable at 𝔭̃0 ∈ Θ̃, where, (Θ̃, ℑ) and (Ξ, 𝒥)  are NNLS over the same field F,if 

there exists a Neutrosophic continuous linear operator 𝐺: (Θ̃, ℑ) → (Ξ, 𝒥)such that for every 𝔭̃ ∈ Θ̃, 𝜏 > 0 

and 𝔡(≠ 0) ∈ ℝ 

lim
𝔄Θ̃(𝔡,𝜏)→1

𝔄Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺(𝔭̃), 𝜏) = 1, 
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lim
𝔙Θ̃(𝔡,𝜏)→0

𝔙Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺(𝔭̃), 𝜏) = 0, 

lim
𝔚Θ̃(𝔡,𝜏)→0

𝔚Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺(𝔭̃), 𝜏) = 0. 

Here, the operator  𝐺 is called NGD of Υ at 𝔭̃0 and it is denoted by 𝐷𝜁(𝔭̃0). 

Example 3.5. Let  Θ̃ =  Ξ = 𝐹 =  ℝ and let 𝔭̃0 ∈ ℝ be any point. Let (ℝ, 𝔄1, 𝔙1,𝔚1 ∗,⋄,⊗) and 

(ℝ, 𝔄2, 𝔙2,𝔚2,∗,⋄,⊗) are NNLS over the same field ℝ. Let 𝔄1(𝔭̃, 𝜏) = 𝔄2(𝔭̃, 𝜏) =  
𝜏

𝜏+|𝔭̃|
, 𝔙1(𝔭̃, 𝜏) = 𝔙2(𝔭̃, 𝜏) =

 
|𝔭̃|

𝜏+|𝔭̃|
 and 𝔚1(𝔭̃, 𝜏) = 𝔚2(𝔭̃, 𝜏) =  

|𝔭̃|

𝜏
. Let 𝔞̇ ∗ 𝔟̇ = 𝔞̇𝔟̇ and 𝔞̇ ⋄ 𝔟̇ = 𝔞̇ ⊗ 𝔟̇ = 𝔞̇ + 𝔟̇ – 𝔞̇𝔟̇. An operator Υ: (Θ̃, ℑ) →

(Ξ, 𝒥) be defined by Υ(𝔭̃) = 𝔭̃. There exist a neutrosophic continuous linear operator 𝐺: (Θ̃, ℑ) → (Ξ, 𝒥) be 

defined by 𝐺(𝔭̃) =
𝔭̃

2
 such that 

 

lim
𝔄Θ̃(𝔡,𝜏)→1

𝔄Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺(𝔭̃), 𝜏) = 1, 

lim
𝔙Θ̃(𝔡,𝜏)→0

𝔙Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝑠
− 𝐺(𝔭̃), 𝜏) = 0, 

                                                            lim
𝔚Θ̃(𝔡,𝜏)→0

𝔚Ξ (
Υ(𝔭̃0+𝔡𝔭̃)−Υ(𝔭̃0)

𝔡
−𝐺(𝔭̃), 𝜏) = 0. Hence Υ is Neutrosophic Gateaux and 

Frechet differentiable at 𝔭̃0. 

 

Theorem 3.6. Let Υ: (Θ̃, ℑ) → (Ξ, 𝒥) be a linear operator, where (Θ̃, ℑ) and (Ξ, 𝒥) are two NNLS satisfying 

(xviii), (xix), (xx) and (xxi). If Υ is NGD at 𝔭̃0 then it is unique at 𝔭̃0.  

 

Proof. Let 𝐺1, 𝐺2 be two NGD of Υ at 𝔭̃0. Then for any given  𝜖 > 0, 𝜚 ∈ (0,1), ∃ 𝜎 = 𝜎(𝜚, 𝜖) > 0, 𝜂̇ =

𝜂̇(𝜚, 𝜖) ∈ (0,1) such that for every 𝔭̃ ∈ 𝑈 and 

𝔡(≠ 0) ∈ ℝ, 

𝔄Θ̃(𝔡, 𝜎) > 1 − 𝜂̇ ⇒ 𝔄Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺1(𝔭̃), 𝜖) > 1 − 𝜚, 

𝔙Θ̃(𝔡, 𝜎) < 𝜂̇ ⇒ 𝔙Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺1(𝔭̃), 𝜖) < 𝜚, 

𝔚Θ̃(𝔡, 𝜎) < 𝜂̇ ⇒ 𝔚Ξ (
Υ(𝔭̃0+𝔡𝔭̃)−Υ(𝔭̃0)

𝔡
− 𝐺1(𝔭̃), 𝜖) < 𝜚  and 

𝔄Θ̃(𝔡, 𝜎) > 1 − 𝜂̇ ⇒ 𝔄Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺2(𝔭̃), 𝜖) > 1 − 𝜚, 

𝔙Θ̃(𝔡, 𝜎) < 𝜂̇ ⇒ 𝔙Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺2(𝔭̃), 𝜖) < 𝜚, 

𝔚Θ̃(𝔡, 𝜎) < 𝜂̇ ⇒ 𝔚Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺2(𝔭̃), 𝜖) < 𝜚. 

𝔄Ξ(𝐺1(𝔭̃) − 𝐺2(𝔭̃), 𝜏) = 𝔄Ξ ({
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺1(𝔭̃)} − {

Υ(𝔭̃0+ 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺2(𝔭̃)} , 𝜏) 

= 𝔄Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺1(𝔭̃),

𝜏

2
) ∗ 𝔄Ξ (

Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺2(𝔭̃),

𝜏

2
) 

   > (1 − 𝜚) ∗ (1 − 𝜚) = (1 − 𝜚),   ∀ 𝜚 ∈ (0,1). 

Therefore, 𝔄Ξ(𝐺1(𝔭̃) − 𝐺2(𝔭̃), 𝜏) > 0 ,   ∀ 𝑡 > 0,          (3.1) 

𝔙Ξ(𝐺1(𝔭̃) − 𝐺2(𝔭̃), 𝜏) ≤ 𝔙Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺1(𝔭̃),

𝜏

2
) ⋄ 𝔙Ξ (

Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺2(𝔭̃),

𝜏

2
) 

  < 𝜚 ⋄ 𝜚 = 𝜚   ∀ 𝜚 ∈ (0,1). 

𝔙Ξ(𝐺1(𝔭̃) − 𝐺2(𝔭̃), 𝜏) < 1   ∀ 𝜏 > 0,          (3.2) 

𝔚Ξ(𝐺1(𝔭̃) − 𝐺2(𝔭̃), 𝜏) ≤ 𝔚Ξ (
Υ(𝔭̃0 + 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺1(𝔭̃),

𝜏

2
)⊗𝔚Ξ (

Υ(𝔭̃0+ 𝔡𝔭̃) − Υ(𝔭̃0)

𝔡
− 𝐺2(𝔭̃),

𝜏

2
) 

  < 𝜚⊗ 𝜚 = 𝜚   ∀ 𝜚 ∈ (0,1). 

𝔚Ξ(𝐺1(𝔭̃) − 𝐺2(𝔭̃), 𝜏) < 1 , ∀ 𝜏 > 0.          (3.3) 
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From (3.1) , (3.2) and (3.3) we get 𝐺1(𝔭̃) − 𝐺2(𝔭̃) = 𝜃. Thus,  𝐺1(𝔭̃) − 𝐺2(𝔭̃). 

 

Theorem 3.7. If  Υ1 and Υ2  have NGD at 𝔭̃0 then  Υ = 𝑐Υ1 + Υ2 has NGD at 𝔭̃0,  where 𝑐 is a scalar. 

Proof.  Straight forward. 

4. Neutrosophic Frechet Derivative 

 

Definition  4.1.  An operator Υ : (Θ̃, ℑ) → (Ξ, 𝒥) is named to be Neutrosophic Frechet Differentiable 

[NFD] at an interior 𝔭̃0 ∈ Θ̃, where, (Θ̃, ℑ) and (Ξ, 𝒥) be two NNLS over the same field  𝐹, if there exists a 

continuous linear operator 𝜁: (Θ̃, ℑ) → (Ξ, 𝒥)( in general depends on 𝔭̃0) and if for any given  𝜖 > 0, 𝜚 ∈

(0,1), there exists 𝜎 = 𝜎(𝜚, 𝜖) > 0, 𝜂̇ = 𝜂̇(𝜚, 𝜖) ∈ (0,1) such that for all 𝔭̃ ∈ Θ̃, 

𝔄Θ̃(𝔭̃ − 𝔭̃0, 𝜎) > 1 − 𝜂̇ ⇒ 𝔄Ξ (
Υ(𝔭̃) − Υ(𝔭̃0) − (𝔭̃ − 𝔭̃0)𝜁

1 − 𝔄Θ̃(𝔭̃ − 𝔭̃0, 𝜏)
, 𝜖) > 1 − 𝜚, 

𝔙Θ̃(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔙Ξ (
Υ(𝔭̃) − Υ(𝔭̃0) − (𝔭̃ − 𝔭̃0)𝜁

𝔙Θ̃(𝔭̃ − 𝔭̃0, 𝜏)
, 𝜖) < 𝜚 and 

𝔚Θ̃(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔚Ξ (
Υ(𝔭̃) − Υ(𝔭̃0) − (𝔭̃ − 𝔭̃0)𝜁

𝔚Θ̃(𝔭̃ − 𝔭̃0, 𝜏)
, 𝜖) < 𝜚  

Here, 𝜁 is called NFD of Υ at 𝔭̃0 and is represented by 𝐷Υ(𝔭̃0). 

 

Alternative definition:  An operator Υ: (Θ̃, ℑ) → (Ξ, 𝒥) is said to be NFD at an interior 𝔭̃0 ∈ 𝑈, where, 

(Θ̃, ℑ) and (Ξ, 𝒥) be two NNLS over the same field  𝐹, if there exists a continuous linear operator 

𝜁: (Θ̃, ℑ) → (Ξ, 𝒥) (in general depends on 𝔭̃0) such that for every 𝜏 > 0 

lim
𝔄Θ̃(𝔭̃−𝔭̃0,𝜏)→1

𝔄Ξ (
Υ(𝔭̃) − Υ(𝔭̃0) − (𝔭̃ − 𝔭̃0)𝜁

1 − 𝔄Θ̃(𝔭̃ − 𝔭̃0, 𝜏)
, 𝜏) = 1, 

lim
𝔙Θ̃(𝔭̃−𝔭̃0,𝜏)→0

𝔙Ξ (
Υ(𝔭̃)−Υ(𝔭̃0)−(𝔭̃−𝔭̃0)𝜁

𝔙Θ̃(𝔭̃−𝔭̃0,𝜏)
, 𝜏) = 0 and 

lim
𝔚Θ̃(𝔭̃−𝔭̃0 ,𝜏)→0

𝔚Ξ (
Υ(𝔭̃) − Υ(𝔭̃0) − (𝔭̃ − 𝔭̃0)𝜁

𝔚Θ̃(𝔭̃ − 𝔭̃0, 𝜏)
, 𝜏) = 0. 

Here, 𝜁 is called NFD of Υ at 𝔭̃0 and is represented by 𝐷Υ(𝔭̃0). 

 

Theorem 4.2. Let Υ: (Θ̃, ℑ) → (Ξ, 𝒥) be a linear operator, where (Θ̃, ℑ) and (Ξ, 𝒥) are two NNLS satisfying 

(xix), (xx) and (xxi). If Υ is NFD at 𝔭̃0 then it is unique at 𝔭̃0. 

Proof. Straight forward. 

 

Example 4.3. Let Θ̃ = Ξ = ℝ and [𝑎, 𝑏] be an interval of ℝ and Υ: [𝑎, 𝑏] → ℝ. For every 𝜏 > 0 define 

𝔄(𝔭̃, 𝜏) =
𝜏

𝜏+|𝔭̃|
, 𝔙(𝑥, 𝜏) =

|𝔭̃|

𝜏+|𝔭̃|
   and 𝔚(𝔭̃, 𝜏) =

|𝔭̃|

𝜏
, then the NFD of Υ at  𝔭̃0 is ND. 

 

Proof. If Υ is NFD at 𝔭̃0 then for any given 𝜖 > 0, 𝜚 ∈ (0,1), there exists 𝜎 = 𝜎(𝜚, 𝜖) > 0, 

 𝜂̇ = 𝜂̇(𝜚, 𝜖) ∈ (0,1) such that for all 𝔭̃ ∈ Θ̃, 

𝔄Θ̃(𝔭̃ − 𝔭̃0, 𝜎) > 1 − 𝜂̇ ⇒ 𝔄Ξ (
Υ(𝔭̃) − Υ(𝔭̃0) − (𝔭̃ − 𝔭̃0)𝜁

1 − 𝔄Θ̃(𝔭̃ − 𝔭̃0, 𝜏)
, 𝜖) > 1 − 𝜚 

𝔄Ξ (
Υ(𝔭̃) − Υ(𝔭̃0) − (𝔭̃ − 𝔭̃0)𝜁

|𝔭̃ − 𝔭̃0|
,

𝜖

𝜏 + |𝔭̃ − 𝔭̃0|
) > 1 − 𝜚 

𝔄Ξ (
Υ(𝔭̃) − Υ(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝜁,

𝜖

𝜏 + |𝔭̃ − 𝔭̃0|
) > 1 − 𝜚, 

𝔙Θ̃(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔙Ξ (
Υ(𝔭̃) − Υ(𝔭̃0) − (𝔭̃ − 𝔭̃0)𝜁

𝔙Θ̃(𝔭̃ − 𝔭̃0, 𝜏)
, 𝜖) < 𝜚 

⇒ 𝔙Ξ (
Υ(𝔭̃) − Υ(𝔭̃0) − (𝔭̃ − 𝔭̃0)𝜁

|𝔭̃ − 𝔭̃0|
,

𝜖

𝜏 + |𝔭̃ − 𝔭̃0|
) < 𝜚 
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𝔙Ξ (
Υ(𝔭̃)−Υ(𝔭̃0)

𝔭̃−𝔭̃0
− 𝜁,

𝜖

𝜏+|𝔭̃−𝔭̃0|
) < 𝜚 and 

𝔚Θ̃(𝔭̃ − 𝔭̃0, 𝜎) < 𝜂̇ ⇒ 𝔚Ξ (
Υ(𝔭̃) − Υ(𝔭̃0) − (𝔭̃ − 𝔭̃0)𝜁

𝔚Θ̃(𝔭̃ − 𝔭̃0, 𝜏)
, 𝜖) < 𝜚 

⇒ 𝔚Ξ (
Υ(𝔭̃) − Υ(𝔭̃0) − (𝔭̃ − 𝔭̃0)𝜁

|𝔭̃ − 𝔭̃0|
,

𝜖

𝜏 + |𝔭̃ − 𝔭̃0|
) < 𝜚 

𝔚Ξ (
Υ(𝔭̃) − Υ(𝔭̃0)

𝔭̃ − 𝔭̃0
− 𝜁,

𝜖

𝜏 + |𝔭̃ − 𝔭̃0|
) < 𝜚 

Hence, NFD of Υ at 𝔭̃0 implies ND Υ at 𝔭̃0 and Υ′(𝔭̃0) = 𝐷Υ(𝔭̃0). 

 

Theorem 4.4.  An operator  Υ : (Θ̃, ℑ) → (Ξ, 𝒥) is NFD at 𝔭̃0 ∈ 𝑈 then  Υ is NGD at 𝔭̃0. 

Proof. Since Υ is NFD at 𝔭̃0, therefore, for 𝜏 > 0 wehave 

𝔄Ξ (
Υ(𝔭̃0 + ℎ) − Υ(𝔭̃0) − 𝐷Υ(𝔭̃0)ℎ

1 − 𝔄Θ̃(ℎ, 𝜏)
, 𝜏) > 1 − 𝜚, 

𝔙Ξ (
Υ(𝔭̃0+ℎ)−Υ(𝔭̃0)−𝐷Υ(𝔭̃0)ℎ

𝔙Θ̃(ℎ,𝜏)
, 𝜏) < 𝜚 and 

𝔚Ξ (
Υ(𝔭̃0 + ℎ) − Υ(𝔭̃0) − 𝐷Υ(𝔭̃0)ℎ

𝔚Θ̃(ℎ, 𝜏)
, 𝜏) < 𝜚. 

 

Now,  𝔄Ξ (
Υ(𝔭̃0+ℎ)−Υ(𝔭̃0)−𝐷Υ(𝔭̃0)ℎ

1−𝔄Θ̃(ℎ,𝜏)
, 𝜏) > 1 − 𝜚 ⇒ 𝔄Ξ (

Υ(𝔭̃0+𝔡ℎ)−Υ(𝔭̃0)−𝔡𝐷Υ(𝔭̃0)ℎ

1−𝔄Θ̃(𝔡ℎ,𝜏)
, 𝜏) > 1 − 𝜚. 

Putting ℎ = 𝔡ℎ, 𝔡 ≠ 0 

⇒ 𝔄Ξ

(

 
 
Υ(𝔭̃0+𝔡ℎ)−Υ(𝔭̃0)

𝔡
− 𝐷Υ(𝔭̃0)ℎ

1

𝔡
(1 − 𝔄(ℎ,

𝜏

|𝔡|
))

, 𝜏

)

 
 
> 1− 𝜚, 

⇒ 𝔄Ξ (
Υ(𝔭̃0 + 𝔡ℎ) − Υ(𝔭̃0)

𝔡
− 𝐷Υ(𝔭̃0)ℎ,

𝜏

|𝔡|
(1 − 𝔄Θ̃ (ℎ,

𝜏

|𝔡|
))) > 1 − 𝜚, 

⇒ 𝔄Ξ (
Υ(𝔭̃0+𝔡ℎ)−Υ(𝔭̃0)

𝔡
−𝐷Υ(𝔭̃0)ℎ, 𝜏1) > 1 − 𝜚,  where  𝜏1 =

𝜏

|𝔡|
(1 − 𝔄Θ̃ (ℎ,

𝜏

|𝔡|
)),  

𝔙Ξ (
Υ(𝔭̃0 + ℎ) − Υ(𝔭̃0) − 𝐷Υ(𝔭̃0)ℎ

𝔙Θ̃(ℎ, 𝜏)
, 𝜏) < 𝜚 

⇒ 𝔙Ξ (
Υ(𝔭̃0+ 𝔡ℎ) − Υ(𝔭̃0) − 𝔡𝐷Υ(𝔭̃0)ℎ

𝔙Θ̃(𝔡ℎ, 𝜏)
, 𝜏) < 𝜚. 

Putting ℎ = 𝔡ℎ, 𝔡 ≠ 0. 

⇒ 𝔙Ξ(

Υ(𝔭̃0+𝔡ℎ)−Υ(𝔭̃0)

𝔡
−𝐷Υ(𝔭̃0)ℎ

1

𝔡
𝔙Θ̃ (ℎ,

𝜏

|𝔡|
)

, 𝜏) < 𝜚, 

⇒ 𝔙Ξ (
Υ(𝔭̃0 + 𝔡ℎ) − Υ(𝔭̃0)

𝔡
− 𝐷Υ(𝔭̃0)ℎ,

𝜏

|𝔡|
𝔙Θ̃ (ℎ,

𝜏

|𝔡|
)) < 𝜚, 

⇒ 𝔙Ξ (
Υ(𝔭̃0+𝔡ℎ)−Υ(𝔭̃0)

𝔡
−𝐷Υ(𝔭̃0)ℎ, 𝜏2) < 𝜚, where  𝜏2 =

𝜏

|𝔡|
𝔙Θ̃ (ℎ,

𝜏

𝔡
) and 

𝔚Ξ (
Υ(𝔭̃0+ ℎ) − Υ(𝔭̃0) − 𝐷Υ(𝔭̃0)ℎ

𝔚Θ̃(ℎ, 𝜏)
, 𝜏) < 𝜚, 

⇒ 𝔚Ξ (
Υ(𝔭̃0 + 𝔡ℎ) − Υ(𝔭̃0) − 𝔡𝐷Υ(𝔭̃0)ℎ

𝔚Θ̃(𝔡ℎ, 𝜏)
, 𝜏) < 𝜚. 

Putting ℎ = 𝔡ℎ, 𝔡 ≠ 0 

⇒𝔚Ξ(

Υ(𝔭̃0+𝔡ℎ)−Υ(𝔭̃0)

𝔡
− 𝐷Υ(𝔭̃0)ℎ

1

𝔡
𝔚Θ̃ (ℎ,

𝜏

|𝔡|
)

, 𝜏) < 𝜚, 
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⇒ 𝔚Ξ (
Υ(𝔭̃0 + 𝔡ℎ) − Υ(𝔭̃0)

𝔡
− 𝐷Υ(𝔭̃0)ℎ,

𝜏

|𝔡|
𝔚Θ̃ (ℎ,

𝜏

|𝔡|
)) < 𝜚, 

⇒ 𝔚Ξ (
Υ(𝔭̃0+𝔡ℎ)−Υ(𝔭̃0)

𝔡
− 𝐷Υ(𝔭̃0)ℎ, 𝜏3) < 𝜚, where  𝜏3 =

𝜏

|𝔡|
𝔚Θ̃ (ℎ,

𝜏

|𝔡|
) . 

Hence, Υ is NGD at 𝔭̃0 and 𝐷Υ(𝔭̃0)ℎ = 𝐷Υ(𝔭̃0)ℎ. 

Theorem 4.5. Let 𝑃: Θ̃ ⊂ 𝑋 → Ξ ⊂ 𝑌 and 𝑄: Ξ → 𝑍  be two linear operator satisfying (xviii).  Suppose 𝑃 is 

Neutrosophic continuous and has NGD at 𝔭̃0 ∈ Θ̃ and 𝑄 has NFD at Neutrosophic Gateaux and Frechet 

Derivative 𝑦0 = 𝑃(𝔭̃0). Then 𝑅 = 𝑄𝑃 has NGD at 𝔭̃0 and 𝐷𝑅(𝔭̃0) = 𝐷𝑄(𝔮̃0)𝐷𝑃(𝔭̃0). 

 

Proof. For convenience, we write 𝐺 = 𝐷𝑃(𝔭̃0) and 𝜁 = 𝐷𝑄(𝔮̃0).  

Let 𝔭̃ ∈ 𝑋 and we further write  Δ𝔮̃ = 𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0). Then 

𝔄(
𝑅(𝔭̃0+𝔡𝔭̃)−𝑅(𝔭̃0)

𝔡
− 𝜁𝐺, 𝜏) = 𝔄(

𝑄𝑃(𝔭̃0+𝔡𝔭̃)−𝑄𝑃(𝔭̃0)

𝔡
− 𝜁𝐺, 𝜏) = 𝔄(

𝜁(Δ𝔮̃)+𝐴(Δ𝔮̃)

𝔡
− 𝜁𝐺, 𝜏), 

where  𝐴(Δ𝔮̃) = 𝑄(𝔮̃0 + Δ𝔮̃) − 𝑄(𝔮̃0) − 𝜁(Δ𝔮̃) 

= 𝔄(𝜁
𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0)

𝔡
+
𝐴(Δ𝔮̃)

𝔡
− 𝜁𝐺, 𝜏) 

≥ 𝔄(𝜁
𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0)

𝔡
− 𝜁𝐺,

𝜏

2
) ∗ 𝔄(

𝐴(Δ𝔮̃)

𝔄(Δ𝔮̃, 𝜏)

𝔄(𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0), 𝜏1)

𝔡
,
𝜏

2
) 

= 𝔄(
𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0)

𝔡
− 𝐺,

𝜏

2𝔄(𝜁, 𝜏2)
) ∗ 𝔄(

𝐴(Δ𝔮̃)

𝔄(Δ𝔮̃, 𝜏1)

𝜏𝑠

2𝔄(𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0), 𝜏1)
) 

= 𝔄(
𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0)

𝔡
− 𝐺,

𝜏

2𝔄(𝜁, 𝜏2)
) ∗ 𝔄(

𝑄(𝔮̃0 + Δ𝔮̃) − 𝑄(𝔮̃0) − 𝜁(Δ𝔮̃)

𝔄(Δ𝔮̃, 𝜏1)
,

𝜏𝔡

2𝔄(𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0), 𝜏1)
) 

> (1 − 𝜚) ∗ (1 − 𝜚) = (1 − 𝜚). 

Since 𝑃 has NGD and 𝑄 has NFD.  

𝔙(
𝑅(𝔭̃0 + 𝔡𝔭̃) − 𝑅(𝔭̃0)

𝔡
− 𝜁𝐺, 𝜏) = 𝔙(

𝑄𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑄𝑃(𝔭̃0)

𝔡
− 𝜁𝐺, 𝜏) = 𝔙(

𝜁(Δ𝔮̃) + 𝐴(Δ𝔮̃)

𝔡
− 𝜁𝐺, 𝜏) 

where  𝐴(Δ𝔮̃) = 𝑄(𝔮̃0 + Δ𝔮̃) − 𝑄(𝔮̃0) − 𝜁(Δ𝔮̃) 

= 𝔙(𝜁
𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0)

𝔡
+
𝐴(Δ𝔮̃)

𝔡
− 𝜁𝐺, 𝜏) 

≤ 𝔙(𝜁
𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0)

𝔡
− 𝜁𝐺,

𝜏

2
) ⋄ 𝔙(

𝐴(Δ𝔮̃)

1 −𝔙(Δ𝔮̃, 𝜏1)

1 −𝔙(𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0), 𝜏1)

𝔡
,
𝜏

2
) 

= 𝔙(
𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0)

𝔡
− 𝐺,

𝜏

2𝔙(𝜁, 𝜏2)
)

⋄ 𝔙(
𝑄(𝔮̃0 + Δ𝔮̃) − 𝑄(𝔮̃0) − 𝜁(Δ𝔮̃)

1 −𝔙(Δ𝔮̃, 𝜏1)
,

𝜏𝔡

2(1 −𝔙(𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0), 𝜏1))
) 

< 𝜚 ⋄ 𝜚 = 𝜚  and 

𝔚(
𝑅(𝔭̃0+𝔡𝔭̃)−𝑅(𝔭̃0)

𝔡
− 𝜁𝐺, 𝜏) = 𝔚(

𝑄𝑃(𝔭̃0+𝔡𝔭̃)−𝑄𝑃(𝔭̃0)

𝔡
− 𝜁𝐺, 𝜏) = 𝔚(

𝜁(Δ𝔮̃)+𝐴(Δ𝔮̃)

𝔡
− 𝜁𝐺, 𝜏), 

where  𝐴(Δ𝔮̃) = 𝑄(𝔮̃0 + Δ𝔮̃) − 𝑄(𝔮̃0) − 𝜁(Δ𝔮̃) 

= 𝔚(𝜁
𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0)

𝔡
+
𝐴(Δ𝔮̃)

𝔡
− 𝜁𝐺, 𝜏) 

≤ 𝔚(𝜁
𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0)

𝔡
− 𝜁𝐺,

𝜏

2
)⊗𝔚(

𝐴(Δ𝔮̃)

1 −𝔚(Δ𝔮̃, 𝜏1)

1 −𝔚(𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0), 𝜏1)

𝔡
,
𝜏

2
) 

= 𝔚(
𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0)

𝔡
− 𝐺,

𝜏

2𝔚(𝜁, 𝜏2)
)

⊗𝔚(
𝑄(𝔮̃0 + Δ𝔮̃) − 𝑄(𝔮̃0) − 𝜁(Δ𝔮̃)

1 −𝔚(Δ𝔮̃, 𝜏1)
,

𝜏𝔡

2(1 −𝔚(𝑃(𝔭̃0 + 𝔡𝔭̃) − 𝑃(𝔭̃0), 𝜏1))
) 

< 𝜚⊗ 𝜚 = 𝜚. 

Since P has NGD and Q has NFD. Hence 𝑹 = 𝑸𝑷 has NGD at  𝖕̃𝟎 and 𝑫𝑹(𝖕̃𝟎) = 𝑫𝑸(𝖖̃𝟎)𝑫𝑷(𝖕̃𝟎). 
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Conclusion:  In this article we present the idea of  Neutrosophic derivative, Neutrosophic Gateaux 

derivative and Neutrosophic Frechet derivative and we explore some of the properties of this concepts . 

Moreover, we provide non-trivial examples. We have discussed about the relation between 

Neutrosophic Gateaux derivative and Neutrosophic Frechet derivative. 
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