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Abstract:

The objective of this paper is to combine dual numbers with symbolic
2-plithogenic numbers in one algebraic structure called dual symbolic

2-plithogenic real numbers.

Also, many elementary properties of the suggested system such as inverses and

idempotents will be handled by many related theorems and examples.
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Introduction and preliminaries.

Dual numbers are considered as a generalization of real numbers, where they are
defined as follows:

D ={a + bt; t?> = 0,a, b € R}[1]. Dual numbers make together a commutative ring
with many interesting properties.

Addition on D is defined as follows:

(ag + bot) + (aq + bit) = (ag + ay) + (by + by)t

Multiplication on D is defined as follows:

(ag + bot). (a; + byt) = (agay) + (aghy + bpay)t
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In [2-4], Smarandache presented symbolic n-plithogenic sets, then they were used
in generalizing many famous algebraic structures such as rings, matrices, and other
structures [6-11].
We refer to many similar numerical systems that generalize real number, such as
neutrosophic numbers, split-complex number, and weak fuzzy numbers [12-18].
We refer to some applications of these generalized number systems in matrix theory
and cryptography [19-24].
Through this paper, we use symbolic 2-plithogenic real numbers to build a new
generalization of real numbers, and we present some of its elementary algebraic
properties.
Main concepts.
Definition.
The set of symbolic 2-plithogenic dual numbers I defined as follows:
2 —SPp = {(xo + x1t) + (Vo + y1)P1 + (2o + 2:)Py; X, ¥i, Z; € R, t* = 0}
Definition.
Addition of 2 — SPp is defined:
[(mg + myt) + (ko + k1t)P; + (5o + 51t)P, ]

+ [(no + nyt) + (Lo + LOIPy + (qo + q1t) P, ]

= (Mg +no) + (my + nyt + [(ko + 1) + (ks + 1)t]Py

+[(so + o) + (51 + q1)t] P2

(2 = SPp,+) is an abelian group.

Remark.

A symbolic 2-plithogenic dual number X = (xq + x1t) + (yo + y1t)P; + (2o + z,t)P,
can be written:

X = (xo + yoP1 + zoP;) + t(xy + ¥, Py + 7, P;)

Definition.

Let X = (xg + x1P; + x,P,) + t(%y + %, P; + %,P;) = M; + M,t,

Y = (yo +y1P1 + ¥2P2) + t(Jo + 1Py + Y2 P2) = Ny + Nyt € 2 — SPp,

then:

Multiplication on 2 — SP;, is defined as follows:
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X.Y = MyN, + t(M;N, + N;M,)

Example.

Consider X =(1+ P, +P,) +t(2—P,),Y =P, + t(1 — P,), we have:
X+Y=Q0Q+2P+P)+t(3—P,—P,)

XY=0+P +P)P +t[(1+P +P,)(1—P)+(2—P)P] =(2P, +P,) +
t[(1 =P+ P, — Py +P,—P,)+ 2P, — Pi] = 2P, + P,) + t(1 + P, — P;).
Remark.

(2—-SPp,+,.) Is a commutative ring.

Invertibility:

Theorem.

Let X = (mg + myP; + myP,) + t(ng + nyP; + n,P,) € 2 — SPp, then X is invertible

if and only if my # 0,my +my # 0,my + my + m, # 0 and:

, 1 1 1 1 1
PR Y € WA S | PO )
X Im, mo+m; my mo+my+m, my+my

Ny nyg +ny (n

-t 2 ( 2 Z)Pl
(my) (mo +my) (my)

( ng +ny +n, nyg +nyq > ]

(mo +my +my)?  (mg+my)?/) 2

Proof.

X isinvertible if and only if % is defined as follows:

1 1
X (mg + myP; + myP,) + t(ng + ny Py + nyP,)
(mg + myP; + myP,) — t(ng + ny Py + n,P,)
[(mg + my Py + myP,) + t(ng + 1y Py + nyPy)][(mg + my Py + myP,) — t(ng + ny Py + nyPy)]
(mg + myP; + myP,) — t(ng + ny Py + n,P,)
B (mg + myP; + m;,P,)?

So that my + myP; + m,P, isinvertible in 2 — SP;.

This is equivalent to my # 0,my + my; # 0,my + my + m, # 0.

1 1 (ng+n,P1+n,P,)?
On the other hand, == - AL L e L
X motmyPi+myP; (mgo+mq Py +m,P,)?
L 1 1 1 1 n ng+n
mo metm; My mo+mi+m,;  me+my (mg)? (mo+m4)?

Ng No+ni+n, _ Nno+nq
(mo)z) P+ ((mo+m1+m2)2 (m0+m1)2) Pz]
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Compute the result of XY as follows:

1 1 1
XY =(my+mP; + m,P. [—+(———)P
(mo 1 2P2) my mo+m; my 1

1 1
i “r)
my+m;+m, my+my

+t|—(mo + my Py + P)[n0 +< Mo ¥4 it )P
—(m m m —
0 v 2h2 (mg)? (mg +my)?  (mg)? !
( ng +ny +n, ng +ny ) ]
(mo +my +my)?  (my +my)? 2

1 1 1
+ (ng + ny Py + n,P. [—+(———)P
(0 1 22) my m0+m1 my 1

1 1
i “er) ]
my+m;+m, my+my

=1
—MNy Mo +ny) mny myny, myng+ny) mng

+t| =+ —mp e 2~ 2 - 22
mg mog+my  my (M) (mg +my) (my)

(ng +ny +ny) mo(ny +ny) (ng +ny +ny)
+1| Mo 2 2z M 2
(mg +my + my) (mo +my) (my + my + my)
mi(ng +ny) myny my(ng+ny) mpng " (ng + ny +ny)
- - —m;
(mg+my)?  (my)? (mo+my)?  (my)? (my + my +my)?
ma(no + n1) &+<L_ﬂ ™ L_&>p
(my + my)? 2 m my+m; my, my, my+m; m 1
( Ng UN) + nq nq n,
my+m;+m, my+m; my+my+m, my+m; m,
n, Ny n, _ n, >P 1
me+my+m, my, my+my+m, my+my) >

So that, X! = % =Y
Example.

Take X = (1+ P, + P,) + t(2+ P, — P,) € 2 — SPy:

X‘1—1+(1 1)P +(1 1)P t[2+(3 Z)P +(2 3)P]
1 \2 17\3 2/°%2 "l1 \4 1/t \9 4)°?

=1 1P 1P t(Z 5P 21P>
o2t 67 471 3677
Natural power.

Theorem.
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Let X = (my + myP; + myP,) + t(ng + ny Py + n,P,) € 2 — SPp, then:
X" = (mo)" + ((mg + my)"™ — (me)™)P; + (Mo + my +my)" — (Mg + my)")P; +
n(ny +ny Py +n,P)[(me)™ ™ + ((mo + m)"™ ! = (me)" Py + ((mg + my +
my)" 1 — (mg + my)"" 1)P,] for n € N.
Proof.
Let X =A+ Bt;A,B € 2 — SPp, then:
A" = A™ + nA""'Bt, we get:
A" = (mo)™ + ((mg + my)™ — (me)™)Py + ((mg + my + my)" — (my + my)")P,, then
the proof holds.
Example.
Take X = (1+ P, +P,) +t(2— P, + P,) € 2 — SP,
X3=1+0B-1P,+(1-8)P,+3t2—P,+P)[1+(4—-1)P,+(1—-4)P,] =1+
7P, — 7P, + 3t[(2 = P, + P,)(1 + 3P, — 3P,)] = 1 + 7P, — 7P, + t(6 + 6P, — 6P,).
Idempotency.
Definition.
Let X € 2 — SPp, then X is called idempotent if and only if X? = X.
Theorem.
Let X = (my+ mP; + myP,) +t(nyg + Py + nyP,) € 2—-SP,, then X is called
idempotent if and only if:

1. mg +myP; + myP, isidempotent.

2. (ng +nP; +n,P)[2my —1+2myP; +2m,P,] =0
Proof.
X = M + Nt is idempotent if and only if:

M?=M

2

X _X:>{2MN=N:>N(2M—1)=O

For M=m0+m1P1+m2P2,N=n0+n1P1+n2P2 EZ—SPR
This implies the proof.

Remark.
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The idempotency of M is equivalent to my* =mg, (mg+my)? = (my+
my), (mg + my + my)? = (my + my +my,) , hence my,my+my,my+m; +m,e€
{o,1}.

The equation N(2M — 1) = 0 means that N,2M — 1 are zero divisors in 2 — SPg,
so they should not invertible in 2 — SPy.

Now, let's compute the result of N(2M — 1) = 0.

N(2M — 1) = (ng + n Py + n,P,)(2my — 1+ myP; + myP,) = 0, thus:

ny(2mg—1) =0 (1)
(ng +n)@2my—1+2my) =0 (2)
(ng+n; +ny,)(2my—1+2m; +2my,) =0 (3)

Since m, € {0,1}, then 2my —1 # 0 and ny = 0.
Equation (2) has two possible cases:
TL1 = 0
{ or
2mg +2m; =1

Equation (3) has two possible cases:

TL1 + TL1 = 0
{ or

2my+2mq +2m, =1

We discuss all possible cases.
Casel.
my=0myg+m; =0myg+my+my, =0, thus my =m, =0, n=0, n, =0,n, =
0, thus X = 0.
Case2.

mo = 0
{ m0+m1:1 ,then m1=1,m2=_1,n0=0,n1=n2=0
mog+m;+m, =1
thus X = Pl - PZ
Case3.

mo = 0
{ my+my =0 ,then m;y=0m,=1,n,=0n, =n,=0
my + mq + my, = 1
thus X =P,

Cased.
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m0:0
{ m0+m1:1 ,then m1=1,m2=0,n0=0,n1=n2=0
m0+m1+m2:1

thus X = P;
Caseb.
mo = 1
{ m0+m1=0 ,then m1=—1,m2=0,n0=0,n1=n2=0
mo + m1 + mZ = 0
thus X =1-P;
Caseb.
mo = 1
{ mog+my =1 ,then m; =0m,=-1,n,=0,n, =n,=0
mo + m1 + m2 = 0
thus X =1-P,
Case?.
mo = 1
{ m0+m1=0 ,then m1=—1,m2=1,n0=0,n1=n2=0
my + mq + my, = 1
thus X:1_P1+P2
CaseS8.
mo = 1
{ m0+m1:1 ,then m1=0,m2=0,n0=0,n1=n2=0
mog+m;+m, =1
thus X =1
remark.
The idempotent in 2 — SPp are:
{01111_P1+P2’1_P2I1_P1lP11P2lP1_PZ}
Definition.
Let X =M + Nt € 2 — SP,, we say that X is 3-potent element if and only if X3 = X.
Remark.
X is 3-potent if and only if X* = X which is equivalent to:

{ M3 =M
3M2N =N = N(3M2—1) =0

M3 = M implies:
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my® =mg
(mo + m1)3 =my + mq
(m0+m1+m2)3=m0+m1+m2

So that mgy, my + my, my + my + m, € {0,1 — 1}.
N(3M? — 1) = 0 implies:

no(3my—1) =0 (1)
(ng+ny)Bmy—1+3my) =0 (2)
(ng+ny; +n,)(3my—1+3m; +3m,) =0 (3)

Equation (1) means that ny, = 0, that is because m, # g

Equation (2) means that:

no + nl = 0

{ or , since my + m; is integer, then n; = 0.
3m0 + 3m1 - 1

Equation (3) means that:

no + TL1 + nz = 0
{ or , since my + my + m, is integer, then n, = 0.
3my+3m; +3m, =1
This implies that:

Casel.

m0=0
{ mog+m; =0 ,then X =0.
mog+m;+m, =0

Case2.

m0:0
{ m0+m1=1 ,thenX=P1—P2
m0+m1+m2=0

Case3.

m0:0
{ mo+my; =—1 ,then X =-P, + P,
m0+m1+m2=0

Cased.

m0:0
{ my+m; =0 ,then X =P,
m0+m1+m2=1

Case5.
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m():O
{ m0+m1:0 ,thenX:_Pz
m0+m1+m2:_1

Case6.

m0=0
{ m0+m1:1 ,thenX=P1
m0+m1+m2:1

Case?.

m():O
{ m0+m1:1 ,thenX=P1—2P2
mg+m; +m, =—1

CaseS.

m0=0
{ m0+m1:_1 ,thenX=—P1+2P2
m0+m1+m2:1

Case9.

m0=0
{ m0+m1:_1 ,thenX=—P1
m0+m1+m2:_1

Casel0.

m0=1
{ m0+m1:0 ,thenX=1—P1
mog+m;+m, =0

Casell.

m0=1
{ m0+m1:1 ,thenX=1—P2
mog+m;+m, =0

Casel2.

m0=1
{ m0+m1:_1 ,thenX=1—2P1+P2

mog+m;+m, =0

Casel3.

m0=1
{ m0+m1:0 ,thenle_P1+P2
mog+m;+m, =1

Caseld.
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m():l
{ m0+m1:0 ,theanl_Pl_Pz
m0+m1+m2:_1

Casel5.

m0=1
{ m0+m1:1 ,theanl
m0+m1+m2:1

Casels6.

m0=1
{ m0+m1:1 ,theanl_ZPZ
m0+m1+m2:_1

Casel?.

m0=1
{ m0+m1:_1 ,thenX=1—2P1—2P2
m0+m1+m2:1

CaselS.

m0=1
{ m0+m1:_1 ,thenX=1—2P1
m0+m1+m2:_1

Casel9.

m0=—1
{ m0+m1:0 ,thenX=—1+P1
mog+m;+m, =0

Case20.

m0=—1
{ m0+m1:1 ,’[henX=—1+2P1—P2
mog+m;+m, =0

Case21.

m0=—1
{ m0+m1:_1 ,’[henX=—1+P2
mog+m;+m, =0

Case22.

m0=_1
{ m0+m1:0 ,thenX=—1+P1+P2
mog+m;+m, =1

Case23.
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m0:_1
{ m0+m1:0 ,thenX=—1+P1—P2
m0+m1+m2:_1

Case24.
mgy = -1
{ m0+m1:1 ,thenX=—1+2P1
my + mq + m, = 1
Case25.
mgy = -1
{ m0+m1:_1 ,thenX:_l
my + mq + m, = -1
Case26.
my = -1
{ m0+m1:1 ,thenX=—1+2P1—2P2
my + mq + m, = -1
Case27.
my = -1
{ m0+m1:_1 ,thenX=—1+2P2
my + mq + m, = 1
Conclusion
In this paper, we have studied for the first time the combination of symbolic
2-plithogenic numbers with dual numbers. The novel algebraic structure generated
by them is called dual symbolic 2-plithogenic numbers.
We have determined the invertibility condition and the formula of the inverse for
dual symbolic 2-plithogenic numbers. Also, all idempotent elements in the ring of
dual symbolic 2-plithogenic numbers were presented and computed.
References
1. Akar, M.; Yuce, S.; Sahin, S. On The Dual Hyperbolic Numbers and The
Complex Hyperbolic Numbers. Jesem 2018, 8, DOI:
10.20967/jcscm.2018.01.001.

2. Smarandache, F., " Introduction to the Symbolic Plithogenic Algebraic

Structures (revisited)", Neutrosophic Sets and Systems, vol. 53, 2023.

Khadija Ben Othman, Maretta Sarkis, Murat Ozcek, On The Dual Symbolic 2-Plithogenic Numbers



Neutrosophic Sets and Systems, Vol. 59, 2023 183

3.

10.

11.

12.

Florentin Smarandache, Plithogenic Algebraic Structures. Chapter in
“Nidus idearum Scilogs, V: joining the dots” (third version), Pons
Publishing Brussels, pp. 123-125, 2019.

Florentin Smarandache: Plithogenic Set, an Extension of Crisp, Fuzzy,
Intuitionistic Fuzzy, and Neutrosophic Sets — Revisited, Neutrosophic Sets
and Systems, vol. 21, 2018, pp. 153-166.

Ali, R., and Hasan, Z., "An Introduction To The Symbolic 3-Plithogenic
Vector Spaces", Galoitica Journal Of Mathematical Structures and
Applications, vol. 6, 2023.

Rawashdeh, A., "An Introduction To The Symbolic 3-plithogenic Number
Theory", Neoma Journal Of Mathematics and Computer Science, 2023.
Ben Othman, K., "On Some Algorithms For Solving Symbolic 3-Plithogenic
Equations", Neoma Journal Of Mathematics and Computer Science, 2023.
Ali, R, and Hasan, Z., " An Introduction To The Symbolic 3-Plithogenic
Modules ", Galoitica Journal Of Mathematical Structures and Applications,
vol. 6, 2023.

Nader Mahmoud Taffach , Ahmed Hatip., "A Review on Symbolic
2-Plithogenic Algebraic Structures " Galoitica Journal Of Mathematical
Structures and Applications, Vol.5, 2023.

M. B. Zeina, N. Altounji, M. Abobala, and Y. Karmouta, “Introduction to
Symbolic 2-Plithogenic Probability Theory,” Galoitica: Journal of

Mathematical Structures and Applications, vol. 7, no. 1, 2023.

Merkepci, H., and Abobala, M., " On The Symbolic 2-Plithogenic Rings",

International Journal of Neutrosophic Science, 2023.

Sarkis, M., " On The Solutions Of Fermat's Diophantine Equation In
3-refined Neutrosophic Ring of Integers", Neoma Journal of Mathematics

and Computer Science, 2023.

Khadija Ben Othman, Maretta Sarkis, Murat Ozcek, On The Dual Symbolic 2-Plithogenic Numbers


https://americaspg.com/articleinfo/33/show/1689
https://americaspg.com/articleinfo/33/show/1689

Neutrosophic Sets and Systems, Vol. 59, 2023 184

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Abobala, M., "On Some Algebraic Properties of n-Refined Neutrosophic
Elements and n-Refined Neutrosophic Linear Equations", Mathematical
Problems in Engineering, Hindawi, 2021

Abobala, M., "A Study Of Nil Ideals and Kothe's Conjecture In
Neutrosophic Rings", International Journal of Mathematics and

Mathematical Sciences, hindawi, 2021

Khaldi, A., " A Study On Split-Complex Vector Spaces", Neoma Journal Of

Mathematics and Computer Science, 2023.

Ahmad, K., " On Some Split-Complex Diophantine Equations”, Neoma

Journal Of Mathematics and Computer Science, 2023.

Alij, R, " On The Weak Fuzzy Complex Inner Products On Weak Fuzzy
Complex Vector Spaces", Neoma Journal Of Mathematics and Computer

Science, 2023.

Hatip, A., "An Introduction To Weak Fuzzy Complex Numbers ", Galoitica
Journal Of Mathematical Structures and Applications, Vol.3, 2023.
Merkepci, M., Abobala, M., and Allouf, A., " The Applications of Fusion
Neutrosophic Number Theory in Public Key Cryptography and the
Improvement of RSA Algorithm ", Fusion: Practice and Applications, 2023.

Merkepci, M,; Sarkis, M. An Application of Pythagorean Circles in
Cryptography and Some Ideas for Future Non Classical Systems. Galoitica
Journal of Mathematical Structures and Applications 2022.

Merkepci, M., and Abobala, M., " Security Model for Encrypting Uncertain
Rational Data Units Based on Refined Neutrosophic Integers Fusion and El
Gamal Algorithm ", Fusion: Practice and Applications, 2023.

Alhasan, Y., Alfahal, A., Abdulfatah, R., Ali, R., and Aljibawi, M., " On A

Novel Security Algorithm For The Encryption Of 3x3 Fuzzy Matrices With

Khadija Ben Othman, Maretta Sarkis, Murat Ozcek, On The Dual Symbolic 2-Plithogenic Numbers



Neutrosophic Sets and Systems, Vol. 59, 2023 185

Rational Entries Based On The Symbolic 2-Plithogenic Integers And

El-Gamal Algorithm", International Journal of Neutrosophic Science, 2023.
23. Alfahal, A., Alhasan, Y., Abdulfatah, R.,, Mehmood, A., and Kadhim, T., "

On Symbolic 2-Plithogenic Real Matrices And Their Algebraic Properties ",

International Journal of Neutrosophic Science, 2023.

24. Ben Othman, K., Von Shtawzen, O., Khaldi, A., and Ali, R., "On The Concept
Of Symbolic 7-Plithogenic Real Matrices", Pure Mathematics For Theoretical
Computer Science, Vol.1, 2023.

25. Ben Othman, K., Von Shtawzen, O., Khaldi, A.,, and Ali, R., "On The
Symbolic 8-Plithogenic Matrices”, Pure Mathematics For Theoretical

Computer Science, Vol.1, 2023.

26. Abobala, M., and Allouf, A, " On A Novel Security Scheme for The
Encryption and Decryption Of 2x2 Fuzzy Matrices with Rational Entries
Based on The Algebra of Neutrosophic Integers and El-Gamal
Crypto-System", Neutrosophic Sets and Systems, vol.54, 2023.

Received 19/4/2023, Accepted 19/8/2023

Khadija Ben Othman, Maretta Sarkis, Murat Ozcek, On The Dual Symbolic 2-Plithogenic Numbers



