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completeness in N —n — NLS and obtained the relations between these notions.
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1. Introduction

Nearly about 60 years ago, Zadeh [42] introduced fuzzy sets as a generalization of crisp set to
address those problems which can’t be modeled in the framework of crisp sets. These sets have
vast applicability in many areas of science and engineering especially, in control engineering,
decision making theory [40], fuzzy physics [28], artificial intelligence and robotics [41]. Katsaras
[24] first observed that there are some situations in which the precise value of the norm of a
vector can’t be determined and therefore the concept of a fuzzy norm seems more appropriate
as compared to the crisp norm. In view of this, he introduced the concept of fuzzy normed
linear spaces and proved that any two fuzzy norms are equivalent. For further developments
on these spaces, we recommend to the reader [24], [27-28],[30], [32], etc. Sadati and Park [34]
generalized fuzzy normed linear space, called intutionistic fuzzy normed space while studying
fuzzy topological spaces. Later, Karakus et al. [20] studied generalized convergence called
statistical convergence in intutionistic fuzzy normed space. However, Srinivasan Vijayabalaji
et al. [40] defined the intutionistic fuzzy n-normed linear space (IF-n-NLS) and introduced the
notions of convergence and Cauchy sequence. Subsequently, these spaces have been developed

in [4, 15, 18, 20] etc.
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Recently, Kirigci and Simsek [22] introduce a more generalized form of fuzzy normed space
called neutrosophic normed linear space and studied statistical convergence in these spaces.
After their pioneer work, many papers have been appeared on NN LS and linked with summa-
bility theory. For an extensive view, we refer [21,23, 29-32, 37, 38] etc. In present work, we are
motivated by the works of [40] and [22] to define a N —n— N LS and develop some fundamental

notions of convergence and Cauchy sequences in these spaces.

2. Preliminaries and background

This section starts with some basic definitions, results and terminology on neutrosophic

normed linear spaces and n—norm [22].

Definition 2.1 “A binary operation o : & x & — &, where & = [0, 1] is continuous ¢—norm,
for each 11,79, 73 and 74 € [0, 1] if the below conditions are satisfied:

(i) o is continuous, commutative and associative;

(ii) mol=m

(iii) 71 o 79 < 73 0 74 whenever 71 < 73 and 79 < 74.”

Definition 2.2 “A binary operation ¢ : I x & — &, where & = [0, 1] is continuous ¢—conorm,
for each 71, 72,73 and 74 € [0, 1] if the below conditions are satisfied:

(i) ¢ is continuous, commutative and associative;

(ii) T < 0= 1

(iii) 71 © T2 < 73 © 74 whenever 71 < 73 and T < 74.

Kirigci and Simsek [22] used Definition 2.1 and Definition 2.2 to define neutrosophic normed
linear space as follows.”
Definition 2.3 [22]“Let U be a linear space over F' and o, ¢ respectively denotes t-norm and t-
conorm, let G, B, Y are function from (g, A1) € U x (0,00) to [0, 1]. A six tuple (U, G, B, Y, 0,9)
is called a neutrosophic normed linear space, if the below properties are satisfied:
For every o,v € U, A1, A2 > 0 and scaler « # 0, we have
(i) 0<G(o, M) <1,0< B(o, M) <L,0<Y (o, M) <1;
(i) G (o, M)+ B(o, M) +Y (0, M) <3
(iii) G (0, A1) =1, B(o, A1) =0and Y (o, A1) =0 if and only if ¢ = 0;
() Gag, M) =G (e, &), Blag, M) =B (o, &) and ¥ (ag, M) =Y (o %)
(v) G(0, M) oG (v, A2) < G(o+v, M1+ A2), B(o, A1) o B (v, A\a) > B(o+wv, \1 + A\o)
and Y (0, M) oY (v, A2) > Y (0+v, A1+ Ao);

(vi) G (o, .) is a non-decreasing continuous function;
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(vii) B (o, .) and Y (p, .) are non-increasing continuous function;
(viii) hm,\l_mo G (o, M) =1,limy, 00 B(0, A1) =0 and limy, 5o Y (0, A1) =
(ix) If A\; <0, then G (o, \1) =0, B(o, \i)=1and Y (g, A1) =1.
We call N (G, B,Y) as the neutrosophic norm and (U, G, B,Y, o,¢) the neutrosophic normed

linear space. For some examples on these spaces, we refer [22].”

Finally we recall the concept of n—norm as given in [16].

Definition 2.4 [16] “Let U be a real space of dimension m > n (m is finite or infinite, n € n)
the real valued function ||.|[, on U x U X ... x U = U" is called n—norm on U if and only if it
satisfying the below axioms:

(i): [lo1, 025+ -+ 0nlln =0 iff 01, 02, ..., 00 € U are linearly dependent;

(ii): ||o1, 02, - - -, On||n remains invariant for 1 <i < n;

(iii): ||o1, 02, - - -, @on|ln = |]]01, 02, - - ., On||n for any a € R;

(iv): [lo1, 02, -+, On—1,v +wl|n < |01, 02, -5 0n—1,V|[n + [|01, 02, - - -, On—1, W0

The pair (U, ||.||n) is known as n—normed linear space.”

3. N-n-NLS

We, now turn towards our main results. We start with the following definition of neutro-
sophic —n— normed space.
Definition 3.1 Let U be a linear space over F' and o, ¢ respectively denotes t-norm and
t-conorm, let Gy, By, Yy are function from U" x (0, 00) to [0,1]. A six tuple (U, Gy, By, Yo, 0,©)
is called a neutrosophic n—normed linear space, (91, 02, - - -, On—1, 0n, A1) € U" % (0,00) — [0, 1],
if the below properties are satisfied:
(1)Go(01, 02, - -5 @n1, 0ns A1) + Bo(01, 025+ -+ 5 On1, Ons A1) + Yo (01, 02,5 On1s 00 A1) <3
(ii) Go(01, 025+ - -, On—1, Ons A1) > 0;
(iil) Go(01s 02y - -+ On—1, Ons A1) = 1, iff g; are dependent for 1 < i < n;
(iv) Go(01, 025 - - -y On—1, On, A1) Temains invariant, g; for 1 <i < mn;
(V) Go(01: 025+, 01, 0ns A1) = Go(01: 021 - -, Ous, Ons o) for a # 0, a € F;
(vi) Go(01, 02, - -+, Onr Ons M) © Go(01, 02, - - -+ On1, Ops A2)
> Go(01, 025+ -+, On1s On + Oy M+ A2);
(vii) Go(01, 02, -+ On—1, On, A1) is non-decreasing continuous in A;
(viii) }iinooGO(Qh 02y vy On—1,0n,A1) = 1 and )\lliEOGg(gl, 02y vy On—1,0n, A1) =0
(ix) Bo(01, 025 -+ -5 On—1, On, A1) > 0;
(x) Bo(01, 025 -+ -5 On—1, 0n, A1) = 1 iff g; are dependent for 1 <7 <n
(xi) Bo(01, 02, - - On—1, On, A1) remains invariant, g; for 1 <i < n;
(

Xll) BO(QI'} Q25+ O0n—1,A0n, )\1) == BO(QI? Q2y+++30n—1,0n, %) fOI’ « 7é 07 o c F7
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(xiii) Bo(01, 02, -+ 0n-1, 00, A1) © Bo(01, 02, -+ On1, 0ny A2)

> Bo(01) 02, -+ 0n-1, 0n + 0y A1 + A2));

(xiv) Bo(01, 025 - -5 On—1, On, A1) is non-increasing continuous in Ag;

(xv) A}igaooBo(Ql, 025+ On—1, 0n; A1) = 0 and AlliglOBo(Ql, 025wy On—1, 00 M) = 1
(xvi) Yo(01, 02, -+ On—1, 0n, A1) > 03

(xvii) Yo(01, 025+, On—1, 0n, A1) = 1 iff g; are dependent for 1 <i <mn

(xviii) Yo(01, 02, -5 On—1, On, A1) remains invariant, g; for 1 <i <n;

(xi%) Y0(01, 02, -+ On1, @00 A1) = Yo(01, 02, - -+ Onss 0, 7) for a # 0, a € F;

(x%) Y0(01, 02, -+ 5 @n—1, 0 A1) © Y0(01, 02, - @1, Oy A2)

> Y0(01, 025+ > On1y On + Oy AL+ Aa);

(xxi) Yo(01, 02y -+ On—1, On, A1) is non-increasing continuous in Ag;

(odi) lim Yo(es, 02 -- -, @n—s; om, A1) = 0 and lim ¥o(e1, 02, -, 0ns, 00, A1) = 1.

For simplicity, we shall denote the neutrosophic n—norm by N,(Gy, By, Yp)-

Example 3.1 Let (U,]||.|la) be an n—normed space. For 7,7 € [0,1], define, t—norm,
t—conorm by 7 o 79 = min{7, 2} and 7 ¢ 7o = max{7, 72} and fuzzy sets Gy, By, Yy on

U" x (0,00) by

A

= and
A1+ ”Qla Q2y---50n—1; Qn“n

GO(QJ.) Q25+ 0n—1,0On; )\1)

HQlaQu-'-’anlaQan
B 302y« On— J A1) =
O(Ql e Gn On 1) A1+ HQlan»---»anlaQan’

O1,025---,0n—1,0
YV()(QI’QZ,"'?QH*lagna)\l): H D2 )\’1 L an7

then (U, Go, By, Yo,0,0) isa N —n — NLS.
Proof (i) and (ii) directly follows from definition of Gy, By, Yo, i.e.,

(1) Go(015 025+ -+ On—150ns A1) + Bo(01, 025 - -5 On—1, 0ns A1) + Y0 (01, 02, - - -, On—1, 00, A1) < 3
(“) GO(Ql? O25---,0n—1,0n, )\1) > 05
A1
@ p—
A1+ HQu O2y---,0n—1, Qu”n
= ||Ql7 le ctty Qn—lu Qan = O

1

(ZZZ) GO(QI? Oz25---,0n—1,0On, )‘1) =1

& p; are linearly dependent for 1 <14 < n.
_ A1 _ A1
B A1+ [lo1, 025+ 5 On—1s Onl|n B AL+ 1l01, 02, -5 On—1, Onl|n
B A1+ Hgla Q25+, 0On, Qn—l”n B
Vijay Kumar, Archana Sharma and Sajid Murtaza, On neutrosophic n—normed linear spaces

(Y’U) GO(le 025+, 0n—1,0n, )\1>




Neutrosophic Sets and Systems, Vol. 61, 2023 Zm

|a| %+’|Ql7927"'79ﬂ—l)gﬂ|’ﬂ )‘1+|a|||917927""Q“*l"Q“H“
A1

B A1+ HQlana cees Qn—baQan

(U) GO <Qla Q25+ --50n—1,0n,

= GO(QU Q25+ -5 O0n—1,0n, )‘1)
(vi) In general, let’s suppose that,

GO(QL? Q25+ 0n—1, Q:’U )‘1) S GO(Ql? Q25+ 0n—1,0n, /\2)
= al P < A2
A1+ HQla Q25+ -5 0n—1, Qan A2 + HQla Q25---50n—1; Qn”n

= )\1()\2 + HQla 02y---50n—1, Qn”n) < )\2()\1 + Hle O25-+-,0n-1, Q:q”l’l)

= )\1||917Q27 .- ‘7Qﬂ—laQan < )\2||917Q27 .- ‘7@“—179;Hn

A2 /
= Hglv QZa ceey Qn—l7 Qn”n S )\71 Hle QZ) sy Qn—la Qan‘

||91a Q2y---50n—1, Qan + HQla Q25---50n—1, Qn||n

)\2 / !
< )\71 ||Q17Q27"'7anlagn”n+”Ql’é&?"‘?@ﬂ*l?@n”ﬂ

A2 / Ao+ M\ /
S 7+]— HQluQZ7"')Qﬂ—l7Qn||n: thgza"'qu‘l—l)Qn”n’
A1 A1

Now,

H917Q27 ceey On—1,0n t+ Q;Hn < Hlesz <o Qn—hQan + HQ17927 .- -in—17Q:1Hn

Ao+ A\ ’
S ( A )HQlanr"’Qn—vaan
1
= HQl?Qb""Qn—van+Q:1Hn S HQ17927"'7QH—17Q;HH
A2 + A1 A1
:>1+ ||917927'~7Qn7179n+Q;”n S1+ HQlaQZ)"an*va;Hn
Ao+ Ay A1
A2+ A1+ 1100, 025 0nas 00+ Gulln _ At 4 101,025+, 001, Gulln
= <
Ao+ A1 A1
Ao+ A1 A1

= — = ;
A2+ A1+ HQla 02y-++50n—1,0nt Qan A1+ Hle 025+ 0n—1, Qan
= GO(Qla 025 +++3On—1,0n+ Q:n A2 + )\1)

> min{GO(Qla O25--+50n—1,0n, )\2)7 GO(Qu Q25+ -5 0n—1, 0y, )\1)}

- GO(QD 02y+++50n—1;,0n, AQ) o G0(917 Q29+ 0n—1,0n; )‘1)
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(vii) Clearly Go(01, 02, -, On—1, 0n, A1) is non-decreasing continuous in A;.
(Viii) BO(Qla Q25+ -5 0n—1;0n, )\1) > 0.
H917927"'7Ql‘1—179ﬂ‘|ﬂ -0

A1+ HQD Q25+ -5 0n—1, Qan B
= Hgla QZ7 . '7@1‘1—17@3‘1”1‘1 = O

(Z.ﬁU) BO(le O25--+50n—1,0n, )‘1) =0=

= p; are linearly dependent for 1 < i <n.

HQlaQZ7"'7QI’1—l;QﬂHﬂ HQlana---in—hQan
) Bo(01,02,.++30n—1,0n, A1) = = = ...
( ) ( e e A ) )\1+HleQla"'7Qﬂ—l7QﬂHﬂ /\1+HQl?QZ?"'MQH—l)Qan

HQlaQZ)"')Qﬂ—lanan _ |a’||Ql)Q27"‘7Qﬂ—l7Qan
A1+ HQL: 02y, Qn—lyaQan A1+ ’ale, 02y---50n—1, Qn”n
||Q13@27---a9n71,9n||n Al

N = By (Qla@z’--'agn—lme>~
W+"Qlagza---79n—17gn|’n |Oé|

(Cm) BU(le Q25+ -5 0n—1,00n, /\1) =

(xii) In general, let’s suppose that,

BO(QD Q02y+++350n—1;0n, AQ) S BO(Ql: Q25+ 0n—1, Q:w )\1)

HQlaQZ)"‘MQI’!—vaan < HQI?QZ?"'aQI‘l—l)Q;HH
)\2 + Hgla Q25+ 0n—1, Qt‘lHn B )\1 + HQ17 025+, 0n—1, Q;Hl‘l

= ||Ql7 025+ -+, 0n—1, Qn”n()\l + ||Q1a Q25---50n—1, Qu||n)

< HQI? Q25+ -5 0n—1, Qan()\Q + HQD Q25+ -5 0n—1, Qan)
= >‘1HQ17 QZ) L] Qn—l7 Qn”n S >\2HQ17 QZ7 L] Ql‘l—la Q;Hn

= AlHleQZa cevy On—i, Qan - )\2HQ17Q25 cevy On—i, Qan S 0.

Now,
||Ql,Q2w~7Qn—laQn+Q:1||n _ ||Ql)glv"'7gn—17@;”n
A2 + A1+ HQla 02y -5 0n—1,0n+ Q;Hn A1+ ||Ql7 Q25+, 0n—1, Q;Hn
||QlaQZ7""anlygn||n+HQl’QZ""aQn*l?Q:‘lHn _ HQI,QZ)“‘?QH*l?Q‘:‘lHn
VRSPV HQla Q2y---50n—1, Qan + ||Ql7 Q25+ -50n—1, Q;Hn A1+ |||Q17 O25--+50n—1, Q;Hn
_ /\lHQlany--an—laQan_/\2"917027---7911—179:1”11 <0
()\2 + A1+ HQla Q25+ -5 0n—1, Qan + Hle Q25-+-50n—1, Q:1|’n)()\1 + HQla Q25+ -5 0n—1, Q;Hn) a
This implies that, Hle Q25+ -+ 0n—1,0n 1 Qan : < Hle Q25---,0n—1, QnHl‘/l .
A2+ A1+ Hgl7 Q25+ 0n—1,0n+ Qan A1+ HQl? Q25+ -+ 0n—1, Qan
Similarly, ||91,Q27'~7Qn—laQn+Qn||n < ||Ql)g27"°7gn—lagn”n

A2+ A+ ”Qla Q253 0n—1,0n F Q;”n VS ||Q17927 .- -aanlaQ;Hn'
This implies that,

BO(le O25-++30n—1,0n + Qna )\2 + >\1)
< maX{BO(Ql) O25--+50n—-1,0n, )\2)7 BO(Qla 025+ 0n—1,0y, )\1)}-

30(917 Q25+ 0n—1,0n, )\2) <& 30(017 Q29+ 0n—1,0p; )\1)
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(xiii) Clearly Bo(01, 02, -+ On—1, On, A1) iS nON-increasing continuous in A;.
(Xiv) Y(](Qla Q2y---50n—1,0n, )\1) > 0.

(l‘v) YO(le Q25+ 0n—150n, )\1) =0= ||Ql’ 02 ')\’ On1; Qan =0
1

= HleQZa" '7911—17@11”11 - 0

= p; are linearly dependent for 1 < i <n.

(xm.) YO(Ql, 02, -+ ) Onsy O )\1) _ ||Ql? 02 -- ‘)\7 On—1, Qn”n _ ||917 02, - - ')\7 On, anlHn
1 1

= YO(Qla Q25+ -5 0n, On—1, Al) E

(20ii) Yoo, 02, 0ns, g, Ar) = 1222820722t Ol _ [l oo v all
1 1

_ 101, 025 -+, On—1, Onlln — v A1
= N = ¥y Qlanw--aQn—lanE .

la]
(zviii)In general, let’s suppose that,

YVO(Q.U Q25+ 0n—150n, )\2) S YZJ(Qla Q25---50n—1; Qna )‘1)

N ||Q17@2>--'a9n71>9n||n < HQlaQZa"'er’lflng;Hn
A2 - A

= AlHQlaQZa «e vy On—1, Qn”n S )\QHQlagza . '7Qn717Qan

= Al”@la@m .- -aanhQan - )\2H917921 .- -aanlygan <0.

Now,

||QlaQZa ceesOn—1,0n+ Q;Hn _ HQlana e anbg;Hn

A2 4+ Aq A1
< Hgla QZ; cety Ql‘l—l7 Qn”n + HQ17 le LR Qﬂ—la Q;Ht‘l _ Hgla QZ: LR Ql‘l—lv Q;Hn
- A2 + A A
_ )‘lHQla Q25+ 0n—1, Qn”n — )‘QHle Q25+ -+ 0n—1, Q;Hn <0
A (A2 + A1) -
This implies that, HQlaQZa"~7anl7gn+g:1”n < HQlan,--anbe;Hn'
A2 4+ Ap A1

HQla Q25+« 0n—1,0nF Q;Hn < HQ17 Q25+ -5 0n—1, Qan

Similarly, A < N
Therefore, Yo(01,025- -5 On—1, 00 + Q;w A2 + A1)
< max{Yo(0r, 02r -+, On-1, s A2), Yo(01r 021+ Oness 0y A1) }-
Yo(01: 021+ On1: 0 A2) © Y0(01: 021+ On1, 0 A1)
(xix) Clearly Yp(01, 02, - -+, On—1, On, A1) 18 non-increasing continuous in A;j.

Thus, Nn(Go, Bo,Yp) satisfy all conditions of a mneutrosophic n—morm and the space

(U, Gy, Bo, Yo,0,0) is a N —n — NLS becomes a neutrosophic n—normed linear space [J
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Definition 3.2 A sequence v = (vg) in a N —n — NLS (U, Gy, By, Yo, 0,¢) is said to be
convergent to vy w.r.t. the norm N,(Gy, By, Yp) if for e > 0, A\; > 0 and 0,,0,,...,0n—1 € U,
Ing € Nsit. Go(01, 02y -+ On—1,0k — V0, A1) > 1 — € and Bo(01, 02, - On—1,Vk — V0, A1) < €,
Yo(01, 02y -+ s On—1,0k — V0, A1) < €,V k > ng. In this case, we write N, (Go, Bo, Yo) —limg—s 00 V.
]

Example 3.2 Consider the neutrosophic n—normed linear space as given in example 3.1.
Define a sequence v = (vy) by vy = %, then for each € > 0, \; > 0 and 0y, 0,,...,0n—1 € U we

have

1
GO(le 025+, On—1,Vk, >‘1) - GO(Qla O25---,0u—-1, %a >\1)

A1+ ”Qla Q25+ -5 0n—1, %Hn

— 1 as k — oo and

1
BO(Qla Q25+, 0n—1, Uk, )\1) = BO(Qla Q25+, 0n—1, Eu >\1)

_ ||Ql7QZa"'7anla%Hn
A1+ [low; 025+ -5 @n1,s %Hn

— 0 as k — oo,

1
Y()(Qla Q25+ -5 0O0n—1,Vk, >\1) = Yb(@la Q25---50n—1, %7 )\1)
_ HQLan, . .)-\, On—1, %Hn 50 as k — oo,
1

this shows that the sequence vy = (%) is convergent to 6 where 6 denotes the zero element in
U w.r.t. Nuo(Go, By, Yp).

Theorem 3.1 For any sequence v = (vg), in a N —n — NLS (U, Gy, By, Yo, 0,¢) with
Ny (G, B,Y) — limy, v, = v, vg is unique.

Proof Let, if possible Ny(Go, By, Yy) — limy v = vo and Ny (Go, Bo, Yo) — limy vy = wg. Let
€ > 0 and A\; > 0 be given. Choose €; > 0 s.t.

(I1—€)o(l—€)>1—€candeoe <e (1)
Since Ny (Go, Bo, Yo) — limy v = v so there exists n, € N s.t.V k > n,

A A A
G(vk—vo,;) >1—¢ and B<v;€—vo,21> < 61,Y<’Uk—’[)0,21> < €.

Further, Ny (Go, Bo, Yo) — limy vx, = wy, will give another n, € N s.t. Vk > n,

A A A
G(vk—w0,21> >1—¢€; and B(vk—w0,21> <61,Y(vk—w0721> < €.
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Let, ng = max{n,,n,}, then for all k£ > ny

A A
G(U()—'UJO,AI) == G(UO _/Uk—i-vk—wo’?l—'— 21)

A A
> G<vk — Vo, 21) o G<Uk — wp, 21>
>(1l—€e)o(l—e)>1—¢
Since € > 0 is arbitrary so G(vg — wp, A1) = 1 and therefore vy — wo = 0 i.e., vg = wy.

Now,

2 2
A A
SB(Uk—Uo,21> <>B<vk—w0,21>
<€190¢€ <E€,

A A
Y (vo — wo, A1) —Y<v0—vk+vk—wo,21+21>

A A
< Y<vk—v0,21> <>Y<vk —w0,21>

< €10€ < e

A A
B(vo—wg,Al):B<v0—vk+vk—wo,1+1)

Since € > 0 is arbitrary so we have B(vg—wp, A1) = Y (vg —wp, A1) = 0 which gives vg —wp = 0
i.e., vg = wp. Hence, in all cases vg is uniquely determined.[J
Theorem 3.2 If v = (v;) and w = (wg) be any two sequences in a N —n — NLS
(U, Gy, Bo, Yo, 0,¢) s.t. limvg, = vp and lim wy = wq then,

(i) limg avg, = avg, a # 0 for any scalar.

(ii) limg (vg + wg) = vo + wo.
Proof. The proof of the theorem follow parallel lines of the proof of theorem 3.1, so omitted.
O
Theorem 3.3 A sequence v = (v;) in a N —n — NLS (U, Gy, By, Yp,0,0) is conver-
gent to vg w.r.t.  Ny(Go, By, Yp), if and only if, G(o1,0,,---,0n-1,0k — vo, A1) — 1 and
B(01,02, -+ 0n-1,0 — Vo, A1) — 0, Y (01,02, 0n—1,Vk — V0, A1) — 0 as n — oo, where
A1 > 0.
Proof Let v = (vg) converges to vy w.r.t. Ny(Go,Bop,Yp). So, for 0 < ¢ < 1 and
A1 >0, 3ng € Nsit. G(01,02,-++50n—1,Vk — V0, A1) > 1 — € and B(01, 02, -, 0n—1,V% —
vo, A1) < € Y (01,02, -y 0n—1,Vk — Vo,\1) < € ¥V k > ng. This implies, for V k >
ng. 1 — G(01,02,-500-1,0k — Vo, A1) < € and B(01,02,--y 001,V — Vo, A1) < €
Y (01,0255 0n—1,Vk — Vo, A1) < €, which shows G(g1,0,,...,0n—1,0k — vo,A1) — 1 and
B(01,02, -+ 0n—1,0 —v0,A\1) = 0, Y (01,02, 0n—1,Vk — V0, A1) = 0 as k — oo.
Conversely, suppose that for Ay > 0, G(01,0s,---,0n-1,0k — vo,A1) — 1 and
B(01,02, -+ 0n—1,Vk — 00, A1) = 0, Y (01,02, -, On—1,0k — V0, A\1) = 0 as k — co. For 0 < e <
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1,3ng € Nst. 1 —G(01,02, - 0n—1,Vk — V0, A1) < € and B(01, 02, -+, On—1, Uk — Vo, A1) < €,
Y (01,05, 0n-1,Vk — V0, A1) < €, which gives G(01,0,,.--,0n-1,0 — Vo, A1) > 1 — € and
B(01,02y -+ 001,k — V0, A1) < € Y(01,02,--,0n—1,Vk — Vo, A1) < €. Hence, (vy) converges
to vg w.r.t. No(G,B,Y). O

Definition 3.3 A sequence v = (v;) ina N —n—NLS (U, Gy, By, Yo, 0,©) is said to be Cauchy
w.r.t. No(Go, By, Yp) if for e > 0and Ay > 0, 3ng € Ns.t. G(o1, 05,5 0n—1,V—Up, A1) > 1—¢€
and B(01, 05,5001,V — Up, A1) < €, Y (01,02, 0On—1,Vk — Vp, A1) < € YV k,p>ng. O

Example 3.3 Let us consider the space U = (0,1]. If we define Gy, By and
Yo by Go(01, 053001065 M) = o ao Bo(0u 00 oin v M) =
ltstistll Y00, gy 10 M) = 122 and the t-nomm, t—conorm

respectively as o = min and ¢ = max, then (U, Gy, By, Yy, 0,¢) becomes a N —n — NLS.
Defined a sequence v = (vg) where vy = % as in example 3.2 then for € > 0, Ay >

0 and p1,092,...,0n_1 € U we have

—_
—_

Al

Go(01; 02, -+ Gn=sy 0k = s 21) = G0, 02y Gt § = A1) = g2 ey —

as k,p — oo,

BO(Q Osrerny 0 S— )\1):BO<Q 02,0 )\1) [01,02;--s0n— l’k ||n 0
1y &2y y n—1» V22 1y Y2y y dn— lak >\1+HQJ.7927 L On— 17k 1||n )

1 [l01,025s0n— 1,;1c Hu

E/O(Qlatglv"'agnflavk - Upa)\l) = Yb(leQb"'aQn 1 k A1 ) oY) — 0, as

k,p — oo.

This shows that the sequence v = (vg) is Cauchy w.r.t. the neutrosophic n—norm

Nu(Go, Bo, Yo).

Theorem 3.4 Every convergent sequence in a N —n — NLS (U, Gy, By, Yo, 0,¢) is a Cauchy
w.r.t. Nuy(Go, By, Y).

Proof Let v = (vg) converges to vy w.r.t. Nu(Go, Bo,Yy). For 0 < € < 1 and A > 0,
choose ¢; € (0,1) such that (1) is satisﬁed Since vy, — wvg w.r.t.  Ny(Go, Bo, Yp), so 3
ng € Nsit. G(01,0z,-++, 001,V — V0, 5 ALY > 1 — ¢ and B(oy, 0, - ., On—1, Uk — V0, >‘2—1) < e,
Y (01,025 On—1, VK — Vo, 2)<e YV k,p>ng.

Now,

G(Qla O2y---50n—1,Vf — Upv)‘l) = G(Qla 0255 0n—1,Vk — Vo + Vo — Up, % + /\21>

> G(le Q25+ -5 On—1,VE — V0, 21> o G(Ql? Q25+ -5 O0n—1,Vp — Vo, )\21>
>(1—€1)o(l—e)
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>1—¢ and

AN
B(Qlagza"'agl‘l—l71}k_Up7)\1) :B<917917~--7Qn—1;0k_UO+'U0_Up7+>

2 2
)\1 )\1
< B<Q17 025+ 0n—1,Vk — 0, 2) ¢ B(Qb 02y---50n—1,Up — Vo, 2>
< €19¢€]
<€,

AN
Y(Ql: Q25«5 0n—1,Vf — Upy)\l) = Y(Ql? Q25+« On—1,Vk — Vo + Vo — Upy, + )

2 2
)\1 )\1
< Y(Qla 025+ 0n—1,V — 0, 2) <>Y<Qla 02y---,0n—1,Up — V0, 2)
< €10€1
< €.

This shows that (vg) is a Cauchy sequence w.r.t. Nu(Go, By, Yp). O

Theorem 3.5 Consider the neutrosophic n—norm linear space as defined in Example 3.1.
Let v = (vg) be any sequence in U, then

(i) (vg) is Cauchy in (U, ||.||n) iff (vq) is Cauchy in (U, Gy, By, Yy, 0, ).

(ii) (vg) is a convergent in (U, ||.||n) iff (vg) is convergent in (U, Gy, By, Yo, 0,©).
Proof (i) Let v = (vx) be a Cauchy in (U, ||.||n), then

ggloollgl, 025+ On—1,Vk — Up|ln = 0.

Now, for Ay >0

lim GO(QD 025+ 0n—1,V — Up, )\1)

k,p—o0
A
= lim ! =1 and;
k'vp_N’O)\l + Hle Q29+ 0n—1,V — Up”n
lim BO(Qla 025+, 0n—1,Vk — Up, )‘1)
k,p—o00
— lim "le@l?"'agn—lavk_van :07
kpp—oo A1 + HQh Q25+ 0n—1,Vk — vp”u
lim Yp(01, 025 -+ On—1,Vk — Up, A1)
k,p—o00
— lim ||Ql7 Q25+« 0n—1,Vf — UPH“ =0.
k,p—o00 >\1

This shows that, Go(01,0z,---,0n—1,Uk — Up, A1) = 1, Bo(01, 02,5 0n—1,Vk — Up, A1) = 0
and Yy(01, 025+, 0n—1,Vk — Up, A1) = 0, as k,p — oo. So for 0 < e < 1 and A\; > 0, 3
ng € Nsit. Go(o1,02,- -5 001,06 — Vp, A1) > 1 — € and Bo(01, 025 -+, On—1,Vk — Up, A1) < €,
Yo(01, 02, - - - 5 On—1,Vk—Vp, A1) < €, and therefore (vy) is Cauchy sequence in (U, Go, By, Yp, 0,9).
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Conversely, if (vy) is Cauchy in (U, Gy, Bo, Yo, 0,¢) then it is clearly (vg) is Cauchy in
(U |]-An)-

(ii) Let, v = (vx) be a convergent in (U,||.||[n) and converges to wvp.  Then
lim H‘le Q25+ 0n—1,VE — UOH =0.
k—o00
Now,
lim Go( A) = li A 1 and
m Go(01, 025+ -5 0n—1,Vk — Vo, A1) = 1IN = 1 and;
k—o0 BEe . k_>00)\1+HQI?QZ?"'?QH—17UI€_UOH‘G
. . HQlqu)’"an‘l—lyvk_UOHn
lim Bo(01, 025+ -+, 0n—1,Vk — Vg, A1) = lim =0,
k—o0 ( e " ) k_>00)\1+Hgl7927"'7gn—l7vk_UOHn
lim YO(Ql? Q25+ On—1, Vg — V0, )\1) = lim ||Ql’ Gor o Th T UDHH =0.
k—o00 k—o00 )\1

This shows that, Go(01, 02+, 0n—1,Vk — V0, A1) — 1, Bo(01, 02, 0n—1,Vk — Vo, A1) — 0
and Yy(01, 02+ 0n—1,Vk — Vo, A1) — 0, as k — oo. So for ¢ > 0 and Ay > 0,
I ng € N sit. Go(01,02,--+,0n-1,0 — v9,A\1) > 1 — € and Bo(01, 02+, 0n—1,Vk —
vo, A1) < €, Yo(01,02y -y 0n—1,Vk — Vo, A1) < €, and therefore (vy) is convergent sequence
in (U, Gy, By, Yy, 0,0).
Converse part of the theorem can be obtained similarly and therefore omitted. [
Definition 3.4 A N —n — NLS (U, Gy, By, Yo, 0, ) is said to be complete, iff, every Cauchy
sequence is convergent in (U, Gy, By, Yo, 0, ).
Example 3.5 The sequence v = (vg) = % as in Example 3.4 is a Cauchy sequence that
converges to 0 w.r.t Nuy(Go, Bo,Yy). But, 0 ¢ (0,1] = U and therefore the N —n — NLS
(U, Gy, By, Yo, 0,0) where U = (0, 1] is not complete.
Theorem 3.6 If every Cauchy sequence in a N—n—NLS (U, Gy, By, Yy, 0,¢) has a convergent
subsequence, then it is complete.
Proof Let v = (v3) be a Cauchy ina N —n— NLS U and (vg,) be a subsequence of (v) that
converges to vg. We shell show that (vj) converges to vg. Let Ay > 0 and € € (0,1). Choose
e1 € (0,1) s.t. (1) is satisfied.

Since (vg) is a Cauchy sequence, so 3ng € Ns.t. V k,p > ng

G(Ql7927"'7gn—lavk _Up,)\21> >1—¢; and

A A
B<Qla Q25+ 0On—1,Vk — vpa 21) < 617Y<917Q27 ceeyOn—1,VL — /Upa 21> < €1.

Since (wvg,) converges to vp, so 3 i, € n with 7, > ng s.t.

G(le 02, On—1, Vi, — V0, )‘21> >1—¢€ and

A A
B<Ql, 025+, On—1,Vi, — V0, ;) < 61,Y<Ql, 02y -+, On—1,Vi, — V0, ;) < €1.

Now,
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G(gla Q25+ On—1,V — /U07)\1) - G(Qla 025+ 0n—1,VF — ’Uip + Uip — 0, % + )\21>

> G<Qla Q25+ On—1,Vk — Ui, >\21> o G(Qla@za <5 On—1,Vig — Up, )\21)
>(1—€)o(l—€)>1—¢€and;

B(Ql? Q25+ On—1,Vf — /UOv)‘l) = B(&Qla O25+++30n—1,VF — Uip + Uip — 0, % + )\21>

< B<Qla 025+ On—1,Vk — Vi, >\21> 03(917927- -+ 3 On—1, Vi, — V0, >\21> <€ o€ <¢€
A A

Y(Qla Q25«5 0n—1,Vk — 7)07)\1) =Y 01,025+ -+50n—1,Vk — Vi, + Vi, — Vo, 71 + 21>

<Y{ 01,00 001,V _Uipa/\21> oY 01502y -+, On—1,Vip _U07% <eoe <e
This shows that vy, — vg in U w.r.t. Ny(Go, By, Yo) and therefore U is complete. [
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