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ABSTRACT

In this paper, we introduce and study the NeutroAlgebra structure and many of operations and
properties of the mathematical morphology. This is a generalization of the operations of fuzzy and
classical mathematical morphology. An explanation of the new given operations is provided through
several examples and experimental results. Since mathematical morphology deals with forms and
is used in image processing, we consider in this research the Indeterminate Image (i.e. image with
missing, unclear, or overlapping pixels), whose basic morphological operator’s dilation, erosion,
opening and closing transform an indeterminate image into another indeterminate image. Therefore,
in fact, we deal with neutro-dilation, neutro-erosion, neutro-opening and neutro-closing. For a
determinate image (i.e. image with no indeterminacy), the classical morphological operators
transform it also into a determinate image, while the neutro-morphological operators into an
indeterminate image. All work from below is available for both the indeterminate and determinate

image.
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1. Introduction

In classical algebraic structures for mathematical morphology, all axioms are 100%, and all
operations are 100% well defined, but in real life, in many cases these restrictions are too harsh, since
in our world we have things that only partially verify some laws or some operations.
Neutrosophy introduces a new concept, which represent indeterminacy with respect to some event,
which can solve certain problems that cannot be solved by fuzzy logic and crisp logic. .In 1995,
Smarandache initiated the theory of NFS as a new mathematical tool for handling problems involving
imprecise indeterminacy, and inconsistent data. Several researchers dealing with the concept of NFS
such as Bhowmik and Pal in [14] and Salama et al. introduced many applications in [6-13]. In [6]
Salama introduced the concept of neutrosophic crisp sets, to represent any event by a triple crisp
structure. A crisp structure is a structure whose all elements are characterized by the same given
Relationships and Attributes. A NeutroStructure is a structure that has at least one NeutroRelation
or one NeutroAttribute, and neither AntiRelation nor AntiAttribute. In 2019 and 2020, Smarandache
[1, 2, 3, 4] generalized the classical Algebraic Structures to NeutroAlgebraic Structures. Neutrosophic
mathematical morphology is most commonly applied to digital images, but it can be employed as
well on graphs, surface meshes, solids, and many other spatial structures. Established in 1964,
mathematical morphology was firstly introduced by Georges Matheron and Jean Serra, as a branch
of image processing [29]. As morphology is the study of shape, mathematical morphology mostly
deals with the mathematical theory of describing shapes using set theory. In image processing, the
basic morphological operator’s dilation, erosion, opening and closing form the fundamentals of this
theory [29]. A morphological operator transforms an image into another image, using some
structuring element, which can be chosen by the user. Mathematical morphology stands somewhat

apart from traditional linear image processing, since the basic operations of morphology are non-

A. A. Salama, Hewayda ElGhawalby, Huda E. Khalid, Ahmed K. Essa, Ahmed A. Mohammed “An Overview Neutrosophic
Algebraic Mathematical Morphology”


https://en.wikipedia.org/wiki/Digital_image
https://en.wikipedia.org/wiki/Graph_(discrete_mathematics)
https://en.wikipedia.org/wiki/Polygon_mesh
https://en.wikipedia.org/wiki/Solid_geometry

Neutrosophic Sets and Systems, Vol. 61, 2023 428

linear in nature, and thus make use of a totally different type of algebra than the linear algebra. At
first, the theory was purely based on set theory and operators, which defined for binary cases only.
Later on the theory was extended to grayscale images also, where the theory of lattices was
introduced by Petros Maragos, who also gave a representation theory for image processing as a
scientific branch, Mathematical Morphology expanded worldwide during the 1990s. It is also during
that period, different models based on fuzzy set theory were introduced [16, 1717]. Today,

mathematical morphology remains a challenging research field, e.g. [14 - 44].

2. Terminologies

We recall some relevant basic preliminaries, and in particular, the work of Smarandache in [1-5],
Salama et al. [6-13], and some references in [14-53].
2.1 Abbreviations

1. Crisp Mathematical Morphology (CMM)

2. Fuzzy Mathematical Morphology (FMM).

3. Neutrosophic Fuzzy Set (NFS)

4. Neutrosophic Crisp Set (NCS)

5. Neutrosophic Fuzzy Morphological (NFM)

6. Neutrosophic Fuzzy Dilation (NFD)

7. Neutrosophic Fuzzy Erosion (NFE)

8. Neutrosophic Fuzzy Opening (NFO)

9. Neutrosophic Fuzzy Closing (NFC)

10. Neutrosophic Fuzzy Filters (NFF).

11. Neutrosophic Fuzzy Gradient Boundary (NFGB)

12. Neutrosophic Fuzzy External Boundary (NFEB)

13. Neutrosophic Fuzzy Internal Boundary (NFIB)

14. Neutrosophic Fuzzy Outline Boundary (NFOB)

15. Neutrosophic Fuzzy Mathematical Relation (NFMR)
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16. Neutrosophic Crisp Mathematical Morphology (NCMM)
17. Neutrosophic Crisp Dilation (NCD).

18. Neutrosophic Crisp Erosion (NCE).

19. Neutrosophic Crisp Opening (NCO)

20. Neutrosophic Crisp Closing (NCC).

21. Neutrosophic Crisp External Boundary (NCEB).

2.2 Neutrosophic Intensity Image:

To transform the Image from its Spatial (Cartesian) Domain into Neutrosophic Domain, we should
investigate the necessary mathematical tools as follow:

The image as a mathematical object (Spatial Domain) is an image mathematically represented by

an m X n matrix [ = [gl- f]mxn’ with entities g (i,j) corresponding to the intensity to the given
pixel located at the node (i,j) The image in the Neutrosophic Domain (ND) where each pixel of

the image is represented by P;; having three components P;; = (Tjj, I;;, F;j); Where,

T( ) 3G J)=Tmin I( )_ 8(i,)=8min F(l ]) =1—T (1 ]) — Jmax—9 (1)

Imax —9Imin Smax—Omin Imax ~Imin

g(i,j) is the mean intensity in some neighborhood w of the pixel given by:

ml+

g@j) = Z Z Y g(k D). Also, gmax = max g(Q,j), Gmmn = ming(i,j),
8(i,j) =abs(g(,j) — g0, 1)), Smax = maxd(i,j), 8y = mind (i, j). Hence, the image in the
neutrosophic domain becomes a 3D matrix Iyp, = [T;; 1;; F;j], of (m X n x 3) dimension.

2.3 Implementation and Experimental Results:

In this section, the following suggested algorithm has been used to transform the

cartesian image domain into the neutrosophic image domain.

Step 1: Read the grayscale image.

Step 2: Compute the local mean intensity for each pixel in the image.
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Step 3: Compute the maximum and minimum values of the local mean
intensities.

Step 4: Compute the divergence between the intensity of each pixel and its
local mean intensity.

Step 5: Compute the maximum and the minimum values of the divergence
induced in the previous step.

Step 6: Construct the truth, indeterminacy, and falseness matrices T, I, F for
each pixel.

Most neutrosophic morphological operations can be obtained by combining theoretical
operations of the neutrosophic set with two traditional and basic image operations, dilation and
erosion, the following section has been dedicated to this issue.

3. NFM Operations:

In this section, we introduce and study the neutrosophic algebraic structures and many
operations and properties of mathematical neutrosophic morphology. This is a generalization of the
classical mathematical morphological operations. An explanation of the new given operations is
provided through several examples with giving experimental results. "Lena" image has been used to
investigate the effect of each of the given operators on the image. Basic definitions for neutrosophic
morphological operations are extracted and a study of its algebraic properties is presented. In our
work, we demonstrate that neutrosophic morphological operations inherit properties and restrictions
of fuzzy mathematical morphology. The operations of NFD, NFE, NFO, and NFC of the neutrosophic
image by neutrosophic structuring element, are defined in terms of their membership, indeterminacy,

and non-membership functions; which are defined for the first time as far as we know.

3.1. NFD and NFE:
The two basic operations for the construction of neutrosophic fuzzy morphological
operators, namely, NFD and NFE. are based on the two Minkowski set operations, the Minkowski

addition and subtraction of two NFS;respectively. We may define them as follows:
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The process of structuring element B on image A and moving it across the image in a way like
convolution is defined as a dilation operation. The two main inputs for the dilation operator [21] are
the image, which is to be dilated, and a set of coordinate points known as a structuring element,
which is can be defined also as a kernel. The exact effect of the dilation on the input image is
determined by this structuring element [20]. Its dilation is defined as a set operation. A is dilated by

B, written as A@B.

3.1.1 Definition

NEFD of Type I
Let A and B be two NFSs; then the NFD of type I is given as

(A® B) = (Tugs Iags Fags); where for each u,v € 22
Tz () = sup min(T,(v + ), Tz (w)), Igp (W) = sup min(I,(v +u),Iz(w)),F g5 (v) = inf max(1 —
uez? uez? uez?

E,(v+u),1— Fg(u)).

(@) (b) Tyzp ®) Iigs (b) Fags

Fig 3.1.1 (I): Applying the NFD operator: (a) Original image , (b) Neutrosophic Fuzzy components
of the dilated image in type I (Tyg5, Isgp , Fags) respectively.
NFD of Type II:

Tags (W) = sup min(Ty(v +w), Ty (W), Igs = inf2 max(I,(v +u),1 = I3(w), Fugp =
U€ezZ U€eZ

inf max(F,(v +w), 1 — Fz(w))

uez?
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(b) IA’@B (b) FA@B

Fig.3.1.1 (II): Applying the neutrosophic dilation operator: a) Original image b) Neutrosophic Fuzzy

components of the dilated image in type Il (T sg5, I4gs, Fagp) respectively.

3.2 NFE Operation:

The erosion process is as same as dilation, but the pixels are converted to 'white', not black’. The
two main inputs for the erosion operator are the image that is to be eroded and a set of coordinate
points known as a structuring element, which is defined also as a kernel. The exact effect of the
erosion on the input image is determined by this structuring element. The followings are the

mathematical definitions of erosion type I and erosion type Il for grey-scale images.

3.2.1 Definition (NFE of Type I, II):

Let A and B be two neutrosophic sets, The neutrosophic fuzzy erosion of a neutrosophic set B
from a neutrosophic set A is defined as (A © B) = (T 458, 14z Fasy); where for each u,v € Z2.
The three components, T,g&5,/,55, Fagp are to be defined in different types as follows:

NFE of Type I:

Let A and B be two NFS, then the NFE is given by

BB = (T~ [ =~ F.<.) 2 T — -
(A6 B) (Taos Iaos Fags); where for each u,v € Z2, Tyg5(v) ulélzfz max(T, (v + u), 1 — Tz (w)),

Iazp(v) = ié’lzfz max(Ip(v+u),1—1Ig(u)), Fazp(v) = sup min(l —Fa(v+u), FB(u)).
u u€ez2

A. A. Salama, Hewayda ElGhawalby, Huda E. Khalid, Ahmed K. Essa, Ahmed A. Mohammed “An Overview Neutrosophic
Algebraic Mathematical Morphology”



Neutrosophic Sets and Systems, Vol. 61, 2023 433

(a) (b) Tass (b) Ixzs (b) Fazs

Fig. 3.2.1 (I): Applying the NFE operator: (a) original image (b) neutrosophic components of the

eroded in type I (Taes, Iacs, Faon) respectively.

NFE of Type II:

[PT=1: w) = 12;2 max(Ty,(v +uw), 1 -Tp(w)) , Lz ) = SélZZ; min(l,(v +uw), lz(w)) , Fiap W) =

sup min(FA(v +u), Fy (u)).

u€z?

(b) TA’e‘B (b) IAéB

Fig. 3.2.1 (ID: Applying the neutrosophic erosion operator: (a) original image (b) neutrosophic

components of the eroded in type Il (Tyzp(v), Isg5(V), Fagp) respectively.

3.3 NFO and NFC Operations:
The combination of the two main neutrosophic fuzzy operations, dilation and erosion, can
produce more complex sequences. Opening and closing are the most useful of these for
morphological filtering. An opening operation is defined as an erosion followed by dilation using the

same structuring element for both operations. The basic two inputs for the opening operator are an
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image to be opened and a structuring element. The grey-level opening consists simply of grey-level
erosion followed by grey-level dilation. The morphological opening o and closing e are defined by:
AoB =(AGB)®B, Ae B=(ADB)OB.

From a granularity perspective, opening and closing provide coarser descriptions of the neutrosophic
fuzzy set A. The opening describes A as closely as possible without using the individual pixels but
by fitting (possibly overlapping) copies of E within A. The closing describes the complement of A by
fitting copies of E* outside A. The actual set is always contained within these two extremes: A °BES
A € A« B and the informal notion of fitting copies of E, or of E’, within a set is made precisely in
these equations:

The operator P(E) — P(E): A —» Ao B is called the opening by B; it is the composition of the erosion
©, followed by the dilation @. On the other hand, the operator P(E) — P(E):A — A ¢ B is called the
closing. To understand what a closing operation does: imagine the closing applied to a set; the
dilation will expand object boundaries, which will be partly undone by the following erosion. Small,
(i.e., smaller than the structuring element) holes and thin tube-like structures in the interior or at the
boundaries of objects will be filled up by the dilation, and not reconstructed by the erosion, in as
much as these structures no longer have a boundary for the erosion to act upon. In this sense, the
term 'closing’ is a well-chosen one, as the operation removes holes and thin cavities. In the same
sense, the opening opens up holes that are near (with respect to the size of the structuring element) a

boundary and removes small object protuberances.

Definition 3.3.1 (NFO of Type I, II):
Two types of neutrosophic fuzzy opening operations NFO may defined as NOF:(A%B) =

(Tasg »1asg ,Fasg) where u,v,w € Z2.
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NFO of Type I

Tsp(v) = sup min [ inf max(A(v —u+w),l- B(W)), B(u)],

w,v,u€Z? ZERM

Lisg(v) = sup min[inf max(A(v —u+w)l-— B(W)), B(u)],

w,v,uez? ZER™

Fi:p(v) = inf max [sup min(l —Aw—u+w), B(W)), 1- B(u)].

wW,v,uEZ? ZER™

(b) TASB (b) IA"O'B (b) FASB

Fig.3.3.1 (I): Applying the neutrosophic fuzzy opening operator: (a) Original image.
(b) Neutrosophic fuzzy opening components in type I (Tysp, I4s5, Fasp) respectively.
NFO of Type II:

Tysg(V) = sup 2min [(infmax(TA(v —u+w),1-TyW)),Ts W],

W,V,u€EZ

Lsg(w) = sup min [ inf max(I;(v —u+w), [;(w)),1 - IW)],

w,v,u€Z?

Fip() = inf max [ supmin(F,(v —u+w),F(W)),1 — Fz(w)].

w,v,u€Z?

(b) Tuep(v) (b) Lysg(v) (b) Fusp(v)

Fig.3.3.1 (II): Applying the neutrosophic opening operator: (a) Original image (b) Neutrosophic

opening components in type II (Tys5 (v), I4s5(V), Fas5(v)) respectively.

Definition 3.3.2 (NFC of Type I, II)

A. A. Salama, Hewayda ElGhawalby, Huda E. Khalid, Ahmed K. Essa, Ahmed A. Mohammed “An Overview Neutrosophic
Algebraic Mathematical Morphology”



Neutrosophic Sets and Systems, Vol. 61, 2023 436

Let A and B be two types as the following may define two neutrosophic sets: (A%B) =

(TASB :IA:B :FA:B) where

Typel
Tug(w) = inf max[sup min(TA(v —u+w),Ty (W)), 1-Tg (u)],
w,v,u€z?
Lip() = inf max[sup min(IA(v —u+w),lp (W)), 1-1Ig (u)],
w,v,u€z?

Fuap(v) = sup min[inf max(l -Fv-—u+w)1- FB(W)), FB(u)]

w,vuEZ?

(b) TAsB (b) lasB (b) FAsB

Fig. 3.3.2 (I): Applying the neutrosophic closing operator: (a) Original image (b) Neutrosophic
closing components in type I (T4sB, I4sB, FAsB) respectively.

Neutrosophic Closing Type II:

Typ(v) = inf max [supmin (TA(v —u+w),Tg (w)), 1-Tz(W)],
w,v,u€Z?

Lizp(v) = sup min [inf max (IA(v —u+w),l-— IB(W)), Iz (W],
w,v,u€Z?

Fup(w) = sup min [infmax (FA(v —u+w),l—-Fp (w)), Fg(W)].
w,v,uez?

(b) Tusp(v) (b) I45 (W) (b) Fusp(v)

Fig.3.3.2 (II): Applying the neutrosophic closing operator: a) Original image b) Neutrosophic closing
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components in type II(T,s5(v), Lisg(v), Fasp(v)) respectively.

3.4 Algebraic Properties of Neutrosophic Fuzzy Morphological Operations:

This part has been dedicated to investigate some of the algebraic properties of the neutrosophic
fuzzy morphological operations; i.e. NFD, NFE, NFO and neutrosophic fuzzy closing. The algebraic
properties for neutrosophic fuzzy mathematical morphology erosion and dilation, as well as for NFO

and closing operations are now considered.

3.4.1 Duality Theorem of NFD:
Let A and B be two NFSs. Then the NFE and the NFD both are dual operations, i.e. (A° @ B)® =

(T(AC@B)C Jacase ,F(ACA;‘;B)J; where foreach u & v € Z? we have:

Tacgp)e (V) =1—Tacge) (V) =1- sup_ min(Tye (v + u), Ty (w)) = Vilrégz[l — min(Tye(v +

V,UEZ

W), Tg(W)] = [max(1 = Tpe(v+uw),1— Tg(u)] = inf [max(Ta(v+u),1— Te(w)]=

inf
V,u€z?
TacB(V)

Lacgpye (V) =1 —Iaegp)(v) =1— sup, min(l,c(v +w), Iz (w)) = V‘lilrégz[l — min(Ixc(v +

W s ()] = inf [max(l = Le(v+u), 1= Ip@)] = inf [max(la+w, 1= Ip@)] = Inon(v)

inf
V,u€z?

F(AC@B)C V) =1- F(AC@B) W)

=1 —infmax(1 — Fpac(v+u),1—Fg(u))= sup [1
V,uU€Z2

V,u€Z?

—max(1 — Fpe(v+u),1—Fg(u))]= sup [min(1 — Fo(v+ u),Fg(u))] = Fagp(v)

v,uez?

Suppose the set A is the image under processing and the set B is the structuring element, the
NFO and the NFC are defined respectively, as define the neutrosophic fuzzy binary operation o

and ¢ by setting for any A and B €V'(E).
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3.4.2. Duality Theorem of NFC:
Let A and B are two NFSs, then the NFO and the NFC are also dual operation i.e:T(A° % B)¢ =
(T(Ac;B)c eacspye ,Flacsgyc) , where for all v, ue Z2

Teacspyc(v) = 1= Tpespy(v) =1 — in£ZZ max[ sup min(Tye(v—u+w), TB(W)), 1—-Tg (u)]

v,u,w V,u,WEZ2

= sup min|l— sup min(TAc(v— u+w), TB(W)), 1

V,u,WEZ2 | V,u,WEZ2

-(1-Ty (u)) = sup min [ inf max(1—Tye(v—u+w),1- TB(W)), TB(u)]
| v,u,w€eZ2

V,u,weZ?2

= sup min ian2 max(Tye(v —u +w),1— TB(W)), Ty (u)] = Tp.p

v,u,weZ2 Lv,u,we

lacspye(v) = 1 = Iacagy (V) =1 — ian2 max[ sup min(I,e(v —u +w), IB(W)), 1-— IB(u)]

V,u,W€E V,u,WEZ2

= sup min|{l— sup min(IAc(v—u +w),IB(w)),1
v,u,weZ2 | v,u,weZ2

— (1 — IB(u))_ = sup min [V’J‘a’lgzz max(l —Ipc(v—u+w)1- IB(W)),IB(u)]

V,u,w€eZ?2

= sup min| inf max(IAc vV—u+w),1- IB(w)). Iy (u)] = Lug
v,u,wezZ? L v,u,wez?

Fiacigye(v) =1 = Facspy)(v) =1—  sup min [v,umgzz max(1—Fy(v—u+w),1- FB(W)),FB(u)]

V,u,WEZ2Z

= inf _max [1 - ian2 max(1—Fy(v—u+w),1- FB(W)),

v,uwez? vuwe
Fg (u)] = v,umgzz max [v,us,\l/lvgzz min(1—Fy(v—u+w), FB(W)), 1-Fp (u)] =Fa.p
3.5. Neutrosophic Fuzzy Mathematical Relation
3.5.1. Definition: Let A is a NFS and R be a neutrosophic relation on nonempty crisp set X then A @
R my be defined by two types:
ADR= (TAEER Jlagr :FA€§R>

Tagr(vV) = sup min(Ty(v +u), Fr(w)), Iagr(v) = sup min(Io(v +u),Fr(w)) ,

v,uez? v,uez?

Fagr() = iélzfz max(1 — Fy(v+ u), 1 — Fg(u)).
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Given two relations on X, say R and S, the places you can get to following an arrow in R and then
following an arrow in S are exactly the places you can get to by following an arrow in R; S. Formally,
we have the right monoid action:

Lemma 3.5.1: The operation just defined, @, provides a right action for the monoid of relations on
the non-empty crisp set X on the power set. Specifically, forall A € PX and forall R&S € RX,

A @ 1= (TAeap o1 'FA691>

Tag1(v) = sup min(Ty(v+u),1) = sup (TA(u + V)) = Ty

v,uez? v,uez?

Iag1(v) = sup min(I,(v+u),1) = sup (IA(u+V)) = I,

v,uez? v,uez?

Fagi (V) = v};relgz max(1—F,(v+u),1-1) = V,Hégz(l —F,(v+ u)) = Fjpc

Lemma 3.5.2: Let Ai are indexed set neutrosophic fuzzy subsets on the non-empty crisp set X, then

VA®R= <TVAieBR Iy R ’F( where Ty er = Tyaen) » lvaer = lvaer), F(

)| )

F/\( Aie)R)C .
1

3.6. Basic Properties of the Neutrosophic Fuzzy Morphological Operations:

3.6.1 Properties of the NFD Operation:
3.6.1.1 Proposition
The neutrosophic Minkowski-addition satisfies the following properties
i.  Commutativity:(VA,B € V(Z22))((Tags - Iags - Fags) = (Tsma lsza Fega));

ii.  Associativity: (VA, B,C €N (Z2))

((T(AEEB)?)%' laspy®C 'F(A@B)@;C> = (TAé(Béc) Jas(a0) 'FA@(B@C)))
Proof Straight forward
Notice that the property(T_(A@;B),I_(A@;B) ,F_(A@B)) = (Tazes) lendes Feasen)
3.6.1.2. Proposition

The neutrosophic dilation satisfies the following properties
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i.  Neutrosophic Monotonicity (increasing in both arguments):
(VA,B,C € N(Z®))(A<SB = (Tygc » Iagc »Fasc) € (Tsgc - lsac »Feac)) here we have

Tagc S Toase » lascSleac Fagc 2 Feac

(VAB,C € N(Z))(ASB = (Tega ,Icga Feaa) € (Teas »lcas »Fegs)), here we have

ii. Interaction with Zadeh’s intersection;

For any family (A;li €1) in NM(Z?)and B € V' (Z?), we have:

(Th sz lnaze Faaze) E(Thaamey]lnaame) »F s ame)), where
i%Al@B i%Al@B iQIA‘GaB iQI(AIGaB) iQI(AIGaB) iQI(AIGBB)

Tiamg €T ey , Inamg €1 awpL Fnaamg EF .BR)-
QIAl@B iQI(A‘®B) iQIA‘GaB iQI(AIGaB) iQIAIGaB iQI(AIGBB)

i

Also we have, (Tazm - a. ,Inamaa Fraaa) € (Tq paany, | _ LF _ ), where
7 VBOQA P TBO AT BO QA iQI(BGBAl) TiQI(Bﬂ?Ai) Tigl(Bﬂ?Ai) ’

Teasna. ET a2 L lpmaa €1 wa), Frana €F AL
BeaiQIAl 121(B®A‘) BeaiQIAl 121(B®A1)’ B®121A‘ iQI(BGBAl)

iii. Interaction with Zadeh’s union:

For any family(A;li € ) in N(Z?) and B € NV (Z?), we have

(Ty ase luass Fuams 2Ty aas)rluaas »Fuass)), where
i OB ABE 2T ADB iLeJI(A‘@B) iLeJI(A‘@B) iLeJI(A‘@B)

Toaass2Tuaas) » luaags 21 aB) Fuaae 2 Fu(ads):
G AI®B iLEJI(Al@B) i A ®B iLeJI(AleBB) R iLeJI(AleeB)

i

Alsowe have, (Tezm ,anlemua »Feamua) 2 (T, maman >l maEas - Fumamans), where
BEBiLeJIA‘ BEBiLeJIA‘ BeaiLEJIAl iLeJI(B@Al) iLeJI(B@A‘) igI(BGBAl)

Tesua 2Ty waay lgaua 21 aay oFgmua 2F BA -

Beailé'IAl iLEJI(B@Al) BEBiLeJIA‘ iLeJI(BeBAl) BeBiLeJIAl iLeJI(B@Al)

Proof.

The proof of the first property is straightforward.
i A(Tage Lasce - Fazc) € (Tege lsac - Feac)-

ii. Thade!lnadse Fnazde! €(Thads)! aB) 'Fn(adB)
(121A1®B A BB iQIAIEBB> (iQI(AI@B) iQI(Al@B) iQI(A‘®B))
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Tn a;@8(v) = sup min (Tn ags(v+u), Ty (u)) = sup min (mmTA oV

uezh v,uez?

+u), T (u)) = sup mln(mlnTA ae(v+u), Tg )< a sup (mlnTA oV

vuez? 1€

+u), Ty (u)) Sigl T(Ai@B) vV+uw < TiQI(Ai@B)

In aes(V) = sup min (I na@s(vV+w, IB(u)> = sup. min (mm Ia@s(v
V,uez? V,uez?

+u), IB(u)) = su[Z)2 nlnn(mm Ia@s(v+u), ) < n sup (min 1, (v
€

+ ), IB(U)) SQI lage)(v+u) < IiQI(A@B)

Fgman® = fof max(1= By n+ 0,1 ~Fa) = inf max (pip g + 1,1 = Fa)

< inf mln(max Faegp(vtu),1— Fg(u))

v,uezZl iel

< min inf (max Fpoegp(vtu),1— Fg(u))

i€l v,uez

< lglvhrég (max Fpegp(v+u),1— FB(u)) < Fn (AiBB)

iii. (T, ame luase Fuase 2 (T, (aze) ! &g) o F &B))
G AIOB Y AIDE T A DB iLeJI(A‘EBB) iLeJI(A‘EBB) iLeJI(A‘@B)

TU a@s(V) = sup min (TU ags(V+u), TB(u)> = sup min (maxTA a(v
V,u€z? v,uez?

+u), Ty (u)) > su[Z)2 rrllax(mmTA (v +uw), Ty W)= Y sup (mmTA o(v
€

+u), T (u)) ZiLEJI T(Ai@B) v+u) = TiLeJI(Ai@B)

IU aas(V) = sup. min (I u sV, IB(u)> = sup min (maX Iags(v
v,uez? v,uez?

+u), IB(u)) > su[Z)2 rrllax(mm Iome(v+u), Ig(w) = Y sup (mmIA o(v
€

+ u), IB(U)) Zigl I(A1®B) v+u) = IigI(Ai@B)
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FigIA@B ) = V,ll,lrelgn max (1 - FigIA@B (v+u),1—-Fg (u)) = V,ll.lrelgn max (nilea}x Ipcge(v+u),1—Fg (u))

= V,lllrelgn rrilee}x(max Fpege(vtu),1—Fg W)

> i o -
= r?é}xv,}lrelgn(max Fpcege(vtu),1—Fg W)

= U infn(max Fpegp(v+uw),1— Fg(u))

i€l v,uezZ
3.6.2 Properties of the NFE Operation:
3.6.2.1 Proposition
The NEFE satisfies the following properties:
i.  Monotonicity (increasing in the first argument and decreasing in the second argument):
(VAB,C € N(Z®))(A<S B = (Tagc »lasc - Fasc) € (Tsac »lsac »Feac)), where
Tasc € Teac »lase S Isae » Fase 2 Feac -
(VAB,C € N(Z®))(ASB = (Tega ,Icaa Feaa) 2 (Teas »lcas »Feap)), where
Tega € Teae » Ica S leap » Feaa S Feap -
ii.  Interaction with Zadeh’s intersection:

For any family (A;li € 1) in NM(Z?)and B € V' (Z?), we have

— — ~\C — — —
(TiQIAieB’ IiQIAieB ’ FiQIAieB> B (TiQI(AieB)’ IiQI(AieB) ,FiQI(AieB)), where
= C =~ ~ C ~ ~ C ~
TiQIAieB - TiQI(AieB) ’ IiQIAieB - IiQI(AieB)’FiQIAieB - FiQI(AieB).

Tezsnaa s IsmsnaFrmsaa) 2T raa) ] n (s5a) F o (sEA0), Where
(BeiQIA‘ BO QA BeiQIA‘> (iQI(BeAl) iQI(BeAl) iQI(BeAl))

Tesaa 2T aa) s lgasaa 21 aa) Fgasna 2F SA)-
BeiQIA‘ iQI(BeA‘) BeiQIA‘ iQI(BeAl) BeiQIAl iQI(BeAl)

iii. Interaction with Zadeh’s union.

For any family(A;li € ) in V(Z?) and B € V(Z?), we have

I arl =g L F =gy 2 (1 ar), 1 ar) L F =gr)), Where
( Y ABB U AOB iLEJIAleB> ( iLEJI(AleB) iLEJI(AleB) iLEJI(AleB))
|- a8, luasg 21 a8 Fuasg2 F BB)-

Y AiOB iLEJI(AleB) Y ACB iLEJI(AleB) Y ACB iLEJI(AleB)

i

(Teguaplesua; ‘Feaua) S (Tesua; Is5ua; Feaua,) Where
i€l i€l i€l i€l i€l iel

A. A. Salama, Hewayda ElGhawalby, Huda E. Khalid, Ahmed K. Essa, Ahmed A. Mohammed “An Overview Neutrosophic
Algebraic Mathematical Morphology”



Neutrosophic Sets and Systems, Vol. 61, 2023 443

TBé_U Aj = TB@_U A IB’é,U Aj < IBé.U Ay FBélU Aj = FBé_U A
i€l i€l i€l i€l i€l i€l

Proof.

The proof of the first property is straightforward.

i. (Tagclase Fase) € (Teae lsac - Feae)-

ii. Thaaselaase »Faasp) €T =r), 1 =g) ,F =y
( iQIA‘eB iQIA‘eB iQIA‘eB) ( iQI(AleB) igl(AleB) iQI(A‘eB))

TQI as(V) = v,f}égz max (T 0, AiSB V+uw),Tg (u)) = V,Lrégz max (111161111 Tase (v +

i i

w), Tg (u)) < V'Lrelgz ninelp(max T ags(V+u), Ty W) <N v,hrégz (max Tams(v+
u), Tg (u)) Sigl T(AiéB) v+u) < TiQI(Ai‘evB).
IiQI AiSB (V) - v,{xrégz max (Iigl AiSB (V + U)’ IB(u)) - v,}lrégz max (r{lelln IAiéB (V +

u), IB(u)) < v,hlégz niqelln(max [ ap(v+uw), I5(w) <N v,hrégz (max Iae(v+

u), IB(U)) sire\I I(AiéB) (v+u) < IiQI(Ai—éB)'

F aas(v) = sup min (1 —Fpassv+uw,1- FB(u)> = sup min (rrllelln [yess(v+w),1- FB(u)) =
iel iel

V,u€z? V,u€z?

sup min(min Fpcesp(v+u),1—Fp (W) < min sup(min Fpeap(v+u),1—Fp W) <
vuez2 1€l 1 i€l yez2 1

N sup (min Fpcap(v+w),1— FB(u)) < F.QI(A@B)'

iel V,UEZZ

iii. (T, sz luase Fuase) 2T, (aae), ] =g) L F =g))
iLEJIAleB iLeJIA‘eB iLEJIAleB iLeJI(AleB) iLeJI(AleB) iLeJI(A‘eB)

T, aag(Vv) = inf max(T =mp(v+u),T u>= inf max(maxT =splv+

iLEJIAleB( ) V,uez? iLEJIAleB( ) B( ) V,u€Z?2 i€l AIGB(

w), Ty (u)) = vilrégz rri1éalx(maxTAi§B v+, Ty (w)) =Y V‘lilrégz (maxTAiéB (v + u), Ty (u)) =Y Tae) (v +

u) = TiLEJI (A;BB)-
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I, axsr(V) = inf max(l asp(v+u),l u)= inf max(maxl.~ v+
igIAleB() V,u€z? ileJ]A‘eB( ) (W) v,uez? i€l A'eB(

= i = >U i =
u), IB(u)) v,}lrégz rrlléa}x(max [yzs(v+u),lg W) = v'lllrelgn(max [ pmB(v+

w, IB(U)) Zigl I(a;B) (v+u) 2 IiLGJI(Ai’éB)‘
F, azs(v) = sup min (1 —Fyass(v+tu),1- FB(u)> = sup min (max Iyegp(v+uw),1—
et V,uez? ier ! V,uez? 1€l !

Fg (u)) = sup max(min Fpceap(v+u),1—Fp () = max sup (min Fpegp(v+u),1—Fp W) =
vuezz 1€l ! el v yez2 !

U sup (min Fpcemp(v+u),1—Fg (u)).

1€l yez2
3.6.3 Properties of the NFC Operation:
3.6.3.1 Proposition
The NFC satisfies the following properties
i.  Monotonicity (Increasing in the first argument):
(VA,B,C € N(Z®))(A S B = (Tasc ,1asc »Fasc) € (Tasc »lmsc Frsc)) , where Taic € Tgac ,Insc €
Igsc » Fasc € Fpic -
ii.  Interaction with Zadeh’s intersection:

For any family (A;li € 1) in NM(Z?)and B € V' (Z?), we have

(T aim Ln ass Fnoage) € (Tnasey Lo ase) o Faags) where Tp asg € Thasn) o 1nass S
i€l i€l i€l i€l i€l iel i€l i€l i€l

InasBy Fnass EFngen) -
i€l i€l i€l
iii. Interaction with Zadeh’s union:
For any family(A;li € ) in V(Z?) and B € V' (Z?), we have

(T_u A{3B» Iy A{"B Fu Ai:B> 2 (T_u (A;%B) Iy (A%B) JFy (AiiB))/ where
i€l i€l i€l i€l iel iel

Tyaee 2 Ty o Lyame 2 Ly e Fyam 2 Fy o
Proof (i) The first property (i.e. the monotonicity properties of the neutrosophic dilation and

neutrosophic erosion have been satisfied from the fact that ASB , it follows that

(Tega - lcma Fema) € (Teas > leas > Fean) -
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The proof of (ii) & (iii) can be inherited from the property that (A;li € I) (melln A} €A C mea}xAi).

3.6.4 Properties of the NFO Operation:
3.6.4.1 Proposition
The neutrosophic opening satisfies the following properties
i.  Monotonicity (increasing in the first argument):
(VA,B,C € N(Z))(ASB=(Tas ¢ »lavc Fasc)S(Tssc lssc Fsoc) where
Tas cETosc s IascSlgwc Fas ¢ EFpac.
ii.  Interaction with Zadeh’s intersection:

For any family (A;li € ) in N (Z?)and B € V' (Z?), we have

(Taaoelna o8 Faa 58 ST o8y 1nms s »Fn os) where
iel iel iel i€l i€l iel

TaoaoBSTha o8 » lnaos SlnnoeyFnaos S Fnmos)-
i€l i€l i€l iel iel i€l

iii. Interaction with Zadeh’s union:

For any family(A;li € ) in N(Z?) and B € NV (Z?), we have

(T_u A; © B'I_U A; OB :F_u A ) 2 (T,u (A;S B):I,u (A{GB ) :F,u (AiEB))/ where
i€l i€l i€l i€l i€l iel

Tyao2Tumon » luase2luaoe Fuase=2 Fuapos)-
€l i€l i€l i€l i€l i€l

i

The proofs are Similar to the proofs of the foregoing proposition.

3.7 Neutrosophic Fuzzy Mathematical Morphological Filters:
This section is considering the differences between two or more of the basic neutrosophic fuzzy
morphological operators.
3.7.1 Some Types of Boundary Extraction Filters Using NFD and NFE:
As the neutrosophic dilation thickens the regions in the true level of the image, and the
neutrosophic erosion shrinks them, the neutrosophic differences between the image and its
neutrosophic dilation or its neutrosophic erosion may emphasize the boundaries between regions

included in the image. Therefore, several boundary filters may be obtained as follows:
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3.7.1.1 Neutrosophic Fuzzy Gradient Boundary:

To commence, we will investigate the neutrosophic fuzzy gradient filter, which is the mean value of
the three components of the neutrosophic difference between the neutrosophic dilation of some
images and its neutrosophic erosion. We get the neutrosophic gradient of the image by applying the
mean of these boundaries. If the structure element is relatively small, the homogeneous areas will not
be affected by NFD and NFE, and then the subtraction tends to eliminate them. The effect of
neutrosophic morphological gradient operation is shown in Fig. 3.7.1.1, Type I, II, and to be defined

in two different types as follows:

TypeI:

dgradient = (1/3) [min(TA @ B(v),1—TA © B(v)),min(IA @ B(v),1 —

IA © B(v)),max(FA @ B(v),1 — FA© B(v))].

In the following figure (fig.3.7.1.1 (I)), we present the results obtained when applying neutrosophic

gradient boundary filter on some grayscale image.

(a) (b)

Fig. 3.7.1.1 (I): Applying the Neutrosophic Gradient Boundary: (a) Original Image (b) Neutrosophic
Gradient Boundary Filtered.

Type II:

dgradient = (1/3)[min(TA @ B(v),1 — TA © B(v)), max(IA @ B(v),1 — TA & B(v)),

max(FA® B(v),1-TA S B(v))].
In the following figure (fig.3.7.1.1 (II)), we present the results obtained when applying neutrosophic

gradient boundary filter on some grayscale images.
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(@) (b)

Fig.3.7.1.1 (II): Applying the Neutrosophic Gradient Boundary: (a) Original Image (b) Neutrosophic
Gradient Boundary Filtered.
3.7.1.2 Neutrosophic Fuzzy External Boundary:

In this filter, a neutrosophic dilation is firstly applied to the neutrosophic image (a) by some
neutrosophic structure elements (b); hence, the output filtered image will be the neutrosophic
difference between neutrosophic dilated image and the neutrosophic image (a). That is, the
neutrosophic external boundary of (a) is to be defined in two different types as follows:

Type I: dext = (1/3) [min (TA@® B(v),1 — TA(W)),min (IA@ B(v),1 —IA®)),
max (FA@B(v)) ,1 — FA®W) ].
In the following figure (fig.3.7.1.2 (I)), we present the results obtained when applying neutrosophic

external boundary filter on some grayscale images.

(@) (b)

Fig. 3.7.1.2 (I): Applying the Neutrosophic Fuzzy External Boundary: a) Original Image
a) Neutrosophic Fuzzy External Boundary Filtered Image

Type II:

dext = (1) [min(TA® B(v),1-TA(v)) ,max (IA® BW),1 -

IA(v)) ,max (FA@BW)) ,1 — FA®W) ].
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In the following figure (fig 3.7.1.2 (II)), we present the results obtained when applying the

Neutrosophic Fuzzy External Boundary Filter on Some Grayscale Images.

(a) (b)

Fig.3.7.1.2 (II): Applying the Neutrosophic Fuzzy Eternal Boundary: a) Original Image
b) Neutrosophic External Boundary Filtered Image

3.7.1.3 Neutrosophic Fuzzy Internal Boundary:

The main step of the neutrosophic internal boundary filter, is to get the neutrosophic erosion of
the neutrosophic image, hence, the output filtered image will be the neutrosophic difference between
the original image in the neutrosophic domain and the neutrosophic eroded image that is the
neutrosophic internal boundary of the neutrosophic image (a) is to be defined in two different types
as follows:

Type I:
In the following figure (fig.3.7.1.3 (I)), we present the results obtained when applying

neutrosophic internal boundary filter on some grayscale images.

a) b)
Fig. 3.7.1.3 (I): Applying the Neutrosophic Internal Boundary: a) Original Image

b) Neutrosophic Internal Boundary Filtered Image
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Type IIL:
dint = (1/3)[min (T(v),1 — (TAS B(v))) ,min (IA(v),1 — IAS B(v)) ,max (FA(v),1

- FAGB®)) ]

(a)

Fig.3.7.1.3 (II): Applying the Neutrosophic Internal Boundary: a) Original Image

b) Neutrosophic Internal Boundary Filtered Image

3.7.2. Neutrosophic Fuzzy Outline Boundary:

The main step of the neutrosophic outline boundary filter, is to get the complement of the
neutrosophic erosion of the neutrosophic image, hence, the output filtered image will be the
neutrosophic difference between the original image in neutrosophic domain and the neutrosophic
eroded image that is the neutrosophic outline boundary of the neutrosophic image A4 is to be defined
as follows: doutline (A) = (0141 U 0343) N A2, where; 91(A1) = co(41 © B1) n
A1,03(A3) = co(A3 @ B3) U A3. In the following figure (fig.3.7.2), we present the results

obtained when applying the neutrosophic outline boundary filter on some grayscale images.

a) b) <)
Fig. 3.7.2: Neutrosophic Outline Boundary: a) Original Image, b) Neutrosophic Outline Boundary

Filtered Image, c) Neutrosophic Outline Boundary Filtered Image
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3.7.2.1 Some Combinations of the Neutrosophic Fuzzy External and Internal Boundary Filters
In the following figure (fig.3.7.2.1), we present the results obtained when applyingte

neutrosophic fuzzy sup. boundary filter on some grayscale images.

a) b) C)

Fig.3.7.2.1 Neutrosophic fuzzy sup. boundary: a) Original Image, b) Neutrosophic fuzzy sup.

boundary filtered image, c) Neutrosophic fuzzy sup. boundary filtered image

4.1. Neutrosophic Crisp Mathematical Morphology:

As a generalization of the classical mathematical morphology, we present in this section the basic
operations for the neutrosophic crisp mathematical morphology. To commence, we need to define

the translation of a neutrosophic crisp set.

4.1.1. Definition:

Consider the space X = R"™ or X = Z", with origin 0 = (0,...,0), given that the reflection of

the structuring element B mirrored in its origin is defined as:

B = (~B',—B%,—B?)

4.1.2. Definition:

For every p € A, the translation by p is the map p:X — X,a — a + p; it transforms any subset A of
X into its translate by P € Z% A= (43, A2, A3). Where A}, = {u+p:u€A,p €B'}, A5 ={u+p:uc

A%,p € B*}, A3 ={u+p:u€AdpeB3}

4.2. Neutrosophic Crisp Mathematical Morphological Operations:

4.2.1. Neutrosophic Crisp Dilation Operator:
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Let A,B€ N(C(X), and then we define two types of the neutrosophic crisp dilation as follows:

Type L:
A® B = (A'®B', A>®B?, A30B3), where for each u,v € Z2, we have A'®B! = U,cz1 A}, A2@B? =

UbEBZAZb/ A3OB® = N_peps A?ib-

$
-

Fig. 4.2.1. (I): Neutrosophic Crisp Dilation Components in type I for (4', A%, A3)respectively.

Type II:
A @ B = (A'®B*, A>0B?, A30B3), where for each u,v € Z2, we have A'@B! = Upep1 A},

A?OB? = N_pepz A2, A*OB® = N_pepa A2, .

. B )
Sl

Fig. 4.2.1. (I): Neutrosophic Crisp Dilation Components in type II for (A4', A%, A) respectively.

4.2.2. Neutrosophic Crisp Erosion Operation:

Let A, B € NC(X); then the neutrosophic erosion is given as two types:

Type I:

AOB = (A'©B*', A’0B?, A*®B?3), where for each u,v € Z?, we have A'OB' = N_pcp1 AL,

A?0B? = N_pepz A2, A3®B% = Upeps 4} .

Fig. 4.2.2. (I): Neutrosophic Crisp Erosion Components in type I for (A*, A% A%) respectively.
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Type II:
A®B = (A'©B', A>’®B?, A*®B?), where for each u,v € Z?, we have A'®@B' = N_pcp1 4L,

A2@®B? = Upcpz A2, AB@®B3 = Upeps A3 .

Fig.4.2.2. (II): Neutrosophic Crisp Erosion Components in type II (AY, A?, A3) respectively.
4.2.3 Neutrosophic Crisp Opening Operation:
Let A, BE NC(X); then we define two types of the neutrosophic crisp opening operator as follows:
Type It
ASB=(A'oB',A20B?%,A3eB3) , A'oB!=(A'@BY)®B! , A%?0.B?= (A?0B?)®B? , A3eB3=

(A*®B3)0BS.

Fig. 4.2.3. (I): Neutrosophic Crisp Opening Components in Type I (A, A2, A%) respectively.

Type II:
A3B=(A'oB!,A?eB% A%eB3), A'oB!=(A'0B)@®B' , A?eB%=(A’®B?)0B* , A*eB3=

(A*®B*)0BS.

N

Fig. 4.2.3. (I): Neutrosophic Crisp Opening Components in type II (A?, A%, A3) respectively.

4.2.4. Neutrosophic Crisp Closing Operation:

Let Aand B € NC(X); then the neutrosophic closing is given as two types:
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Type L:

ASB=(A'eB! A2¢B2 A30B3),  AleB!= (A'@B)OB' , A?e+B%= (A2@®B2?)0B? , A3oB3 =

(A*0B%)®B?.

Fig.4.2.4 (I): Neutrosophic Crisp Closing Components in type I for (4', A%, A3) respectively.
Type II:
ASB=(A'eB1,A20B2,A%0B3) , AleBl=(A'®BY)OB! , A?20B?= (A%20B?)®B? , A%oB3 =

(A0B3)®B3.

Fig.4.2.4. (I): Neutrosophic Crisp Closing Components in type Il for (A*, A2, A%) respectively.

5. Algebraic Properties in Neutrosophic Crisp:
In this section, we investigate some of the algebraic properties of the neutrosophic crisp erosion and

dilation, as well as the neutrosophic crisp opening and closing operator [15].

5.1 Properties of the Neutrosophic Crisp Erosion Operator:
5.1.1 Proposition:

The Neutrosophic erosion satisfies the monotonicity for all A, BE NC(Z?).
Type L.

a) A S B = (A'0C"', A*0C?% A%0C3) < (B'OCY, B*0C?%, B30C3):
A'OC! € B'OC',A%0C? c B?0C?,A30C3 2 B30C*.

b) A S B = (C'0A',C?0A% C30A%) < (C'OB*,C*OB?% C30B3):
C'0A' C C'OB',C*0A% € C?0B?% (30A® 2 C30B3.

Type II:

a) A S B = (A'0C"', A*0C?% A%0C3) < (B'OCY, B*0C?% B30C3):
A'OC' € B'OC',A%0C? 2 B?0C?,4%0C3 2 B30C?.
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b) A € B = (C'0AY,C?0A2%, C3043) € (C'OBY,C?0B%, C30B3):
C10A € C'OB%,C%0A% 2 C?0OB%,C30A% 2 C30B3.

Note that: Dislike the Neutrosophic crisp dilation operator, the Neutrosophic crisp erosion does not
satisfy commutativity and the associativity properties.
5.1.2 Proposition: for any family A; € NC(Z?),i € I and B € NC(Z?).
Type L:
a) N A, BB =0n(46B)=(N4}8B",NA[0B* N A} ® B*) = (N(4}8B"), N(4{®B%), N(A} © B*)),
b) BS 0 4= n((BEA)=(B'ONA},B*0ONAF, B> ® NA}) = (N(B'OA}), N(B*04]), N(B* B A7)).
Type II:
a) N A OB= 4 8B =
(Nicr A1OB", Nics A7 @ B?, Nies A} @ B®) = (N(4]0BY), N(4]®B%), N(4} © BY)),
b) BE n4i=0(BE4)=
(B*'ONA},B2®NAZ, B @ NAY) = (N(BLOA}), N(B% @ 42),N(B* D 4})).
Proof: a) In two types:
Type It
4 © B = (Nier(Npes Aly) . Urer(Npes AZ%) , Uier(Npes A3 1)) =
(Nier(Nber Ai—p)) » Niet(Unes A7 —p)), Nier(Uper A3)) = A A ©B)
Type II:
Similarity, we can show that it is true in type 2,
b) The proof is similar to the (a).
5.1.3 Proposition: for any family A; € NC(Z?),i €I, and B € NC(Z?)
Type I:
a) Uie;4; ©B = Uie)(4; ©B) =
(Uies A7OB, U;e A70B?, Ui A7 @ B®) = (Ui (410B1), Uie, (A70B?), Ue (A7 @ B?))
b) BO Ui 4 = Uit(BO A) =
(B0 U A7, B?0 U, A7, B* @ Ui A7) = (Ui (B10A]), Ui (B?0AF), Ui (B® @ A7)).
Type II:
a) Uie;4; ©B = Uie)(4; ©B) =
(Uies A7OB, U A7®B?, U A} @ B?) = (Uye,(470B"), Ui (A7 0B?), Ui, (47 @ B®))
b) BO Ui 4; = Ui(BO A4) =
(B'O Ui A7, B*® Ui, A7, B® @ Ui A7) = (Ui (B'0AY), Ui (B*@AT), Uies (B D A7)
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Proof: a) for both two types
Type LUie1 4i © B = (Nyes(Uies Aic-n)) Moea(Uier 4ii-s))» Unen(Uier 4))
= (Uier(Nves Al-1)) Uier(Nves Af1))  Uier(Upes A})) = 0.(4; © B).
Type II: can be verified in a similar way as in type 1.
b) The proof is similar to the (a).
5.2 Properties of the Neutrosophic Crisp Dilation Operator):
5.2.1 Proposition:
The neutrosophic dilation satisfies the following properties: VA, B € N'C(Z?)
i) Commutativity: A @ B=B ETBA.
ii) Associativity: (A@ B)® C=A® (B D 0).
iif) Monotonicity: (increasing in both arguments):
Type It
a) AC B = (A'@®C', A’®C? A*®C3) < (B'®C, B*®C? B3dC3):
A'®C' € B'@®C, A’®C? € B*®C? A*®C3 2 B3@C3.
b) A S B = (C'@AY, C*@BA% C3BA%) < (C'®B*,C*®B% C*®B3):
C'@A' C C'®B,C?@DA* € C*®B?,C3®A3 2 C3D®B3.
Type II:
a) AC B = (A'@C, A2@®C% A3PC3) c (B'®CH, B*®C%, B*BC3):
A'@C S B'@CH, A*®C? 2 B?@®C%A*PC? 2 B*@C3.
b) A S B = (C'@A, C*PA%, C3DA3) c (C' BB, C*®B?, C*®B3):
C'@A' € C'®BY, C*@A? 2 C*@®B?,C3*BA* 2 C*®B3.

Proof: i), ii), iii) are obvious in two types I and IL

5.2.2 Proposition: for any family(4;|i € I) in N'C(Z?) and B € NC(Z?)
Typel: a) iQI A @®B= ir€1I(Ai @ B)=

(Nies A7 @ B, Nies A7 @ B2, Nie; A70B%) = (Nies (A1 © B, Niei (A7 © B?), Niei(A70B)).

by B® al A= iQI(B DA) =

(B' @ Nies AL, B? @ Nig A7, B*0 Ny A7) = (N (B' @ AD, Nies (B @ A7), Ny (B>OAD)).

Typell: a) DA ®B= e, ®B)=

(Nies A7 @ BY, Nies A7OB?, Ny A7OB) = (N (A} © B'), Niei(A7OB?), Ny (A7 OB)).
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b) B& nA = NnBEA) =
(B @ Nier AL B20 Ny A, B20 Ny A3) = (Niey (B © AY), Niey (B2OA), Ny (B*0A)).
Proof: we will prove this property for the two types of the neutrosophic crisp intersection operator:
Typel:a) Nie/4; ® B = irE\I(Ai @ B)=
(Upes(Nier Aip) » Upes(Nier A% Npes(Nier Af 1))} =
(Nier(Upep Alp), Nier(Uper A%) » Nier(Npes Af—p))-
Typell:a) N A, ®B= N (A OB =
(UbeB(niEIAllb) ’ nbEB(nielAlzb) ’ nbes(nielA?(—b))) =
(Nier(Upes Aip), Nier(Npes A%) » Nier(Nbes Af_p))-

The proof of (b) is similar to (a).

5.2.3 Proposition: for any family of (A;li € I) in NC(Z?), and B € NV C(Z?)

Type It

2) Uies 4 & B = Uie(4; & B) =

(Uies Al @ B, Uie/ A7 @ B?, U A} 0B°) = (Ui (4] @ BY), Ui (A7 @ B?), Ujei (A7 OB%)).

b) BO U4 = Uit (B © 4)) =

(B' @ Uies A7, B> @ Ui A7, B0 Ui  AY) = (Ui (B @ A7), Ui (B® @ A7), Ui (B>0A))).

Type II:

2) Uies 4 B = Uie(4; & B) =

(Uies A} @ BY, U A2 ©B2, U, A 0B3) = (U, (A} @ BY), Ui (A2 0B2), U (A7 OB?)).
Proof: a) we will prove this property for the two types of the neutrosophic crisp union operator:
Type I:

Uies 4; © B = (Upep(Uies AL, UbEB(UiEIAth):nbeB(UiEIA?(—b))) =
Uiei(4; @ B) = (Uier(Upes Ab), Uier(Unes A%, Uier(Noes Aic-n))
Type II:
User A © B = (Upes(Uier A1), Nvea(Uier Aft-y) Mo (Uier Ai-n)) =
Uier(4; @ B) = (UiEI(UbEB Azlb)’ Uier(Npes Alg(—b) »Uier(Npes Ai?’(—b)))-
The proof of (b) is similar to (a)
5.2.4 Proposition (Duality Theorem of Neutrosophic Crisp Dilation):
Let A,B € NC(Z?) Neutrosophic Crisp Erosion and Dilation are Dual Operations i.e.
Type I
co(co AD B) = (co(coA' @ BY),co(coA? @ B?),co(coA30B3)) = (A'OB, A20B%,A% @ B3) = AOB.
Type II:
co(co AD B) = (co(coA* ® BY),co(coA20B?),co(coA30B3)) = (A'OB', A2 @ B2,43 @ B3) = AGB.
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5.3 Properties of the Neutrosophic Crisp Opening Operator:
5.3.1 Proposition:
The neutrosophic crisp opening satisfies the monotonicity
v A, B € NC(Z2)
Type L:
ASB=(A'oCA?0C? A% C3) S (B (C',B?0o(? B3 (?) ,
Ao Cl' S B'o(C1,A20(C? S B%0(C? A3 (C32 B30 (3.
Type II:
ASB=(A'oC'A?0C? A% C3) S (B'o(C',B?0o(? B3 (?) ,
Ao C1 S B'o(C,A20(C? 2 B%0(C?% A3 (C32B30(?
5.3.2 Proposition: for any family (A;|i € I) in NV C(Z?), and B € N'C(Z?)
Type It
Nier 4; 3 B = Nie;(4;3B) =
(Nicr A} © BY, Nigy A7 B2, Nigy A7 + B3) = (Nies (4} © BY), Ny (47 © B), Ny (47 « B))

Type II:
Nies4; 3B = Ny (4;5B) =
(Nigs A7 © B, Nigr A @ B?, Nigy A} @ B%) = (N (4i © BY), Nies (A7 * B?), Ny (A7 * B))

5.3.3 Proposition: for any family (A;li € I) in NC(Z?) and B € NV C(Z?)
Type I:
Uier 4;3 B = U, (4,5 B) =
(Uier A7 © BY, Ujer A7 © B?, U A} © B®) = (Ui (A} © BY), Ui (47 © B?), Uy (47 * B?)).

Type IIL:
Uit 4i 3B = Uig(4;3B) =
(UiEIAL1 ° B, UielAzZ * B, UiEIAz3 e B3) = (UiEI(Al1 ° Bl)' UieI(Al2 ° Bz)v UiEI(AL3 'B3))-

Proof: s like the procedure used to prove the propositions given previously.

5.4 Properties of the Neutrosophic Crisp Closing
5.4.1 Proposition:
The neutrosophic closing satisfies the monotonicity

VA B enc(z?)

A. A. Salama, Hewayda ElGhawalby, Huda E. Khalid, Ahmed K. Essa, Ahmed A. Mohammed “An Overview Neutrosophic
Algebraic Mathematical Morphology”



Neutrosophic Sets and Systems, Vol. 61, 2023 458

Type I

a) ASB = (A" e (A« C? A%« (3) S(B' ¢ C',B? ¢ C% B3« (?)
A e C1 S B'e(,A? e C? S B*« (%A%« (32 B3« (3

Type II:

a) ASB = (A" e (A« C?, A% (3) S (B ¢ C',B? ¢ C% B3« (?)

Al e C1C Bl e(Cl,A2e(C? 2 B?e (%, A3 (32 B3 (3

5.4.2 Proposition: for any family (A;li € 1), in NC(Z?), and B € N'C(Z?)

Type L:

NierAi*B = Nies(4;3B) =

(Nier A} * BY, Nie A7 © B2, Nier A7 © B) = (Niei (A7 * BY), Niei (A7 © B?), N (A7 * B?))

Type II:
Nier4; ¥ B = Nig1(4; ¥ B) =
(Nigs At » B, Nig; Af © B2, Nigy A} © B®) = (Nies (A7 * BY), Nie) (A7 © B?), N (A7 © B)).
5.4.3 Proposition: for any family(A;li € I), in MC(Z?), and B € N'C(Z?)
Type It
Uier 43 B =U;ei(4; 3 B) =
(Uies Ai * BY, Uies A7 * B?, Use; A7 © B®) = (Ui (4] » BY), Uiei(AF * B?), Ui (4] © B®)).
Type II:
Uier 43 B =U;ei(4; 3 B) =
(Uies At » B*, Ui, A7 © B?, Uy A} © B®) = (Ui (At » BY), Ui (A7 © B?), Ui (A7 © B?)).
Proof: Is similar to the procedure used to prove the propositions given previously.
5.4.4 Proposition (Duality theorem of Neutrosophic Crisp Closing):
Let A, BA,B € N'C(Z?);  Neutrosophic crisp erosion and dilation are dual operations i.e.
Type I:
co(co ASB) =(co(co A' « BY),co(co A? e B?),co(co A3 oB3)) =(A'oB',A? o B?,A3 ¢« B3) = A3 B.
Type II:
co(co ASB) =(co(co A' « BY),co(co A? o B?),co(co A% oB3)) = (Ao B',A? ¢« B?,A% ¢« B3) = A3 B.

6. Neutrosophic Crisp Mathematical Morphological Filters:

6.1 Neutrosophic Crisp External Boundary:
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Where A' is the set of all pixels that belong to the foreground of the picture, 4*> contains the pixels
that belong to the background while contains those pixel which do not belong to neither A* nor
Al

Let ABEN C(ZZ), such that 4 = (A%, A% A43), and B is some structure element of the form B =
(B, B%, B3); then the NC boundary extraction filter is defined to be:

9,A! = A — (A'@BY),

9,43 = (A30B3) — 43,

0(A) = A? — (0,4 U 0;43),

0*(4) = A - [(4* ® B®) — (A'@eBY)],

b(4) = 9*(A) na(4).

a)
Fig. 6.1: Applying the Neutrosophic Crisp External Boundary: a) the Original Image b)

Neutrosophic Crisp Boundary.

6.2 Neutrosophic Crisp Top-Hat Filter:
B;(A') = A' — (A e BY),

By(A%) = (A*+B*) - A,

B(A) = A? — (B, (A4") U B3(4%)),

B*(A) = A? — [(A = BY) — (4° « B?)],
Toppat (A) = B(A) N B*(4).
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Fig. 6.2.: Applying the Neutrosophic Crisp Top-Hat Filter: a) Original Image b) Neutrosophic Crisp

Components (4!, A%, A) Respectively.

6.3 Bottom-Hat Filter:

By (A") = (A« BY) — A%,

B;(4%) = A% — (4% - B?),

B(A) = A* — (B, (A") U B5(4%)),
B*(A) = A? — [(A" « BY) — (4° 2 B?)],

Bottompy,,: (A) = B(A) N B*(A).

a)
Fig. 6.3.: Applying the Neutrosophic Crisp Bottom-Hat Filter: Neutrosophic Crisp Components
(A, A%, A%) Respectively.
The following diagram represents the relationship between all types of mathematical

morphology

Crisp Mathematical Morphology —>  Neutrosophic Crisp Mathematical Morphology

l l

Fuzzy Mathematical Morphology — Neutrosophic Fuzzy Mathematical Morphology

7. Conclusion:

In our work, we have proposed a new technique for analyzing and processing images; either
grayscale or binary. The technique is a generalization for the fuzzy and crisp mathematical
morphology; it handles the image in the neutrosophic domain.in such domain the image is analyzed

into three different layers; the first layer describes how much each pixel belongs to the white set, and
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the third layer describes how much each pixel belongs to the non-white (black) set. In contrast, the
second layer describes how much the pixel is neither white nor black. The properties of each layer
were used to define the basic operations for what we called "Neutrosophic Mathematical
Morphology". mainly, we introduced four basic operations; namely, the neutrosophic dilation, the
neutrosophic erosion, the neutrosophic closing and the neutrosophic opening. The algebraic
properties of the proposed operation were discussed. Furthermore, we introduced some advanced
and generalized concepts of classical and fuzzy mathematical morphology. For this purpose, we
developed serval neutrosophic crisp and fuzzy morphological operators; namely, the neutrosophic
fuzzy and crisp dilation, the neutrosophic fuzzy and crisp erosion, the neutrosophic crisp opening
and the neutrosophic crisp closing operators. These operators were presented in two different types,
each type is determined according to the behaviour of the second component of the triple structure
of the operator. Furthermore, we developed three neutrosophic crisp morphological filters; namely,
the neutrosophic fuzzy and crisp boundary extraction. Some promising experimental results were
presented to visualise the effect of the newly introduced operators and filters on the image in the

neutrosophic fuzzy and crisp domain instead of the spatial domain.
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