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1. Introduction

The notion of neutrosophic set has gained much relevance in recent years due to its various
applications. This notion was proposed by Smarandache [1] and has been studied by many
researchers as can be seen in [2-8]. In particular, Karatas and Kuru [4] introduced new neutrosophic
set operations and with them defined the concept of neutrosophic topological space. Following this
line of research, Albowi and Salama [2] introduced the notion of neutrosophic ideal, which was later
used by Salama and Smarandache [8] to introduce the concept of neutrosophic local function,
investigate its properties and analyze the relations between different neutrosophic ideals and
neutrosophic topologies. The purpose of this paper is to continue with this line of research, but this
time we define the neutrosophic co-local function and the neutrosophic complement co-local
function, investigate the main properties of these new neutrosophic operators with them we build
new classes of neutrosophic sets in a neutrosophic topological space endowed with a neutrosophic
ideal.

2. Preliminaries

Throughout this paper, let X be a nonempty set, called the universe of discourse.
Definition 2.1. [1] A neutrosophic set N on X is an object of the form
N = {(x, uy (x), o5 (), Yy (X)): x € X3,
where puy,oy,yy are functions from X to [0,1] and 0 < py(x) + oy (x) + yu(x) < 3.
We denote by NV'(X) the collection of all neutrosophic sets over X.
Definition 2.2. [4] For N,M € V' (X) we define the following;:
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(1) (Inclusion) N is called a neutrosophic subset of M, denoted by N EM, if uy(x) < up(x),
oy(x) = oy (x) and yy(x) = yy(x) for all x € X. Also, we can say that M is a neutrosophic super
setof N.
(2) (Equality) N is called neutrosophic equal to M, denoted by N = M,if NEM and M E N.
(3) (Universal set) N is called the neutrosophic universal set, denoted by X, if py(x) = 1,0y(x) = 0
and yy(x) =0 forall x € X.
(4) (Empty set) N is called the neutrosophic empty set, denoted by @, if uy(x) = 0,04(x) =1 and
yn(x) =1 forall x € X.
(5) (Intersection) The neutrosophic intersection of N and M, denoted by N M M, is defined as

N M = {(x, py () Ay (x), o () V oy (), Yy () V vy (X)): x € X3
(6) (Union) The neutrosophic union of N and M, denoted by N U M, is defined as

N UM = {x, uy () V iy (0), oy (0) A oy (), vy (%) Ay (X)) x € X3,
(7) (Complement) The neutrosophic complement of N, denoted by N¢, is defined as

N¢ = {{x, vy (x),1 — oy (), iy (0)): x € X}.

Proposition 2.3. [4] If N,M € N (X), then we have the following properties:
1) NAN=N and NUN = N.
2) NOMM=MnNN and NUM=MUN.
3) NN@=@ and NnX =N.
4 Nu@=N and NuX = X.
55 NN(MnNOo)=(NNM)NO and NUMUO)=(NUM)UO.
6) (N°)° =N.
Proposition 2.4. [6] Let N,M € V' (X). Then, N E M if and only if M° E N°€.

(
(
(
(
(
(

The union and intersection operations given in Definition 2.2 can be extended as follows.
Definition 2.5. [7] For {Nj: j€E] } € NV (X) we define the following operations:
(1) (Arbitrary intersection) The arbitrary neutrosophic intersection of the collection {NJ j€E] },

denoted by [1;¢;N;, is defined as

[ ={

JjeJ

x,infuy . (x), supay . (x),supyy.(x) ) : x € X{.
I O T

(2) (Arbitrary union) The arbitrary neutrosophic union of the collecction {N;:j € J}, denoted by
Uje; Nj, is defined as

[ |-

jel

X, su (%), infoy . (x),infyy.(x)):x € X¢.
jE?#NJ( ) w N]( ) ].E]VN]( )> }

Proposition 2.6. [4] If {N] J€E] } E N(X) and M € NV (X), then we have the following properties:
(1) M1 (Ui N;) = Uje; (M N N).

) M u(NjgN;) =M, (M UN)).

3) (MjeN;)" = Ly Ny

@) (UjesN,)" = My Ny
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Definition 2.7. [4] A neutrosophic topology on a set X is a collection T € NV'§(X) which satisfies the
following conditions:

(1) @ and X arein t.

(2) The intersection of two neutrosophic sets belonging to 7 is in .

(3) The union of any collection of neutrosophic sets belonging to 7 isin 7.

A set X for which a neutrosophic topology 7 has been defined is called a neutrosophic
topological space and is denoted as a pair (X,7). If N € 7, then N is called a neutrosophic open set
and if N¢ € 7, then N is called a neutrosophic closed set. We denote by t¢ the collection of all
neutrosophic closed sets in the neutrosophic topological space (X, 7).

Proposition 2.8. [4] Let (X,7) be a neutrosophic topological space. Then, the following conditions
hold:

(1) @ and X arein t¢.

(2) The union of two neutrosophic sets belonging to ¢ isin 7°.

(3) The intersection of any collection of neutrosophic sets belonging to ¢ is in 7°.

Definition 2.9. [4] Let (X,t) be a neutrosophic topological space and N € N'(X). The neutrosophic
closure of N, denoted by CI(N), is defined as

CI(N) = |_| (FeNX):NEFandF €1°};
while the neutrosophic interior of N, denoted by Int(N), is defined as
Int(N) = |_| (UENX):UCS Nand U € 1.

Proposition 2.10. [4] Let (X,7) be a neutrosophic topological space and N,M € N'(X). Then, the
following conditions hold:

(1) N E CI(N) and Int(N) E N.

(2)If N & M, then CI(N) E Cl(M) and Int(N) & Int(M).

(3) N € ¢ if and only if N = CI(N).

(4) N € 7 if and only if N = Int(N).

Definition 2.11. [5] A neutrosophic set M = {{x, uy, (x), oy (x), yi (x)): x € X} is called a neutrosophic
point if for any element y € X, uy (y) = a,04 ) = b,yy(y) =c for y =x and py(y) = 0,04() =
1L,y (y) =1 for y # x, where a € (0,1] and b,c € [0,1). In this case, the neutrosophic point M is
denoted by Mg, . or simply by x,, .. Also, x is called the support of the neutrosophic point x,, ..
The neutrosophic point x; o, is called a neutrosophic crisp point.

Definition 2.12. [5] Let N € V' (X). A neutrosophic point x,, . is said to belong to N, denoted by
Xape €N, if uy(x) = a,0y(x) £ b and yy(x) <c.

Lemma 2.13. [5] Let N,M € N'(X). Then, we have:

(1) N = U{xqpciXape € N}.

(2 If x4 €N and N E M, then x,, . € M.

Proposition 2.14. Let N, M € \'(X). Then, the following properties are equivalent:

(1) NE M.

(2) xgp, € N implies that x,, . € M.
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Proof. The proof follows directly from Lemma 2.13.

Remark 2.15. It is important to note that @ is not the only neutrosophic set that does not have points
belonging to it. For example, if X = {x,y}, then N = {(x,0,0.5,1),(y, 0,0.4,1)} is a neutrosophic set
over X for which there are no neutrosophic points belonging to it.

Let WV, (X) = {N € M(X) : there exists a neutrosophic point x,; . € N} and let V' (X) = (B} U
Np(X). In the remainder of this paper, we will use the definitions and results described previously,
restricted to the collection NV’ (X).

Definition 2.16. [9] Let (X,7) be a neutrosophic topological space and N € N'(X). The
neutrosophic point-kernel of N, denoted by Ker,,(N), is defined as

Ker, (N) = |_| {xa,b,C EN'(X):FNN # @ for every F € Tc(xa‘b‘c)},

where 7¢(x,,.) = {F € t°: x4, € F}.

According to [9], the collection 7, = {N € V'(X):Ker,(N) = N¢} is a neutrosophic topology
on X and Ker, is the neutrosophic closure in the neutrosophic topological space (X,7,). We say
that a neutrosophic set N is neutrosophic t,-open, if N € 7. The complement of a neutrosophic
T,-open set we will call it a neutrosophic 7,-closed set. We denote by Cok,, the neutrosophic
interior in the neutrosophic topological space (X,7;). Let us note that M is 7,-open neutrosophic if
and only if Cok,(M) = M; while M is 7,-closed neutrosophic if and only if Ker,(M) = M.
Definition 2.17. [2] A neutrosophic ideal on a set X is a nonempty collection £ € N'(X), which
satisfies the following conditions:

(1) Ne £L and M E N imply that M € L. (Hereditary property)

(2) NM € £ imply that Nu M € L. (Finite additivity property)

Definition 2.18. [9] An application Y: N'(X) - N'(X) is called a neutrosophic closure operator if it
satisfies the following conditions:

(I) NEY(N) (expansivity),

(2) Y(Y(N)) = Y(N) (idempotency),

(3) Y(NUM) =Y(N)UY(M) (additivity),

(4) Y(@) = @ (non-spontaneous creation),

whenever M,N € N'(X).

Lemma 2.19. [9] If Y:V'(X) » N'(X) is a neutrosophic closure operator, then the collection 7(Y) =
{N € NM'(X):Y(N®) = N¢} is a neutrosophic topology on X and Y is the neutrosophic closure in the
neutrosophic topological space (X, 7(Y)).

3. Neutrosophic co-local function and related ®-operator

In this section, we introduce and study the concept of neutrosophic co-local function as a
natural generalization of the neutrosophic point-kernel of a set in a neutrosophic topological space.
Moreover, we introduce the concept of neutrosophic complement co-local function (also called
neutrosophic ®-operator) and explore some new classes of neutrosophic sets defined in terms of the
neutrosophic co-local function and the neutrosophic complement co-local function.

3.1. Neutrosophic co-local function
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Definition 3.1.1. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on X.

For each N € NV'(X), we define the neutrosophic co-local function of N as follows:

N*(L,7) = |_| {Xapec EN'(X):F NN & L forevery F € 7°(x,4,)}-

We will denote N°(£,7) by N°® or N°®(£). Observe that the neutrosophic co-local function can
be seen as an operator from N'(X) to N'(X); thatis, ( )*:N'(X) » N'(X), defined by N = N°.
The co-local function is not a neutrosophic closure operator, since in general, it does not satisfy
NEN® for each N € NV'(X). In the case that N E N°®, we say that N is a neutrosophic e-dense in
itself set. The following example shows that, in general, X* is a proper neutrosophic subset of X;
that is, X is not neutrosophic e-dense in itself.
Example 3.1.2. Let X =R with the neutrosophic topology t ={3,R, A}, where A # @ is any
neutrosophic subset having countable support of R and £ = £, the neutrosophic ideal of all
neutrosophic subsets having countable support of R. Observe that F; = R and F, = A are the only
neutrosophic closed sets such that F, # @ and F, # @. Since XNF, =F, ¢ L. and XNF,=A€ L,
thenisclearthat X* =R* =A== R =X, but X* = X.
Proposition 3.1.3. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on
X. For every N € V'(X), the following properties hold:
(1) If £ = {B}, then N° = Ker, (N).
@) If £L=N'(X), then N* = @.
Lemma 3.1.4. Let (X,7) be a neutrosophic topological space with two arbitrary neutrosophic ideals
L and £ on X.If N,M € N'(X), then the following properties hold:
()If NE M, then N* = M°.
(QIf LS L', then N*(L)EN*(L).
(3) N* =Ker,(N°®) E Ker,(N) (N°® is aneutrosophic 7,-closed set).
(4) (N)*C=N°.
(5) 8° = 0.
(6) (NUM)*=N°*uUM®.
(7) If F is a neutrosophic closed set, then FN N® =F n (F N N)®* £ (FnN)®.
(8)If N € £, then N® = .
(9)If N EN°®, then N* = Ker, (N).
(10) If 7; and 7, be are two neutrosophic topologies on X such that 7, S 7,, then N°*(£,7,) ©
N°®(L, ).
(11) N*(LNnL) =N°*(L)uUN*(L).
Proof. (1) Assume that x,,. € N® and let F € 7¢(x,,.). Then, FN N ¢ L and as N E M, we have
F N N E F N M. By the hereditary property of £, it follows that F MM & £ and hence x,, . € M°.
(2) Suppose that £ € L', x4, € N®(L") and let F € t°(x,,.) bearbitrary. Then NN F & L' and as
Lc L', it follows that NN F ¢ £, which implies that x,,. € N*(£). Thus, we conclude that
N*(L)EN*(L).
(3) Let x4, € Ker,(N*) and F € 7¢(x4p.) be arbitrary. Then, FNN® # @, so there exists a
neutrosophic point y,,, € FNN®*, which implies that y,,, € F and y,,, € N°. Since F €
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7¢(Yypw ), it follows that FMN & £ and so x4, € N°. On the other hand, as N' C Ker,(N*), we
conclude that N* = Ker,(N*). Now, since {@} S £, by part (1) of Proposition 3.1.3, we have N* &
N°*({B}) = Ker, (N).
(4) By part (3), N® = Ker,(N*) E Ker,(N) for every N € N'(X). In particular, for N* we have
(N*)* EKer,(N®) = N*.
(5) We have

9 = |_| {Xapc EN'(X): FNO & L forevery F € t¢(xy,,.)}

= |_| {Xapc € N'(X): @ ¢ L forevery F € t¢(xq,.)} = .

(6) By part (1), we have N* & (N u M)® and M°® & (N U M)®. Therefore, N®* U M*® & (N U M)®. For
the other inclusion, assume that x,,. € (N UM)* and let F € 7¢ (xa,b,c) be arbitrary. Then, (M U
N)YNFe¢L ie. (MNF)U(NNF)¢L. Accordingly, we have the cases MNF & L or NN F ¢ L. If
M N F ¢ L, then we obtain that x,, . € M*®, whereas if N F ¢ L, then we have x,,. € N°*. In both
cases, it follows that x,,. € M* L N°®.
(7) Let FE€1,x,,, €EFNN® and G € Tc(xa,b,c) be arbitrary. Then, x,,. € FNG,FNG € 1° and
Xqpc € N®, which implies that G N (FNN) € £ and so x,;,. € (F N N)®. Thus, we have FNN°® E
(FNN)*,FNN®CF and we conclude that F M N® = F 1 (F N N)*. On the other hand, the
inclusion F M N E N, means that (FMN)*EN® and FN(FNN) EFnN°®. Therefore, FNN® =
FN(FNON)* S (FnN)°.
(8) Suppose that N € L and N°® # @. Then, there exists a neutrosophic point x,,. € N* and so, N N
F ¢ L for F € 1°(x,,.) being arbitrary. But the fact that N € £ implies that N F € L for each
F € 1°(x, ). Thus, we obtain a contradiction and hence, N* = @.
(9) Assume that N £ N°. By part (3), N°* = Ker,(N*®) £ Ker,(N) and by hypotheses, it follows that
Ker, (N) E Ker,(N*) = N* £ Ker,,(N) and hence, N* = Ker, (N).
(10) Let x4 € N*(L,7,) and F € 1§ (xa,blc) be arbitrary. Since 7, € 7,, we have F € Tg(xa‘b‘c) and
so, F N N & L. Therefore, x,,. € N*(L, 7).
(11) Since LNL' €L and LNL' S L', by part (2), we have N*(L) S N°(LNL) and N°*(L') C
N°®*(L N L"). Thus, we deduce the inclusion N*(£) UN°®(L") E N°(L N L"). For the other inclusion,
suppose that x,,. € N*(LN L") and let F € t°(x,,.) be arbitrary. Then, N F ¢ LN L', which
impliesthat NMF ¢ L or NNFgL'.If NNF ¢ L, then x,,,. € N°(L), whereasif NN F ¢ L', then
Xape € N°(L). In both cases, it follows that x,,. € N*(£) UN°®(L"). Therefore, N*(LNL') E
N*(L)UN®(L).
Corollary 3.1.5. Let (X,7) be a neutrosophic topological space and L be a neutrosophic ideal on X.
If {N,:a € A} € N'(X), then the following properties hold:
(1) (MaeaNa)® = MaeaNe ™
2) (UgeaN)® = UgeaN, ", if A is finite.

Since the neutrosophic co-local function is not a neutrosophic closure operator, it is necessary to
introduce a new concept that allows us to obtain a new neutrosophic topology from it.
Definition 3.1.6. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on X.
For each N € V'(X), we define CI°*(N) =N UN"®.
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Remark 3.1.7. Let (X, 1) be a neutrosophic topological space and £ be a neutrosophic ideal on X.
For each N € NV'(X), the following properties hold:

(1) If £ ={@} then CI*(N) = NUN"® = N uKer,(N) = Ker,(N).

(2)If L= N'(X), then CI*(N)=NuU®=N.

Proposition 3.1.8. Cl°® is a neutrosophic closure operator.

Proof. The proof is an immediate consequence of Lemma 3.1.4.

According with Proposition 3.1.8 and Lemma 2.19, if (X, 1) is a neutrosophic topological space
and £ is a neutrosophic ideal on X, we denote by 7°(£) the neutrosophic topology generated by
Cl%; thatis T°(L) = {N e N'(X): CI*(N®) = N¢}. When there is no chance for confusion, we will
simply write t° for 7°(£). The elements of 7° are called neutrosophic 7°-open sets and the
complement of a neutrosophic 7°-open set is called neutrosophic 7°-closed set. Note that if N €
N'(X), then: N isneutrosophic 7°-closed if and only if N¢ € t° if and only if CI*((N€)¢) = (N€)° if
and only if CI*(N) = N.

Remark 3.1.9. Since N°® =Ker,(N*) EKer,(N), then CI*(N) E Ker,(N) for each N € N'(X).
Therefore, if N is a neutrosophic 7,-closed set, then N is neutrosophic 7°-closed. It follows that
each neutrosophic 7,-open set is neutrosophic t°-open; that is 7, € 7°. Moreover, from Remark
3.1.7 it follows that 7°({@}) = 7, and °(WV'(X)) = N'(X).

Proposition 3.1.10. Let (X, 7) be a neutrosophic topological space and £ be a neutrosophic ideal on
X.If {N,:a € A} is a collection of neutrosophic 7°-closed sets, then the following properties hold:
1) M {N,:a € A’} is aneutrosophic 7°-closed set for any subset A’ of A.

(2) U{N,:a € Ay} is a neutrosophic 7°-closed set for any finite subset A, of A.

Proof. The proof is an immediate consequence of Proposition 2.6 and the duality between the
notions of neutrosophic 7°-open and neutrosophic 7°-closed sets.

Proposition 3.1.11. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on
X.Then, N € N'(X) is neutrosophic t°-closed if and only if N* = N.

Proof. Suppose that N is neutrosophic 7°-closed. Then, CI*(N) = N. In consequence, NUN® =N
and hence, N®* £ N. Conversely, assume that N®* © N. Since CI*(N) = NUN® and NUN® C N, we
have CI*(N) £ N. By Proposition 3.1.8, we have N £ Cl*(N) and so, we conclude that CI*(N) = N.
This shows that N is neutrosophic 7°-closed.

Proposition 3.1.12. If £ and L' are neutrosophic ideals on a neutrosophic topological space (X, )
such that £ € £/, then t°(£) € t°(L").

Proof. Consider N € °(£). Then, N¢ is a neutrosophic 7°(£)-closed set and so, by Proposition
3.1.11, (N©)*(L) £ N€. Now, by part (2) of Lemma 3.1.4, it follows that (N°)*(L") E (N)*(£) E N°.
This shows that (N€)*(£") E N¢ and N°¢ is a neutrosophic 7°(L')-closed set. Therefore, N € 7°(L").
Corollary 3.1.13. Let {J,:a € A} be a collection of neutrosophic ideals on a neutrosophic topological
space (X,7).If 7= Ngead, then t°(9) € 1%, where ¥ = Nyea7® (7).

Proof. It is clear that 7P

is a neutrosophic topology on X. Since 7 = Nyead, € I, forevery a € A, by
Proposition 3.1.12, we have 7°(7) c 7°(J,) for every a € A. Therefore, 7°(7) S Ngeat®(I,) = ¥,
Corollary 3.1.14. Suppose that (X,7) be a neutrosophic topological space and let £ and L' be two

neutrosophic ideals on X. Then, t*(L N L") =1°(L) n7°(L").
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Proof. Let M € 7°(£L N L") and put M = N°€. Then, by part (11) of Lemma 3.4 and Proposition 3.1.11,
we have:
M e t*(LNn L") & N is neutrosophic 7° (£ N L)-closed
SN (L)UN(L)=N*(LNL)EN
& N*(L)SNand N*(L)EN
eoMer*(Land M et (L)
S Mer*(L)nt*(L).

3.2. Neutrosophic ®-operator and new neutrosophic sets

Definition 3.2.1. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on X.
For each N € N'(X), we define the neutrosophic complement co-local function of N as ®(N) =
((N9))E.

In Table 1 we summarize the main equalities related to the neutrosophic operator ®, which are
obtained by applying the neutrosophic complement operation or the co-local neutrosophic function

from equation (1).

Table 1. Equalities related to the neutrosophic operator &.

(D dWN) = (N 2 [em)]°=W)*

@) [eM]* =((N)))* | (1) dW)=NW")

&) [eWN)]°=N* 6) [P(N)]* = ((N*)9)*

(7)) W) =(IN"))*)F | 8) [eWN*)]*=(N*))®
Remark 3.2.2. From the equalities (6) and (8) of Table 1, we can deduce that [®(N€)]® = [®(N*)].

In the following proposition, relevant properties related to the neutrosophic operator ¢ (also
called neutrosophic ®-operator) are presented.
Proposition 3.2.3. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on
X. Then, we have the following properties:
()If NNM eN'(X) and N E M, then &(N) E &(M). ( @ is monotone)
(2) (NN M) = d(N) N ®(M) for every N,M € N'(X).
(3) ®(N) E &(P(N)) for every N € N'(X).
@) X)) =X.
(5) 0 E ®(0) forevery O €1;. (P is expansiveon t;)
(6) Cok,(N) E ®(N) for every N € N'(X).
Proof. (1) Let N,M € V'(X) such that N E M. Then, M° EN¢ and by part (1) of Lemma 3.1.4,
(M€)*® = (N°)°®. Therefore, ®(N) = (N€)*)c & ((M)*)¢ = d(M).
(2)If N,M € V'(X), then

SN N M) =(((NnM))*) = (N uM)*)

=((N9)* U (M)*) = ((N)*)n((M°)°*)¢
= ®(N) N d(M).
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(3) Let N € N'(X). By part (5) of Lemma 3.1.4, we have ((N)*)® & (N€)®, which implies that
D(N) = (N9)*) £ ((N9)*)*)°. Now, by applying Definition 3.2.1 to the neutrosophic set ®(N), we
obtain that ®(®(N)) = (([®(N)])*)¢ and by equation (2) of Table 1, we deduce that ®(P(N)) =
(((N©)*)*)¢. Hence, ®(N) £ ((N)*)*)° = d(P(N)).

(4) By definition we have ®(X) = (()?C).)C =(@) =0 =%

(5) If O € 7y, then 0° is a neutrosophic 7,-closed set and so Ker,(0¢) = 0°. By equation (2) of Table
1 and part (3) of Lemma 3.1.4, we obtain that [®(0)]¢ = (0°)® E Ker,(0°) = 0° and hence, 0 £
®(0) forevery O € 7.

(6) Since Cok,(N) € 1y, by part (5), we have Cok,(N) E CD(Cokp(N)) and as Cok,(N) E N, by part
(1), we deuce that Cok,(N) = CD(Cokp(N)) C ®(N).

Definition 3.2.4. Let (X,7) be a neutrosophic topological space and £ be aneutrophicideal on X. A
subset N € NV'(X) is said to be:

1) neutrosophic e-perfect, if N = N*®

2) neutrosophic e-dense, if N® = X.

3) neutrosophic e-condensed, if [®(N)]* = N°.

4) neutrosophic ®-condensed, if ®(N*®) = ®(N).

(
(
(
(
(5) neutrosophic ®°-condensed, if it is neutrosophic e-condensed and neutrosophic ®-condensed.
(6) neutrosophic non ®°-condensed, if ®(N*) = @.

(7) neutrosophic e-congruent, if [®#(N)]* = N.

(8) neutrosophic ®-congruent, if ®(N°®) = N.

(9) neutrosophic ®°-congruent, if it is neutrosophic e-congruent and neutrosophic ®-congruent.
Proposition 3.2.5. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on
X.If N € N'(X), then we have the following properties:

(1) If N is neutrosophic s-perfect, then it is neutrosophic ®-condensed.

(2) N is neutrosophic ®-condensed if and only if N¢ is neutrosophic s-condensed.

(3) N is neutrosophic ®°-condensed if and only if N¢ is neutrosophic ®°-condensed.

(4) N is neutrosophic ®-congruent if and only if N¢ is neutrosophic e-congruent.

(5) N is neutrosophic ®°-congruent if and only if N¢ is neutrosophic ®°-congruent.

(6) If N neutrosophic ®-condensed and neutrosophic non ®*-condensed, then N€ is neutrosophic
e-dense.

(7) If N neutrosophic e-condensed and N°¢ is neutrosophic non ®°-condensed, then N is
neutrosophic e-dense.

(8) If N is neutrosophic non ®°-condensed and neutrosophic e-perfect, then N° is neutrosopic
e-dense.

Proof. (1) From Definition 3.2.4, we have:

N is neutrosophic e -perfect < N = N°*
& O(N) = ¢(N*®)
& N is neutrosophic ®-condensed.

(2) By Remark 3.2.2 and equation (2) of Table 1, we get that
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N is neutrosophic ®-condensed < ®(N°®) = ®(N)

= [@(ND)]° =[]

= [(V9)]* = *

& N€ is neutrosophic e -condensed.
(3) The proof follows from (2).
(4) By Remark 3.2.2, we obtain that

N is neutrosophic ®-congruent < ®(N°*) =N

= [PV = N¢

& [O(N)]® = N°©

& N€ is neutrosophic e -congruent.
(5) The proof follows from (4).
(6) Assume that N neutrosophic @ -condensed and neutrosophic non @®°-condensed. Then,
®(N*) = ®(N) and ®(N*) = @, which implies that ®(N) = @. Thus, [®(N)]° =X and by equation
(2) of Table 1, it follows that (N€)® = X. Therefore, N€ is neutrosophic e-densed.
(7) The proof follows from (2) and (6).
(8) Suppose that N is neutrosophic non ®°*-condensed and neutrosophic e-perfect. Then, ®(N°) =
@ and N°® = N, which implies that ®(N) = ®(N*) = @. By equation (2) of Table 1, we deduce that
(N©)® = [®(N)]¢ = X and so, N€ is neutrosophic e-dense.
Proposition 3.2.6. Let N € N'(X) and N°¢ be a neutrosophic e-perfect set. Then, the following
properties are equivalent:
(1) N is neutrosophic ®-congruent
(2) N is neutrosophic ®-condensed.
Proof. (1) = (2) Suppose that N is neutrosophic ®-congruent. Then, ®(N°®) = N. Since N°¢ is
neutrosophic e-perfect, (N¢)* = N¢, which implies that ®(N°®) = N = (N°)° = ((N°)*)° = ®(N),
which shows that N is neutrosophic ®-condensed.
(2) = (1) Assume that N is neutrosophic @ -condensed. Then, ®(N°®) = ®(N). Since N€ is
neutrosophic e-perfect, (N°)®* = N¢ and by equation (2) of Table 1, it follows that [®(N)]¢ = N¢,
which implies that ®(N) = N. Therefore, ®(N°*) =®(N) =N and so, N is neutrosophic ®
congruent
Corollary 3.2.7. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on X.
If N € V'(X) is neutrosophic --perfect, then the following properties are equivalent:
(1) N is neutrosophic s-congruent
(2) N is neutrosophic e-condensed.
Proof. It is deduced from Proposition 3.2.6 by using parts (2) and (4) of Proposition 3.2.5.
Proposition 3.2.8. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on
X.For N € N'(X), we have the following properties:
(1) If N is neutrosophic non ®° -condensed and M E N, then M is neutrosophic non
®*-condensed.
(2) If N is neutrosophic non ®°-condensed and M € N'(X), then N M is neutrosophic non

&°-condensed.
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(3) If N is neutrosophic non ®° -condensed and L€ L, then N UL is neutrosophic non
®°-condensed.
(4) If N is neutrosophic non ®*-condensed, then N°® is neutrosophic non ®°*-condensed.
(5) If N is neutrosophic non ®°-condensed, then for every x,,. € N'(X) and every F € TC(Xa‘b‘C),
®(N)MF = @.
(6) If J is a neutrosophic ideal on X such that J € £ and N is neutrosophic non ¢°-condensed,
with respect to J, then N is neutrosophic non ®°-condensed with respect to L.
Proof. (1) Suppose that N is neutrosophic non ®°-condensed and M £ N. Then ®(N*) =@ and
M® C N°®. Thus, ®(M*) & ®(N*) = @, which means that ®(M*) = @ and hence, M is neutrosophic
non ®°*-condensed.
(2) Since NMM E N for each M € N'(X), the result follows from part (1).
(3) Assume that N is neutrosophic non ®°*-condensed and L € £. Then ®(N*®) = @ and L* =@,
which implies that (N UL)*=N°*UL®*=N* and ®((NUL)®) = d(N°®) =@. Therefore, N UL is
neutrosophic non ®*-condensed.
(4) Suppose that N is neutrosophic non ®°-condensed. Then ®(N*) =@ and (N*)* £ N°. Hence
®((N*)*) S ®(N*) =0 and so N° is neutrosophic non @°*-condensed.
(5) Assume that N is neutrosophic non ®°-condensed, i.e. ®(N*) = @. Then [®(N*)]¢ = X and so,
by Remark 3.2.2, [®(N€)]* = X. Therefore, for every x,,. € N'(X) and every F € t¢(x,,.), F I
®(N°) & L, which implies that F N ®(N€) # @, for every x,,. € N'(X) and every F € t°(xq)-
(6) Let J be a neutrosophic ideal on X such that JEL and N be a neutrosophic non
®°-condensed set with respect to J. Then ®(N*(J)) = @ and by part (2) of Lemma 3.1.4, we have
N*(L) £ N*(J), which implies that ®(N°*(£)) E ®(N°*(J)) = @. Therefore, ®(N°*(£)) =@ and so,
N is neutrosophic non ®°-condensed with respect to L.
Proposition 3.2.9. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on
X. For N € V'(X), we have the following properties:
(1) N is neutrosophic non ®°-condensed if and only if (N*®)¢ is neutrosophic e-dense.
(2) N is neutrosophic non ®°-condensed if and only if ®(N€) is neutrosophic e-dense.
(3) N¢ is neutrosophic non ®°-condensed if and only if ®(N) is neutrosophic e-dense.
Proof. The proofs of (1) and (2) are obtained from Definition 3.2.4 and equation (8) of Table 1 as
follows:
N is neutrosophic non ®°-condensed < ®(N°*) = i)

S [OWN)] =X

e (N9 =X

& (N°*)¢ is neutrosophic e« -dense

& O(N°) is neutrosophic e -dense.

(3) The proof follows from (2) by changing N to N°€.
Corollary 3.2.10. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on X.
If X is a neutrosophic s-dense in itself set, then every L € £ is a neutrosophic non ®°-condensed

set.
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Proof. Since L € £, we have L* = @ and hence, (L*)° = X. According to equation (4) of Table 1,
®(L°) =X and as X is neutrosophic e-dense in itself, it follows that [®(L°)]* =X* =X and so,
®(L°) is neutrosophic s-dense. Now, by Theorem 3.2.9, we conclude that L is neutrosophic non
®°*-condensed.

Definition 3.2.11. Let (X, 7) be a neutrosophic topological space and £ be a neutrosophic ideal on
X. For every N € V'(X), the neutrosophic e-frontier of N, denoted by Fr®(N), is defined as
Fre(N) = N°* n (N°)*.

Proposition 3.2.12. Let (X,7) be a neutrosophic topological space and £ be a neutrosophic ideal on
X. If Ne N'(X) is neutrosophic e-dense and ®(Fr*(N)) = @, then N€ is neutrosophic non
®°-condensed.

Proof. Suppose that N € N’'(X) is neutrosophic s-dense and ®(Fr®(N)) = @. Then, N* =X and
®(N°* N (N€)*) = @. Hence, by parts (2) and (4) of Proposition 3.2.3, we have ®(N*) N ®((N°)*) = @
and ®(N*) = ®(X) = X, respectively. Thus, ®((N€)*) =X N ®((N°)*) =@ and therefore, N€ is

neutrosophic non ®*-condensed.

5. Conclusions

Neutrosophic topology is one of the most useful notions in neutrosophic set theory, because
many of the topics studied in this branch of mathematics are done in the context of a neutrosophic
topological space. In this work, we have used the notions of neutrosophic point and neutrosophic
ideal to introduce and study the concepts of neutrosophic co-local function and neutrosophic
complement co-local function of a subset of a neutrosophic topological space. We have established
the most relevant properties of the concepts introduced and we have explored new classes of
neutrosophic sets defined in terms of these concepts. Since various modifications of topology in
neutrosophic set theory have recently been addressed, we consider that the notions and results given
in this paper can be extended to the contexts of Refined Neutrosophic Topology, Refined
Neutrosophic Crisp Topology, SuperHyperNeutrosophic Topology and Single-Valued Duplet
Neutrosophic Topology, Single-Valued Neutrosophic Triplet Weak Topology and others
highlighted in [10], which leave open a prominent field for future research.
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